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Introduction to GUPl

- Heisenberg uncertainty principle tells us, there should be a fundamental limit for the measurement
accuracy, with which certain pairs of physical observables, such as the position and momentum and
energy and time, can not be measured, simultaneously at arbitrary accuracy.
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- What if someone probes a high energy limit (high momentum)? Do we not need to consider
gravitational effects since such high energies affect the background space-time?

Of course, yes



‘Well-known GUP theoriesl

- Heisenberg algebra gets modified at large momentum, with the Planck scale as the characteristic scale
at which the modification occurs.
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 Different approaches assume different deformation of algebra, some of the famous approaches are
given below.
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» In general, the modification of Heisenberg algebra leads to non-commutativity in position or

momentum or both.
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covariant approach to GUP

- The generalisation and interpretation of the Heisenberg algebra in a fully relativistic theory,
which is also invariant under general coordinate transformations is not straightforward.

- The key issue is trivially evident from the explicit appearance of %' in the commutator relationships,
which spoils any hope of general covariance.

- This is a big difficulty since general covariance is also the first step towards generalization a theory
to a curved background space, or spacetime.

- Therefore, a curved space(-time) generalisation of the Heisenberg algebra requires a covariant
definition.

—  Normal coordinates



- The Riemannian exponential map establishes a local parametrization of a small region

around a location &, € ./ in terms of coordinates of the flat vector space
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- And this is referred to as representing the manifold in
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‘ Normal Coordinates‘
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- The variation of the Normal coordinates gives us, @, 0
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Normal Coordinates\

- When . represents the spacetime manifold, the normal coordinates ®“() = x“, and the variation
of normal coordinates suggest the commutator between x“ and the operator p, generating the shift

of origin by eb.

[x%, pp] = in (xIK“b — t“tb)

. |n flat spacetime, it follows from the geometry of the equi-geodesic surfaces,
AKY, — 1, = 69, .

(X%, pp] = 7167,



. We will now turn to the case when  represents the momentum space, and look for the kind of
deformations that the geometry of the momentum space can produce in the commutators.

- We need information about the equi-geodesic surface and its extrinsic curvature in the momentum
space, and for this, we need to first characterise the geometry of the momentum space.

- The motivation to construct the curved momentum space can be taken from relative velocities of two
points with velocities v and v + dv
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- Geometry of momentum space

- We write the four dimensional line element by demanding the following conditions,

1. The four momentum geometry to be Lorentzian.

2. For points in momentum space that have zero relative velocity i.e. d[; = 0, the metric gives the
difference in rest masses (or rest energies) associated with the corresponding momenta.

dlr2e1 =0 —— JI? = — dm?

« Considering all the points, we get the momentum space metric as,
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- Geometry of momentum space

2F'2
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dl- = — - dm® + p<dl,
. Where F(p?) = — m* denotes different dispersion relations
p2 = —-m? — Flat Minkowski metric in hyperbolic coordinate
- Modified dispersion relations F(pz) = — m? correspond to curved momentum space, with the

following curvature,




ﬂOur GUP Formalisml

* In terms of the dispersion relation F(pz) = — m?, the commutators are given by

a C—_ 7 a F(pz) a
(x4, p,] = i {% (sz,(pz) 1) h b}

- By the use of the normal coordinates, and recognise that ‘m’ represents the geodesic length

(from the origin) in the momentum space metric. The above expression then becomes:
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ﬂOur GUP Formalisml

- The remaining commutators then follow from a straightforward application of the Jacobi identity

[paa pb] — O

2G'G-p?
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- Evidently, the modified dispersion relation introduces a non-commutativity in normal coordinates.
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F(x) = x + x(exp(x/A)* — 1)

F(x) = x(1 + (x/A)?)

F(x) = xexp(x/A\)



ﬂ Conclusionl

- We have presented a geometric formalism for the generalised uncertainty principle which is

covariant and connects features of the underlying geometry with the deformation of canonical
commutation relations.

- When the manifold is the momentum space, we characterised its geometry in terms of a four

dimensional extension of the relative velocity (Lobachevsky) space, whose Riemann curvature is

determined by the modified dispersion relation F(p?) = — m?.

» Thus, our work interconnects generalised uncertainty principle, momentum space geometry, and
modified dispersion relations in a covariant setting.
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Biscalar and Synge's world function

» Synge’s world function is a scalar function of the base point x" and the field point x.
Unigue geodesic between x’and x
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. The world function o(x, x’) can be differentiated with respect to either argument,

c,=AAu, o,=—A7Au,.

da



Synge’s world function..

- |n flat spacetime, the geodesic linking x to x' is a straight line, and

o Eﬂab(x — X)) x — x’)b

. 0, behaves as a dual vector with respect to tensorial operations carried out at x, but as a scalar
respect to operations carried out X'

. The limiting behaviour of the bitensors ¢ as x approaches x’is called coincidence limit of the
bitensor.
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- Geometry of momentum space

dl* = — dm* + p*dL,
. Where, u = f(m), cz’lrzel = dy’ + sinh*ydQ? is the Lobachevsky metric of the relativistic velocity space.

 The construction is motivated by the two-particle system with masses m, m, and four momenta

pf,pé respectively and writing the energy of this system in it's center of momentum frame.

B2 = (4 +pp) + 12

1> = 241451 — 1)



pr=—m" —> u=f(m)

l

P2= —/42——* F(p2)= — m?

« We interpret [ as the measure of (squared) “three momentum distance” between the two particles

COIM

[ = E;m — [Eczom]vrd:O
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“Rest energy” 1n the center-of- momentum frame

— F2 — mp? For a point particle



- Geometry of momentum space

. parameterizing 1 in terms of standard Lorentz transformations

u(y, Q) = (cosh y)T% + (sinh y)N*

. Where T, N are arbitrary unit timelike, spacelike vectors in the tangent space T@O(M), with TN _ = 0,
and Q4 = (0, @).



- Geometry of momentum space

. [?is the measure of (squared) “three momentum distance" between the two particles.
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 This, therefore, gives a rigorous justification for our definition of distance measure.

- It correctly gives a locally Lorentz invariant measure of relative momentum on the space of three
momenta.



