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In this paper we present a new scenario where massive primordial black holes (PBHs) are produced from
the collapse of large curvature perturbations generated during a mild-waterfall phase of hybrid inflation. We
determine the values of the inflaton potential parameters leading to a PBH mass spectrum peaking on
planetarylike masses at matter-radiation equality and producing abundances comparable to those of dark
matter today, while the matter power spectrum on scales probed by cosmic microwave background (CMB)
anisotropies agrees with Planck data. These PBHs could have acquired large stellar masses today, via
merging, and the model passes both the constraints from CMB distortions and microlensing. This scenario
is supported by Chandra observations of numerous BH candidates in the central region of Andromeda.
Moreover, the tail of the PBH mass distribution could be responsible for the seeds of supermassive black
holes at the center of galaxies, as well as for ultraluminous x-ray sources. We find that our effective hybrid
potential can originate e.g. from D-term inflation with a Fayet-Iliopoulos term of the order of the Planck
scale but sub-Planckian values of the inflaton field. Finally, we discuss the implications of quantum
diffusion at the instability point of the potential, able to generate a Swiss-cheese-like structure of the
Universe, eventually leading to apparent accelerated cosmic expansion.
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I. INTRODUCTION

A major challenge of present-day cosmology is the
understanding of the nature of dark matter, accounting
for about thirty percent of the total energy density of the
Universe. Among a large variety of models, it has been
proposed that dark matter is composed totally or partially
by primordial black holes (PBHs) [1–6]. These are formed
in the early Universe when sufficiently large density
fluctuations collapse gravitationally. A threshold value of
δρ=ρ ∼Oð1Þ is a typical requirement to ensure that gravity
overcomes the pressure forces [7–15].
Several mechanisms can lead to the formation of PBHs,

e.g. sharp peaks in density contrast fluctuations generated
during inflation [16], first-order phase transitions [17],
resonant reheating [18], tachyonic preheating [19] or some
curvaton scenarios [20–22]. Large curvature perturbations
on smaller scales than the ones probed by cosmic micro-
wave background (CMB) anisotropy experiments can also
be generated during inflation [5,6,23–30], e.g. for hybrid
models ending with a fast (in terms of e-folds of expansion)
waterfall phase. In this case, exponentially growing modes
of a tachyonic auxiliary field induce order one curvature
perturbations [16,31,32] and PBHs can be formed when
they reenter inside the horizon during the radiation era.

However, in the standard picture of hybrid inflation, the
corresponding scales reenter into the horizon shortly after
the end of inflation, leading to the formation of PBHs with
relatively low masses: MPBH ≲Oð10Þ kg. These PBHs
evaporate in a very short time, compared to the age of
the Universe, and cannot contribute to dark matter today.
This process can nevertheless eventually contribute to the
reheating of the Universe [16].
Tight constraints have been established on PBH mass

and abundance from various theoretical arguments and
observations, like the evaporation through Hawking radi-
ation, gamma-ray emission, abundance of neutron stars,
microlensing and CMB distortions. It results that PBHs
cannot contribute for more than about 1% of dark matter,
except in the range 1018 kg≲MPBH ≲ 1023 kg, as well as
for masses larger than around a solar mass,
M ≳M⊙ ∼ 1030 kg, under the condition that they do not
generate too large CMB distortions. It is also unclear
whether some models predicting a broad mass spectrum
of PBHs can be accommodated with current constraints,
while generating the right amount of dark matter when
integrated over all masses.
In this paper, we present a new scenario in which the

majority of dark matter consists of PBHs with a relatively
broad mass spectrum covering a few order of magnitudes,
possibly up to Oð100Þ solar masses. The large curvature
perturbations at the origin of their formation are gen-
erated in the context of hybrid inflation ending with a
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inflation continues for a number of e-folds between about
20 and 40 after crossing the instability point. There is a
major difference with the previous case: observable scales
leave the Hubble radius when field trajectories are still
evolving along the valley, when the usual single-field slow-
roll formalism can be used to derive accurately the
observable predictions. Nevertheless, in order to study
the waterfall phase, we have also integrated numerically
the full multifield dynamics, both at the background and
linear perturbation level.
In the following, we introduce the field potential and

derive the scalar power spectrum amplitude and spectral
index on scales that are relevant for CMB anisotropies.
Then we study the waterfall phase and calculate the power
spectrum of curvature perturbations on small scales, and we
show that for some parameters, the enhancement of power
is so important that it leads later to the formation of
massive PBHs.

A. Along the valley

Since the original hybrid potential with a constant plus a
quadratic term in ϕ predicts a blue-tilted scalar spectrum,
we have considered a more general form for the effective
potential close to the critical point of instability. Contrary to
the original hybrid model, it exhibits a negative curvature in
order to generate a red spectrum, plus a linear term in ϕ to
control the duration of the waterfall phase. The embedding
of this model in some high-energy frameworks will be
discussed in Sec. VI. The considered two-field potential
reads

Vðϕ;ψÞ ¼ Λ
!"

