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Temperature Anisotropy Map

Figure: CMB Temperature Anisotropy Full Sky Map

[1] Aghanim, N. and others



Observed TT Power Spectrum
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Figure: TT Power Spectrum
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Figure: Weak Gravitational Lensing of CMB Photons

Copyright ESA and the Planck Collaboration Id 298281



Figure: Unlensed CMB Fields

Credits : D. Hanson



Figure: Lensed CMB Fields

Credits : D. Hanson



Formalism

Figure: Source
Remapping Due to Weak
Lensing [2] Lewis and
Challinor

The deflection of a photon is given by
δβ = −2δχ∇⊥φ, over a small length δχ
along the photon path.

fK (χ∗ − χ)δβ = fK (χ∗)δθ (1)

δθχ =
fK (χ∗ − χ)δβ

fK (χ∗)

= − fK (χ∗ − χ)

fK (χ∗)
2δχ∇⊥φ

(2)



Formalism

Θ̃(n̂) = Θ(n̂ + ~α) (3)

~α = −2

∫ χ∗

0
∇n̂Φ(χn̂; η0 − χ)

fK (χ∗ − χ)

fK (χ∗)fK (χ)
dχ (4)

Φ(χn̂; η0 − χ) = TΦ(k; η)R(k) (5)

CκκL =
[L(L + 1)]2

2π
CφφL

=
[L(L + 1)]2

2π
4π

∫
PR(k)

[ ∫ χ∗

0
2Tφ(k ; η0 − χ)(

(χ∗ − χ)

χ∗χ

)
jL(kχ)dχ

]2 dk

k



Lensing Effect on Power Spectrum
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Figure: Lensed and unlensed power spectrum and the fractional change in power due
to lensing at different scales. CAMB



Lensing Potential Power Spectrum
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Figure: Lensing Potential Power Spectrum. CAMB



Cφφ
L Variation with neutrino mass sum

∑
mν
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Figure: Lensing Potential Power Spectrum. CAMB



Cφφ
L Variation with DE equation of state w
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Figure: Lensing Potential Power Spectrum. CAMB



Kernel
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Figure: This plot shows a topdown view of the scaled transfer function given by
Gκκ
L (k)/Gκκ

L (k)max . The first plot shows the function with the complete power range
0 to 1 on the colorbar and 4 power level contours. The second plot shows the function
in a power range 0 upto 0.001 on the colorbar with 4 power level contours.



Kernel
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Figure: Plot a) shows the functional form of the Gκκ
L (k) kernel projected onto the k

vs Gκκ
L (k) plane where L is parametrized as a color gradient within blocks of L with

corresponding ∆L step sizes showing the plotted frequency of L blocks. The L blocks
are roughly segemented by the relative amount of power they transfer.



Kernel
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Figure: Plot b) shows the same kernel but with the numerical integration step size
multiplied. Gκκ

Lk = Gκκ
L (k)∆k.
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PR(k)+ High Frequency Feature And Corresponding CL

Figure: This plot shows a high frequency feature in the form of a wavepacket (blue
line) superimposed on a power law (orange dash) PPS, plotted on the top row. Cκκ

L
from power law (orange dash) vs wavepacket superimposed PPS (blue line) is plotted
in the mid row. Percent difference between the two Cκκ

L in blue in the bottom row,

compared to cosmic variance in orange. The k ranges from 10−5 to 10 and L ranges
from 2 to 2500. The feature moves across k space from left to right.
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PR(k)+ Feature 1 And Corresponding CL

Figure: This plot shows a low frequency Feature 1 (blue line), plotted on the top row
superimposed with a power law (orange dash) PPS. Corresponding Cκκ

L from Feature
1 (blue line) based vs power law (orange dash) PPS in the mid row. Percent power
difference in Cκκ

L (blue line) shown in the bottom row vs cosmic variance (orange

line). The k ranges from 5× 10−4 to 10 and L ranges from 8 to 2500. Feature 1
moves across k space from left to right.
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Figure: a) Plots a low frequency feature, Feature 1, superimposed on the power law
PR(k). b) Plots the corresponding Cκκ

L from PR(k) with and without Feature 1.



Reconstruction Algorithm : Richardson-Lucy

P
(i+1)
k = P

(i)
k

[
1 +

∑
L

G̃κκ
Lk

(
ĈκκL

C
κκ(i)
L

− 1

)
tanh2

(
[ĈκκL − C

κκ(i)
L ]Σ−1

LL′

[ĈκκL′ − C
κκ(i)
L′ ]T

)]
= P

(i)
k

[
1 +

∑
L

G̃κκ
Lk

(
ĈκκL

C
κκ(i)
L

− 1

)
tanh2

(
ĈκκL − C

κκ(i)
L

σ̂L

)2]
G̃κκ
Lk : Discretized Kernel normalised over L

ĈκκL : Data CκκL

Σ−1 : Error covariance matric of the data ĈκκL

C
κκ(i)
L =

∑
k

Gκκ
Lk P

(i)
k

(6)

[3]



Reconstruction Initial Guess Sensitivity
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Figure: Figure a) shows the reconstructed PR(k) in blue dashed lines, given different
initial guesses PR(k)(i=0) in yellow lines varying by slope ns . The red lines shows the
original injected power spectrum PR(K).



