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Premise: Holographic quantum field theory

The prototypical example: AdS/CFT correspondence with Euclidean AdS metric

ds2 = dx2+dz2

z2

Zgrav [ϕ
i
0(x), ∂M] =

〈
exp

(
−
∑
i

∫
ddx ϕi

0(x)Oi (x)

)〉
∂M

(1)

The boundary conditions on the bulk fields

ϕi
0(x) = lim

z→0
z∆−dϕ(x , z) (2)

The mass of the bulk scalar field is related to the scaling dimension of the CFT
operator by

m2 = ∆(d −∆) (3)
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Emergent spacetime ER=EPR

Let us consider a thought experiment by Mark van Raamsdonk [2010]. Take two
copies of a CFT on Sd . The Hilbert space is a tensor product H = H1 ⊗H2. The
quantum states are of the form

|Ψ⟩ = |Ψ1⟩ ⊗ |Ψ2⟩ (4)

If the CFT has a gravitational dual, then the geometry would be two disconnected
spacetimes.

Now consider a state in which the two copies are entangled

|Ψβ⟩ =
∑
i

e−
1
2
βEi |Ei ⟩ |Ei ⟩ (5)

This entangled state is dual to an eternal black hole with connected spacetime.
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Local algebras in Quantum Field Theory

Consider a quantum field theory defined on a spacetime manifold with coordinates
t and local field ϕ(t).

We consider local algebras of bounded operators that are closed under hermitian
conjugation and contain the identity.

Ã =
{∑

ϕ(f1)ϕ(f2) · · ·
}

, ϕ(f ) =

∫
dt f (t)ϕ(t) (6)

where f (t) is smooth function supported on some open set in the spacetime.

Given a state, we close the algebra in the weak limit to get a von Neumann algebra.
Or in other words we take the double commutant to get the von Neumann algebra
A = (Ã)′′
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Types of von Neumann algebras

Von Neumann algebras can be classified into 3 types:

Type Id : d × d matrix algebra (qudits), B(Hd)

Type I∞: Harmonic oscillator, B(H)

Type II1

Type II∞: local algebras in quantum double models [Ogata 2022]

Type III: local algebras in quantum field theories (eg. free scalar [Araki 1964])
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Classical dynamical system

A classical dynamical system is a triple (X , µ,Tt) where X is a measure space with
measure µ and Tt is a dynamical flow parameterized by a discrete or continuous
variable t. Let Σ be a σ-algebra of measurable sets in X .

Example: Classical Phase Space
2n-dimensional symplectic manifold with canonical symplectic 2-form

ω =
∑
i

dqi ∧ dpi (7)

and the canonical volume form ωn.

The Hamiltonian flow is induced by the Hamiltonian function H(qi , pi ) along with
vector field VH defined by the mapping dH = ω(.,VH)

VH =
∑
i

(
∂H

∂pi

∂

∂qi
− ∂H

∂qi

∂

∂pi

)
(8)

The Hamilton’s equations of motion sets VH ∼ d
dt
. This flow preserves H (energy)

and the volume form ωn. Hence, we will consider measure preserving flows that are
invertible.

Shoy Ouseph 1 August 2024 7 / 27



Classical ergodic hierarchy

To keep track of the ergodic nature of the flow, we define the connected correlation
function

C(A : Bt) = µ(A ∩ Bt)− µ(A)µ(B) (9)

A dynamical flow on (X , µ,Tt) is called ergodic if there is no subregion left invariant
by the flow. In a a compact manifold, the long time average of an observable is
equal to the measure space average. All connected correlation functions averaged
over time decay to zero.

∀A,B ∈ Σ : lim
T→∞

1

T

∫ T

0

dt C(A : Bt) = 0 (10)

Weak-mixing: If the average of the absolute values decay to zero

∀A,B ∈ Σ : lim
T→∞

1

T

∫ T

0

dt |C(A : Bt)| = 0 (11)

Strong-mixing: If the correlation function decays to zero in the far future

∀A,B ∈ Σ : lim
t→∞

C(A : Bt) = 0 (12)
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Kolmogorov and Anosov systems

Kolmogorov-mixing: If the correlations with the entire past decay to zero

∀A, Ã ∈ Σ : lim
t→−∞

sup
B∈B(t)

|C(A : Bt)| = 0 (13)

where B(t) is the σ-algebra generated by {Ãt′ |t′ < t}.