1 −
ψ2

M2

#
2

þ ðϕ − ϕcÞ
μ1

−
ðϕ − ϕcÞ2

μ22
þ 2ϕ2ψ2

M2ϕ2
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$
: ð1Þ

Initially, inflation takes place along the valley ψ ¼ 0. As
shown in [77–79], there is no fine-tuning of initial fields
hidden behind this assumption. Below the critical value ϕc,
this potential develops a tachyonic instability, forcing the
field trajectories to reach one of the global minima, located
at ϕ ¼ 0, ψ ¼ %M. Apart from the negative curvature and
the additional linear term, the potential is identical to the
one of the original hybrid model.
The slope and the curvature of the potential at the critical

point are thus controlled respectively by the mass param-
eters μ1 and μ2. We assume that μ1 is sufficiently large
compared to μ2 for the slope along the valley to be constant
over the range of scales going from scales relevant to CMB
anisotropies down do scales that exit the Hubble radius at
the critical instability point. At ϕ ¼ ϕc, the slow-roll
approximation is valid and the first and second Hubble-
flow slow-roll parameters are given by
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where MP is the reduced Planck mass and a prime denotes
the derivative with respect to the field ϕ. In the regime of
interest, μ1 ≫ μ2 and the scalar spectral index, given by

ns ¼ 1 − 2ϵ1& − ϵ2&; ð4Þ

is dominated by the contribution of the second slow-roll
parameter. The star index denotes quantities evaluated at
the time t& when k& ¼ aðt&ÞHðt&Þ with k& ¼ 0.05 Mpc−1

being the pivot scale used by Planck. Assuming that the
variations of the slow-roll parameters are negligible
between t& and the crossing of the critical point, one gets

ns ≃ 1 −
4M2

P

μ22
: ð5Þ

If the scalar spectral index is given by the best fit value from
Planck [36], ns ≃ 0.9603, one obtains

μ2 ¼
2MPffiffiffiffiffiffiffiffiffiffiffiffi
1 − ns

p ≃ 10MP: ð6Þ

The scalar power spectrum amplitude is also measured by
Planck and is given at the pivot scale by

Pζðk&Þ ¼
H2

&
8π2M2

Pϵ1&
ð7Þ

≃ Λμ21
12π2M6

P

"
k&
kϕc

#
ns−1

ð8Þ

¼ 2.21 × 10−9: ð9Þ

The second equality is derived by using the Friedmann
equation in slow-roll H2 ≃ V=3M2

P. This leads to a relation
between the Λ and μ1 parameters:

Λ ¼ 2.21 × 10−9 ×
12π2M6

P

μ21

"
kϕc

k&

#
ns−1

: ð10Þ

Practically, since the duration of inflation depends on the
waterfall dynamics, k&=kϕc

cannot be known before a first
integration of the background dynamics. One needs also to
assume a reheating history. We consider for simplicity the
case of instantaneous reheating [80]. For the numerical
implementation of Λwe use the following procedure: (i) we
first guess its value assuming k& ¼ kϕc

, (ii) we solve
numerically the two-field dynamics and find the corre-
sponding k&=kϕc

, (iii) Eq. (10) is used to guess a better
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N;ϕ ≃ μ1
M2

P
; N;ψ ≃ M2

8M2
Pξ2ψk

; ð30Þ

with ψk ¼ ψ0 exp χk, χk ¼ 4ϕcμ1ξ2k=M
2 and ξk ¼

−M2
PðN1 þ N2 − NkÞ=ðμ1ϕcÞ. For 10≲ Nk ≲ 50, it fol-

lows that N;ϕ ≪ N;ψ . The power spectrum amplitude then
can be approximated by

PζðkÞ≃ ΛM2μ1ϕc

192π2M6
Pχ2ψ

2
k
: ð31Þ

For the mode exiting the Hubble radius exactly at the
transition between phase 2 and phase 1, one can obtain

Pζðk; tk ≃ t1;2Þ≃ Λμ21
48π2p2M6

Pχ2
; ð32Þ

whereas for modes exiting the horizon deeper in phase 1,
one obtains an exponential increase of the power spectrum
amplitude

PζðkÞ ¼ Pζðk; tk ≃ t1;2Þ

× exp
!
2χ2

"
1 −

ðNend − NkÞ2

N2
1

#$
: ð33Þ

It is maximal at the critical point of instability. The mild
waterfall therefore induces a broad peak in the scalar power
spectrum for modes leaving the horizon in phase 1 and just
before the critical point. The maximal amplitude for the
scalar power spectrum is given by

Pζðkϕc
Þ≃ ΛM2μ1ϕc

192π2M6
Pχ2ψ

2
0

: ð34Þ

Depending of the model parameters, the curvature pertur-
bations can exceed the threshold value for leading to the
formation of PBHs.
This calculation was performed assuming that ψ c ¼ ψ0.

It is important to remark that for values of ψ0 and Λ
given by Eqs. (11) and (10), one gets that N1, N2 and
the amplitude of the scalar power spectrum depend
on a concrete combination of the parameters, Π≡
Mðϕcμ1Þ1=2=M2

P, plus some dependence in χ2. But χ2 itself
depends only logarithmically onΠ. As a result, χ2 varies by
no more than 10% for relevant values of Π2. The param-
eters ϕc, μ1 and M appear to be degenerate and all the
model predictions only depend on the value given to Π.
Nevertheless, Eq. (34) implicitly assumes that field values
are strongly sub-Planckian. In the opposite case, when
ϕc ∼M ∼MP, we find important deviations and the
numerical results indicate that the waterfall is longer by
about two e-folds and that the power spectrum is enhanced

by typically one order of magnitude, compared to what is
expected for sub-Planckian fields and for identical values
of Π2.
As a comparison between numerical and analytical

methods, we have plotted in Fig. 2 the power spectrum
of curvature perturbations for Π2 ¼ 300 and sub-Planckian
fields, by using the analytical approximation given by
Eq. (31), by using the δN formalism including all terms (i.e.
the contributions from phase 1 and phase 2) in N;ϕ and N;ψ ,
and by integrating numerically the exact dynamics of
multifield perturbations. As expected we find a good
qualitative agreement between the different methods.
Nevertheless, one can observe about 20% differences when
using the analytical approximation, which actually is
mostly due to the fact that N2

