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Two Puzzles in Black Hole Information QG

1.
121 Page Curve and Recent Results QI
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131 Typical Black Hole Entanglement Entropy QG
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TwoPsiBÉTnformen

i ) What is the origin of bleak hole entropy ?

SBH = ¥É

Ii) What is the fate of black hole information ?

ABH (t ) → 0 evaporation

{ SBH
(t) → 0

5rad It) → co

3-



(E) BlacK1topI (Berenstain, Hawking '
74 )

• thermodynamic derivation

←÷÷.- Equilibrium
a) GR H-ri-A.ee A

,µ
= ↳* R2 | - vacuum * Is .ee#with R = 26%2 - here non - rotating

b) QFT temperature KBT =
GTR| ,, ,y.my. . ggpy.gg , ⇒

¥

Entropy |8SBHI,&1¥⇒KB%A¥"#
* Puzzle :

Pure state QM
• For Non -Grau Systems : Thermodynamics ← Stat. Mech ← Entropy from Entanglement

• For BH : Sosa ← ? ← ?
I



ii ) F-ateef-BEInformat.io# ( Hawking '7-6 )
( Page '93 )

• Initial Conditions :

pure
state of grev. & matter

¥:*
• Isolated

, unitary event
!

BH formation SBA

• Evaporation 5rad / u ) increases

SBµ Cut decreases|
gy, ,, , , g,, ,, , , gray ,u, in,, ,a,, ygg ,,

- Hawking Information Puzzle : MB.lu ) → 0 , Into > → grad ?
- Page Information Puzzle : MBIUI 5 M¥

, profile of Sradlul ?
§



P-ag.ec#rve:Qubit&f-Evaporat-6 ( Page '93 )

• N qubits in a pure
state

17 > = I
ii. - in=± ,

<
is - - in Ii, >

-- - 1in >

② BH formation
¥H I• Extract one qubit at a tin

~

BH evaporation
É

÷::iTÉ.☐
•

E-tangkErop.ysn.CH
>) = - Tra / falogfa ) with fA=TrBH>STI

11

A Scut↳

µ
" ÷:-#s.im#anoee-t'

I eq
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I 1

"
I
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I
' l l l ' NA÷÷i÷÷¥ :

'
u
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II Two Puzzles in Black Hole Information QG

1.
QIEgeGÉt
y,

131 Typical Black Hole Entanglement Entropy QG

lil Typical Entropy of Random States÷(µ, ,, e.an .. an, +↳mean..

Ciii) Typical Entropy with Constraints

1in Typical Entropy of Sub -Algebras

I



☒ lil P-age.GR#andTypicIE-tropy=fRandomS--a6-s
• Hilbert Space H = Ha ④ His da = dim Ha

dB = dim HB
• Random Pure State 14 > = U Into >

-
F- Reference state

from uniform probability distribution dµ(V) (Haar Measure)

• Entanglement Entropy Salt -11 )÷÷÷÷:÷÷÷.→co-pn8P0a)df
• ¥93 : Average Entropy of a Subsystem 55A > =/Saltillo>) dµlU)
• Bianehi-Doni : Typical entropy < Sa > ± Asa

from moments fun
= J(SAY PISA )dSa
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N

Example : N qubits ¥_÷.

da = 2Mt
,

dos = 2 NB

<Sa>

!
N=l0 ⇒

DISH NA =3

NB= -7 (SA>±2ASa

<Sa > =Nalog2 + 012
-NB )

ASA = 012-NB )

• near max entropy
• narrow distribution
→ typicality

[EB-Dono,-2019] -
SA/
Sma
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Example : N qubits ¥_1÷.

Page Curve

\
.

[EB - Done -2019 ]
to
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a. Iii)IiÉafÉyle_Éopy_
• Initial Factorized State 1%7=14^-31%37-7

• Evolution with Random Hamiltonian H = Hi; Ii > <ji

• Entanglement Entropy Salt) of 14£ > = ei *+ Into >

÷:| [Thcrmelization
Zoom in £0 See

fluctuations around average

Initial stab

✗ Into > = 14A > IXB>

→[EB & Rishabh Kumar
,
2022 to appear ] I
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a. TÉafÉyÉopy_
• Initial Factorized State 1407--14^-31%3>-7

• Evolution with Random Hamiltonian H = Hi; Ii > <ji

• Entanglement Entropy Salt) of 14£ > = ei *+ Into >

÷:| Fluctuations around therm

120
<SA > ±2ASa

* Average overtime vs ensemble

SALT = <Sa >

→

→[EB & Rishabh Kumar
,
2022 to

appear ] I



☒CiiiTypical Entanglement Entropy of Random States withGnts_
• Hilbert Space H = Ha ④ His

• Constraint late > c- HE C It

e.g. . Hamiltonian H= Hat HB

• Energy Eige- spree HIYE > = E 14 >

• Decomposition as direct sum

*.

