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Schwarz Inequality for Kets

Recall from Euclidean (real) vectors, |a|?|b|*> > |a - b|?
For complex vectors, we have

(ala) (b|b) > | {alb) |?
Proof: For some arbitrary |a) and |b), lets define
lg) =la) +Alb), AeC

(glg) = (ala) + A (a|b) + X* (b|a) + |A|? (b|b) > 0.

b
This is true for all A, including A = —Ebii, for which we get
| (alb) |2

yielding, | (ala) (b|b) > | (alb) >




Setting up a Basis

@ Basis representation of a vector is not unique!

|a) = aler) + Blex) = ' |er) + B |ey) = .. .infinite ways. ..

B B’

@ Basis need not be orthogonal. For eg., with
le1) =le1), lex) = ler) + |e2)
the above coefficients become,

o =(a-p), =58

@ Next we show how to set up an orthonormal basis in a given IC



Gram Schmidt Orthogonalization

(), |v2),...|vw)} —=5 {ler) ) .- [ew) )

-~

linearly independent orthonormal

Steps to follow:

vi) .
L Ty = e
lva) — (e1|v2) |e1)
2 Tl —arva) fen)] 2
lva) — (e1|vs) e1) — (e2|v3) |e2)
3 Tiva) —(erlvs) Jor) —(ealvay o) | |

Generate all N-orthonormal vectors!

Q. How many distinct orthonormal bases can one generate?
A. Upto a maximum of N! if the initial vectors are not orthogonal.



An operator acts on a ket (from the left side) to generate a new ket
X |a) = |b)

Some properties

e X =Y, if X|a) =Y |a), for any arbitrary |a)

e X =0, ifXla)=0, for any arbitrary |a)

e X+Y=Y+X, ‘“commutative”
X+(Y+Z)=(X+Y)+Z,  “associative”

X(cala > + cp b)) = caX |a) + cpX |b),  “linearity”
X |a) «+— (a| XT,  “XT is Hermitian adjoint of X"

(]



Allowed Products
o (a|X|b) = (b|XT[a)"
o XY #YX ‘“non-commutative”
@ XYZ =X(YZ)=(XY)Z ‘“associative"
Can you prove that (XY)T = YTXT1?

DC

operator

We know, XY |a) +—— (
<~

al (XY)T

DC

but thisis X Yla) +——
~~

N——
operator ket

aym xf
—_——

bra operator
Comparing the two, we establish (XY)T = YTXT
Warning on illegal products!



Closure of Orthonormal Bases

An arbitrary ket in the orthonormal basis B = {|e1), |e2),...|en)}
a) = Z ai le)
where the coefficients,

aj = (ejla) because (ejlej) =0

therefore,

o) = X elal e = Sl a) = (S e e b

operator

yielding us the closure of B,

Z lej) (ej] =1 “Identity Operator”



Matrix Representation of Kets & Operators

Consider an arbitrary ket

9= X 16 = (S () X (S e o) 16 = Dl ¥l
i

\ﬁ/_/ N —
1 |

A typical component,
a = (exla) = (exlX|e)) by
T N—
J matrix elements

Looks like a rule,

a (e1|X|e1) (e1|X|e2) ...| b1
| — |(e|X|e) (e|Xl|e) ...| |b2

|a) X |b)



Representation of Dual Vectors

Continuing our discussion, an arbitrary bra vector

ol = 0 = 61 (e () Y (S e 6] = 28 VI o
J 1

\W_’ S———
1 1

A typical component,
(alex) = a =D bF (el Ylex)
i 7
matrix elements

Looks like a rule,

(a1]Y]er) (er]Y]e2)
[ a5 ] =[b0 b5 .. |[(elY]e) (efY]|e)

(al (b]