;ψ has been neglected. In
the rest of the paper, we use the numerical results for a
better accuracy.
In Fig. 3 the power spectrum of curvature perturbations

has been plotted for different values of the parameters. This
shows the strong enhancement of power not only for the
modes exiting the Hubble radius in phase 1, but also for
modes becoming superhorizon before field trajectories
have crossed the critical point. One can observe that if
the waterfall lasts for about 35 e-folds, then the modes
corresponding to 35≲ Nk ≲ 50 are also affected. As
expected one can see also that the combination of param-
eters Π drives the modifications of the power spectrum. We
find that it is hard to modify independently the width, the
height and the position of the peak in the scalar power
spectrum.
Finally, for comparison, the power spectra assuming

ψc ¼ ψ0 and averaging over a distribution of ψc values are
displayed. They nearly coincide for Π2 ≲ 300 but we find
significant deviations for larger values.
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FIG. 2 (color online). Power spectrum of curvature perturba-
tions for parameters M ¼ ϕc ¼ 0.1MP, μ1 ¼ 3 × 105MP. The
solid curve is obtained by integrating numerically the exact
multifield background and linear perturbation dynamics. The
dashed blue line is obtained by using the δN formalism. The
dotted blue line uses the δN formalism with the approximation
of Eq. (31).
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3.1. The original hybrid model 71

Figure 3.1: Logarithm of the original hybrid potential, for Λ = M = φc = mp, µ = 100mp.
Inflation can take place along the valley in the ψ = 0 direction. The two global minima
are in φ = 0,ψ = ±M .

and inflation is assumed to end abruptly once the critical instability point φc is reached. For
this effective potential, the Hubble flow functions in the slow-roll approximation read [124]:

ε1 =
1

4π

(

mp

µ

)2

(

φ

µ

)2

[

1 +

(

φ

µ

)2
]2 ,

ε2 =
1

2π

(

mp

µ

)2

(

φ

µ

)2

− 1

[

1 +

(

φ

µ

)2
]2 .

(3.8)

ε1 is maximum when φ = µ. Thus two phases of inflation can be identified. The first
one occurs at large field values (φ > µ), where the potential behaves like Eq. (2.131). The
second phase takes place at small field values (φ < µ). It is important to remark that there
exists a critical value of µ under which inflation is interrupted between these two phases,

∃φ | ε1(φ) > 1 ⇔ µ

mp
<

1

4
√
π

. (3.9)

During the transition, slow-roll is violated and the subsequent dynamics is affected. The
effects of such slow-roll violations will be discussed in the next chapter.
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70 3. Hybrid models of inflation

3.1 The original hybrid model

3.1.1 2-field potential

The original hybrid model of inflation was proposed by A. Linde [15] as a new way to stop
inflation, when a symmetry is spontaneously broken. Its potential reads

V (φ,ψ) = Λ4

[

(

1− ψ2

M2

)2

+
φ2

µ2
+

2φ2ψ2

φ2cM2

]

. (3.1)

The field φ is the inflaton, ψ is an auxiliary transverse field and M,µ,φc are three mass
parameters. Inflation is assumed to be realized in the false-vacuum [16] along the valley
〈ψ〉 = 0. In the usual description, inflation ends when the transverse field develops a
Higgs-type tachyonic instability soon after the inflaton reaches a critical value φc. From
this point, the classical system is assumed to evolve quickly toward one of its true minima
〈φ〉 = 0, 〈ψ〉 = ±M , whereas in a realistic scenario one expects the instability to trigger a
tachyonic preheating era [13, 14, 129–134].

Let remark that in many papers, the 2-field potential is written as

V (φ,ψ) =
1

2
m2φ2 +

λ

4
(ψ2 − L2)2 +

λ′

2
φ2ψ2, (3.2)

where λ′ and λ are two coupling constant. The relations between the potential parameters
of Eq. (3.1) read

φ2c =
λL2

λ′
, (3.3)

M = L , (3.4)

Λ =
λ1/4L√

2
, (3.5)

µ =

√

λ

2

L2

m
. (3.6)

3.1.2 Effective 1-field potential

Observable predictions can be derived in the slow-roll approximation by approximating
the 2-field dynamics to the evolution of φ along the valley ψ = 0. The effective one-field
potential therefore reads

Veff(φ) = Λ4

[

1 +

(

φ

µ

)2
]

, (3.7)

We consider waterfall period N ≈ 20
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3 Power spectrum with �N formalism

Using the �N -formalism [34–37], we can evaluate the curvature perturbation on the hyper-
surfaces of constant energy density, ⇣, on super-horizon scales with the perturbation of the
e-folding number N defined as

N(te, t⇤,x) ⌘
Z

te

t⇤

H dt. (3.1)
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We note that the comoving curvature perturbation R coincides with the perturbation
on hypersurfaces of constant energy density ⇣ on scales far out side the horizon k ⌧ aH [38].
In other words,

P⇣ ⇡ PR (3.8)

on super horizon scales.
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Once we know the potential, it is possible to obtain the power spectrum numerically by
solving the exact equations of motions. Lastly, we present these numerical results to support
our analytical arguments.

In Sec. 2, we summarize the background evolution and the perturbations during in-
flation with two scalar fields, and in Sec. 3 we give the formulation of the �N formalism
approximation. In Sec. 4, we introduce a method to reconstruct the potential from a given
power spectrum and show the analytical results with numerical calculation. We conclude in
Sec. 5.

2 Background and perturbations of two-field model

In this section, we briefly revisit the evolutions of relevant background quantities and scalar
perturbations (for more details, see [31, 32]). We shall focus on models with two real scalar
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where �I = {�, }. The equations of motion of the fields can be written as
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In terms of the e-folding number, Nt, defined as Nt = ln (a/ai), where ai is the scale factor
at a suitably chosen time, the field equations are
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where ✏H ⌘ � 1
H
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is the Hubble slow-roll parameter.

