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Hermitian Operators

@ Represent physical observables such as spin, energy ...

e Mathematically equal to their Hermitian adjoint, A = Af

Theorem
Their eigenvalues are real and the eigenkets belonging to distinct
eigenvalues are orthogonal

Proof: Pick two eigenkets |v;) and |v;) with eigenvalues \; # A;

(vilAlv;) = Xj(vilvj) Al = Aly)
= (y|A|v)* LLAT=A
= A7 (vilv)) Al = (vily)

Subtracting last from first, (A; — A7) (vi|v;) =0
Forj =1, we get \j = A; “Eigenvalues are real’
For j # i, we get (vj|vj) =0  "Eigenkets are orthogonal”



Eigenbasis of Hermitian A

The eigenkets can be normalized to set up an orthonormal basis
V= {u), va) oo v} with (vily) = 6
It is easy to see that A is diagonal in this eigenbasis, i.e

(vk| Alv;) = Ajdoj; = (Ap)jj

Representation of A in V
Consider a typical vector |a) = Z ar|vy)
/
Using closure of orthonormal V, we write A = Z [vi) (vi|Alv;) (v
ij
The k*' component of Ala),

(viclAla) =Y (vil Alv)) 3

J Ay



Diagonalization of Hermitian A

@ Given A in some orthonormal basis B = {|e1), |e2), ...}
e Construct the eigenbasis of A, say V = {|v1),|w2),...}
@ Transforming B to V will diagonalize A
@ Both B and V are orthonormal, transformation will be unitary!
Procedure
(Ap)ij = (vi|lAlv;) ... matrix elements in V
= Z (vilek) (ex|Aler) (er]vj) ... closure of B
kI
= > UjAuUy

kl
= (U'AU);

Yielding the diagonalization, | Ap = UTAU



Problems for Hermitian A

Pb. Show that,

Tr (A) = Z Ai ... sum of eigenvalues
det (A) = H Ai ... product of eigenvalues
Proof

Clearly,

Z A\i = Tr (Ap) = Tr (UTAU) = Tr (AUU') = Tr (A)

Similarly,

[ )i = det (Ap) = det (UTAU) = det (UTU)-det (A) = det (A)



Functions of a Hermitian A

Pb. Consider a function

A2 A
=1+A+or+ 357

Such functions are used as time evolution operators in quantum
mechanics. Show that the trace and determinant are respectively,

N
DI
i=1
det (eA) — X

where \; are the eigenvalues of A



Functions of a Hermitian A
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