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Laplace Convolution

Let f1(x) and f(x) be two arbitrary functions. Their convolution

(B0 = [ () flx—x) i

has the property

Ll(hxR)X)] = LIAK)] L[R(X)]
—_——

Transform of the convolution product of transforms

Proof

In what follows, we will give a proof by a geometrical insight!
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LA+ H)(x)] = /Oo e /X f(x) Blx—x') dx dx .. (left)

=0
= / ﬂ(X/)/ e ™ fHh(x—x')dx dx’ ...(right)
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x—x'=u; dx=du

= / fl(X/)/ e ) £ (u) du dx’
= / e f(X) dx'/ e f(u) du
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Convolution is Commutative

For any two functions fi(x) and f;(x), prove that

(i R)(x) = (2% A)(x)

Proof
We start from

(h*h)(x) = /OX A(xX') H(x —x") dx’

set x — x' = u; dx' = —du

. 0
= —/ fi(x — u) f(u) du

= /Oxfg(u)fl(x—u)du
= (f2xh)(x)

This result can be exploited in inversion problems



Revisiting an Old Problem

Using the method of convolutions, invert the Laplace transform

£1F0) = F(8) = ey
Solution
Fis) = 5 1+ 1 s—% = Fi(s) Fa(s)

A(x) =L R(s)] =sinx  f(x) =L [F(s)] = €

fl) = / fi(x") o(x —x')dx' = sin X' % dx’
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Fourier Convolution

Let fi(x) and f(x) be two arbitrary functions. Their convolution

o0

(hxh)(x) = / fi(x") h(x — x") dx’

—00
has the property
Flh*h)x)] = h(k) h(k)
—_—— —_——
Transform of the convolution product of transforms

Proof
Fl(A = h)(x)] = /OO e ikx /00 f(x") fa(x — x") dx" dx

—00 —0o0

_ /_Z f(x) U_Z e fy(x — x) dx] dx’

x—x'=u; dx=du

- / f1(x") e dx! / e iku f(u) du

—0o0 —0o0

= fi(k) (k)



Beautiful Corollary

(Axh)(k) = Flh(x) H(x)] 2
N— N—
Convolution in k-space Transform of product in x-space
Proof

RHS = 2r FIA(X) A(x)]
= 277/ e ™ f(x) f(x) dx
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