Kolmogorov system: A classical dynamical system (X , µ,Tt) with measure-preserving

flow is a classical K-system if there exists a σ-algebra of measurable sets Σ0 ⊂ Σ

such that

1 ∨t∈RTtΣ0 = Σ
2 ∧t∈RTtΣ0 = {∅,X}
3 ∀t > 0,TtΣ0 ⊂ Σ0

In K-systems, all connected correlators decay but the decay can be arbitrarily slow.
It is an observed fact that in many relevant dynamical systems in physics, the
correlators of observables decay in time.

One can think of Anosov systems as a special class of Kolmogorov systems for which
a dense set of correlators decay exponentially fast.
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Examples of classical ergodic systems

Rotations on a circle by irrational angle θ0: ergodic

T n(e i2πθ) = e i2π(θ+nθ0) (14)

Translations on a 2-torus (0, 1]× (0, 1] with irrational slope θ0

Tt(x , y) = (x + t, y + θ0t) (15)

Arnold’s cat map: classical Anosov system

(xn+1, yn+1) = (xn, yn).

(
2 1
1 1

)
(16)
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Rindler wedge as a classical Anosov system

Consider the metric for 1 + 1d Minkowski spacetime R1,1

ds2 = dx+dx− (17)

The generators for null translations are G± = ∂±

Consider a particle moving in a trajectory of constant acceleration x±(t) = x0e
±t

The dynamics is generated by the boost transformation e−tK

K = x+∂+ − x−∂− (18)

The null translations satisfy the algebra: [K ,G±] = ∓G±

The boost on the Rindler wedge is a K-system and along with the exponentially
growing and decaying modes from the null translations, form a Anosov system

e−tKe−sG±etK = e−se±tG± (19)
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Quantum dynamical system

The quantum generalization of a dynamical system is a triple (A, ω, τt) where A is
a von Neumann algebra, ω a normal faithful state on A and the dynamical flow τt
is a strongly continuous automorphism of A.

If the state ω satisfies the KMS condition with respect to τt , then τt describes
modular dynamics

ω(τt(a)b) = ω(bτt+iβ(a)) (20)

In the case of finite dimensional Hilbert space, an example of a KMS state is the
thermal state with inverse temperature β and the modular flow is Hamiltonian time
evolution.
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Generalized Free Field (GFF) and holography

A generalized free field (GFF) ϕ is a field for which is completely determined by
its 2-point function. All higher 2n-point functions cluster and odd point functions
vanish.

This means that the Euclidean state of a GFF is a Gaussian state. [Duetsch, Rehren
2002]

The 2-point function is determined by the spectral density ρ(ω)

⟨ϕ(t)ϕ(t′)⟩ = G(t − t′) =

∫ ∞

0

dω ρ(ω)e−iω(t−t′) (21)

Hence G(ω) = ρ(ω)Θ(ω) where Θ(ω) is the Heaviside step function.

Holographic example: Single trace operators in the N → ∞ limit of N = 4 SYM
above the Hawking-Page temperature form a type III1 von Neumann algebra of GFF.
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Quantum ergodic hierarchy

In the quantum version, the measure in the connected correlation function is replaced
by the expectation value in the state ω

f connab (t) = ω(aτt(b))− ω(a)ω(b) (22)

Quantum ergodic: If all connected correlations averaged over time decays to zero

∀a, b ∈ A : lim
T→∞

1

T

∫ T

0

dt f connab (t) = 0 (23)

Quantum weak-mixing: If the absolute value of averaged connected correlator decays
to zero

∀a, b ∈ A : lim
T→∞

1

T

∫ T

0

dt |f connab (t)| = 0 (24)

Quantum strong-mixing: If the connected correlator decays to zero in the far future

∀a, b ∈ A : lim
t→∞

f connab (t) = 0 (25)
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Discrete spectrum and almost periodicity

Given a Hamiltonian H with energy eigenstates |Em⟩ and corresponding eigenvalues
Em, the thermofield double state (TFD) is defined on two copies of the Hilbert space
HL ⊗HR as

|1⟩β =
∑
m

e−
1
2
βEm |Em⟩L |Em⟩R (26)

Expanded in the energy eigenbasis, we have

fab(t) = β ⟨1|e−itHLa† ⊗ bT e itHL |1⟩β
= Z−1

∑
m,n

e−
1
2
β(Em+En)e i(Em−En)ta∗mnbmn (27)