Since there are two fields involved, evidently, apart from the curvature perturbation,
isocurvature perturbation also arises. In the spatially flat gauge, for instance, the Mukhanov-
Sasaki variables associated with the curvature and the isocurvature perturbations v� and vs

are given by

v� = a (cos ✓ ��+ sin ✓ � ) , (2.5)

vs = a (�sin ✓ ��+ cos ✓ � ) , (2.6)

where cos ✓ = �̇/�̇, sin ✓ =  ̇/�̇ and �̇
2 = �̇

2 +  ̇
2. The curvature and the isocurvature

perturbations are defined as R = v�/z and S = vs/z, respectively, with z = a �̇/H [32].
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Ḣ = � 1

2M2
P

⇣
�̇
2 +  ̇

2
⌘
. (2.3b)

In terms of the e-folding number, Nt, defined as Nt = ln (a/ai), where ai is the scale factor
at a suitably chosen time, the field equations are

d
2
�

dN
2
t

+ (3 � ✏H)
d�

dNt

+
V�

H2
= 0,

d
2
 

dN
2
t

+ (3 � ✏H)
d 

dNt

+
V 

H2
= 0,

(2.4)

where ✏H ⌘ � 1
H

dH

dNt
is the Hubble slow-roll parameter.

Since there are two fields involved, evidently, apart from the curvature perturbation,
isocurvature perturbation also arises. In the spatially flat gauge, for instance, the Mukhanov-
Sasaki variables associated with the curvature and the isocurvature perturbations v� and vs

are given by

v� = a (cos ✓ ��+ sin ✓ � ) , (2.5)

vs = a (�sin ✓ ��+ cos ✓ � ) , (2.6)

where cos ✓ = �̇/�̇, sin ✓ =  ̇/�̇ and �̇
2 = �̇

2 +  ̇
2. The curvature and the isocurvature

perturbations are defined as R = v�/z and S = vs/z, respectively, with z = a �̇/H [32].

– 2 –

=
In slow roll approximation

Horizon crossing 

End 

Once we know the potential, it is possible to obtain the power spectrum numerically by
solving the exact equations of motions. Lastly, we present these numerical results to support
our analytical arguments.

In Sec. 2, we summarize the background evolution and the perturbations during in-
flation with two scalar fields, and in Sec. 3 we give the formulation of the �N formalism
approximation. In Sec. 4, we introduce a method to reconstruct the potential from a given
power spectrum and show the analytical results with numerical calculation. We conclude in
Sec. 5.

2 Background and perturbations of two-field model

In this section, we briefly revisit the evolutions of relevant background quantities and scalar
perturbations (for more details, see [31, 32]). We shall focus on models with two real scalar
fields, � and  , described by the action

S[�I ] = �
Z

d4x
p

�g

"
1

2

2X

I=1

@µ�I @
µ
�I + V (�I)

#
, (2.1)

where �I = {�, }. The equations of motion of the fields can be written as

�̈I + 3H �̇I + V�I = 0, (2.2)
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We note that the comoving curvature perturbation R coincides with the perturbation
on hypersurfaces of constant energy density ⇣ on scales far out side the horizon k ⌧ aH [38].
In other words,

P⇣ ⇡ PR (3.8)

on super horizon scales.

– 4 –

Juan Garcia-Bellido, David Wands, Phys. Rev. D 53, 5437 (1996)
Misao Sasaki, Ewan D. Stewart Prog.Theor.Phys.95:71-78,1996

Misao Sasaki, Takahiro Tanaka Prog.Theor.Phys.99:763-782,1998

3 Power spectrum with �N formalism

Using the �N -formalism [34–37], we can evaluate the curvature perturbation on the hyper-
surfaces of constant energy density, ⇣, on super-horizon scales with the perturbation of the
e-folding number N defined as

N(te, t⇤,x) ⌘
Z

te

t⇤

Hdt. (3.1)

The integral is evaluated from an initial flat hyper-surface at t = t⇤ to a final uniform density
hyper-surface at t = te. The e-folding number N(te, t⇤,x) can be a function of the field at
horizon exit at t = t⇤ and its perturbation can be expanded in terms of the filed perturbations
��(t⇤,x) and � (t⇤,x),

⇣ ' �N =
@N

@�⇤
��⇤ +

@N

@ ⇤
� ⇤. (3.2)

Here we assumed the slow-roll and ignored the dependence on the time derivative of the filed
�̇ and  ̇. The field perturbation satisfies the two-point correlation function

h��⇤(k1)��⇤(k2)i = (2⇡)3�(3)(k1 + k2)
2⇡3

k
3
1

P⇤(k1), P⇤(k1) ⌘ H
2
⇤

4⇡2
, (3.3)

where H⇤ is evaluated at Hubble exit k = a⇤H⇤. The similar relation is applied to � ⇤. Then
the power spectrum of the curvature perturbation, P⇣ , is defined as

h⇣(k1)⇣(k2)i = (2⇡)3�(3)(k1 + k2)
2⇡3

k
3
1

P⇣(k1). (3.4)

From Eq. (3.3) and Eq. (3.4), we obtain the power spectrum of the curvature perturbation
as

P⇣ =
H

2
⇤

4⇡2

"✓
@N

@�⇤

◆2

+

✓
@N

@ ⇤

◆2
#
. (3.5)

In the slow-roll limit of � field, the number of e-foldings can be written by [33]

N(�⇤, ⇤) = � 1

M
2
P

Z
�e

�⇤

V

V�

d�, (3.6)

where �e and  e are functions of �⇤ and  ⇤. The partial derivatives of the e-folding number
are

@N

@�⇤
=

1

M
2
P

✓
V

V�

◆

⇤
�
✓
V

V�

◆

e

@�e

@�⇤

�
,

@N

@ ⇤
= �

✓
V

V�

◆

e

@�e

@ ⇤
. (3.7)

