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3 Image from: https://gwpo.nao.ac.jp/en/gallery/000061.html.
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Image from: https://science.gsfc.nasa.gov/663 /research/.
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Stochastic Gravitational Wave Background
A Stochastic Gravitational Wave Background (SGWB) can be broadly defined as: 
“... a random gravitational-wave signal produced by a large number of weak, independent, and unresolved  
sources.”

Left: Planck's view of the cosmic microwave background. 
Right: Energy density of the gravitational-wave background from Advanced LIGO's First Observing Run.
J. D. Romano and N. J. Cornish, Living Rev. Rel. 20, 2 (2017); B. P. Abbott et al., Phys. Rev. Lett. 118, 121102 (2017).  
Planck image from: https://www.esa.int/ESA_Multimedia/Images/2018/07/Planck_s_view_of_the_cosmic_microwave_background2.



Primordial Gravitational Waves
Generation of PGWs
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Equation of motion for primordial tensor fluctuations:

··hij + 3H ·hij −
∇2

a2
hij = 0.

Y. Watanabe and E. Komatsu, Phys. Rev. D 73, 123515 (2006); K. Saikawa and S. Shirai, JCAP 05, 035 (2018); N. Bernal and F. Hajkarim, Phys. Rev. D 100, 063502 (2019); N. Bernal et al., JCAP 11, 015 (2020).

To solve for the tensor perturbation, one can write it in Fourier space as 

hij(t, ⃗x) = ∑
λ

∫
d3k

(2π)3
hλ(t, ⃗k)ϵλ

ij( ⃗k)ei ⃗k⋅ ⃗x .

Energy density of the relic GW: 

ρGW(t) =
1

16πG ∑
λ

∫
d3k

(2π)3
| ·hλ(t, ⃗k) |2 .
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 Frequency of GWs observed today:

f0 = 2.61745 × 10−8 ( g*s,hc

100 )
−1/3

( g*,hc

100 )
1/2

( Thc

1 GeV ) Hz .

Fractional energy density in primordial gravitational waves, observed today:

Ω0
GW(k) h2 ≃

1
24

𝒫T(k) (
g*s,0

g*s,hc )
4/3

( T0

Thc )
4

( Hhc

H0/h )
2

.

Relic density of the PGWs:

ΩGW(t, k) =
1

ρc(t)
dρGW(t, k)

d ln k
.

Primordial Gravitational Waves
Generation of PGWs



Sources of PGWs
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Induced GWsPrimary GWs

• Inflation 

• Reheating 

• Post-inflationary dynamics 

• Scalar-induced GWs  

• GWs induced by primordial magnetic fields 

There are broadly two types of sources of PGWs.
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Modified cosmological scenarios
Action

S = SEH + Sϕ + Sm,

where
SEH =

1
2κ2 ∫ d4x −g R,

Sϕ = − ∫ d4x −g
b
2

(∂ϕ)2 + M4C2(ϕ) 1 +
D(ϕ)
C(ϕ) (∂ϕ)2 + V(ϕ) ,

Sm = − ∫ d4x −g̃ ℒM(g̃μν) .

B. Dutta, E. Jimenez, and I. Zavala, JCAP 06, 032 (2017); B. Dutta, E. Jimenez, and I. Zavala, Phys. Rev. D 96, 103506 (2017).
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Equations of motion:

H2 =
κ2

3 [ρϕ + ρ],

·H + H2 = −
κ2

6 [ρϕ + 3Pϕ + ρ + 3P],

··ϕ[1 +
b

M4CDγ3 ] + 3H ·ϕ γ−2 [ b
M4CDγ

+ 1] +
C

2D (γ−2 [ 5C′￼

C
−

D′￼

D ] +
D′￼

D
−

C′￼

C
− 4γ−3 C′￼

C ) +
1

M4CDγ3
(𝒱′￼+ Q0) = 0,

where

ρϕ = − [ b
2

+
M4CDγ2

γ + 1 ](∂ϕ)2 + 𝒱, Pϕ = − [ b
2

+
M4CD γ

γ + 1 ](∂ϕ)2 − 𝒱,

Modified cosmological scenarios

B. Dutta, E. Jimenez, and I. Zavala, JCAP 06, 032 (2017); B. Dutta, E. Jimenez, and I. Zavala, Phys. Rev. D 96, 103506 (2017).