This is a B2-Besicovitch almost periodic function of the form

f (t) =
∑
k

ξke
iλk t (28)

with
∑

k |ξk |
2 < ∞.
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Quantum Kolmogorov system

Consider a von Neumann algebra R represented in a Hilbert space in the standard

representation H = R|Ω⟩, and a strongly continuous unitary flow that preserves the

vacuum state e iHt |Ω⟩ = |Ω⟩. We say this quantum dynamical system is a quantum

K-system if it has a proper subalgebra A ⊂ R such that

1 Ergodicity: (∨s∈RAs)
′′ = R

2 Strong-mixing: ∧s∈R = λ1
3 Half-sided translations: For all s > 0 (or s < 0 but not both), we have

As ⊂ A
A subtlety that arises is that, as opposed to the classical case, quantum K-systems
and quantum K-mixing, while intimately related, are not equivalent.

The assumption of half-sided translation above is equivalent to the statement that
A is a future algebra.
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Quantum Anosov system: quantum fields in Rindler wedge

A quantum Anosov system is defined as a quantum K-system with expanding and
contracting unitary flows e iG±t that preserve the state G± |Ω⟩ = 0

U(t)e isG±U†(t) = e ie
±λt sG± (29)

Consider quantum field theory in 1 + 1d Minkowski spacetime R1,1 and the algebra
of observables of the Rindler wedge.

The generator of boost

KW =

∫
Σ

dΣµBνTµν (30)

with B = i(x+∂+ − x−∂−) and the null translations P± form a quantum Anosov
system

[P+,P−] = 0, [P±,B] = ±iP± . (31)
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Deformation of the modular operator

In the case of Rindler wedge, the modular flow is generated by the boost operator
∆it = e−i2πtKW .

Consider a deformation of the Rindler wedge along the positive and negative null
directions to get the regions W (z±).

The deformation in the modular operator is captured by

±G± =
1

z±
(KW − KW (z±)) ≥ 0 (32)

This is a positive operator.

In the case of flat space Rindler wedge, we can explicitly evaluate them by choosing
to integrate over the null plane x− = 0 as the Cauchy surface

KW = i

∫ ∞

−∞
dx+x+T++(x

+, x− = 0)

KW (z+) = i

∫ ∞

−∞
dx+(x+ − z+)T++(x

+, x− = 0)

G+ = i

∫ ∞

−∞
dx+T++(x

+, x− = 0, x i ) = P+ . (33)

Shoy Ouseph 1 August 2024 19 / 27



Half-sided modular inclusions

An important result of quantum ergodic theory is that for modular flow the ergodic
hierarchy simplifies.

In [Borchers 1992] it was shown for a von Neumann algebra in a standard GNS
representation {H, |Ω⟩ ,R}, if we have an ergodic modular future subalgebraA ⊂ R,
then the positive operator

G = KR − KA ≥ 0 (34)

generates a strongly continuous unitary flow U(s) = e isG corresponding to a growing
Anosov mode with Lyapunov exponent λ = 2π

∀s, t ∈ R : ∆−it
R e isG∆it

R = e ie
2πt sG (35)
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Emergence of Poincaré algebra

Consider a pair of von Neumann subalgebras A± ⊂ R such that A+ and A− are
modular future and past subalgebras, respectively. Define

A±(s) = ∆−is
R A±∆is

R

±G±(s) = KR −KA±(s) (36)

and consider the algebra A+(−s) and A−(s) and correspondingly G+(−s) and
G−(s) for s ≫ 1. Then, in the large s scaling limit such that z+z−e−4πs ≪ 1, we
have an emergent Poincaré algebra

∆−it
R e iz

±G±∆it
R = e ie

2πt z±G±

e iz
+G+(−s)e iz

−G−(s)e−iz+G+(−s) = e iz
−G−(s)+O(z+z−e−4πs )
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Curved spacetimes with bifurcate Killing horizons

To give a bulk interpretation for the emergent Poincaré algebra, we consider space-
times with a bifurcate Killing horizon with the metric

ds2 = A(x+x−, x i )dx+dx− + B(x+x−, x i )dx idxi (37)

It was shown in [Sewel 1982, Summers, Verch 1996] that in the vacuum represen-
tation of a QFT with the above metric, the action of the modular flow of W is the
Killing flow generated by B = i(x+∂+ − x−∂−).
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Bulk interpretation of the emergent Poincaré algebra - near
horizon limit