We note that the comoving curvature perturbation R coincides with the perturbation
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We note that the comoving curvature perturbation R coincides with the perturbation
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4 Reconstruction of a potential in two-field model

We are interested to reconstruct a potential that produces a power spectrum with a peak
on small scales. For this we consider a power spectrum composed of two parts, almost-scale
invariant one and the other with a peak given by

P⇣(k) = Ps(k) + Pp(k), (4.1)

with

Ps(k) ⌘ As

✓
k

kp

◆
ns�1

. (4.2)

Here kp = 0.05Mpc�1 is the pivot scale used by Planck, and As ' 2.0⇥10�9 and ns ' 0.96 [1].
On large scales around CMB observation, Ps(k) is dominant and gives almost scale-invariant
power spectrum for k ' 10�4 � 1Mpc�1, however on small scales the peak spectrum is
dominant Ps ⌧ Pp. In the light of the PBH formation, we consider that Pp & 107Ps around
scales of the peak.

It is known that, the power spectrum that peaks at a scale kc = 1012Mpc�1 can generate
stochastic background of gravitational waves which peaks in the frequency band targeted
by the future interferometer LISA [39]. By following this, in our numerical calculations,
we choose to work with the parameters such that the power spectrum peaks at the scale
kc = 1012Mpc�1.

In the two-field inflation models, we expect that the scale invariant power spectrum Ps

comes from the � field, and the one with a peak from the  field, i.e. using �N -formalism,
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H

2
⇤

4⇡2

✓
@N

@�⇤

◆2

, Pp =
H

2
⇤

4⇡2

✓
@N

@ ⇤

◆2

. (4.3)

From these two equations, we will reconstruct the potential of two scalar fields. However, in
multi-filed case, the reconstructed potential from the power spectrum may not be unique [40].
In the followings, we choose a potential of the type of hybrid inflation given by

V = V0 [1 + f(�) + g(�)h( )] , (4.4)

where 1 � f(�) + g(�)h( ) during inflation to ensure the vacuum-domination.
The trajectories on the field space can be labelled by the integral of motion along the

trajectory [33]
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1

h ( )
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Since the integral of motion connects the field values at the horizon exit and the end of
inflation by

F (�⇤) � H( ⇤) = F (�e) � H( e), (4.7)
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we can find the relation of the partial derivatives
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where we used a notation g⇤ = g(�⇤), ge = g(�e), f�⇤ = df(�)
d�

���
�=�⇤

, and etc. In addition to

this, if we know the condition of ending inflation

E(�e, e) = 0, (4.9)

then, in principle, we can obtain �e and  e in terms of �⇤ and  ⇤ by solving Eq. (4.7) and
Eq. (4.9) together.

From the potential in Eq. (4.4), the e-folding number in the slow-roll regime can be
evaluated as

N(�⇤, ⇤) ' � 1
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where we assumed f�(�) � g�(�)h( ). Then we obtain

M
2
P
@N

@�⇤
= �

✓
@�e

@�⇤

◆
1

f�e

+
1

f�⇤
,

M
2
P
@N

@ ⇤
= �

✓
@�e

@ ⇤

◆
1

f�e

.
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For simplicity we assume that the inflation ends by the condition given by only  e

E(�e, e) = E( e) = 0, (4.12)

and  e is independent of any �⇤ and  ⇤. In this case, using Eq. (4.8), Eq. (4.11) becomes
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Now, by matching this with the given power spectrum in Eq. (4.3), we obtain equations
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(4.14)

where N⇤ ⌘ N(�⇤, ⇤). We solve these equations with the equations of motion of the fields
Eq. (2.4) to reconstruct functions f(�), g(�), and h( ) in the potential. In the following sub-
sections, we consider two cases for them and present the power spectra which are calculated
using the equations Eq. (2.9) and Eq. (2.16) numerically.
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where N⇤ ⌘ N(�⇤, ⇤). We solve these equations with the equations of motion of the fields
Eq. (2.4) to reconstruct functions f(�), g(�), and h( ) in the potential. In the following sub-
sections, we consider two cases for them and present the power spectra which are calculated
using the equations Eq. (2.9) and Eq. (2.16) numerically.
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ϕe = ϕe(ψ*)

3 Power spectrum with �N formalism

Using the �N -formalism [34–37], we can evaluate the curvature perturbation on the hyper-
surfaces of constant energy density, ⇣, on super-horizon scales with the perturbation of the
e-folding number N defined as

N(te, t⇤,x) ⌘
Z

te

t⇤

Hdt. (3.1)

The integral is evaluated from an initial flat hyper-surface at t = t⇤ to a final uniform density
hyper-surface at t = te. The e-folding number N(te, t⇤,x) can be a function of the field at
horizon exit at t = t⇤ and its perturbation can be expanded in terms of the filed perturbations
��(t⇤,x) and � (t⇤,x),

⇣ ' �N =
@N

@�⇤
��⇤ +

@N

@ ⇤
� ⇤. (3.2)

Here we assumed the slow-roll and ignored the dependence on the time derivative of the filed
�̇ and  ̇. The field perturbation satisfies the two-point correlation function

h��⇤(k1)��⇤(k2)i = (2⇡)3�(3)(k1 + k2)
2⇡3

k
3
1

P⇤(k1), P⇤(k1) ⌘ H
2
⇤

4⇡2
, (3.3)

where H⇤ is evaluated at Hubble exit k = a⇤H⇤. The similar relation is applied to � ⇤. Then
the power spectrum of the curvature perturbation, P⇣ , is defined as

h⇣(k1)⇣(k2)i = (2⇡)3�(3)(k1 + k2)
2⇡3

k
3
1

P⇣(k1). (3.4)