γ = (1 − D ·ϕ2/C)−1/2 .
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D. Chowdhury, G. Tasinato, and I. Zavala, JCAP 08, 010 (2022).

Evolution of the equation of state
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Normalization condition: M4CD = 1.
Case 1: C = 1.
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Modified cosmological scenarios
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PGW spectrum produced in Case 1.
D. Chowdhury, G. Tasinato, and I. Zavala, JCAP 08, 010 (2022).

Modified cosmological scenarios
Primordial GW spectrum
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Case 2: C(φ) = (1 + be−βφ)2n .
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We choose b = 0.1, β = 8.
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PGW spectrum produced in Case 2.
D. Chowdhury, G. Tasinato, and I. Zavala, JCAP 08, 010 (2022).

Modified cosmological scenarios
Primordial GW spectrum



Comparison with NANOGrav results
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The peak of the PGW spectrum reaches a maximum value of , in agreement with the NANOGrav bound.∼ 1.7 × 10−8

D. Chowdhury, G. Tasinato, and I. Zavala, JCAP 11, 090 (2023).

Modified cosmological scenarios
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Modified cosmological scenarios
Parameter estimation

We fit the peak of our spectrum with

Ω̃0
GW h2 = A2

b f2 ( f
fyr )

σ−3

1 + ( f
fb )

1/ε
ε(μ−σ)

,

where fyr = 1/year in Hz.

We find: log10(Ab/s) = 5.279, log10( fb/Hz) = − 8.048, σ = 6.0, ε = 0.25, and μ = − 2.0.

log10(Ab/s) log10( fb/Hz)

log10(Ab/s) = 5.242 ± 0.191,
log10( fb/Hz) = − 8.149 ± 0.144.

We vary using PTArcade, and find the following best-fit values:and

D. Chowdhury, G. Tasinato, and I. Zavala, JCAP 11, 090 (2023); A. Mitridate and D. Wright, PTArcade (https://doi.org /10.5281/zenodo.8106173) (2023); A. Mitridate et al., arXiv: 2306.16377 [hep-ph];  
W. G. Lamb, S. R. Taylor, and R. van Haasteren, Phys. Rev. D 108 (10), 103019 (2023).

https://doi.org/10.5281/zenodo.8106173
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h (λ)′￼′￼

k + 2ℋ h (λ)′￼

k + k2 h (λ)
k = S(λ)(η, k) .

S(λ)(η, k) = e(λ) ij( ̂k) Π(T)
ij (η, k) =

2 e(λ) ij( ̂k) Λ mn
ij τ(B)

mn (k)
a2(η)

,

τ(B)
ij (k) =

1
4π ∫

d3p
(2π)3 [Bi(p)Bj(k − p) −

δij

2
Bm(p)Bm(k − p)] .

𝒫h(η, k) ≡
1
2

k3

2π2 ∑
λ

⟨h (λ)
k (η)h(λ) *

q (η)⟩′￼k=q .

ΩGW ≡
k2

12 a2H2
𝒫h .

The evolution equation for the GW modes is

The source is

where

Tensor power spectrum

GW density parameter

Sourcing secondary GWs

B. Atkins et al., Phys. Rev. D 112, 063534 (2025).



Induced GWs
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Plots from: B. Atkins et al., Phys. Rev. D 112, 063534 (2025).

Primordial GWs generated in non-slow-roll magnetogenesis 



GW detectors
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LISA (Laser Interferometer Space Antenna), ET (Einstein Telescope), and CE (Cosmic Explorer) are some of the 
upcoming third-generation detectors.

ET

Earth

Sun
1 AU (150 million km)

19 – 23°
60°

2.5 million km

LISA

Image from: J. Baker et al., arXiv: 1907.06482 [astro-ph.IM] (2019). Image from: T. Regimbau et al., Phys. Rev. D 86, 122001 (2012). Plot from:  M. Evans et al., arXiv: 2109.09882 [astro-ph.IM] (2021).