!:÷÷:÷::÷::=
,

• Entanglement Entropy SA (1%-7)

EB-Donoi
,

2019

EB - Hackl -Kieburg 2021
g,, ya,,,, a.g.

y
, my.eu,,me, y,, , }Ñ^ I



[EB-bond
,
2019]

Example : typical entanglement in a paramagnet
• N spins in a uniform magnetic field I

N
• Hamiltonian H= EMOJI
• Random Eigenstate the > of energy

E.pro#ah.ty-Ifi-Ey--tanJE--trepyIafFtsa)N=1ON-n--
4 PISA )

E-Mo Bon

w.mn,,

g
,

PECSA) Random States

with no constraint

← 11



[EB-bond
,
2019]

Example : typical entanglement in a paramagnet
• RE Eigenstate 1¥ >

- of Energy E-
• Page Curve

Random
States

¥

.

.

.

.

.

:
"

[ Random states
with constraint 1%4

,

.

.

.

.

.

.

-

'

'

slope at small fraction
KT = ¥a <Says )

-1 z-moBoaretar.hn#Bo)
Temperature from Typical Entanglement at fixed E .

I



racial angle-ttropy-ofs-b-Al.ge Observed
• Generally , It =/ Ha④ HB , the Hilbert

space does not come with

a decomposition in subsystems

• Physically , meas-scny.pro be only part of the system
→ sub - algebra of observables 0A C- AA CA

→ not measured : commuteut AB - { OB c-At top , 0*3--0 /
0A

→ center £= Aan AB
• Decomposition of the Hilbert Space TigerspacesofZ

2t= ¥ ( Hated ④ HBCÉ ) )
• Typical Entropy of sub Algebra Plsioa } )
[EB - Satz

,
20193 |(SiOA3)=§%_¢Sg>+¥(d+i)-☒(dgti[EB - Donie , 2019 ] - I



8.1. A BASIC RADIATION MODEL 43

Assuming time periodicity and integrating in time over a time period, we
have integrating by parts in time,

R ≡
∫

r(t) dt =

∫ ∫
γü(x, t)2dxdt ≥ 0 (8.5)

showing the dissipative nature of the radiation term.
If the incoming wave is an emitted wave f = −γ

...
U of amplitude U , then

A−R ≡
∫ ∫

(fu̇− γü2)dxdt =

∫ ∫
γ(Ü ü− ü2) dx ≤ 1

2
(R̄in − R̄), (8.6)

with Rin =
∫ ∫

γÜ2 dxdt the incoming radiation energy, and R the outgoing.
We conclude that if E(t) is increasing, then R̄ ≤ R̄in, that is, in order for
energy to be stored as internal/heat energy, it is required that the incoming
radiation energy is bigger than the outgoing.

Of course, this is what is expected from conservation of energy. It can
also be viewed as a 2nd Law of Radiation stating that radiative heat transfer
is possible only from warmer to cooler. We shall see this basic law expressed
differently more precisely below.

Figure 8.1: Standing waves in a vibrating rope.

• E-ample : E-ketrmagneti-FNKB.lyRadiation
• EM field in a box of volume L '

• Pure state HE > of energy E

• Measurement : Anf&ngtll_
↳ subalgebra AA

• Typical Entanglement Entropy
←

< sioa.DE = FETE. 4¥)
"
"

[ Black Body Entropy
• Temperature kT= (8-q.es >e)"

[EB - bond - Maino, 2022 to appear] I
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a. Iyp .tl#EnEengle-tEntropy
• Evaporating Bleek Hole

÷

.÷÷¥÷"
%.

^^" = ^"" + """

• Assume pure state for Grau + Matt

1~lmn.sn > at fixed Main

¥4.7
• Algebra of Observables gmr , 4

ÑBCUI
• Sub - algebra : got •"& °

⇐"⇐£ :| Éiadcul - Madre
☒ Average Entanglement Entropy of Sub-Algebra

• use dim His # ( MB)=/2- (pjetPMBgdp.us = @+ ↳* £%B# Gibbons - Hawking .az
Brown- York '93

Sen ' 12

• < Stoa ] > formula in terms of olim ( EB-bona 49 )

⇒ I=*→w=Y
"""

" "
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