From Eq. (3.3) and Eq. (3.4), we obtain the power spectrum of the curvature perturbation
as
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In the slow-roll limit of � field, the number of e-foldings can be written by [33]

N(�⇤, ⇤) = � 1

M
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d�, (3.6)

where �e and  e are functions of �⇤ and  ⇤. The partial derivatives of the e-folding number
are
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. (3.7)

We note that the comoving curvature perturbation R coincides with the perturbation
on hypersurfaces of constant energy density ⇣ on scales far out side the horizon k ⌧ aH [38].
In other words,

P⇣ ⇡ PR (3.8)

on super horizon scales.
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4.1 Case 1: Gaussian peak

Here we we consider a input power spectrum with a peak defined as:

Pp =
H

2
⇤

4⇡2

h
� + �e

�↵(Nt�Ntc)2 � e
�(Nt�Nt1)

i2
. (4.15)

Note that N is defined from the end of inflation. However, we also use the notation of Nt,
which is defined from some initial time of inflation with a relation Nt = Ntot � N with Ntot

the e-folding number between some initial time and the end. It is evident from the above
expression that, the power spectrum is Gaussian near Nt = Ntc and it decreases exponentially
near to the end of inflation when Nt > Nt1.

From this input power spectrum in Eq. (4.15), we try to reconstruct a potential by
solving the relations in Eq. (4.14) from �N formalism. By comparing both equations, we can
obtain h (Nt) from Pp as

h (Nt) =
1

M
2
Pge

h
� + �e

�↵(Nt�Ntc)2 � e
�(Nt�Nt1)

i
. (4.16)

In order to reconstruct a potential h( ) which can produce the above power spectrum, we
consider that the function h in Eq. (4.4) is proportional to  n�1 with integer n larger or
equal to 2. In this case, h( ) is simply

h( ) =
1

n

✓
 



◆
n

, (4.17)

where  is a constant with the same dimension as  . Then, Eq. (4.17) directly gives the
relation  (Nt) as

 (Nt) =  c

✓
h (Nt)

h (Ntc)

◆ 1
n�1

, (4.18)

where  c ⌘  (Ntc). In the above equation, for convenience, we have rewritten  as  =
 c

(h (Ntc) c)1/n
. From above expression we expect that, the  is nearly constant at initial

position and slowly evolves towards a minimum and then increases. For this evolution, we
find that, the second derivative of  cannot be neglected for a short duration near the point
where  begins to roll down towards the minimum and also near the point where the first
derivative of  is zero which happens at  =  c. We check this deviation of slow roll condition
of  field in our numerical calculations as well. Then, from the equation of motion, Eq. (2.4),
the function g(�) is obtained in terms of Nt, as

g(�) = � H
2

V0h (Nt)


d
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2
t

+ (3 � ✏H)
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dNt
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,
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,

(4.19)

where in the second line we ignored the subdominant ✏H , however we included the second
derivative d

2
 /dN

2
t . Using the explicit form of  (Nt), we find

g(�) = � ng
2
eh(�)

3(n � 1)2

⇢
n [�Ex(�) + 2Nd(�)G(�)]2

+ (n � 1) [�(3 + �)Ex(�) + 2↵(1 +Nd(�)(3 � 2↵Nd(�)))G(�)]N (�)

�

(4.20)

– 7 –

4.1 Case 1: Gaussian peak

Here we we consider a input power spectrum with a peak defined as:

Pp =
H

2
⇤

4⇡2

h
� + �e

�↵(Nt�Ntc)2 � e
�(Nt�Nt1)

i2
. (4.15)

Note that N is defined from the end of inflation. However, we also use the notation of Nt,
which is defined from some initial time of inflation with a relation Nt = Ntot � N with Ntot

the e-folding number between some initial time and the end. It is evident from the above
expression that, the power spectrum is Gaussian near Nt = Ntc and it decreases exponentially
near to the end of inflation when Nt > Nt1.

From this input power spectrum in Eq. (4.15), we try to reconstruct a potential by
solving the relations in Eq. (4.14) from �N formalism. By comparing both equations, we can
obtain h (Nt) from Pp as

h (Nt) =
1

M
2
Pge

h
� + �e

�↵(Nt�Ntc)2 � e
�(Nt�Nt1)

i
. (4.16)

In order to reconstruct a potential h( ) which can produce the above power spectrum, we
consider that the function h in Eq. (4.4) is proportional to  n�1 with integer n larger or
equal to 2. In this case, h( ) is simply

h( ) =
1

n

✓
 



◆
n

, (4.17)

where  is a constant with the same dimension as  . Then, Eq. (4.17) directly gives the
relation  (Nt) as

 (Nt) =  c

✓
h (Nt)

h (Ntc)

◆ 1
n�1

, (4.18)

where  c ⌘  (Ntc). In the above equation, for convenience, we have rewritten  as  =
 c

(h (Ntc) c)1/n
. From above expression we expect that, the  is nearly constant at initial

position and slowly evolves towards a minimum and then increases. For this evolution, we
find that, the second derivative of  cannot be neglected for a short duration near the point
where  begins to roll down towards the minimum and also near the point where the first
derivative of  is zero which happens at  =  c. We check this deviation of slow roll condition
of  field in our numerical calculations as well. Then, from the equation of motion, Eq. (2.4),
the function g(�) is obtained in terms of Nt, as

g(�) = � H
2

V0h (Nt)


d
2
 

dN
2
t

+ (3 � ✏H)
d 

dNt

�
,

' � 1

3h (Nt)


d
2
 

dN
2
t

+ 3
d 

dNt

�
,

(4.19)

where in the second line we ignored the subdominant ✏H , however we included the second
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Figure 1: Evolution of g(�) (left) and the trajectory of the fields on the potential V (�, )
(right) for case 1 with n = 2.