<latexit sha1_base64="GRKDZx9hXaZ+PjJ+dxzezBG4YSc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEmYnk2TI7Owy0yuEJX/hxYMiXv0bb/6Ns8keNLFgoKjq7umuIJbCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMbzO/9cS1EZF6wEnM/ZAOlRgIRtFKj92YahRU9rBXrrhVdwayTLycVCBHvVf+6vYjloRcIZPUmI7nxuin2Twm+bTUTQyPKRvTIe9YqmjIjZ/ONp6SE6v0ySDS9ikkM/V3R0pDYyZhYCtDiiOz6GXif14nwcG1nwoVJ8gVm380SCTBiGTnk77QnKGcWEKZFnZXwkZUU4Y2pJINwVs8eZk0z6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjSAgYJneIU3xzgvzrvzMS8tOHnPIfyB8/kDzQ+RBA==</latexit>

@t

<latexit sha1_base64="HHXeK6bEb5FzmGd0YEYFQiLvcoE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1TTdkSHrlilf1ZnCXiZ+TCuSo98pf3b6iacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7SaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/AJycjys=</latexit>

s�

<latexit sha1_base64="zyE58ljZGPqeqaY44IdAPnl8vAQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5idzCZDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qZ+64lrI2L1iOOE+xEdKBEKRtFKrTPTDTjSXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NzJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QY3viZUEmKXLH5ojCVBGMy/Z30heYM5dgSyrSwtxI2pJoytAmVbAje4svLpHle9a6qlw8XldptHkcRjuAYTsGDa6jBPdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+B8/gAG249i</latexit>�s�

<latexit sha1_base64="eavZO4AQS3wYM2txVleIgsMPOGQ=">AAACCHicbVDLSsNAFJ3UV62vqksXDhahgpZEfC2rblxWsA9oQphMJ3XoZBJmboQSunTjr7hxoYhbP8Gdf+P0sdDWAxcO59zLvfcEieAabPvbys3NLywu5ZcLK6tr6xvFza2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzaB3PfSbD0xpHss76CfMi0hX8pBTAkbyi7tuROCeEpFdDvysfKTdgAE5xC6XIfQPBn6xZFfsEfAscSakhCao+cUvtxPTNGISqCBatx07AS8jCjgVbFBwU80SQnuky9qGShIx7WWjRwZ43ygdHMbKlAQ8Un9PZCTSuh8FpnN4tp72huJ/XjuF8MLLuExSYJKOF4WpwBDjYSq4wxWjIPqGEKq4uRXTe6IIBZNdwYTgTL88SxrHFeescnp7UqpeTeLIox20h8rIQeeoim5QDdURRY/oGb2iN+vJerHerY9xa86azGyjP7A+fwAkC5ls</latexit>A(�s�,1)

<latexit sha1_base64="k29M+aHCD57qvPteyFF9UdvzJJ0=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEMeyKr2PQi8cI5iHJJsxOepMhM7PLzKwQl3yFFw+KePVzvPk3TpI9aGJBQ1HVTXdXEHOmjet+OwuLS8srq7m1/PrG5tZ2YWe3pqNEUajSiEeqERANnEmoGmY4NGIFRAQc6sHgZuzXH0FpFsl7M4zBF6QnWcgoMVZ6gHZ6okdP7eNOoeiW3AnwPPEyUkQZKp3CV6sb0USANJQTrZueGxs/JcowymGUbyUaYkIHpAdNSyURoP10cvAIH1qli8NI2ZIGT9TfEykRWg9FYDsFMX09643F/7xmYsIrP2UyTgxIOl0UJhybCI+/x12mgBo+tIRQxeytmPaJItTYjPI2BG/25XlSOy15F6Xzu7Ni+TqLI4f20QE6Qh66RGV0iyqoiigS6Bm9ojdHOS/Ou/MxbV1wspk99AfO5w+D1ZA8</latexit>

