
References cat all levels)
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- Hartle (beginnes) (physics oriented approach
- Shute / ↑ I

->seen Carroll (intermediate) (mathematically oriented)

->E. Poisson ( ") Camnly math+ phys.)
Casumes some familiarity)

->R.Wald (advanced) (mathematically evigorous (at physics lead)

->Mathies blan [lecture notes) (Amazing wealth of info)

-Landau Liyshitzy Classics
* MTW

-Paddy's book -- (intermediate) (rely unique selection/organisation
of topics (

-> Weinberg's Graw. & Cosm... " (

- vey
Reall's lecture notes (201) (advanced intermediate).
-

Board Plan

· introduce

·Ask about background. E
· Ask questions only these

boneddorre



*IG PICTURE: GRAVITY = GEOMETRY Aly?
cand whyshouldIlearnfancy schmancy mathare

· I
&YNAMICS

1INEMATICS

od= E valid for all E =
madein

theories

specific theory.
in components

drace re
eg Coulomb's

law

-> let us forget history &

think about this set-up for a

second.

③ is our kinematic structure very general?

egO Consider two cars with initial velocity
= &

no force acting on
them.

Also let them be parallel
v
-

17tor-

-
kinematics will

say they
[]-

will never meet.



est & whattheyare on thesurethe

f (Also about

#Equator perceived
fore!)

·they meet!

so already even at a Newtonian level we would

like to generalise one kinematic structure.

->this change is only at the level of
space! No change in our understanding

o ime!

-> Already differential geometry is useful.
Cuseful exercise, after this course,

-

Back to semi-historical
rederive. Griffith's E.D come

w page estas. 3

F = kq,g2 ->only static situations.

↑e

I more dynamically
Maxwell's eatus

special relativity OEM =jv(0.E= -xB =0)Ispeed of light +xE ==15
Cnotion oftimeaged universall -

.B =0
27



Now we have notion of space-time!

Kivewor tia structure has undergone
a dramatic ofY change!Minorsimultaneityins

A Iso E=mc Emass - Energy equivalence

More interesting geometric structure!

#isgood.

still why is Gravity - Geometay? Let's focus on dynamics.

Newton's laws #=-GMm (av-p =4ke)
-

evastatic, dynamics is notSR

are incompatible with specialrelativity not a to
(this was Einstein's motivation

- purelytheoretical 3
For example, procession of the perination of the orbit of

meaway is just a conection. Need not be geometrical).

But Geauity: Geometry gives
-

you save!

...

Granity - Geometry aka Equivalence principle

kinematics (x dynamics?



For splicity, let us focus on uniform fields.

kinematical eth. ->F =m+
->

dynamicalto E =

g
E · Electer statics.

er

=>a =E L
-

dynamical egth.E= mg S What is the
-

- difference
between the

=>a =gg
-> two?

mg
= mt sif it was proportional?)

Expeenntallytametime
mmmin elevative expt. All see talks about Lagari

an

a arc
long

->talk about
tght.

Anequivalentprinciple. ardenatt
-> Bending oflight: #-Tidal forces. I

don't cover

-> Gravitational shift.

x
=fdt()- zy.- -).



Grantational shift. (weak field, non-relativistic

A

z

-was
a
beacon

that emits light signal

in
intervals of DT

4 Alice

Ste Ig uniform gravitational field.

08 Bob

↓what is DTs (they have

identical
(Pound - Rebka expt.) clocks to

begin with
Assume EEP holds,

A

z

4 Alice
2
=h+ gt

4a =

g 2B = tgt2

08 Bob
VA = vb

=gt

v xA [No. S.R)I

=>()

Say Alice emits at Et., the trajectory of that

signal is 21t) = 2n(t) = c(t-to)

- n + tgtY - ct -t)

let's
say

it meets Bob at T.

