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Problem 1

Show that the composition of two unitary transformations U and
V, is also unitary.

ie, (UV) = (UV)!

Solution: We start with,

(UV)T = VTUT ... shown earlier
= V7 Uu™l, ... U and V are unitary
= (uv)™

Therefore, UV is also unitary!



Problem 2

Consider an operator A = [(1) é] in some basis B = { [1}

>
1
Give representation of A in some B’ = { [ }, 7 [J}

|el>

Solution: To get A’ = UTAU

e = (08 (53]l
wv =[50 @3]k ]

o 11 -1)fo 171 1] _[-1 0
yielding, A=7511 1111 of|-1 1| 7|0 1



Problem 3

If A is unitary, show that
a. A71is unitary
b. AT is unitary

Solution:
To prove A~ is unitary, we start with

A YA HT = AT(ADT ... Ais unitary
~ (At
1

To prove AT is also unitary, we write

AT(AT) = AT(a)T
- (@A)
= 1



Problem 4

Consider a basis B = {|e1) ,|e2),...}. Show that the matrix
elements of an operator A are

Ajj = (ei|Alej)
Solution: Let's consider an operation
la) = Alb)
= A1 Ap .. b1
a| = |Ax Axn ...| b
yielding ;= ) Ajb;
J

But we note from above operation,
ai = (eila) = (ei|Alb) = ) _ (ej|Alg)) b;
J

Comparing these two, we get Aj; = (ej|Alej)



Problem 5

Prove that AT = (A*)7

Solution
The matrix elements of A in some basis B = {|e1),|e2) ...} are

Aj = AT = (ei|Ale)) = (] Alle))” = (A])"
Conjugating both sides,
(Af) =

Implying that
AT* — A’[



