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A. Properties of Linear Vector Spaces

A LVS V, over a field F = C, is characterised by the properties given below. The elements |ai, |bi, |ci . . . 2 V, and the
scalars ↵,�, . . . 2 C. The addition of elements is represented by �, and the multiplication with scalars by �.

LVS1: Commutativity of Addition:

|ai � |bi = |bi � |ai

LVS2: Associativity of Addition:
 
|ai � |bi

!
�|ci = |ai �

 
|bi � |ci

!

LVS3: Null element:

There exists an element |⌦i 2 V – called the null or zero vector – such that:

|ai � |⌦i = |⌦i � |ai = |ai

LVS4: Additive Inverse:

For every |ai, there exists an element |� ai 2 V, such that:

|ai � |� ai = |⌦i = |� ai � |ai

LVS5: Multiplicative Identity:

1� |ai = |ai

LVS6: Associativity of Scalar Multiplication:

(↵�)� |ai = ↵�
 
� � |ai

!

LVS7: Distributivity of Scalar Multiplication over Vector Addition:

↵�
 
|ai+ |bi

!
= ↵� |ai+ ↵� |bi

LVS8: Distributivity of Scalar Multiplication over Scalar Addition:
 
↵+ �

!
�|ai = ↵� |ai+ � � |bi
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B. Dual of a LVS, Tensors, and Vector Calculus

The following handwritten notes are intended to give you a clearer understanding of the notion of a dual space Ṽ
as a space of all linear functionals acting on the elements of a given LVS V . If an inner product is defined on V ,
an isomorphism can be established between V and Ṽ , and the attached notes should indicate to you how. (This
isomorphism, of course, depends on the choice of the inner product in V .)
You must use these notes in coordination with the discussion in the lectures, and not as a replacement for it! In case
you want any clarification(s), or you encounter any error in the notes, drop me an email.

⇤Electronic address: dawood@iitm.ac.in
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Dual space
rn rn

→
Linear functionals

~ acting on elements of V

:
"

i÷÷÷÷÷÷:
* An isomorphism can be established bet?
V and T by demanding w

"'fleas Sab

* The above isomorphism is g
however

,
NOT

NATURAL since it depends on the choice
oof basis [this requires some thought ! ]

EP21
10

:  

Int
ro

du
cti

on
 to

 M
ath

em
ati

ca
l P

hy
sic

s 

 

Daw
oo

d K
oth

aw
ala



Dual space
rn rn

→
Linear functionals

acting on
iments of Vi
:
''

. ..
I Eis)

②÷÷÷÷÷.
equate

A(lbD=
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' ÷÷÷÷÷÷
.T ÷

#components lin¥Fss
The abstract tensor

Appearance in Basic physics
* Gradient D et ai
-Kronecker

* sij * Eabc ; Cabe
delta

-→ Levi-Civita tensor

* V = Leg + f. Pini + If Qij mint
£
Multipole expansion #Dijk minin

's

* Maxwell Stress tensor
+ - - -

S t Sij
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* Visualizing Tensors as
"Machines"

T = ta: :: as; econ, ④ - - -④ ear, ②

wcbl) ④ . . . ④ Wcbs)

l÷÷÷÷÷÷⇒⇒: is
1-[wean

,
- . . -

Wcam
; ecb,> g

- - - - Ecb,]
→←
INPUT SLOTS OF THE MACHINE T

= ta: Eisen. . - ear, (weary

stay et? GH. . - aisles,)
↳ sis .

=t→ output '
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EXAMPLES
,tea, > = (

'

g ) ; lead =/ , ) s lead = ( t )
O l

@"Y = Ia , as a,) ;

'

Lw"II ( b: k , bad
etc.

A , = I

hit :*: o 's ⇒ar=c
b
, = O

:±÷÷ . } ::: : ⇒ an=c

%,
39¥, ⇒ swy=

NITE : These are different from hell , heal ,
Lest
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* VECTOR CALCULUS :

Let gab = Cab = const . matrix

* qi = Eiabaavb → curl in
Cartesian words.

* anxctsxc ) = Eiji, at eklmbecm
= Camcm ) bi - Ebm) Ci

⇒ qxczxsi-CEIK-C.it#
Similar identities can be proved in
curvilinear words .

, provided the Levi -
Civita tensor is aptly . defined .

-
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CURL - example
✓
a §ab=s% → gisikajv, = gi

q
'
= E' 23 zvz - 2zVz ) = 2zVz - 2342

* IxC5i:=eiikzjgnfdynofqm-eijkaj-s.cm
]

8km qm = 9k

=
gijkgkab 2j2aVb

= (giagjb - gib sia ) 2j2aVb

④Xxxv)]i= 2b 2. Vb - Zardari

⇒ IxCExf)=E.i')-x2#
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* Geometry
* coordinate basis :

di = daiei , ⇒Ea=fI
* gas = Eea , . Ein

* dr = da'dn'das f e5 . (Ex Ei) Isn.h=⑤
* Defn . of determinant :

*÷:÷÷÷÷÷÷::* Gas = Sij Gia, ein, ⇒ detg = date
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VECTOR CALCULUS

* Gradient " vector
' '
:

fi = 2¥ ; ti -- gigas

eg : Newton's law
'

compare
=gii÷

with components of Iv in GriffithsEP21
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