Reconstruction Initial Guess Sensitivity
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Figure: Figure b) shows the relative % difference in the reconstructed Ĉκκ
L and the

input data Cκκ
L .
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Figure: Figure a) shows the reconstructed PR(k) in blue dashed lines, given different
initial guesses PR(k)(i=0) in yellow lines varying by intercept k∗ for a given slope
ns − 0.97. The red line shows the original injected power spectrum PR(k). Figure b)

shows the relative % difference in the reconstructed Ĉκκ
L and the input data Cκκ

L .
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Figure: Figure a) shows the reconstructed PR(k) in blue dashed lines, given different
initial guesses PR(k)(i=0) in yellow lines varying by intercept k∗ for a given slope
ns − 1.1. The red line shows the original injected power spectrum PR(k). Figure b)

shows the relative % difference in the reconstructed Ĉκκ
L and the input data Cκκ

L .



Input Simulation Data
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Figure: Plot of the CAMB simulated Cκκ
L in Orange and the data realisation by

treating each Cκκ
L as a Gaussian random sample based on cosmic variance error bars,

in blue.



C κκ
L Mission Data

Figure: Plot of the Cκκ
L from various missions.



Covariance Accuracy
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Figure: a) Plots the number of Σkk′ coefficients that exceed a 1% relative error
change with respect to the previous realisation set, vs the realisation number set. We
see that by 2× 106 number of realisations, the accuracy saturates. Similarly the plot
b) plots the same but at 10% accuracy threshold, showing similar saturation.



PR(k) Reconstruction
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Figure: Plot of the reconstructed PR(k) (Blue) with 1σ, 2σ bands from 2× 106 data
realisations with cosmic variance error, overplotted on the fiducial Power Law PR(k)
(Orange).



PR(k) Reconstructed C κκ
L
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Figure: Reconstructed Cκκ
L in Blue plotted over the fiducial CAMB Cκκ

L in Orange
and the input data realisation in Green.



PR(k) and C κκ
L Reconstruction Error
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Figure: The two figures show the relative % error between the reconstructed Cκκ
L vs

data realisation Cκκ
L , and the reconstructed PR(k) vs input Power Law PR(k)



Reconstructed PR(k) Covariance Matrix
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Figure: a) is a plot of the Σkk′ from the reconstructed PR(k). Reds and Blues denote
± log10 Σkk′ respectively. The plot b) plots the correlations matrix ρkk′ with the Reds,
Blues being the ±0→ 1 range respectively.



PR(k) Covariance Singularity Test
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Figure: a) Plots the Σkk′ ×Σ−1
kk′ with Reds, Blues being 1± 0.1, 0± 0.1 respectively .

The plot b) shows the same matrix but for the non 1± 0.1,0± 0.1 terms.



Covariance Accuracy
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Figure: a) Plots the number of Σkk′ coefficients that exceed a 1% relative error
change with respect to the previous realisation set, vs the realisation number set. We
see that by 2× 106 number of realisations, the accuracy saturates. Similarly the plot
b) plots the same but at 10% accuracy threshold, showing similar saturation.



Sparse PR(k) Reconstruction
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Figure: Plot of the reconstructed PR(k) (Blue) with 1σ, 2σ bands from 2× 106 data
realisations with cosmic variance error, overplotted on the fiducial Power Law PR(k)
(Orange).[4]



Sparse PR(k) Reconstructed C κκ
L
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Figure: Reconstructed Cκκ
L in Blue plotted over the fiducial CAMB Cκκ

L in Orange
and the input data realisation in Green.



Sparse PR(k) and C κκ
L Reconstruction Error
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Figure: The two figures show the relative % error between the reconstructed Cκκ
L vs

data realisation Cκκ
L , and the reconstructed PR(k) vs input Power Law PR(k)



Sparsely Reconstructed PR(k) Covariance Matrix
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Figure: a) is a plot of the Σkk′ from the reconstructed PR(k). Reds and Blues denote
± log10 Σkk′ respectively. Plot b) plots the correlations matrix ρkk′ with the Reds,
Blues being the ±0→ 1 range respectively.



Sparse PR(k) Covariance Singularity Test
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Figure: a) Plots the Σ−1
kk′ . b) plots the Σkk′ × Σ−1

kk′ with Reds, Blues being 1± 0.1,
0± 0.1 respectively. A clear Identity matrix is obtained within numerical bounds,
showing that the Σkk′ is obtained from a unique PR(k) solution.



Conclusion
I CκκL data from the latest surveys provides a new window into

the reconstruction of PR(k)

I The Richardson-Lucy estimator is a powerful model
independent algorithm to carry out said reconstruction

I Sparsity algorithms based on the convolution kernel
information can be used to optimize reconstruction and
provide meaningful statistical verification

I CκκL can potentially be used to cross reference reconstructions
of PR(k) from other data sectors and verify points of interests
such as low L power suppression in CTT

L

I Cosmic Variance limited simulations give the best unbinned
statistical budgets, with an expected reconstruction of
medium to poor precision at low k to extremely high precision
at high k.

I This PR(k) reconstruction sector appears to be of interest for
future full sky missions where lensing reconstruction is a key
feature.
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