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= Primordial gravitational waves: /'@! b

O PGWs correspond to the transverse and traceless part of the
perturbed metric

ds? = a®(n) {—=dn* + [0i; + hij (n, )] da'da’ }

5ija¢hjg(?7, .CU) =0

O Equation of propagation
h;; + 27‘”2;3- — 5m”8m8nhij =0

This depends on the scale factor through the conformal Hubble
parameter



= Primordial gravitational waves: E )@! b

O The PGWs source are the unavoidable vacuum quantum fluctuations

~ dBk A~ 1k-x A * — IR
hij (1, ) = Z / i (1) [Gopn(m)e™® + &gl (n)e™ ]

- Annihilation and creation operators: [éﬁ, é;};;T] =@ (k- k)W
- Polarization tensor: §mIned (el (n) = 26

- Rescaled Fourier mode function:  ux(n)

- Obeys the equation of a parametric oscillator:

1" 2 GJH
pr + | E° = — e =0



= Primordial gravitational waves: ba

O The observables are

- The energy density of PGWs which can affects the expansion rate
of the Universe

- The two-point correlation functions (and higher functions) which
can expressed as the power spectrum in Fourier space
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- Power spectrum of PGWs /'\13!

[ Once the history of the Universe is known (ie the scale factor), the
power spectrum can be calculated
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= Power spectrum of PGWs

O During dS inflation, the Fourier mode function, normalized to the
Bunch-Davies vaccum, is given by

- 1/2 (1) _ 1 _i —ikn
pi(n) = Axy ' “Hy 5 (y) = —= (1 kn)e
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= Power spectrum of PGWs

d During the radiation-dominated era, the Fourier mode function can be
expressed as

pk(n) = o, mi(n) + By, nk(n)

with — my(n) = 2'/2H{7) ()

nk(n) = '/2H} ) (x) = mj ()

k
= k — Ny ) = —
(7 — ) o

0 The Bogoliubov coefficients satisfy: |ak|® — |BL]° = |Ax|?

L Pk = 2 (H) []yd

™ \ M a(n)

Pe

1+2 B

Ay

T *

— 2Re (Tﬁfg) cos(2x) — 2Im (Tﬁfrz ) Sin(Q:U)]

Valid for any Bogoliubov coefficients




= Power spectrum of PGWs )sg

Q The Bogoliubov coefficients can be calculated from the junction
conditions (r]e = [1h]e =0
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- Power spectrum of PGWs /'\E

d During the matter-dominated era, the Fourier mode function can be
expressed as

() = o' pe(n) + B ak(n)

with  pi(n) = 2"/2Hy 7 (2) = gi(n)

k
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Valid for any Bogoliubov coefficients




- Power spectrum of PGWs

Q The Bogoliubov coefficients can be calculated from the junction

conditions A T
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N Adiabatic subtraction

Problems in the high frequency regime:

- Leads to divergent physical quantities

S(t) = DY hy;(t)

l Detector tensor
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- Adiabatic subtraction ﬁéf

Problems in the high frequency regime:

- Leads to divergent physical quantities

- The growth proportional to k? should have already been detected
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N Adiabatic subtraction

Problems in the high frequency regime:

- Leads to divergent physical quantities

- The growth proportional to k? should have already been detected

This indicates the need to regularize the power spectrum



[ Adiabatic subtraction )\% :

pi(n) + <k2 — a—) pr(1) = 0

() = — e oxp {_i /: dﬁWk(ﬁ)]

ini

W, 2\ W,

Can be solved with an adiabatic expansion, ie an expansion in number
of time derivatives

L AENAAS
W5<n>—k2——[ : (—)]

+oo  §——Number of time derivatives

T Wi(n) = Z Wk(;n) (1)

n=0
0
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[ Adiabatic subtraction

O The second order is sufficient to remove divergences in the two-point

correlation function

a.d2

I 2Wk

ad end Uend LCL_
PT (kan) ( ) [ ] end (1 + 2k2 ¢4 )

behaves as k?
P;eg(kan) — PT( s 1 ) o P?d(kan)

«—




[ Adiabatic subtraction in real )@,

[ The real space correlation function at different points is

> dk sin(k|xz — x'|)
— k
O> /0 k klx— x| Py m)

During the radiation-dominated era

|

ad [ dk sin(k|lx — x'|) .4
0) _/0 E kw—a] 1 )

2 1
7T2M1F2’€ lx, — a:’P|2

5im5jn <O ‘ﬁmn(na m)hzj (777 ZB,)

Adiabatic subtraction corresponds to removing the flat spacetime
correlation function



N Adiabatic subtraction

O The second order is sufficient o remove divergences in the two-point

correlation function 1
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[ Smooth transition

O The smoothness of the ftransitions can also affect the high-frequency
regime of the PS -> let us smooth out the inflation-to-radiation transition
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U(n) is how a continuous quantity
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Smooth transition: scale factor ;@