A z(=cCT,-t) =Egt. -0



Alice emits a second signal at t.=ta+DTA

- (t) = zn(t,+Dtr) - c(t-t.-Dtn)

it meets Bob at Tc = Ti+ DEB (this defines ATB

-(Tz) =z(T2) = 2x(t,+ArA) - c(t-t, - Dtn)

o=h+ Eg(t,+B=A)-
- c(πn+ by

- t+bt)

IgT + gTIDEs =hgE + gtIDIN-cITit)-cIDEB-dIn)
-

-

n

-0

E * tB (gTn + c =DtA(gt, + c)

A+=(t)(r +g)
+

x+
n

- (1+s)(1-gI) DEN

=(+g()) Btn
(Tv - t) =E

-DEBE(1-gt) Dr

Applying this to light with time period An-A, DEB = 13

&sx)'-SA (undergoes blueshift
credshift if Bob sends lightToice)

xBr(1+ )bn 22 other types of
blue shift/redshift

->
relativistic Dopple redshift
- Cosmological redshift



&

INE.

/
O Motivation & Big picture
-⑧ Manifold.
-0 Vectors 11 forms. (Tensors
-⑧ Metric & inverse metric.

Different tangent spaces & connections.

⑮Conariant desinative a parallel transport
⑧ Grodesics

Ofciedinative oneinterope- can
be done other

G.D.E

⑧ local flatness

curvature

⑩ Geodesic deviation
tas

⑪ Einstein's eg

⑫ Gravitational redshift

&is Schwaleschild/FRW? - No time mostly



vector -

a:÷Y:*:ʰᵈ÷¥ñ &

☒

Let's find art rate of
c-

Some curve

change of a junction f- (xD

along a crane ✗%)

¥g= 2¥, dog = btw

I 5
gradient

2 %ᵈʰ
tangent neaten g-

Example

(dual vector) to the curve
I

under co-ordinate transformations , *
✗
✗
→ go.gg

✗ = coso 0 c-& ,%)
2.f = 2¥. . 2¥ = 2¥ ,

2$
y= since

* = (wso ,
since

11lb

dd¥= Gino , coso)ii. = ddy÷ = %,÷dd¥ = ?÷ñ
at 0=0

,
10
,
D

⇒ ¥ =
invariant

.

0=14 , (¥ ' ¥)
as it should be

.

a-% , (-1/0)

Vector : : any object in which

lcontaanaeuant) transforms as

✓
✗
"

= ?g÷
✓
*

under cooed . transf .

actor / Ector. CPD : any object Pa which
covariant) transforms as Pa. = 2¥g. Px



&

raction N
*

Pc =
invariant t is therefore a scales.

Generalising Corder of indices
*

SOR of type (m,n): F9,12...Cm
B. B2 ... Pr matter!)

such that Twice...c
B'Pi..p'=yd... yam ExB..Exa+a-b,Pa

Vector = (1,0) tensol

co-vector = (0,) tensor.

A
very special tensor of type (0.2): MK gru C symmetric)

-> generalisation of the dot product.
VoW =

grw
U*wW

I invariant
line

element dstgardxrdxr
I(V11 = gaoUMvU

[+- - )d(- +++)
conventions

e. Endidean R in contesion

of v =(v,vY) =(1,1) j I(VI) = 2

g =(%) at x =0,y = 1

Polar co-ordinatesg=)." v =M()VY +r
r=x2+ y2

= * + E

tant(t) =0 a r

=(

vo =G0(x,y)
v" + co(x)'

=
= 1



u vm =

gar
vy

N(V11 = V*Vin

VeW = vnWM = v*Wa

FNRSE MERIC (gMV)(2,0) tensor

gir gve = se: Kronecker delta (Identify
mateix)

V.= YnWe gav

wi gar
WM = gMUw

-

me mn ofmintplans Ctgts. don't directlyExplain the idea
belong to

(④ Tensors can be added, multiplied of contracted at a the manifold

given point, and is still a tensor.

·A tenson at pt.P & pt. Q cannot be combined

in a tensorial
way.

eg A(P) - A((a) =??
Derivatives ?
--

How do we compare Tensols a
2 differenttangeror

spaces? We need some type of rule.
-

v =v=

A(P) At(Q)
Parallel transporf2,4 = (8,vi)

defined in its S
E =vx+ v)cantesian

Consider a curve r
but

· arece field as toax*
HisReaderFEVardorcar

t
neighborhood.