GW detector sensitivities
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Sensitivity curves present a convenient visual way of understanding how well a signal can be detected by a particular 
detector. 
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Power-law integrated sensitivity curves
GW spectra described by the following power-law form are assumed:

Ω
GW

( f ) = Ωβ ( f
f* )

β

.

The following amplitude is evaluated:

Ωβ =
ρ

2T [∫
fmax

fmin

df
( f/f*)2β

Ω2
eff( f ) ]

−1/2

.

For each pair             ,               is plotted against    .

The resulting envelope of the family of such curves is the PLS curve

ΩPLS

GW
( f ) = max

β [Ωβ ( f
f* )

β

] .

(β, Ωβ) Ω
GW

( f ) f

E. Thrane and J. D. Romano, Phys. Rev. D 88, 124032 (2013).
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Plotting the envelope
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Power-law integrated sensitivity curves
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LISA ET

A. Marriott-Best et al., Phys. Rev. D 111, 103001 (2025).



Can we improve the SNR?
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We can combine SNR from different detectors (such as LISA and ET) to  

improve the sensitivity to broadband signals.

The sensitivity of a detector to a particular signal is quantitatively expressed by the signal-to-noise ratio (SNR).

The square  of the total SNR is the sum of the squares of the individual SNRs:

SNRtot = T ∫
∞

0
df [ Ω2

GW( f )
Σ2

LISA( f )
+

Ω2
GW( f )

Σ2
ET( f ) ] = SNR2

LISA + SNR2
ET .

A. Marriott-Best et al., Phys. Rev. D 111, 103001 (2025); T. L. Smith and R. R. Caldwell, Phys. Rev. D 100, 104055 (2019); J. D. Romano and N. J. Cornish, Living Rev. Rel. 20, 2 (2017).

The two detectors together can reach higher values of SNR.



GW anisotropies
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Kinematic (Doppler) anisotropies are a smoking-gun signal of extragalactic sources.

 is characterized by an isotropic and a direction-dependent component.ΩGW

Anisotropies can be generated at production of GWs or during their propagation.
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𝒫ℛ(k) |k≫kCMB
=

Aℛ

2πΔ
exp [−

ln2(k/k*)
2Δ2 ] .

N. Bartolo et al., JCAP 11, 009 (2022); E. Dimastrogiovanni et al., JCAP 01, 018 (2023).

0.2 0.4 0.6 0.8 1.0 1.2 1.4
10-4

10-2

100

-100
-50
0
50
100
150

Example:



Kinematic anisotropies
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The GW energy density in a boosted frame B moving with relative velocity  with respect to frame A is given by⃗v

Ω(B)
GW( f, ̂n) =

4π2

3 H2
0

f3 ℐ( f ) Pkin( f, ̂n),

Pkin( f, ̂n) =
𝒟

ℐ( f )
ℐ(𝒟−1 f ), 𝒟 =

1 − β2

1 − β ̂n ⋅ ̂v
.

where

No anisotropies: Pkin( f, ̂n) = 1.

ET response function:

ℛ𝒪, 𝒪′￼
( f, t, t′￼) =

4
5 [1 +

5
2

c1( f )] dab
𝒪 (t) d𝒪′￼ab(t′￼) + c2( f ) ( ̂va dab

𝒪 (t) d𝒪′￼bc(t′￼) ̂vc) + c3( f ) ( ̂va ̂vb dab 𝒪(t)) ( ̂vc ̂vd dcd 𝒪′￼
(t′￼)) .

G. Cusin and G. Tasinato, JCAP 08, 036 (2022); D. Chowdhury et al., Phys. Rev. D 107, 083516 (2023).
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Kinematic anisotropy coefficients
Power-law

ℐPL( f ) = I0 ( f
f⋆ )

α

,

 A single power-law SGWB profile:

Example: 
c1 =

64
105

β2

1 − β2
,

c2 = −
4
35

β2

1 − β2
,

c3 = 0 .

α = 3

When , we get  and , as expected.β = 0 ci = 0∀i ∀α

⟹ Pkin = 𝒟1−α .

