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White Dwarfs and Neutron Stars

@ The gravitational collapse of the gaseous nebula in parts leads to the
formation of stars, consisted of primarily hydrogen. During the con-
traction of these stars, the matter density and temperature increase
which allows nuclear fusion to occur at its core.
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White Dwarfs and Neutron Stars

@ The gravitational collapse of the gaseous nebula in parts leads to the
formation of stars, consisted of primarily hydrogen. During the con-
traction of these stars, the matter density and temperature increase
which allows nuclear fusion to occur at its core.

@ This process releases a huge amount of energy which results in an
increase in temperature even more and it also exerts thermal pressure
which keeps the sphere of the gas stable from further collapse. A stable
equilibrium is reached eventually which forms the second phase of the
star's lifetime which may continue for a millions of years till there is
sufficient hydrogen to sustain the nuclear reactions in its core.

@ Once the hydrogen is insufficient to keep the process continuing, the
gravitational pull wins over the exerted thermal pressure, resulting in
the collapse of the star. This is the final phase of the star.
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@ Since no further nuclear fusion takes place, the core becomes an inert
collection of atomic nuclei in a sea of electrons while the outer layer
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White Dwarfs and Neutron Stars

@ Since no further nuclear fusion takes place, the core becomes an inert
collection of atomic nuclei in a sea of electrons while the outer layer
gets completely destroyed. This phase of the star is known as white
dwarfs which are held together against the gravitational pull due to
the quantum mechanical degeneracy pressure exerted by the gas of
electrons.

@ The collapse of the nuclear matter of many massive stars causes the for-
mation of black holes. However, some have enough mass to overcome
the degenerate pressure of the electrons, but not enough to overcome
the degeneracy pressure exerted by the nucleons. These remnants are
known as neutron stars.

@ Because of the compactness of these stars, the number density of mat-
ter constituent particles are extremely high which results in a degenerate
matter. For example, the average mass density of white dwarf Sirius
B is 2.8 x 10°Kg/m? which has observed mass around 1M, radius
0.008R; and temperature 25922K.
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@ The observation of gravitational waves from the merger of neutron
stars, accompanied by the electromagnetic counterparts now makes it
possible to probe several aspects of matter field dynamics including the
equation of state (EOS) in a strong gravity regime.
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@ The lapse function of a spherical star at the boundary is given by
1 —2GM/R. For white dwarfs like Sirius B, 2GM/R ~ 1073 whereas
for a 2Mg, neutron star of radius 12Km, 2GM/R ~ .5.
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@ The observation of gravitational waves from the merger of neutron
stars, accompanied by the electromagnetic counterparts now makes it
possible to probe several aspects of matter field dynamics including the
equation of state (EOS) in a strong gravity regime.

o General relativity plays an important role for these stars due to their
compact size and significant mass which cannot be overlooked.

@ The lapse function of a spherical star at the boundary is given by
1 —2GM/R. For white dwarfs like Sirius B, 2GM/R ~ 1073 whereas
for a 2Mg, neutron star of radius 12Km, 2GM/R ~ .5.

@ On the other hand, in the literature, the equation of states used
in studying these stars are invariably computed in flat spacetime.
This leads one to grossly underestimate the mass limits of these com-
pact stars.
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@ The usage of flat metric locally can be justified while computing the
EOS at a given radial distance within a star.
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radial coordinates are not identical since their clock speeds differ
due to the gravitational time dilation. This follows from the radial
coordinate dependent lapse function.
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capture the effects of strong gravity on the matter field dynamics
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@ The usage of flat metric locally can be justified while computing the
EOS at a given radial distance within a star.

o However, two such locally inertial frames located at two different
radial coordinates are not identical since their clock speeds differ
due to the gravitational time dilation. This follows from the radial
coordinate dependent lapse function.

@ Therefore, an EOS computed in the global flat spacetime cannot
capture the effects of strong gravity on the matter field dynamics
within these stars despite using Einstein’s equations.

@ It necessitates a first principle derivation of the EQS using the
curved spacetime (curved EOS) of these stars. Using the curved
EOS, we compute the mass-radius relation of these stars.
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@ Quantum field theory in curved spacetime (QFTCS) is a mathematical
framework in which matter field dynamics is being studied in strong
gravity regime.
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@ Despite being a semi-classical theory, it becomes successful in describ-
ing phenomena like Hawking radiation, Unruh effect, Primordial density
perturbation in different models of cosmic inflation, and so on.
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@ Quantum field theory in curved spacetime (QFTCS) is a mathematical
framework in which matter field dynamics is being studied in strong
gravity regime.

@ This is a semi-classical description in which matter field is quantized in
a classical curved spacetime.

@ Despite being a semi-classical theory, it becomes successful in describ-
ing phenomena like Hawking radiation, Unruh effect, Primordial density
perturbation in different models of cosmic inflation, and so on.