- v =(Δyva)a + v(af

dAY = AY(Q)o =axxp+rFrantryatEatonexample = OpA dx* - (0xva

is not tensorial.

-,,A =5x(zxA4) =x33xA2
+ 2x33cE

w m

non-tensorial
tensorial

We want to define
DAS= AI(P) - AU(P)

↳>transpotting AP(Q) toP

*A = dAY +SAS

SAC =A4-(x) - A4(a)

How to define SAS?

demand it is liness in An &dxx

SAC = πpAMdxT
onnection

Now CE =COpAC +4" AM) up
MB

r

↑BAM (some literature
mo uses AM, B
covariant derivative So CpAM

of a rector) & AMjp
for UAMY



Demanding that 0pA
"

transforms wnahianthy , we get the transformation

property of Tmi

EATP :p AM = 0pA
"
- 2pA

✗

ᵗ✗ⁿˢ:r%p,=z_'×:,2→Mnp-Éis?p?¥m#-,*Ñ
Er . derivative can be generalised to other types of tenses .

using Leibnitz rule
.

* [A' pa) = ☐ (Adiz) = ①At)p , + A' (Dpa)

or

Jp /A✗pD = ☐ p(A✗Pa)

@pA✗)p✗ + An 2pp, =
.

@pAʰ) Pa +☒ppa

⇒ Opp, = 2pP✗ - r :p Pa

☐ 1-4 -
-

- 2m

Pi - - - Pon
= 21-4 - -

•
✗
m

^
M p, - - Pn + The •1-

%--
- am

B--Bn

+ Pt2-1-4523 -
- ✗

M

M
- -
- -

- To 1-4-
- an

MP, 0B¥- Pn

-

- -

.

_ .

until now the connection is completely arbitrary .

In vanilla G.R
, *

✗

Mr
= Phyu & I gµv=O . (preserves dot . product)
= = Levi-Civitaway

⇒ Pair = g (2µg + 2~g.up-2pg.in) : Christoffel
symbol.



A tensor field is said to be parallel ported along a

curve - if its covariant desivative along the cove

vanishes ↑
#

T-B... =u8v TO p.. = 0

dx

egt sphere.

#ESIS - Recap what Tamoy says, maybe connect to

parallel transport
x + 4*rxx0 =0 (affinely

show
t = w<Mx coast. along parametense<if possiblerely parameterised grodesic also uo0<uF =0

Cangent vector is parall
transported

Ie differentiation: Covariant
along

crequiredfor symmetresin stance.Resinahaaniedexterintent side)
but valid

eat.)
for every

Consider a curve 8
=integral were path.

tgt.rector ut =dErector field
HOL
N

rxdt*to=n+whd Now x0 =xc+ ucdx

p:x( can be interpreted as a

co-ordinate transformation

AY(x) =AP,R
- (5-p + 8putdb)AP(x)

-
AP(x) + OputA*(x) dd

i.e AP(Q) = A<(x) + EpU0A*(x) dd



But APQ) = Ac(xP + uPdx)

= A0(x4) + uP8pAcdd

= Ac(p) + u2p*(P)d)

2.AY(P) = A-AU(Q)
= uP8pAO-Gpnd AP

Exercise:
-.

2.AP is a tensor. Show this.

For ass

2n0 = n'Gg0 (Ex. show this

roctors

2.46ws) =nP8,(v5wd = nP2prtwa +nPr-CrpWa

&urSWa +roQnWs) = nPGpVt wa + nP vfGpWa

(ur - 2,n+ v)ws + v(znws) =(nprd)ws + nPv8pW

vs(Inwa) = v" (uPOpWs#W8anY) Av

#Opws+ wpts
Ex. Geralise to bitrary tots

&ransport. (n+c....On = 0
B...- Bn

along aoneeagt.nector



If 1, +0....
am

=0 then in the co-ordinate
B. ... Pa

system
at5

I =>Cu
=0

"E"equality

NO t"" p,-.qn=0 x in

a
ordinat= given

system

T,... depend
=1,..

=0. i.e Tc "p.... doesn't

on 40

.. Lie desinative is the natural operation to define

symmetries.
-

kiting reos

A symmetry of a spacetime is defined by the isometimes

of the meteric

eg) dstyandyndx =-dt+dx-+dy"+dz?