- Inflation: a(n) = ——



[ Smooth transition: scale factor

/4
- Inflation: a(n) = ——
n
- Linear transition: a(n) — A{Ai
(end




[ Smooth transition: scale factor

/4
- Inflation: a(n) = ——
n
dU
- Linear transition: a(n) = AAl | |—
(end d?7
- Radiation:




[ Smooth transition: scale facte
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- Inflation: a(n) = _6_0
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Smooth transition: mode function

- Inflation: wr(n) = Akyl/QH(l)



Smooth transition: mode function

- Inflation:

- Linear transition:

pur(n) = BiAi[7(n)] + BaBi|7(n)]

—2/3
% %2 — U ()]

T(n) = -



Smooth transition: mode function

- Inflation:

- Linear transition:

- Radiation:

pur(n) = BiAi[7(n)] + BaBi|7(n)]

—2/3
% %2 — U ()]

T(n) = -

pk(n) = o, mi(n) + By, n(n)



Smooth transition: mode functic

- Inflation: wr(n) = Akyl/sz(,})g (y)

- Linear transition:  ux(n) = B1Ai[r(n)] + BBi|T(n)]

au |~/3
ﬂm=h—ag (k% —U(n)]
_ Radiation: pk(n) = ag, mg(n) + Bi, nk(n)
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Smooth transition: mode function

al}; ~ Z‘Akez(l_y)yend ez(qend_gtr)

e":(l"‘Y)yende_i(Cend_Ctr) 1

B, =

scales as k-3 instead of k2 (recall that Yena =

o 10 1 k % '}'(:_1 1™ 0¥ 10 —12
: _ x10
10712 . : :
H 8 1,
H — Pulk, 2n) for g, Tom = 18 % 10" GeV
. ees Pk, 2al) for gty T = 18 % 101 GeV
i o b=k =1
' E —~ B
= 2 =
s lw =]
S i 3
& = g
= . b
5N " : a
e L : —~
£ =
= = 2
= —— Py(f.m) for g4 T = L& x 10' Gev o1
[T et R — P [, ) for g. e T = L8 x 10%8 GV 3‘%
----- k=k,f =/ SN R TRGOF SRR WS AU G A SO i SO S
e Pyl m) for 2 < 1, see Eq. (659) A ’ X
2] P (k) for g, s 1, see g, (6.43)
- b=k S =
—= k=kS=f -2
ln—?‘i i H
o= 108 10 = il 1 1" 1 2 3 4 5 6

S Hz

-
"~

L \
- A
AR

)X

i(Cend - Ctr
e
+ 2

sin (Cend — Ctr)

kend

(s}

scales as k! instead of k°



| Smooth transition )\% ;
Odz ~ ’Z,Ak ei(l_Y)yend ei(gend _Ctr)
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= Born approximation
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- One is interested in modes &k > kend

1
- The max of the effective potential is Umax = U(7end) ~ —5— ~ k2 4

end

‘—* In this regime, one can treat U(n) as a perturbation



= Born approximation

Umn) #0 —

Born approximation

e+ pe [K°=Um)] =0
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= Born approximation

Born approximation

e + e [K2 = U(n)] =0

- The mode function is given by

ur(n) = apme(n) + Brnr(n) = Z\/g [ak(n)e—ik’(n_nr) _ /8k(77)€ik(n_m)}
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= Born approximation

Born approximation and the instantaneous transition
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One recovers the exact calculation and the conclusion that p, ~ k2



- Born approximation )@,

Born approximation and the linear transition
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One recovers the exact calculation and the conclusion that p, ~ k-3



- Born approximation /'xﬁ'
. .J‘ S

Born approximation

- The advantage is that we can calculate the Bogoliubov for more complicated
transitions (provided one can calculate the corresponding integral)
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Be =5 [ / dnU () e~ 27| etk
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- Born approximation K

Born approximation

- Infinitely smooth transition to interpolate between de Sitter and radiation

Un) = 1 ¥ [1 — tanh (M)]
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Emergence of an exponential cut-off



= Born approximation
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u ge 8
Recap

[ Inorder to have a correct behavior in the high frequency regime, the PS

of P6Ws must be regularized and the transitions (if any) must be smoothed
out

O Inarealistic model, any transition is infinitely smooth (not only linear) -> and
this leads to an exponential cut-off in the high frequency regime.

O The details of how the inflation to radiation transition proceeds will leave
imprints of the PS -> interesting to probe reheating

0 The same questions must be adressed for scalar PS and secondary GWs

Thank you for your attention!



Adiabatic subtraction in real s

P;eg(ka 77) — PT (ka 77) o Prid(ka 77)

The regularized power spectrum is not positive definite; but the
power spectrum is only a derived quantity:

Only one physical requirement: must J
be well-behaved for any (x,x’)
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