@ The aim of this thesis is to show the effect of curved spacetimes of
compact degenerate stars on the matter field dynamics using QFTCS
and its consequence on the mass-radius relations, and angular momen-
tum of these stars.
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Spacetime within spherical stars

@ In natural units, the invariant line element within a static spherical
star can be written as

ds?® = —e2®(dr? + (N dr? + 2(d6? +sin®0dg?) . (1)

The metric functions ®(r) and v(r) are determined by solving the
Einstein equations, also referred to as the TOV equations.
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Spacetime within spherical stars

@ In natural units, the invariant line element within a static spherical
star can be written as

ds?® = —e2®(dr? + (N dr? + 2(d6? +sin®0dg?) . (1)

The metric functions ®(r) and v(r) are determined by solving the
Einstein equations, also referred to as the TOV equations.

o In particular, these equations lead to e=2(") = (1 —2GM/r) and

dd  G(M+4xrP)  dP
dr— r(r—2GM) ' dr

- +P @

where dM = 4rr?pdr.
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Construction of a local coordinate system

@ A small spatial region, containing sufficiently large degrees of freedom,
around a given point is chosen within the star where local thermody-
namic equilibrium holds.
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@ A small spatial region, containing sufficiently large degrees of freedom,
around a given point is chosen within the star where local thermody-
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@ In order to do this, we consider a small box located at a radial
coordinate ry. Now we expand the metric functions ®(r) and v(r)
around the point rp and keep only the leading terms.
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@ In order to do this, we consider a small box located at a radial
coordinate ry. Now we expand the metric functions ®(r) and v(r)
around the point rp and keep only the leading terms.
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@ The above metric is flat over a scale which is sufficient to describe
the nuclear interactions.
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Construction of a local coordinate system

@ A small spatial region, containing sufficiently large degrees of freedom,
around a given point is chosen within the star where local thermody-
namic equilibrium holds.

@ In order to do this, we consider a small box located at a radial
coordinate ry. Now we expand the metric functions ®(r) and v(r)
around the point rp and keep only the leading terms.

@ In a new set of coordigates X = e”(:")rsin 6 cos o, Y = e”(") r sin @ sin o,
and Z = (M) rcosf along with 6 = e~ (n)g the metric within the
box reduces to

ds? = —e2®(0) g2 4 dX? + dY? + dZ? . (3)

@ The above metric is flat over a scale which is sufficient to describe
the nuclear interactions. At the same time, it shows that the
metric is not globally flat as it carries information about the
large scale radial variation of the metric function ¢.
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|deal neutron stars and white dwarfs with non-interacting

fermions

@ An ideal neutron star and a white dwarf consist of non-interacting degenerate gas of
fermions. For the mathematical generalization, we consider the action S = 3, Sy, where
the index I runs over different types of 4-component Dirac spinor field ;.
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@ Choosing the spinor field v, to represent either the electrons or the neutrons, our analysis
would directly describe the degenerate matter within a white dwarf or an ideal neutron star
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|deal neutron stars and white dwarfs with non-interacting

fermions

@ An ideal neutron star and a white dwarf consist of non-interacting degenerate gas of
fermions. For the mathematical generalization, we consider the action S = 3, Sy, where
the index I runs over different types of 4-component Dirac spinor field ;.

@ Choosing the spinor field v, to represent either the electrons or the neutrons, our analysis
would directly describe the degenerate matter within a white dwarf or an ideal neutron star
respectively.

@ The main idea of quantum field theory in the curved spacetime is to consider the Einstein
equation of the form G, = 87G(T,,).

@ We assume perfect fluid form for the stress-energy tensor, which implies ('IA'W> =(p+
P)uyuy + Pguu.

@ These components of stress-energy tensor can be obtained from the corresponding partition
function in a given small region, which is given by

Z = Te[e AA-Z mf)] | (4)

where py, I\7, are the chemical potential and number operator of /" spinor field, and
1

b=rmT
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Action of free fermions in curved spacetime

@ In order to describe the fermions in the curved spacetime, we follow
the Fock-Weyl formulation.
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@ In order to describe the fermions in the curved spacetime, we follow
the Fock-Weyl formulation.

@ The action for the /* spinor in the curved spacetime (with metric g,,)
which is minimally coupled with the geometry, can be expressed as

Sy = — / d*xv/=g Tilir?e" Dy + milihs (5)

where ¢y = 7% and my is its mass.
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@ In order to describe the fermions in the curved spacetime, we follow
the Fock-Weyl formulation.

@ The action for the /* spinor in the curved spacetime (with metric g,,)
which is minimally coupled with the geometry, can be expressed as

Sy, = — / d*xv/—g Uilivet Dy + mylyy (5)
where 1 = %ZJ/T’YO and my is its mass. The covariant derivatives are

given by D,y = [0, + ',]¥; and D;ﬂ;l = [0, — ru]qz, where [, =
—%wuabaab, Whab = Nac€, V€%, and 02 = %[fya,yb].
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Action of free fermions in curved spacetime

@ In order to describe the fermions in the curved spacetime, we follow
the Fock-Weyl formulation.

@ The action for the /* spinor in the curved spacetime (with metric g,,)
which is minimally coupled with the geometry, can be expressed as

Sy = — / d*xv/=g Tilir?e" Dy + milihs (5)

where 1 = %ZJ/T’YO and m is its mass. The covariant derivatives are
given by D,y = [0, + [u|¢y and Dby = [0y — Tu]er where T, =

1 1
—§wuabaab, Whab = Nac€, V€%, and b = Z[fya,yb].
o e, are the tetrad components satisfying e“ae”bnab = g where n,p =
diag(-1,1,1,1).
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Action of free fermions in curved spacetime

@ In order to describe the fermions in the curved spacetime, we follow
the Fock-Weyl formulation.

@ The action for the /* spinor in the curved spacetime (with metric g,,)
which is minimally coupled with the geometry, can be expressed as

Sy = — / d*xv/=g Tilir?e" Dy + milihs (5)

where 1 = %ZJ/T’YO and my is its mass. The covariant derivatives are
given by D, = [0, + T,]¢ and Dy = [0, — Tu]W where T, =
—%wuabaab, Whab = Nac€, V€%, and b = %[fya,yb].

o e, are the tetrad components satisfying e“ae”bnab = g where n,p =
diag(—1,1,1,1). On the other hand, v* = ~?et, satisfy {y*,7"} =
—2gM 1.
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Reduced spinor action

o In the (t,X,Y,Z) coordinates w5 vanishes and the spin-covariant
derivative becomes D, = 9,, within the box.
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Reduced spinor action

o In the (t,X,Y,Z) coordinates w5 vanishes and the spin-covariant
derivative becomes D, = 9,, within the box.