3 = (x) = Ex

I exist.34 Caaaay
but rotation and in

doesn't seem manifest.

1 = (7z = zx
in these co-ordinates

ds=4mrdxmdx =-dt2+de"+rdor+ein-Odo
2

3p = Cp obvious. But 2x,bynotas



defition. -> all is that satisfy killing's egth.

Eggmv = 0 =0uSv + OrSm

as before, in some co-ordinate system where 3V5(

then 8(Env =0

they help define conserved quantities for us, as well

example = n*32

d(u(3) =uP0pBsu4
= nOu* Op3a + sao-on)

- (uP0,u4ux

- whaBx =0 + uuPUpn

off 3p=Ex E =mn+34) [Mention maximal

symmetry]
-.

Local fees

The EEP says one can get rid of genuity by going to a

farely falling game. How do we implement this mathematically?
Ask a freestyle the discussion. x

=AYpx + O(x))

=>

gai = Ad.' A* gap
17

Map



& URVATURE
-

What the well is connature? (think of Id for the moment)

⑤E-cured ⑦% - waned?

importanttounderstandtestic
cuerature. How can an ant

on sunderstand or figure out

amnature of the sphere? Of Area

of circle
in 2d

or sum of

More generally, Ctgt.space
closed loop) -explaintlycontation

angles in a

Define R"ver A = [e,PoJAN FAU (convention)

= PeOwAY-OzOeAU

=>R"ver = 0,4rvo-GoNe + Nesto-MoxNer

ties
· R quJZe wS

CS properties)

· Rm(ver] = 0

·
Bianchi identity

8, Rover + OrRnce + Ve Ravec = 0

contractions Bianchi E
Rav = RY Mav 3 &mR" v = LOvR
R = gMURmv = RC a



OMRav - ON gmuR = 0

8 (R,r - ER g)
= 0

m

Todesic dan (What is Riemann?

congenence. (*(t, 6)

*if
consider a geodesic

xY(+,0) =Up

xY(,D =V,

m =u

( =u

Now Eun=28M (partial desiratives comments

# 3-0,u =45,5M

Acceleration of the spection vector,

Heym =uva(uP0,sm) =u60(50p

= u4(a3P) (OpuY +u-3POcYhM
- 340,u* OpnM +hYs* LOxjOpSn" +n'sPOBVzuM

= wgPRMdapn +34 (OanPOpuM +uPvcOpUM)
-

+23N =4-ubgPRM>aB O



Einstan's egths

02p =4Gl

) &
this is mass density.

in weak field limit ↓
tensor generalisation

of geodesic eath; we Tar stress - energy/
energymomatursaw on how
tensd

I generalisation of 0 -> gor OnT Mv = 0 Cenedisation
of continuity

CO2g]ur & Tur exth.)

10,2symmetricd
(0,2)

symacteria

0'mv = 0

Rmv = k Tar
CFinstein's first

guess)
but OmR"v = fOrR

out R = kT

so if we want OnT"v = 0 5 OmRYv = 0

* OR = 0 F O.T
= 0

*OpT = 0

* T is constant

everywhere!
jou a mass distribution.TO mae it,

but as away TIO,
so this

cannot be the case



But Gar = Rar-Rgur is perfect

OmGMv = 0 from Blandiidentity.

fus

·o Gor=KTM.:
Einstein's fold eq

In fact, conservation of energy-momentum
is

a consequence I
the Bianchi Identity

-> a consequence of geometer?

is fixed by weak-field consistency with Newtonian

granity. k = s

In absence of matter, Rmr-ERgmv =
w

*Ra = 0

Gav=kTr seems simple not

HELL No b

10-coupled highly non-lineal
tas,partial differential e

for the metric

WE CANNOT SOLVE THIS IN GENERALI
But with assumptions of a high degrees

of symmeters, some solutions are known.

-
stars of Schwalischild on Friedman-Robutson - Walker-Lemaitse

& Black -
wos specia rtsr

2
other physics or Minkowski ⑳ Cosmology

Also Gravitational wave solutions! - Ghis


