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A. Properties of Linear Vector Spaces

A LVS V, over a field F = C, is characterised by the properties given below. The elements |a), |b),|c)... € V, and the
scalars a, B, ... € C. The addition of elements is represented by @, and the multiplication with scalars by ©.

LVS1: Commutativity of Addition:
|a) & [b) = [b) & |a)

<|a> @ |b>>@|6> =la) ® <|b> @ IC>>
LVS3: Null element:

There exists an element |2) € V — called the null or zero vector — such that:

|a) @) = Q) @ |a) = |a)

LVS2: Associativity of Addition:

LVS4: Additive Inverse:

For every |a), there exists an element | — a) € V, such that:
o) ® | —a) =[Q) =|-a) D |a)
LVS5: Multiplicative Identity:
10 |a) =|a)

LVS6: Associativity of Scalar Multiplication:
(aB) ©la) = a© <5 © a>>
LVST: Distributivity of Scalar Multiplication over Vector Addition:
a® <|a>+|b>>:a® la) + o © |b)
LVSS8: Distributivity of Scalar Multiplication over Scalar Addition:

<a+ﬁ>®a>:a®|a>+5®b>
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B. Dual of a LVS, Tensors, and Vector Calculus

The following handwritten notes are intended to give you a clearer understanding of the notion of a dual space V.
as a space of all linear functionals acting on the elements of a given LVS V. If an inner product is defined on V/,
an isomorphism can be established between V' and V', and the attached notes should indicate to you how. (This
isomorphism, of course, depends on the choice of the inner product in V.)

You must use these notes in coordination with the discussion in the lectures, and not as a replacement for it! In case
you want any clarification(s), or you encounter any error in the notes, drop me an email.

*Electronic address: dawood@iitm.ac.in
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