@ The action (5) for the spinor ¢; then reduces to
51/,, — _/d4X 1/_11 [I")/an + e¢ (i’ykak + m/)] Py, (6)

where k runs over 1,2 3. The corresponding conserved charge then

becomes Q; = fd3xx/—gj}J = fd3XT/_JI'YO¢I-
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Reduced spinor action

o In the (t,X,Y,Z) coordinates w5 vanishes and the spin-covariant
derivative becomes D, = 9,, within the box.

@ The action (5) for the spinor ¢; then reduces to
51/,, - _ / d*x 1/_11 [I")/an + e¢ <i’yk8k + m/)] Py, (6)

where k runs over 1,2 3. The corresponding conserved charge then
becomes Q) = [ d®x/=gj? = [ d*x¢p;7%y.

@ The reduced action (6) should be viewed as an effective field
action in a locally Minkowski spacetime. Moreover, it carries
information about the box-specific, fixed metric function ¢.
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Partition function

@ The partition function corresponding to the this model that represents
the non-interacting spinor degrees of freedom within the box is given
by

InZzZInZwl . (7)
I
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Partition function

@ The partition function corresponding to the this model that represents
the non-interacting spinor degrees of freedom within the box is given
by

InZzZInZwl . (7)
I

@ Using the degeneracy condition Bu; > 1, we obtain the following
expression

BVe3® Lo, A8y
InZy, = 241 iy — 300 [y + Tm ; (

2472

(00]
~

where V denotes the spatial volume of the box, M, = m;e®, pm =

2 22 =2 — 22 BitLim
\/ R —m and [y, = pifom — 1y |n(’T,I)-
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Equation of state

o We parametrize the baryon number density as n = (n;/b;) with by
being the model-dependent parameters. n; is the number density of
Ith fermion.
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Equation of state

o We parametrize the baryon number density as n = (n;/b;) with by
being the model-dependent parameters. n; is the number density of

Ith fermion.
e For a grand canonical ensemble, total pressure P = (V) 1In Z
leads to
4
_ 0 my 1/3
P = e 2;247# [ (b,n)2/3+1{2(b,n)—3(b,n) / }

+ 3In{(b/n)1/3—|—\/(b,n)2/3+1}] , (9)

where the constant b; = ?>7r213//m§s and the temperature correction is
neglected.
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Equation of state

o We parametrize the baryon number density as n = (n;/b;) with by
being the model-dependent parameters. n; is the number density of

Ith fermion.
e For a grand canonical ensemble, total pressure P = (V) 1In Z

leads to

_ 0 m 1/3

- z/: 2472 [ (b/")2/3+1{2(b/")—3(b/”) / }

4+ 3ln {(b,n)1/3 + 1/ (byn)?/3 + 1H , (9)
where the constant b; = ?>7r25//m§s and the temperature correction is
neglected.

@ Ignoring the temperature corrections as earlier, the expression of energy
density p within the box is given by

__p+e¢z3 \/(bin)2/3 4+ 1 (byn) . (10)
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EOS for white dwarfs and ideal neutron stars

@ The EOS for a white dwarf can be read off from Eq. (9) by choosing
the fermions to be the electrons, and by setting by = Z/A where A, Z
are the atomic mass number and atomic number of nuclei respectively.

Susobhan Mandal (IISER Kolkata) QFTCS for compact stars July 27, 2023



EOS for white dwarfs and ideal neutron stars

@ The EOS for a white dwarf can be read off from Eq. (9) by choosing
the fermions to be the electrons, and by setting by = Z/A where A, Z
are the atomic mass number and atomic number of nuclei respectively.

@ In white dwarfs, the nuclei have negligible motion. Hence, the energy
density due to the nuclei is nm,e® which needs to be included in total
energy density p. Here my is the atomic mass unit.
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EOS for white dwarfs and ideal neutron stars

@ The EOS for a white dwarf can be read off from Eq. (9) by choosing
the fermions to be the electrons, and by setting by = Z/A where A, Z
are the atomic mass number and atomic number of nuclei respectively.

@ In white dwarfs, the nuclei have negligible motion. Hence, the energy
density due to the nuclei is nm,e® which needs to be included in total
energy density p. Here my is the atomic mass unit.

@ The EOS for an ideal neutron star follows from the Egs. (9, 10), if one
chooses the fermions to be the neutrons, and sets b; = 1.

