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Resource: Dhiraj Kumar Hazra / Codes in Cosmology · GitLab  

https://gitlab.com/dhirajhazra/simple-codes-in-cosmology
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Theory
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Concept that have been covered

Metric

Homogeneity and isotropy

Ages

Distances

Ingredients

Covered by Prof. Sethi

I will begin with the numerical implementation of these concepts
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Friedmann Equations

Equating the 00 and ij components of Einstein equation:

Combining we get
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The H0 and the critical density

In the main Friedmann equation, we define:

Density parameters: 

Assuming we have 3 types of components (matter, radiation and dark energy)

Define                 critical density

* Note that there will be factors of c in some equations and c=1 in some others
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Densities

Define the density parameters 

Usually we talk about 𝛺today for the densities of the components today

The definition also fixes the total density to 1

This is going to be an extremely useful relation. Most of the cosmology is built around integrating 
this function
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Densities

The curvature density is defined as:

We need to be careful about the dimensions of K

But note that we can keep density as free parameter when we talk about open/closed Universe

Absolute densities can be obtained easily from here:
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Evolution of the Universe
(Image credit: Satellite: 
Planck, Copyright: ESA - C. 
Carreau) 

https://sci.esa.int/web/planck/-/51560-the-history-of-structure-formation-in-the-universe
https://sci.esa.int/web/planck/-/51560-the-history-of-structure-formation-in-the-universe
https://sci.esa.int/web/planck/-/51560-the-history-of-structure-formation-in-the-universe
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Age of the Universe

We can integrate this equation over the scale factor to get the age of the Universe

 

Baseline model:

Flat FRW Universe with Einstein Gravity (cosmological constant as dark energy, 
w=-1), dark matter with only gravitational interaction. Primordial power spectrum is 
power law defined just by an amplitude and a tilt.
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Age of the Universe
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Redshifts

The expansion redshifts the travelling lights

Plot the age of the Universe as a function of redshift → Assignment

Exchanging variables a → z, we can rewrite the earlier equations
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Distances

We can similarly write 

Now if we want to know the distances using radial coordinates:

r(z) =              , but this holds true only for flat cases      
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Distances in curved Universe

It becomes a function S(z) [Weinberg - Cosmology],
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Proper distance

Distance between two simultaneously occurring events (dt=0, dө = dφ =0)

Proper distance to an object is 

different than the coordinate distance

 if the Universe is not flat.
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Horizon

It is the proper distance to the farthest observable point.

As the Universe expands, the size that we 
observe always increases.

Therefore we start to observe 
more distant objects

What is the horizon today ?
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Horizon

Horizon today is 14.26 Gpc = 46.5 billion light years
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Comoving distance
It is the distance between objects in a space which doesn’t expand. It would be constant had the Universe not been expanding (ref ipynb)

The slope mainly changes after the dark energy dominated era.
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Angular diameter distance

Size of source is D

At radial distance r1 and time t1

Proper distance between the 
two ends D=a(t1)r1δθ

Angular diameter distance is defined by:

dA=D/δθ ⇒ a(t1) r1 ⇒r1/(1+z1)
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Angular diameter distance

dA(z) is not a strictly increasing function of z (ref ipynb)
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Angular diameter distance

Objects at high redshifts appear larger than they are

The angular diameter distance have a maximum at zpeak

Therefore δθ = D/dA leads to a minimum δθ at the zpeak 

For the baseline best-fit cosmology, zpeak= 1.5. After this redshift objects appear bigger 
than their proper size

● Calculate zpeak for curved Universe (for both types)
● Calculate zpeak for different matter densities
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Luminosity distance

We need a distance that increases with time

In particular the distance that follows:

Flux = L/( 4π r2)

Radiation covers a greater surface area
as they move away from the stars

Therefore intensity per unit area decreases 
as  1/r2

https://www.atnf.csiro.au/outreach/ed
ucation/senior/cosmicengine/stars_lu
minosity.html 

https://www.atnf.csiro.au/outreach/education/senior/cosmicengine/stars_luminosity.html
https://www.atnf.csiro.au/outreach/education/senior/cosmicengine/stars_luminosity.html
https://www.atnf.csiro.au/outreach/education/senior/cosmicengine/stars_luminosity.html
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Luminosity distance

dL(z)=dC(z)/a(z) satisfies these properties

This measure is the crucial input in obtaining constraints from SN data (lecture 3)

For a flat Universe, the luminosity distance will be (ref. Weinberg)

Relation between distances
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How distances change over redshift/time
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Calculate angles (horizon problem)

Big Bang

                                        CMB radiation is isotropic. However only 1 degree in the sky seem to be causally connected. This is                                                 
known as the Horizon problem and inflation comes to the rescue.

 

CMB

Observer
θ
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How to get constraints from observations?
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Supernovae

Explosion of stars in binary systems

They have a peak brightness which is uniform 

Can be used as standard candles

Their apparent brightness gives the information about the expansion of the 
Universe

26
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Distance modulus

Apparent magnitude - absolute magnitude = m - M = 5 log (dL
parsec) -5

m-M=5log(dL(Mpc))+25

Use luminosity distance and fit the Supernovae data

http://supernova.lbl.gov/Union/ 

580 SNe

Download the data and plot with errors http://supernova.lbl.gov/Union/ 

Download the error covariance matrix
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http://supernova.lbl.gov/Union/
http://supernova.lbl.gov/Union/
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Absolute magnitude

Absolute Magnitude ~ 19-19.5

28
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The data

Union 2.1

29
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Plot the data

30
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Least square fit

Given 𝑁 data points 𝐷(𝑖) and errors 𝜎(𝑖),  We estimate our theory 𝑇(𝑖) for a given set of parameters Θ

.

Given error covariance, it can be written as:

31
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Likelihood

From the least square, the likelihood (L) can be obtained as -2 ln L = χ2

For smaller number of parameters one can simply do a grid search and plot the 
likelihood maps 

Highest likelihood or least  χ2 represents the best fit

The probability density decreases as we go away from the best fit*

* For Gaussian posteriors 

32
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Confidence intervals

source : wikipedia

We need to get the confidence 
intervals for the cosmological 
parameters

In this example of constraints 
obtained using Type Ia SNe data
𝜴m is the relevant parameter

H0 is degenerate with the absolute 
magnitude. Therefore H0 constraint 
from the SNe Union data does not 
represent the actual constraint

33
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χ2 , degrees of freedom and standard deviation

Δ𝜒2 above the best fit 𝜒2 and the confidence intervals for upto 3 degrees of 
freedom

significance Dof: 1 2 3

68% 1 2.3 3.5

90% 2.71 4.61 6.25

99% 6.63 9.21 11.3

34
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Fit to the data (no matter) 

35
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Fit to the data (No dark energy)
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Fit to the data (Planck baseline)

37
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Constraints
Constraint on matter density
from SNe data

Confidence ellipses are also 
provided.

On top, the standard 
deviations are provided along 
with the mean.

Note the constraint on H0 
does not reflect actual 
constraint as it is degenerate 
with the absolute magnitude
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