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In some orthonormal basis B = {|e1),|e2), ... |en)}, we write some

a X1 X2

la)= |32| and X = | X1 X2 ...| |

ak = (ex|a) and Xjj = (ei| X|ej) .

a1
] |22] =X ail? > 0.

Inner product, (ala) = [a} a3
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Dual correspondence, X |a) — 5 (a| XT yields,
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ket bra
‘ (a|X|b) = (b|XT|a)" ‘ where XT = conjugate transpose X




Basis Transformation in 2D
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How do the components of |a) transform?
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General Ortho-normal Bases

Consider,
B = {ler),le2),...len)} and B ={[e1),[€)),...|en)}
(eilej) = (eflef) = 9y

Since both B and B’ are complete,

€)= lej) Ui with Uy = (exlef)

J

Turns out that the operator U is unitary, i.e, ur=u

3 = (eilej) = (el (Z|ek ek|> lej) ZU”‘ Wi = (uut);
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How do vectors transform?

Typical component of |a) in B/,
d = (eila) =) (ekler) (eila) Z Ujjai

Looks like a rule,

’ T T

a} Ull U12 al
al = |ul, Ul a
~—— : j ——
new ut old

This is not the same as

|a’) = a) ...|a) has not changed!



Transformation of Operators

In B, consider the operation

|b) = X |a)
by X1 X2
put simply, |P2| = |X21 X2z

In B’, the above operation becomes

by Xii Xip
byl = | Xn X5

ai
a2 with X;j = (e,-|X|ej)
: ——
known
i
a | with Xj; = (ef|X|ef)
. ———

unknown



Operator Elements in the New Basis

We use the identity operator I, tactfully!

X, = (llXle) = (¢ (Ekj ) <ekr)x(; o) () e

——— —_——
1 )

= > (eflex) (el X]er) (erle])

K Ul X Uj
= (UTXU);
yielding the unitary transform of the operator

X' =Utxu



e Determinant of a unitary operator is a unit complex number

det (U) =

Proof: Since UTU =1,

1 =

Implying, det (U) = e'®.

e'®, ¢ = some phase



e Trace & determinant of operators are invariants of the transform
Proof: We first notice that the trace,

Tr (X') Tr (UTXU)
= Tr (XUUT) ... Tris cyclic

= Tr(X), isunchanged

and the determinant, det (X') = det (UTXU)
= det (UT)-det (X)-det (U)
= det (X) - |det (U)[?
1
= det (X), is also unchanged