Susobhan Mandal (IISER Kolkata) QFTCS for compact stars July 27, 2023 15 /48



Mass-radius

relation

of white dwarfs

I I INewtonian Eq. +I Flat EoS —
TOV Eq. + Curved E0S ------
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0.1

Figure: The mass-radius relations for the white dwarfs with A/Z = 2. The curved
EOS leads the maximum mass limit to increase from around 1.415M, to
1.419Mg
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Mass-radius relation

' TOV Eq. + Curved EoS S
i, - TOV Eq. + Flat EOS ———
08 | //' '\.\\ -
& IR
Z o6f SO 1
§ \\\ N .
= S,
04 TN 1
. . RS
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Radius ( km)

Figure: The mass-radius relations for ideal neutron stars. The maximum mass
limit increases by ~ 16.9%, from around 0.71Mg, to 0.83M, and the
corresponding radius increases by ~ 2.2%, from approximately 9.2 km to 9.4 km,
due to the usage of curved EOS.
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The 0 — w model of nuclear matter

@ The action describing 0 — w model of nuclear matter inside neutron star is given by

S— / d'xV g L= / d*xv=Z Lo + Lu] , (11)
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The 0 — w model of nuclear matter

@ The action describing 0 — w model of nuclear matter inside neutron star is given by

S= /d4x«/—g L= /d4x\/—g Lo+ Lum] (11)
@ The Lagrangian density for the Dirac fermions is
Lp=— Y lie"ay* D+ m); . (12)
I=n,p,e
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The 0 — w model of nuclear matter

@ The action describing 0 — w model of nuclear matter inside neutron star is given by
S= /d4x«/—g L= /d4x\/—g Lo+ Lum] (11)
@ The Lagrangian density for the Dirac fermions is

Lp=— Y lie"ay* D+ m); . (12)

I=n,p,e

@ The total Lagrangian density for the mesons o and w can be expressed as Ly = L5 +
Loi+ Lo + Ly, where

Susobhan Mandal (IISER Kolkata) QFTCS for compact stars July 27, 2023 18 /48



The 0 — w model of nuclear matter

@ The action describing 0 — w model of nuclear matter inside neutron star is given by

S= /d4x«/—g L= /d4x\/—g Lo+ Lum] (11)
@ The Lagrangian density for the Dirac fermions is
Lp=— Y lie"ay* D+ m); . (12)
I=n,p,e

@ The total Lagrangian density for the mesons o and w can be expressed as Ly = L5 +
Loi+ Lo + Ly, where

1 1 -
Lo =—5g"0uo0v0 ~ 5'"502  Loi = I:zn:pgad (LT (13)
1P LU 1 2 __uv
L, =—ghlg (V[uwu])(v[pw)\]) - Emwg wpWy (14)
A C gf} nz 2 JTRAN-]
Lyi= 21 (8" wpwu)® + Z Bwwue® vy . (15)
’ I=n,p
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RMF approximation

@ In the RMF approximation, one replaces the meson field operators by
their vacuum expectation values which are then treated as the classical
fields.
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RMF approximation

@ In the RMF approximation, one replaces the meson field operators by
their vacuum expectation values which are then treated as the classical
fields.

@ In summary, for the meson fields, the RMF approximation leads to

B (@) = (@O0 = (Go)g® . 5 —(6).  (16)
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RMF approximation

@ In the RMF approximation, one replaces the meson field operators by
their vacuum expectation values which are then treated as the classical
fields.

@ In summary, for the meson fields, the RMF approximation leads to
Ot — () = (@°)dG = (Do)g™ , & — (5) - (16)

@ The Euler-Lagrange equation for the o meson then becomes

G=my(8) =8 Y nf, where & = (£2),  (17)

I=n,p 7

and n,s = (Y1) is the pseudo-scalar number density of the baryon.
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RMF approximation

o Similarly, by using the RMF approximation, the Euler-Lagrange equa-
tion for the temporal component of the w meson, leads to

~4
@+C w@3:gwlz n;, where gw:(%> , (18)
=n,p

where @ = m, (&%) e® and n; = (7)) = <¢/T¢l>-
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RMF approximation

o Similarly, by using the RMF approximation, the Euler-Lagrange equa-
tion for the temporal component of the w meson, leads to

~4
@+C w@3:gwlz n;, where gw:(%> , (18)
=n,p

where @ = m, (&%) e® and n; = (7)) = <¢,T¢/>.
@ Using the locally flat coordinates (t, X, Y, Z) inside the box, together
with the RMF approximation, the action for meson fields reduce to

SI\/I = /d4X |:£0‘0J + Z 1Z/e¢(§05 - WOEwU_JWI s (19)

I=n,p
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RMF approximation

o Similarly, by using the RMF approximation, the Euler-Lagrange equa-
tion for the temporal component of the w meson, leads to

~4
@+C w@3:gwlz n;, where gw:(%> , (18)
=n,p

where @ = m, (&%) e® and n; = (7)) = <¢,T¢/>.
@ Using the locally flat coordinates (t, X, Y, Z) inside the box, together
with the RMF approximation, the action for meson fields reduce to

Sm —/d4 Lowt D D@5~ 2|, (19)
I=n,p

where

ng:e“’[ _2++<g“w4} . (20)
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Partition function

@ By using the reduced actions (6, 19) one can split the partition function
as

InZ:BV£0w+ZInZ¢,. (21)
I
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Partition function

@ By using the reduced actions (6, 19) one can split the partition function
as

InZ:BV£0w+ZInZ¢,. (21)
I

@ The partition function involving /™" spinor can be expressed as Zy, =

_ B
| DyYDyy e S where

5’8 _/ dT/dSXLb/ 8 +M/)+€ (/fyk8k+m,)]¢, . (22)
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Partition function

@ By using the reduced actions (6, 19) one can split the partition function
as

mzezﬁvzm,+§:m2%. (21)
I

@ The partition function involving /™" spinor can be expressed as Zy, =

_ B
| DyYDyy e S where

s - / dr [ [ = 2°r + i) + (4 0p + m)] - (22)
@ In the eq. (22), the effective chemical potential is
W= p — 8o eq>(5;J +97), (23)
whereas the effective mass is given by
mj = m; — g,5 (67 +47) . (24)
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Partition function

@ Doing integration over the Grassmann variables, one can evaluate the
partition function for the /" spinor as

ﬁVe‘3¢

W [2N7N?m - 3,7_7? ﬂ%m] ) mp = e¢’m;k ) (25)

In Zw, =
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Partition function

@ Doing integration over the Grassmann variables, one can evaluate the
partition function for the /" spinor as

BVe‘3¢

W [2/1’7/[7’m - 3,7_7? ﬂ%m] y mp = e¢’m;k ) (25)

In Zw, =

where fu, = \/ 1% — m? and i3, = pfpm — m7 asinh(m/my).
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Partition function

@ Doing integration over the Grassmann variables, one can evaluate the
partition function for the /" spinor as

5 Ve3¢
2472

where fu, = \/ 1% — m? and i3, = pfpm — m7 asinh(m/my).