e�sz+

<latexit sha1_base64="lALSfO0MKY6L+tw32bKfa4X5nFk=">AAAB8HicbVDLTgJBEOz1ifhCPXqZSEy8QHaNryPRi0dM5GFgIbPDLEyYmd3MzJrghq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwvJn4jUeqNIvkvRnF1Be4L1nICDZWeqCdtKTHT51St1B0y+4UaJF4GSlChmq38NXuRSQRVBrCsdYtz42Nn2JlGOF0nG8nmsaYDHGftiyVWFDtp9ODx+jYKj0URsqWNGiq/p5IsdB6JALbKbAZ6HlvIv7ntRITXvkpk3FiqCSzRWHCkYnQ5HvUY4oSw0eWYKKYvRWRAVaYGJtR3obgzb+8SOqnZe+ifH53VqxcZ3Hk4BCO4AQ8uIQK3EIVakBAwDO8wpujnBfn3fmYtS452cwB/IHz+QOG3ZA+</latexit>

e�sz�

<latexit sha1_base64="GRKDZx9hXaZ+PjJ+dxzezBG4YSc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEmYnk2TI7Owy0yuEJX/hxYMiXv0bb/6Ns8keNLFgoKjq7umuIJbCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMbzO/9cS1EZF6wEnM/ZAOlRgIRtFKj92YahRU9rBXrrhVdwayTLycVCBHvVf+6vYjloRcIZPUmI7nxuin2Twm+bTUTQyPKRvTIe9YqmjIjZ/ONp6SE6v0ySDS9ikkM/V3R0pDYyZhYCtDiiOz6GXif14nwcG1nwoVJ8gVm380SCTBiGTnk77QnKGcWEKZFnZXwkZUU4Y2pJINwVs8eZk0z6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjSAgYJneIU3xzgvzrvzMS8tOHnPIfyB8/kDzQ+RBA==</latexit>

@t

<latexit sha1_base64="HHXeK6bEb5FzmGd0YEYFQiLvcoE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1TTdkSHrlilf1ZnCXiZ+TCuSo98pf3b6iacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7SaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/AJycjys=</latexit>

s�

<latexit sha1_base64="zyE58ljZGPqeqaY44IdAPnl8vAQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5idzCZDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qZ+64lrI2L1iOOE+xEdKBEKRtFKrTPTDTjSXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NzJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QY3viZUEmKXLH5ojCVBGMy/Z30heYM5dgSyrSwtxI2pJoytAmVbAje4svLpHle9a6qlw8XldptHkcRjuAYTsGDa6jBPdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+B8/gAG249i</latexit>�s�

<latexit sha1_base64="amVMrjx4gdWhZGW9EC5sLrqaRUc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQ5medoslt+LOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ai+uNVA==</latexit>

(a)
<latexit sha1_base64="uaIHXSVs0aC2hBUjB5XE29ve2TA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQzk47RZLbsWdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWcW7rFzcn5eqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AjXCNVQ==</latexit>

(b)

<latexit sha1_base64="4M2JV0K5xxONknKYYPIG1LTjM3s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPYUbcjiFePCZgFkiG0NOpSdr09AzdPUIY8gVePCji1U/y5t/YWYS4PSh4vFdFVb0gEVwb1/1wlpZXVtfWcxv5za3tnd3C3n5Dx6liWGexiFUroBoFl1g33AhsJQppFAhsBsPrid+8R6V5LG/NKEE/on3JQ86osVKt0i0UvZI7BXF/kS+rCHNUu4X3Ti9maYTSMEG1bntuYvyMKsOZwHG+k2pMKBvSPrYtlTRC7WfTQ8fk2Co9EsbKljRkqi5OZDTSehQFtjOiZqB/ehPxL6+dmvDKz7hMUoOSzRaFqSAmJpOvSY8rZEaMLKFMcXsrYQOqKDM2m/xiCP+TxmnJuyid186K5co8jhwcwhGcgAeXUIYbqEIdGCA8wBM8O3fOo/PivM5al5z5zAF8g/P2CZkhjNE=</latexit>

B

<latexit sha1_base64="oSufdvrimY4UHqnBSxfx+q69SV8="></latexit>A(�1,s�)