where

Nd[�] ⌘Nt(�) � Ntc

G(�) ⌘�e�↵(Nt(�)�Ntc)2

Ex(�) ⌘e
�(Nt(�)�Nt1)

(4.21)

The e-folding number Nt can be replaced as a function of � from the equation of motion
in Eq. (2.4) once we know the evolution of � in terms of Nt. As a specific choice, let us use
a small field inflation with a function f(�),

f(�) = �
✓
�

µ

◆2

. (4.22)

By solving the slow-roll equation of motion, we find the evolution of the field �,

� = �ie

2M2
P

µ2 (Nt�Nti ) = �ie

2M2
P

µ2
(Ni�N)

,
(4.23)

and the function g(�) is obtained by replacing Nt with �(Nt).
For the numerical calculation, we choose the power spectrum has a peak at kc =

1012Mpc�1 corresponding to Ntc = 40. We also assume that the pivot scale exit the Hubble
radius at Ntp = 10. Using these information and also assuming slow roll condition, we fix,

µ = 10,

V0 = 24⇡22�(Np)
2
As/µ

4
.

(4.24)

In addition, we choose the smallest scale relevant for the perturbations in CMB is kp2 =

1Mpc�1 and this scale exit the Hubble radius at Ntp2 = Ntp+log
kp2
kp

. As we have mentioned

earlier, on small scales the peak spectrum is dominant, i.e.Ps ⌧ Pp and also Pp & 107Ps

around scales of the peak. These information leads to the constraints

� <
µ
2

2�(Ntp2)
,

� >
µ
2
p
107

2�(Ntp)
.

(4.25)
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4.1 Case 1: Gaussian peak

Here we we consider a input power spectrum with a peak defined as:

Pp =
H

2
⇤

4⇡2

h
� + �e

�↵(Nt�Ntc)2 � e
�(Nt�Nt1)

i2
. (4.15)

Note that N is defined from the end of inflation. However, we also use the notation of Nt,
which is defined from some initial time of inflation with a relation Nt = Ntot � N with Ntot
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In order to reconstruct a potential h( ) which can produce the above power spectrum, we
consider that the function h in Eq. (4.4) is proportional to  n�1 with integer n larger or
equal to 2. In this case, h( ) is simply

h( ) =
1

n

✓
 



◆
n

, (4.17)

where  is a constant with the same dimension as  . Then, Eq. (4.17) directly gives the
relation  (Nt) as

 (Nt) =  c

✓
h (Nt)

h (Ntc)

◆ 1
n�1

, (4.18)

where  c ⌘  (Ntc). In the above equation, for convenience, we have rewritten  as  =
 c

(h (Ntc) c)1/n
. From above expression we expect that, the  is nearly constant at initial

position and slowly evolves towards a minimum and then increases. For this evolution, we
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where  begins to roll down towards the minimum and also near the point where the first
derivative of  is zero which happens at  =  c. We check this deviation of slow roll condition
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where in the second line we ignored the subdominant ✏H , however we included the second
derivative d
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4 Reconstruction of a potential in two-field model

We are interested to reconstruct a potential that produces a power spectrum with a peak
on small scales. For this we consider a power spectrum composed of two parts, almost-scale
invariant one and the other with a peak given by

P⇣(k) = Ps(k) + Pp(k), (4.1)

with

Ps(k) ⌘ As

✓
k

kp

◆
ns�1

. (4.2)

Here kp = 0.05Mpc�1 is the pivot scale used by Planck, and As ' 2.0⇥10�9 and ns ' 0.96 [1].
On large scales around CMB observation, Ps(k) is dominant and gives almost scale-invariant
power spectrum for k ' 10�4 � 1Mpc�1, however on small scales the peak spectrum is
dominant Ps ⌧ Pp. In the light of the PBH formation, we consider that Pp & 107Ps around
scales of the peak.

It is known that, the power spectrum that peaks at a scale kc = 1012Mpc�1 can generate
stochastic background of gravitational waves which peaks in the frequency band targeted
by the future interferometer LISA [39]. By following this, in our numerical calculations,
we choose to work with the parameters such that the power spectrum peaks at the scale
kc = 1012Mpc�1.

In the two-field inflationary models, we expect that the scale invariant power spectrum
Ps comes from the � field, and the one with a peak from the  field, i.e. using �N -formalism,

Ps =
H

2
⇤

4⇡2

✓
@N

@�⇤

◆2

, Pp =
H

2
⇤

4⇡2

✓
@N

@ ⇤

◆2

. (4.3)

From these two equations, we will reconstruct the potential of two scalar fields. However, in
multi-field case, the reconstructed potential from the power spectrum may not be unique [40].
In the followings, we choose a potential of the type of hybrid inflation given by

V = V0 [1 + f(�) + g(�)h( )] , (4.4)

where 1 � f(�) + g(�)h( ) during inflation to ensure the vacuum-domination.
The trajectories on the field space can be labelled by the integral of motion along the

trajectory [33]

C =

Z
g(�)

f�(�)
d��

Z
1

h ( )
d = F (�) � J( ), (4.5)

where we defined

F (�) ⌘
Z

g(�)

f�(�)
d�, J( ) ⌘

Z
1

h ( )
d . (4.6)

Since the integral of motion connects the field values at the horizon exit and the end of
inflation by

F (�⇤) � J( ⇤) = F (�e) � J( e), (4.7)
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Background

n = 2

Once we know the potential, it is possible to obtain the power spectrum numerically by
solving the exact equations of motions. Lastly, we present these numerical results to support
our analytical arguments.

In Sec. 2, we summarize the background evolution and the perturbations during in-
flation with two scalar fields, and in Sec. 3 we give the formulation of the �N formalism
approximation. In Sec. 4, we introduce a method to reconstruct the potential from a given
power spectrum and show the analytical results with numerical calculation. We conclude in
Sec. 5.