@ The number density of /*" spinor and its pseudo-scalar number density
are expressed as

InZy, = [2N7N?m - 3'7_7% ﬂ%m] , M= e¢m7 ) (25)

e—3¢ e—3¢

S _
np = 32 M?m y N = o2 mllﬁm . (26)
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Pressure and energy density

e For this grand canonical ensemble, the total pressure P = (3V)!In Z
becomes

P=Po+Y Pr, (27)
/
where the term involving only meson contributions is

(28)
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Pressure and energy density

e For this grand canonical ensemble, the total pressure P = (3V)!In Z
becomes

P=Po+Y Pr, (27)
I

where the term involving only meson contributions is

=2 =2 54
oo 05 W (8 4
Paw—e[ 2+2+24w}. (28)
@ On the other hand, the pressure contribution involving /™ spinor is
given by
b x4
e’ m; / 2 1
P = oY [ (b/n/)3 +1 {Q(bln/) — 3(b/n/)3}

+ 3asinh{(b,n,)%H , (29)

where the constant by = 372/m73.
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Pressure and energy density

@ Using the partition function (21), the energy density p within the box
reduces to

P=Powt D pi (30)
1
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Pressure and energy density

@ Using the partition function (21), the energy density p within the box

reduces to
P=Powt Y pi- (30)
I
@ In the eq. (30), the direct meson contributions are
=2 =2 54
gc @ -
pow:e¢|:2+2+<8ww4:| ) (31)
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Pressure and energy density

@ Using the partition function (21), the energy density p within the box

reduces to
P=Powt Y pi- (30)
]
@ In the eq. (30), the direct meson contributions are
=2
—e® | LY Cﬁ ot
o= [T+ D4 B ()

whereas the contribution due to the /™ spinor is

e¢m*4
=P+ (bim) \/ (byn))3 + 1. (32)
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Pressure and energy density

@ Using the partition function (21), the energy density p within the box

reduces to
P=Powt D pi (30)
I
@ In the eq. (30), the direct meson contributions are
5? @ (& 4
Pow = € [24‘24‘80}] ) (31)

Ith

whereas the contribution due to the /" spinor is

e¢m*4
=P+ (bim) \/ (byn))3 + 1. (32)

@ Nevertheless, these number densities, corresponding to the three fermions
are subjected to the constraints n, = ne and i, = pp + e -
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Pressure and energy density

@ Using the partition function (21), the energy density p within the box

reduces to
P=Powt D pi (30)
I
@ In the eq. (30), the direct meson contributions are
5? @ (& 4
Pow = € [24‘2"‘80}] ) (31)

whereas the contribution due to the /™ spinor is

e¢m*4
=P+ (bim) \/ (byn))3 + 1. (32)

@ Nevertheless, these number densities, corresponding to the three fermions
are subjected to the constraints n, = ne and i, = pp + e -

@ For convenience of numerical evaluation, we define the scaled coupling
constants of mesons as 8, = g-My , & = 8wMp.
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Kinematic behaviour of curved EOS
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Figure: Particle fractions as a function of baryon number density N for different
values of g,.
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Kinematic behaviour of curved EOS
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Figure: Effective mass of the neutron as a function of baryon number density N
for different values of coupling constant g, .
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Kinematic behaviour of curved EOS
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Figure: Plot of the pressure P as a function of baryon number density N for
different kinematical values of ®.
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Kinematic behaviour of curved EOS
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Figure: Ratio between the pressure and the energy density, (P/p), is plotted as a
function of p for different kinematical values of the metric function .
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Mass radius relations
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Figure: Plot of the mass-radius relations for different values of the parameter g, .
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Mass radius relations
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Figure: Plot of the mass-radius relations for different values of the parameter g,.
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Mass radius relations
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Figure: Plot of the mass-radius relations for different values of the parameter (.
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Slowly rotating star

@ The spacetime metric of a slowly rotating, axially symmetric star can
be represented, in the natural units c = h = 1, by an invariant line
element

ds? = —e*®dt? 4+ e dr? + r?[dh? + sin® 0(dp — wdt)?],  (33)
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Slowly rotating star

@ The spacetime metric of a slowly rotating, axially symmetric star can
be represented, in the natural units c = h = 1, by an invariant line
element

ds? = —e*®dt? 4+ e dr? + r?[dh? + sin® 0(dp — wdt)?],  (33)

where w represents the acquired angular velocity by a freely-falling
observer from infinity, a phenomena known as the dragging of inertial
frames.
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Slowly rotating star

@ The spacetime metric of a slowly rotating, axially symmetric star can
be represented, in the natural units c = h = 1, by an invariant line
element

ds? = —e*®dt? 4+ e dr? + r?[dh? + sin® 0(dp — wdt)?],  (33)

where w represents the acquired angular velocity by a freely-falling
observer from infinity, a phenomena known as the dragging of inertial
frames.