<latexit sha1_base64="oLdr2PlSdTZykjGksjKHe54FUPg=">AAACB3icdVDLSsNAFJ34rPVVdSnIYBEUNCRqW7vzsXGpYK3QlDCZTtqhk0mYuRFK6M6Nv+LGhSJu/QV3/o3Th6CiBy4czrmXe+8JEsE1OM6HNTE5NT0zm5vLzy8sLi0XVlavdZwqymo0FrG6CYhmgktWAw6C3SSKkSgQrB50zwZ+/ZYpzWN5Bb2ENSPSljzklICR/MKGFxHoUCKyk76fbe9pL2BAdj0uQ+jt9P1C0bGdIbBjl6uOWy0bcuAeVPZL2B1bRTTGhV9491oxTSMmgQqidcN1EmhmRAGngvXzXqpZQmiXtFnDUEkippvZ8I8+3jJKC4exMiUBD9XvExmJtO5FgekcXK1/ewPxL6+RQnjUzLhMUmCSjhaFqcAQ40EouMUVoyB6hhCquLkV0w5RhIKJLm9C+PoU/0+u9223bJcuD4vHp+M4cmgdbaJt5KIKOkbn6ALVEEV36AE9oWfr3nq0XqzXUeuENZ5ZQz9gvX0CD5WZdg==</latexit>A(�s�,1)

<latexit sha1_base64="V4Qc9leLpXnycyma+AMwc7M2V3c=">AAAB6nicdVBdSwJBFL1rX2ZfVo+9DEkQBMuupuab1EvQi1GmoIvMjrM6ODu7zMwGIv6EXnoootd+UW/9m0bdoKIOXDiccy/33uPHnCntOB9WZml5ZXUtu57b2Nza3snv7t2pKJGENknEI9n2saKcCdrUTHPajiXFoc9pyx9dzPzWPZWKReJWj2PqhXggWMAI1ka6ueqd9PIFx3bmQI5dqTlurWJIyS1Vi2XkplYBUjR6+fduPyJJSIUmHCvVcZ1YexMsNSOcTnPdRNEYkxEe0I6hAodUeZP5qVN0ZJQ+CiJpSmg0V79PTHCo1Dj0TWeI9VD99mbiX14n0cGZN2EiTjQVZLEoSDjSEZr9jfpMUqL52BBMJDO3IjLEEhNt0smZEL4+Rf+Tu6LtVuzy9Wmhfp7GkYUDOIRjcKEKdbiEBjSBwAAe4AmeLW49Wi/W66I1Y6Uz+/AD1tsnC8aNqw==</latexit>

K+

<latexit sha1_base64="O6P8KBD2vAnTwp+cf4Q1TXtTNm8=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBiyGJtZpb0YvgpaK1hTaUzXbTLt18sLsRSuhP8OJBEa/+Im/+GzdtBRV9MPB4b4aZeX7CmVSW9WEUFhaXlleKq6W19Y3NrfL2zp2MU0Fok8Q8Fm0fS8pZRJuKKU7biaA49Dlt+aOL3G/dUyFZHN2qcUK9EA8iFjCClZZurnpHvXLFMi3Xst0a0uTYdeycuI5btR1km9YUFZij0Su/d/sxSUMaKcKxlB3bSpSXYaEY4XRS6qaSJpiM8IB2NI1wSKWXTU+doAOt9FEQC12RQlP1+0SGQynHoa87Q6yG8reXi395nVQFZ17GoiRVNCKzRUHKkYpR/jfqM0GJ4mNNMBFM34rIEAtMlE6npEP4+hT9T+4c066ZJ9fVSv18HkcR9mAfDsGGU6jDJTSgCQQG8ABP8Gxw49F4MV5nrQVjPrMLP2C8fQIt5I3C</latexit>

K�

<latexit sha1_base64="qph80ctrNuemc+a1/8j8HQy6wf0=">AAACB3icbVDLSsNAFJ3UV62vqktBBotQQUsivpZVNy4r2Ac0pUymkzp0MgkzN0IJ2bnxV9y4UMStv+DOv3HSdqGtBy4czrmXe+/xIsE12Pa3lZubX1hcyi8XVlbX1jeKm1sNHcaKsjoNRahaHtFMcMnqwEGwVqQYCTzBmt7gOvObD0xpHso7GEasE5C+5D6nBIzULe66AYF7SkRymXaT8pHLpQ/DQ+16DMhB2i2W7Io9Ap4lzoSU0AS1bvHL7YU0DpgEKojWbceOoJMQBZwKlhbcWLOI0AHps7ahkgRMd5LRHyneN0oP+6EyJQGP1N8TCQm0Hgae6cyu1tNeJv7ntWPwLzoJl1EMTNLxIj8WGEKchYJ7XDEKYmgIoYqbWzG9J4pQMNEVTAjO9MuzpHFccc4qp7cnperVJI482kF7qIwcdI6q6AbVUB1R9Iie0St6s56sF+vd+hi35qzJzDb6A+vzB8XHmUI=</latexit>A(�1,s�)

