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We learned to write a Laurent series for any f(z) about z,

fz)= ) GCa(z—2)" Ch= L %df
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The coefficient C_; is called the residue as only this term will
contribute to a loop integral of f(z) about z.

For f analytic at z5, C,, = 0V n < 0 —negative powers don't exist.

Lets look at some more worked examples.



Problem 1

Expand f(z) =

1+z

construct a circle,
lz| =1

/

TS

LS

in power series about z=0and z=
S—~— S~~~

regular singular

about z=0

For |z| < 1, we derive a Taylor series

1 > n_2n
(2) = 17 = (12
n=0

For |z| > 1, we derive a Laurent series

1 1 = .1
f2) = 22 [1 + (1/2)2] - ;(_1) z2n+2
C_.1 = 0 ... Residue



Problem 1

— aboutz=i —

construct two circles,
|z—il=a (small)
|lz—i| =2 (large)

z = —i is a singularity

1
f(z) = m can be written

(i) in the annular region, a < |z — i| < 2 as
1 1
(z— 1) 2i(1 + %)

- i(—w’ﬂ Ca=X

rar (2i)nt1 2i

f(z) =

(i) in the region |z — i| > 2 as

f(z) =

S i




Problem 2

Expand the following function
fz) = ——2——  aboutz=0
z_(z_2)(z+i) about z = 2
For |z| < 1, we set up a Taylor expansion
)= L 2 i ] _ 1 -1, 1
QR+ |z=2 z4+i|  Q+)|1-2z/2 1+2z/i
1 & z\"  (=1)"z"
- @on () 5



Problem 2

In the annular region, 1 < |z| < 2, we set up a Laurent expansion

=)= (2ii) Liﬁz;,} - (2ii)[1:i/2+2(14"/z)]
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In the region |z| > 2, we set up a Laurent expansion

2= (zin Liﬁzi;} - (2i,-) [(15/22/@ *(11%}

“wnxlC) ()]

1 & 2n+1 + (_l)nl'n+1
= .Ch=1
(2+1) 2 Zn+1 !

n=0




Laurent Series to Solve Loop Integrals

@ Laurent series about a singular point reveals the residue there
@ This can be exploited to compute contour integrals directly

@ We substantiate this argument with some examples next



Problem 3

eZ
Evaluate 7 = ]{ = dz
C p4

z

e” is an entire, Taylor expanding it about z =10

1 1 1 1 .
<~

survives

alternatively, from Cauchy’s differential formula

. nl f(z) omi d?
f (Zo):.fé(z_zo)anZ — 7 = 7@e

=i
z=0




Problem 4

Evaluate Z = j{ el/Z 4z
C

e/% has a singularity at z =0

By mapping z = 1/u we can Taylor expand at z = oo (u = 0)

u v 3 1
e :1+u+f+(9(u):1+;+

ol +0(1/2%)
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This is a Laurent series with residue C_; = 1 yielding

T =2mi



Problem 5

1
Evaluate 7 = j{

c z%sin z

dz

Note that —— has singularities at z = nm with n € Z
Z< sIn z
To compute Z, we set up a Laurent series of
1 1 1 1
‘ (1+22/3 + O(z%)

Zsinz 2B 1-(2B+0EY) 2
~—_———
common ratio

which always converges inside C. The residue C_; = 1/3! gives

Z=mi/3



Singularities of Complex Functions

If a complex function can be written as

¢(2)

(z—z)™

f(z) =

where m € NT and ¢ is analytic with ¢(z9) # 0. Then f is said to
have an isolated singularity at zy —characterized as a pole of order
m. For m =1, the singularity is just referred to as a simple pole.



Strength of Singularities

Since ¢(z) is Taylor expandable at z, we rewrite the Laurent series

f(z) = (z ) Z ¢n (20)(z — 20)" = Z Cn(z — 20)"

The coefficient of the greatest negative power C_,,, = ¢(2) is
defined as the strength of the m" order pole at zg.

1
The residue in such cases is C_; = ————¢™ (z).

(m—1)!

| will illustrate these concepts with a worked example next.



Describe the singularities of the function

2
zc—2z+1
f(z) = ———
(2) z(z4+1)3
Solution
f(z) has a simple pole at z =0 and a triple pole at z = —1

For the strength of simple pole at z = 0, we rewrite
f(z) = 9(2) to yield C_; = ¢(0) =1
V4
For the strength of triple pole at z = —1, we rewrite

f(z) = (;b_i(_zl)):,; to yield C_3 = ¢(—1) = —4