Curiously, we also find that  when , irrespective of the value of .ci = 0∀i α = 1 β
D. Chowdhury et al., Phys. Rev. D 107, 083516 (2023).
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Kinematic anisotropy coefficients
Power-law

The coefficients      have been plotted forci β = 0.3.

D. Chowdhury et al., Phys. Rev. D 107, 083516 (2023).



Kinematic anisotropy coefficients
Broken power-law
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Kinematic anisotropy coefficients
Double power-law

D. Chowdhury et al., Phys. Rev. D 107, 083516 (2023).
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Plot from: L. Heisenberg et al., JCAP 01, 044 (2025).

Plot from: Z.-C. Zhao and S. Wang, Sci. China Phys. Mech. Astron. 67, 120411 (2024).

Detection prospects
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Summary

• Primordial GWs are produced in various early-universe scenarios. 

• Detecting the SGWB is one of the important aims of future detectors. 

• It is important to be able to characterize the properties of the SGWB accurately. 

• Anisotropies of the SGWB can provide further insights into early-universe phenomena.
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Summary
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• Primordial GWs are produced in various early-universe scenarios. 

• Detecting the SGWB is one of the important aims of future detectors. 

• It is important to be able to characterize the properties of the SGWB accurately. 

• Anisotropies of the SGWB can provide further insights into early-universe phenomena.

Thank you!
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ESA UNCLASSIFIED - Releasable to the Public LISA Definition Study Report - ESA-SCI-DIR-RP-002
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Figure 2.2: Illustration of the primary LISA source classes in the gravitational wave (GW) frequency-amplitude plane.
Included are merging massive Black Hole binaries (MBHBs) and an extreme mass-ratio inspiral (EMRI) at moderate
redshift; stellar-mass Black Holes (sBHs), including potential multiband sources, at low redshift; and Galactic binaries
(GBs), including verification binaries (VBs), in the Milky Way. Chapter 3 presents each of these sources and their
science opportunities in detail. Solid teal, solid blue and dashed black lines denote sensitivity limits from instrumental
noise alone, the unresolved GW foreground, and their sum, respectively. The displacement of the cloud of resolvable
sources above the noise is due to the detection threshold being set to signal-to-noise ratio (SNR)=7. The grey shaded
area is the extrapolation of LISA’s instrumental noise below 0.1mHz. All quantities are expressed as Strain Amplitude
Spectral Densities (ASDs) in order to facilitate a unified plot. For deterministic signals, the ASD is not formally
defined but can be approximated as Af

p
f where Af is the Fourier amplitude and f is the Fourier frequency.

Spectral Densities

Spectral densities, which describe the distribution of signal energy as a function of frequency,
are a useful tool for expressing LISA’s instrument performance. Formally, the Power Spectral
Density is defined as the Fourier transform of the autocorrelation function. For a stochastic
signal x (t ) with units [·], the Power Spectral Density (PSD) gives the expectation value for
the variance of the Fourier transform, Sx (f ) / |hx̃ (f )i |

2 and has units [·]
2
/Hz. The PSD

is useful as it allows the strength of a potential GW signal to be compared to instrument
noise only over the relevant portion of the measurement band. In most of this document, the
Amplitude Spectral Density (ASD),

p
Sx (f ), with units [·]/

p
Hz, is used.

As with electromagnetic radiation, different science opportunities reside in different bands of the
gravitational wave spectrum but require distinct approaches to realise sufficiently sensitive instruments.
Figure 2.1 presents a schematic representation of the GW spectrum, spanning more than ten decades
in frequency. The millihertz frequency band targeted by LISA sits between the higher frequencies
covered by ground-based detectors and the lower frequencies observed by pulsar timing arrays.
LISA’s measurement band is expected to have a rich and diverse population of astrophysical –
and potentially cosmological – sources, and thus provides an extremely broad science case for GW
astronomy. Figure 2.2 provides an illustration of a selection of LISA sources in the GW frequency
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Plot from: LISA Collaboration, arXiv: 2402.07571 [astro-ph.CO] (2024).

LISA sources