(a) Near-horizon limit in the Hartle-Hawking state of an eternal AdS black hole
dual to boundary GFF time interval algebras. (b) In the vicinity of the bifurcation
surfaces, we obtain an emergent Poincaré group which has a corresponding analog
in the boundary.
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Second law in quantum K-systems

In the thermodynamic limit, the expectation is that genuinely interacting quantum
systems thermalize. In particular, we expect the emergence of a second law of
thermodynamics that postulates the existence of a non-negative function of the
state called entropy that grows monotonically in time.

Intuitively, we can justify the emergence of the second law as follows: consider
the subspace of all the observables that we can access from time t to eternity and
denote it by S(t,∞). This is a future operator system. Forward time evolution is the
restriction map on the future observables:

∀s > 0 : e isHS(t,∞)e
−isH ⊂ S(t,∞) (38)

We say time-evolution is a half-sided translation of the future operator system S(t,∞).
Any information-theoretic measure that satisfies the data-processing inequality de-
creases monotonically over time. Multiplying any such measure by a minus sign,
we obtain a monotonically increasing coarse-grained entropy; otherwise known as a
second law of thermodynamics.
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<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="OU+TGj4AZMJu8v+MWfXjeKkB3mk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6xFHC/Yj2lQgFo2ilBzw13VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6anjsmxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPYzoZIUuWKzRWEqCcZk8jfpCc0ZypEllGlhbyVsQDVlaNMp2hC8+ZcXSeOs4l1WLu7Py9WbPI4CHMIRnIAHV1CFO6hBHRj04Rle4c2Rzovz7nzMWpecfOYA/sD5/AEd3I20</latexit>

t + s

<latexit sha1_base64="GRKDZx9hXaZ+PjJ+dxzezBG4YSc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEmYnk2TI7Owy0yuEJX/hxYMiXv0bb/6Ns8keNLFgoKjq7umuIJbCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMbzO/9cS1EZF6wEnM/ZAOlRgIRtFKj92YahRU9rBXrrhVdwayTLycVCBHvVf+6vYjloRcIZPUmI7nxuin2Twm+bTUTQyPKRvTIe9YqmjIjZ/ONp6SE6v0ySDS9ikkM/V3R0pDYyZhYCtDiiOz6GXif14nwcG1nwoVJ8gVm380SCTBiGTnk77QnKGcWEKZFnZXwkZUU4Y2pJINwVs8eZk0z6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjSAgYJneIU3xzgvzrvzMS8tOHnPIfyB8/kDzQ+RBA==</latexit>

@t

<latexit sha1_base64="k1iKSEc+ALfVNNjO4a6N66bote0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1nqxmUF+4DpUDJppg3NJENyRyhDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJoIbcN1vp7S2vrG5Vd6u7Ozu7R9UD486RqWasjZVQuleSAwTXLI2cBCsl2hG4lCwbji5y/3uE9OGK/kI04QFMRlJHnFKwEp+PyYwpkRkzdmgWnPr7hx4lXgFqaECrUH1qz9UNI2ZBCqIMb7nJhBkRAOngs0q/dSwhNAJGTHfUkliZoJsHnmGz6wyxJHS9knAc/X3RkZiY6ZxaCfziGbZy8X/PD+F6DbIuExSYJIuPopSgUHh/H485JpREFNLCNXcZsV0TDShYFuq2BK85ZNXSeei7l3Xrx4ua41mUUcZnaBTdI48dIMa6B61UBtRpNAzekVvDjgvzrvzsRgtOcXOMfoD5/MHdRORYg==</latexit>B