@ The exterior vacuum Einstein equation corresponding to the metric
(33) can be solved exactly as

2GM 2GJ
, W=

20 —2v
=e " =1- 3
r r

e

(34)

where constant J and M represent the angular momentum and the
‘spherical’ mass of the star.
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Einstein's equations

@ In this case, apart from the TOV equations we obtain one additional
equation for the frame-dragging angular velocity w which follows from
the t — ¢ component of the Einstein equation and is given by

1d [ ,.dw\ 4d
il - ——(w =) =
r* dr (rjdr)+rdr(w )=0, (35)

where j = e~ (" +®),
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Einstein's equations

@ In this case, apart from the TOV equations we obtain one additional
equation for the frame-dragging angular velocity w which follows from
the t — ¢ component of the Einstein equation and is given by

1d [ ,.dw\ 4d
il - ——(w =) =
r* dr (rjdr)+rdr(w )=0, (35)

where j = e~ (" +®),

@ The solutions of the differential equations are subject to the boundary
conditions e?®(R) = (1-2GM/R) and w'(R) = —3w(R)/R where o’ =
(dw/dr) and R denotes the radius of the ‘spherical’ part.
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Einstein's equations

@ In this case, apart from the TOV equations we obtain one additional
equation for the frame-dragging angular velocity w which follows from
the t — ¢ component of the Einstein equation and is given by

1d [ ,.dw\ 4d
il - ——(w =) =
r* dr (rjdr)+rdr(w )=0, (35)

where j = e~ (" +®),

@ The solutions of the differential equations are subject to the boundary
conditions e?®(R) = (1-2GM/R) and w'(R) = —3w(R)/R where o’ =
(dw/dr) and R denotes the radius of the ‘spherical’ part. Additionally,
regularity of the equation (35) at r = 0, demands w’(0) = 0.
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Einstein's equations

@ In this case, apart from the TOV equations we obtain one additional
equation for the frame-dragging angular velocity w which follows from
the t — ¢ component of the Einstein equation and is given by

1d [ ,.dw\ 4d
il - ——(w =) =
r* dr (rjdr)+rdr(w )=0, (35)

where j = e~ (" +®),

@ The solutions of the differential equations are subject to the boundary
conditions e?®(R) = (1-2GM/R) and w'(R) = —3w(R)/R where o’ =
(dw/dr) and R denotes the radius of the ‘spherical’ part. Additionally,
regularity of the equation (35) at r = 0, demands w’(0) = 0.

@ In the computation of thermodynamic observables, we neglected con-
tributions O(w?) as we are considering slow rotation case.
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Reduced action

@ The metric within the box becomes

—e2® wY —wX 0

wY 1 0 0
Ew=1_wx 0o 1 of" (36)

o 0 o0 1

where ® = ®(rp), w = w(ry).
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Reduced action

@ The metric within the box becomes

—e®® wY —wX 0
wY 1 0 O
Ew=1_wx 0o 1 of" (36)
0 0 0 1
where ® = ®(rp), w = w(ry).
@ Consequently, within the box the Dirac action reduces to
Sy = — / d*x B[00 + e®(in* Ok + m) — wJylr . (37)

where jz = (Zz+%23) with ZZ = *I'(Xay* Yax) and X3 = U3®H2.
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Partition function

@ In order to evaluate the partition function, it is convenient to split it
asInZ, =InZy +In 2, where Zy = [ DYDY e~ S5 with

55_/ dT/d3x1p 00, +pu+ = 23)+e (iv Ok +m)] . (38)
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Partition function

@ In order to evaluate the partition function, it is convenient to split it
- g
asInZ, =In 2o+ In 2, where Zy = [ DyYDy e~ with

55_/ dT/d3x¢ 00, +pu+ = 23)+e (iv Ok +m)] . (38)

@ On the other hand, In Z; contains contributions from the orbital angular
momentum operator Lz and can be expressed as a perturbative series

o I
InZ; =In (1 +> (’I"'<(_5f)/>> : (39)
=1 "

where 7 = [V dr [ d3x¢[,°L 2]
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Partition function

@ In order to evaluate the partition function, it is convenient to split it
asInZ, =InZy +In 2, where Zy = [ DYDY e~ S5 with

55_/ dT/d3x¢ 00, +pu+ = 23)+e (iv Ok +m)] . (38)

@ On the other hand, In Z; contains contributions from the orbital angular
momentum operator Lz and can be expressed as a perturbative series

o I
InZ; =In (1 +> (’I"'<(_5f)/>> : (39)
=1 "

where 7 = [V dr [ d3x¢[,°L 2]
@ It can be shown that the leading order terms in In Z; are O(w?) which
we neglect henceforth for a slowly-rotating star.
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Pressure and energy density

@ The energy density and the pressure in the box can be expressed as
P= P+ P_and p = py + p_ where
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Pressure and energy density

@ The energy density and the pressure in the box can be expressed as
P= P+ P_and p = py + p_ where

Py =e"’4g7;2[ (bni)2/3+1{2(bni)—3(bni)1/3}
+ 3asinh{(bni)1/3}] , (40)
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Pressure and energy density

@ The energy density and the pressure in the box can be expressed as
P= P+ P_and p = py + p_ where

o m* 2/3 1/3
Pr = e [\/(bne) + 1{2(bns) — 3(bns)'/3
+ 3asinh{(bni)1/3}] , (40)
m4
pr = —Pi+ e¢6?(bni) (bny)?/3 4 1. (41)
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Pressure and energy density