2 Background and perturbations of two-field model

In this section, we briefly revisit the evolutions of relevant background quantities and scalar
perturbations (for more details, see [31, 32]). We shall focus on models with two real scalar
fields, � and  , described by the action

S[�I ] = �
Z

d4x
p

�g

"
1

2

2X

I=1

@µ�I @
µ
�I + V (�I)

#
, (2.1)

where �I = {�, }. The equations of motion of the fields can be written as

�̈I + 3H �̇I + V�I = 0, (2.2)

where H = ȧ/a is the Hubble parameter and V�I = dV/d�I . Two Friedmann equations
describing the evolution of the scale factor are given by

H
2 =

1

3M2
P


1

2

⇣
�̇
2 +  ̇

2
⌘
+ V (�, )

�
, (2.3a)

Ḣ = � 1

2M2
P

⇣
�̇
2 +  ̇

2
⌘
. (2.3b)

In terms of the e-folding number, Nt, defined as Nt = ln (a/ai), where ai is the scale factor
at a suitably chosen time, the field equations are

d
2
�

dN
2
t

+ (3 � ✏H)
d�

dNt

+
V�

H2
= 0,

d
2
 

dN
2
t

+ (3 � ✏H)
d 

dNt

+
V 

H2
= 0,

(2.4)

where ✏H ⌘ � 1
H

dH

dNt
is the Hubble slow-roll parameter.

Since there are two fields involved, evidently, apart from the curvature perturbation,
isocurvature perturbation also arises. In the spatially flat gauge, for instance, the Mukhanov-
Sasaki variables associated with the curvature and the isocurvature perturbations v� and vs

are given by

v� = a (cos ✓ ��+ sin ✓ � ) , (2.5)

vs = a (�sin ✓ ��+ cos ✓ � ) , (2.6)

where cos ✓ = �̇/�̇, sin ✓ =  ̇/�̇ and �̇
2 = �̇

2 +  ̇
2. The curvature and the isocurvature

perturbations are defined as R = v�/z and S = vs/z, respectively, with z = a �̇/H [32].
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Power spectrum
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â|0i = b̂|0i = 0. (2.13)

When the modes are very deep inside the Hubble radius, the equations of motion governing
the set of variable (f�, fs) and (g�, gs) are decoupled and we shall set the initial conditions,
as usual, by the Minkowski-like vacuum as

f�(⌘) = gs(⌘) =
e
�ik⌘

p
2k

, (2.14)

fs(⌘) = g�(⌘) = 0 . (2.15)

The two scalar power spectra can be expressed as [28, 29]

PR =
k
3

2⇡2
|f�|2 + |g�|2

z2
,

PS =
k
3

2⇡2
|fs|2 + |gs|2

z2
.

(2.16)

– 3 –

It is convenient to introduce the adiabatic and entropy vectors E
I
� and E

I
s in the field

space, defined as

E
I

� = (cos ✓, sin ✓), (2.7)

E
I

s = (�sin ✓, cos ✓), (2.8)

where I = {�, }. The equations governing the gauge invariant Mukhanov-Sasaki variables
v� and vs can be expressed as [28]

v
00
� +

✓
k
2 � z

00

z

◆
v� =

2

z

⇣
a z ✓̇ vs

⌘0
, (2.9a)

v
00
s +

✓
k
2 � a

00

a
+ a

2
µ
2
s

◆
vs = �2 a z ✓̇

⇣
v�

z

⌘0
, (2.9b)

where ✓̇ = �Vs/�̇ and the quantity µ
2
s is given by

µ
2
s = Vss � ✓̇

2
, (2.10)

with the subscript � or  indicating di↵erentiation with respect to the fields. Also, the
quantities V�, Vs and Vss are given by V� = E

I
� VI , Vs = E

I
s VI and Vss = E

I
s E

J
s VIJ , with

implicit summations assumed over the repeated indices I and J .
As we know, the perturbations considered are quantum in nature. We can quantise the

perturbations by promoting the variables to quantum operators as [28]

v̂� = f�â+ f
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â|0i = b̂|0i = 0. (2.13)

When the modes are very deep inside the Hubble radius, the equations of motion governing
the set of variable (f�, fs) and (g�, gs) are decoupled and we shall set the initial conditions,
as usual, by the Minkowski-like vacuum as

f�(⌘) = gs(⌘) =
e
�ik⌘

p
2k

, (2.14)

fs(⌘) = g�(⌘) = 0 . (2.15)

The two scalar power spectra can be expressed as [28, 29]

PR =
k
3

2⇡2
|f�|2 + |g�|2

z2
,

PS =
k
3

2⇡2
|fs|2 + |gs|2

z2
.

(2.16)

– 3 –

10°4 100 104 108 1012 1016

k (Mpc°1)

10°9

10°8

10°7

10°6

10°5

10°4

10°3

10°2

10°1

P
R

(k
)

Input

n=2

n=3



Figure 3: Evolution of g(�) (left) and the trajectory of the fields on the potential V (�, )
(right) for case 2 with n = 2 . We used the same parameters as in Fig. 2 except � =
1/2, Nt1 = 57, and � = 3.

Figure 4: The power spectrums calculated numerically from the reconstructed potential
in Case 2 with n = 2 (red), n = 3 (purple) and the input power spectrum (orange). The
dotted line represents the pivot scale kp = 0.05Mpc�1 and the dashed line represents kc =
1012Mpc�1. We used the same parameters as in Fig. 2 except � = 1/2, Nt1 = 57, and � = 3.
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There are model with  ·θ2 > Vss

In our model  , isocurvature increases and transfer the power 
to curvature perturbation at the end 

vss < 0
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• Large field models


• Non canonical kinetic term


• Constructing models for steeper peaks like k4
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