<latexit sha1_base64="YkmlcPwxrHip7uBXuOsRQckTUmI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQk4mtZdeOygn1AE8pkOmmHTiZh5kYoIW78FTcuFHHrX7jzb5y0XWjrgQuHc+7l3nv8mDMFtv1tFBYWl5ZXiqultfWNzS1ze6epokQS2iARj2Tbx4pyJmgDGHDajiXFoc9pyx/e5H7rgUrFInEPo5h6Ie4LFjCCQUtdc88NMQwI5ulV1k0rcOwyEcDoKOuaZbtqj2HNE2dKymiKetf8cnsRSUIqgHCsVMexY/BSLIERTrOSmygaYzLEfdrRVOCQKi8df5BZh1rpWUEkdQmwxurviRSHSo1CX3fm96pZLxf/8zoJBJdeykScABVksihIuAWRlcdh9ZikBPhIE0wk07daZIAlJqBDK+kQnNmX50nzpOqcV8/uTsu162kcRbSPDlAFOegC1dAtqqMGIugRPaNX9GY8GS/Gu/ExaS0Y05ld9AfG5w9r75bi</latexit>A(t,1)

<latexit sha1_base64="2wFve15prXI4PJBfb4tWTEnq3bM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosgCCURX8uimy4r2Ae0aZlMJ+3QySTMTJQS+h9uXCji1n9x5984SbPQ1gMDh3Pu5Z45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve5C71249UKhaKBz2NqBvgkWA+I1gbqd8LsB77Ek+S+qx/NihX7KqdAS0TJycVyNEYlL96w5DEARWacKxU17Ej7SZYakY4nZV6saIRJhM8ol1DBQ6ocpMs9QydGGWI/FCaJzTK1N8bCQ6UmgaemUxTqkUvFf/zurH2b9yEiSjWVJD5IT/mSIcorQANmaRE86khmEhmsiIyxhITbYoqmRKcxS8vk9Z51bmqXt5fVGq3eR1FOIJjOAUHrqEGdWhAEwhIeIZXeLOerBfr3fqYjxasfOcQ/sD6/AF7lZKD</latexit>

H+

<latexit sha1_base64="RVGJgKl9ueDLMIUqvV5TbW22slo=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRTZcV7APatEymk3boZBJmJkoJ/Q83LhRx67+482+cpFlo64GBwzn3cs8cL+JMadv+tgorq2vrG8XN0tb2zu5eef+gpcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vcpf67UcqFQvFg55G1A3wSDCfEayN1O8FWI99iSdJfdY/G5QrdtXOgJaJk5MK5GgMyl+9YUjigApNOFaq69iRdhMsNSOczkq9WNEIkwke0a6hAgdUuUmWeoZOjDJEfijNExpl6u+NBAdKTQPPTKYp1aKXiv953Vj7N27CRBRrKsj8kB9zpEOUVoCGTFKi+dQQTCQzWREZY4mJNkWVTAnO4peXSeu86lxVL+8vKrXbvI4iHMExnIID11CDOjSgCQQkPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gB+nZKF</latexit>

H�

<latexit sha1_base64="ySSPbiSfO6xTloTer7GyNK4O508=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEDgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPn5+PLQ==</latexit>�
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Second law from future subalgebras

Future subalgebras A(t,∞) correspond to all observables we can measure from time
t until eternity. They are very special, as when they exist, forward time evolution
acts on them as the restriction map which is a unital completely positive (CP) map
(the Heisenberg picture of a quantum channel).

Consider the mutual information between the future algebra of the right boundary
A(t,∞) and any subalgebra of the left boundary B ⊂ A′

(−∞,∞) as an entropy function:

S(t) := I (A(t,∞) : B) (39)

It follows from strong subadditivity of entanglement entropy (the monotonicity of
mutual information under partial trace) that

∀t1 ≤ t2 : S(t1) = I (A(t1,∞) : B) ≥ I (A(t2,∞) : B) = S(t2) (40)
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Current work: beyond Poincaré algebra from the boundary

Half-sided Modular intersections [Wiesbrock 1993]: Let M,N ,N ∩M be von Neu-
mann algebras with a common cyclic and separating vector Ω. If (M,M∩N ,Ω)
and (N ,M ∩ N ,Ω) are −-half-sided, resp. +-half-sided modular inclusions such
that JNMJN = M, then the modular unitaries ∆it

M, ∆is
N , ∆iu

N∩M, s, t, u ∈ R,
generate a faithful continuous unitary representation of PSL(2,R).
Using ±-modular intersections, Wiesbrock showed that you can canonically define
a conformal field theory on S1 only from the relative positions of the subalgebras.

From the holographic perspective, AdS2 metric has PSL(2,R) as its isometry group.
Our current effort is to work out the details of the conformal GFF theory on the
boundary of AdS2 and show the emergence of a geometric PSL(2,R) algebra in the
bulk.

THANK YOU!
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