@ The energy density and the pressure in the box can be expressed as
P= P+ P_and p = py + p_ where

o m* 2/3 1/3
Pr = e [\/(bne) + 1{2(bns) — 3(bns)'/3
+ 3asinh{(bni)1/3}] , (40)
m4
pr = —Pi+ e¢6?(bni) (bny)?/3 4 1. (41)

@ Here ny satisfy the following relations

n=ny+n_, me®\/(bny )23 +1—me®\/(bn_)2/3 +1=w. (42)

where the constant b = (672/m3).
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Kinematical behaviour of EOS

----- 1. Flat EOS
—— 2. Curved EOS (¢ = —0.2,w=0)

—-= 3. Curved EOS (® ,w=0) —
——- 4.Curved EOS (0= — 0.4, w=10%rev. s ) -

0.0 0.2 0.4 0.6 0.8 1.0 1.2
p(GeVfm=3)

Figure: Plot of the ratio P/p as a function of the energy density p for different
kinematical values of the metric functions ® and w. The curves 2 and 3 with
different values of w are indistinguishable as earlier. The sharper fall at lower

densities of the curve 5 arises due to the effect of threshold number density ny.
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Mass radius relation

--- 1.Flat EOS
2. Curved EOS (Q=0)
—— 3. Curved EOS (Q =500 rev. s™%)

8 9 10 11 12 13 14 15 16
R (km)

Figure: Comparison of the mass-radius relations for a slowly-rotating ideal
neutron star whose degenerate core is made of an ensemble of non-interacting
neutrons. The effect of gravitational time dilation itself leads to an increase of
maximum mass limit from 0.71 Mg to 0.83 M. The enhancement of mass limit
due to the dragging of inertial frames is however extremely small for any
physically plausible values of stellar fluid angular velocity 2.
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Angular momentum plot

x10%

for central density n,c=1.0 fm~—3
7 GR (curved EOS)
—-=-- GR (flat EOS)

6 4 — = Newtonian (flat EOS)
s =
[N -~ -~
o L~ -
Ea e
° - -
= Poie 17
=3 Py

- e
_r -
- -
2 P L
P
L
1 e
==
-
P
«
0
o 100 200 300 400 500 600 700

Q (rev.s?)

Figure: Comparison of the angular momenta of a slowly rotating ideal neutron
star as a function of the angular velocity Q of the stellar fluid. The Newtonian
expression for the angular momenta is computed as J = Q [ drdfdy pr* sin 6
where energy density p = p(r) is taken to be the same as found by solving TOV
equations with the flat EOS.
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Primeval seed magnetic field of ideal neutron stars

e Magnetic fields are observed in the range of 10 — 10! Gauss in a
rotating neutron star.
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Primeval seed magnetic field of ideal neutron stars

e Magnetic fields are observed in the range of 10 — 10! Gauss in a
rotating neutron star.

@ Given a small seed magnetic field, there exists mechanism such as the
turbulent dynamo that can rapidly amplify the magnetic field strength
in astrophysical systems. However, the origin of the seed magnetism
itself is not yet quite well understood.
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rotating neutron star.

@ Given a small seed magnetic field, there exists mechanism such as the
turbulent dynamo that can rapidly amplify the magnetic field strength
in astrophysical systems. However, the origin of the seed magnetism
itself is not yet quite well understood.

@ The existing models in the literature such as the seed field is viewed
either as a cosmic relic of the early universe physics or as being gener-
ated by ionized plasma come with their own set of shortcomings such
as the present field strength being incompatible with early uni-
verse physics or having insufficient sustenance and coherence of
the seed field
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Primeval seed magnetic field of ideal neutron stars

e Magnetic fields are observed in the range of 10 — 10! Gauss in a
rotating neutron star.

@ Given a small seed magnetic field, there exists mechanism such as the
turbulent dynamo that can rapidly amplify the magnetic field strength
in astrophysical systems. However, the origin of the seed magnetism
itself is not yet quite well understood.

@ The existing models in the literature such as the seed field is viewed
either as a cosmic relic of the early universe physics or as being gener-
ated by ionized plasma come with their own set of shortcomings such
as the present field strength being incompatible with early uni-
verse physics or having insufficient sustenance and coherence of
the seed field

@ Here we show that the genesis of seed magnetism is a direct conse-
quence of spin-degeneracy breaking of fermions caused by the
curved spacetime of rotating neutron stars, principally due to
the dragging of inertial frames.
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Primeval seed magnetic field of ideal neutron stars

@ The partition function of a rotating ideal neutron star is expressed as

nZy =3 [In(1+e M) pin (14 e PEm)| L (43)
k

where pr = p+w/2. The rotation of the star explicitly breaks
the spin-degeneracy.
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Primeval seed magnetic field of ideal neutron stars

@ The partition function of a rotating ideal neutron star is expressed as
nZy =3 [In(1+e M) pin (14 e PEm)| L (43)
k
where pr = p+w/2. The rotation of the star explicitly breaks
the spin-degeneracy.
@ The number density of fermions that follows from the partition function
(43) as n= (BV)"H(OIn Z,/0p), can be expressed as

. 1 1
n:n++n_, with nizvzm (44)
k

Susobhan Mandal (IISER Kolkata) QFTCS for compact stars July 27, 2023 41/48



Primeval seed magnetic field of ideal neutron stars

@ The partition function of a rotating ideal neutron star is expressed as

nZy =3 [In(1+e M) pin (14 e PEm)| L (43)
k
where pr = p+w/2. The rotation of the star explicitly breaks
the spin-degeneracy.
@ The number density of fermions that follows from the partition function
(43) as n= (BV)"H(OIn Z,/0p), can be expressed as

. 1 1
n:n++n_, with nizvzm (44)
k

@ The net magnetic moment is defined by M = pp(ny — n_) where
pp is the magnitude of the magnetic moment of the neutrons. The
corresponding magnetic moment then can be expressed as

Buw eBle—n)

_ Latad 2
M= noy, — (I 4 1)2 O (45)
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Primeval seed magnetic field of ideal neutron stars

@ The magnetic field arising due to the magnetic moment (45), can be
obtained by computing the magnetic susceptibility of the fermionic
matter x = (OM/9B)|p—o-
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Primeval seed magnetic field of ideal neutron stars

@ The magnetic field arising due to the magnetic moment (45), can be

obtained by computing the magnetic susceptibility of the fermionic
matter x = (OM/9B)|p—o-

o Consider a test magnetic field B along the Z-direction. The coupling
between neutron field 1) and the electromagnetic field A, is described by

Pauli-Dirac interaction term §; = [ d*x/—g &[%MDG“”FW}@ZJ where

ot = jetae”p[v?, 7] and Fu = 9,A, — 9, A,.
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Primeval seed magnetic field of ideal neutron stars

@ The magnetic field arising due to the magnetic moment (45), can be
obtained by computing the magnetic susceptibility of the fermionic
matter x = (OM/9B)|p—o-

o Consider a test magnetic field B along the Z-direction. The coupling
between neutron field 1) and the electromagnetic field A, is described by

Pauli-Dirac interaction term §; = [ d*x/—g &[%MDG“”FW}@ZJ where

oM = %e”ae”b[fy",'yb] and F,, = 0,A, —0,A,. The interaction term
reduces within the box as

S = / d*xip [MDeQ)B 23}¢ . (46)
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Primeval seed magnetic field of ideal neutron stars

@ The magnetic field arising due to the magnetic moment (45), can be
obtained by computing the magnetic susceptibility of the fermionic
matter x = (OM/9B)|p—o-

o Consider a test magnetic field B along the Z-direction. The coupling
between neutron field 1) and the electromagnetic field A, is described by

Pauli-Dirac interaction term §; = [ d*x/—g &[%MDG“”FW}@ZJ where

oM = %e”ae”b[fya,'yb] and F,, = 0,A, —0,A,. The interaction term
reduces within the box as

S = / d*xp [MDeQ’B 23}¢ . (46)
@ The magnetic susceptibility is found out to be
® Ble—n)
B 2 e e
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Primeval seed magnetic field of ideal neutron stars

@ Therefore, the resultant magnetic field in the small box is given by

B:% 1 w

= es O (48)
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Primeval seed magnetic field of ideal neutron stars

@ Therefore, the resultant magnetic field in the small box is given by

B:% 1 w

= es O (48)

@ The presence of the above non-zero seed magnetic field is crucial
in a newly born proto-neutron star (PNS) where seed field can be
amplified almost exponentially by turbulent dynamo mechanism.
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Primeval seed magnetic field of ideal neutron stars

@ Therefore, the resultant magnetic field in the small box is given by

B:% 1 w

= es O (48)

@ The presence of the above non-zero seed magnetic field is crucial
in a newly born proto-neutron star (PNS) where seed field can be
amplified almost exponentially by turbulent dynamo mechanism.
For example, a seed field of 0.1 Gauss, as seen here, can be amplified
to around 10! Gauss, a typically observed field strength in neutron
stars. Further, due to the expected differential rotation inside a
PNS, the seed field itself could be stronger.
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Primeval seed magnetic field of ideal neutron stars

—— nc=3.3fm™3,Q=500rev. s"!, M=0.83 My, R=9.43 km
—.= Nc=1.9fm=3,Q=500 rev. s°1, M=0.81 Mo, R=10.65 km
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Figure: Primeval seed magnetic field strength inside an ideal neutron star as a
function of r. For a central neutron number density of 3.3 fm—3, the star has a
seed magnetic field of around 0.12 Gauss at its center. Here we have taken

pp = 9.66 x 10731 J/Gauss for neutrons.
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Conclusion

@ We provided a first principle derivation of the EOS using the curved
spacetime of static and slowly rotating spherical stars.
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@ Moreover, the effect of gravitational time dilation on EQS results in
a significant enhancement of mass limits and radius of neutron stars
compared to the frame-dragging effect.
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compared to the frame-dragging effect.

@ The usage of curved EOS also affects the angular momentum of rotat-
ing neutron stars significantly.

@ Further, the curved spacetime of rotating proto-neutron stars naturally
break the spin-degeneracy of fermions which results in a small but
sufficient seed magnetic field for the later enhancement through the
turbulent dynamo mechanism to the observed magnetic field at the
current epoch.

Susobhan Mandal (IISER Kolkata) QFTCS for compact stars July 27, 2023 45/48



Conclusion

@ We provided a first principle derivation of the EOS using the curved
spacetime of static and slowly rotating spherical stars.

@ Moreover, the effect of gravitational time dilation on EQS results in
a significant enhancement of mass limits and radius of neutron stars
compared to the frame-dragging effect.

@ The usage of curved EOS also affects the angular momentum of rotat-
ing neutron stars significantly.

@ Further, the curved spacetime of rotating proto-neutron stars naturally
break the spin-degeneracy of fermions which results in a small but
sufficient seed magnetic field for the later enhancement through the
turbulent dynamo mechanism to the observed magnetic field at the
current epoch.

@ Given the flat EQS are widely used in the neutron star literature, the
result presented here would imply significant alterations of various ex-
isting predictions.
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Thank you for your attention
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