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Nonperturbative phenomena in QM

e In classical physics, a particle with total en-
ergy E < V(x) cannot penetrate the potential
barrier V(x)
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e However, in quantum theory there is a small
but finite amplitude of finding it inside the bar-
rier (tunneling)

e Tunneling amplitude is given by the WKB
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e This is a nonperturbative quantum effect,
since the amplitude does not have a good power
series expansion in h; Cannot be captured by
perturbation theory



Nonperturbative effects= Instanton physics

e [ here is an alternative but more efficient way
of analysing such nonperturbative processes-
Instanton methods

e Although there are no classical trajectories in
real time which can penetrate a barrier, such
trajectories can exist in Euclidean theory (imag-
inary time)
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e In Euclidean time r = it, Ly = 5 (4%)" 4 V(2):
motion of a particle in a potential —V (x)
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e Such pseudoparticle solutions of classical Eu-
clidean EOM are known as instantons; these
have finite action

e [ he tunneling amplitude then just becomes

the Euclidean path integral for instantons:
Sp(x)
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e Instanton solutions, being the stationary points
of the action, lead to the most dominant con-
tribution to this Euclidean path integral; re-
produces the WKB formula exactly!

e [ hus, although instantons are particles in
imaginary time (Euclidean theory), they de-
scribe real quantum effects (of Lorentzian the-

ory)



Electrons on a lattice = Instanton physics

o ParticleSQmoving in a periodic potential:
L = % <Ccll—itc) — [1 — cos(2mx)]
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e There are infinite no. of (classical) mini-
mum energy states for which * = n; Each of
these minima should correspond to a quantum
ground state |n)

e However, due to tunneling between these
states, the true quantum vacua are not |n), but
a superposition of all these degenerate states:
0) =, 7 |n) (Bloch wavefunctions)



Interpretation of the 6 parameter

e The energy of this nonperturbative vacuum
has a band structure parametrised by the ‘quan-
tum’ coupling constant 0: E = %ﬁw + Ey

e [ he true ground state and its vacuum energy
as above can be found by instanton methods

e How to understand the origin of 6 within the
LLagrangian formulation?

e In fact, computing expectation values of ob-
servables in |f)-vacuum is equivalent to using
an eff. Lagrangian L.;; = 3 (g—f)z—i—\/(:p)—l—wg—f
in the path-integral

e [ he total derivative term, and hence 6, do
not affect the classical dynamics; However, they
do affect the quantum dynamics



Topological interpretation of 6
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e Integral of this term gives the instanton num-
ber of an instanton tunnelling between two de-
generate minima z;(r;) = m and z(7¢) = n:
Tp— T = fz-f dr dazi—(:) = n — m (integer-valued)

e The initial and final points z;(r;) = n and
rr(tf) = m have the same (minimum) en-
ergy and can be identified as the same physical
points

e Thus, the 7 (and z) space effectively be-
comes a circle



Instanton effect = Topological density

e Hence, fif dt df‘éi—(:) = n—m describes the num-
ber of times x circle wraps around the 7 circle-
a topological property (integer valued winding
number for the map St — s1)

dw(T)

e Hence, the total divergence in

Lepr= Lo+ z@d“él—(:) IS a topologlcal derivative,
and 6 has a topological origin

e In general, the existence of instanton effects
necessarily implies that the corresponding La-
grangian is ambiguous upto the addition of
topological densities L = Lg -+ i0Ltep

e [ he topological parameter 6 appears as an
additional coupling constant, to be determined
from experiments



Instanton physics and quantum dgravity

e Instanton methods can be particularly useful
for gravity theory in four dimensions

e Gravity as a perturbative quantum theory
does not make much sense; However, instan-
tons do not care about perturbative physics

e In other words, gravitational instanton ef-
fects can capture important nonperturbative
features of quantum gravity which are other-
wise difficult to unravel



Gravitational Instantons

e In four dimensions, gravity theory can be re-
formulated as a SO(3,1) gauge theory when
written in terms of tetrad (eI) and spin-connection
(wl’) fields (SO(4) in Euclldean)

e In terms of these, there are three possible
topological densities IE, Ip, INY

Euler: EMVCVBGIJKLR (w)R (W)

Pontryagin: eWO‘BRM{,J(w)RaBU(w)

Nieh-Yan: e#vaf [eﬁeiRa[ﬂJ(w} — 2 (Due£> (Doﬁg])]

e Most general gravity Lagrangian (with or
without matter):

L=Lo+ ¢Ip+0lp+niny

e Instantons carrying nontrivial Euler and Pon-
tryagin topological charges are well-known

e But so far, no known example of a Nieh-Yan
instanton (one that solves Euclidean EOM and
carries a NY charge)



Nieh-Yan instantons
L = LO_I_ —|—77]NY

e Iny =d(eANT) =0 if torsion T is zero
e T hus, NY instantons can necessarily live only

in a first order gravity theory (with or without
matter) where torsion does not vanish

e Is there a first order theory of gravity which
has NY instantons?

e Do they lead to (observable) nonperturbative
effects in quantum gravity?



Gravity coupled to axionic gravity

e Consider a first order gravity theory cou-
pled to axion (antisymmetric tensor gauge field
B,v) since such (bosonic) matter can induce
torsion in the first order theory

e Euclidean Lagrangian density:

1
L(e.w.B) = —5 ecfejRyl) + BeH" Hue
K
1
+£6H“Vae£Dyea]

where H'uya — auBz/a‘FauBa,u‘l'aOzB,uV — 8[,uBl/oz]

e [ he last term introduces a nonvanishing tor-

e Take a spherically sym. (Euclidean) metric
ds? = dr? + a?(7) d2(x,0,d) and solve the
EOMs



Giddings-Strominger instanton
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e The EOM for a(7) becomes: a2(7) = 1—m

e This is the same egn as that describing a
Giddings-Strominger wormhole (1988) (found
in a second order theory of axionic gravity)
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e a(7) can start (at distant past) at a very large
value and end at a minimum size ag



Giddings-Strominger instanton
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e Each such instanton creates a baby universe
(53) which carries an axion charge
Q — fS3 d333 6abc}{abc

e What is the topological index (instanton num-
ber?



GS Wormhole = Torsional instanton

e The GS wormholes have a nonvanishing tor-
sion D[,uell/] — H)Hluyaeal)

e [ he only torsional topological index is Nieh-
Yan number:

1 4
— urap Ji
Nyy = - /M4d x Oy [e eV]Da(w)eﬁ}
— 1 3 abc —
— 52, /53d T [e Habc] = @

e Nieh-Yan no. of the GS instanton is nonvan-
Ishing and is exactly equal to the axion charge
carried by the corresponding baby universe!

e GS wormholes are the NY instantons one has
been looking for!



Tunneling: Nonperturbative effects

e Naively, there can be infinite number of ground
states with different Nieh-Yan numbers N (baby
universes): degenerate perturbative vacua |N)
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e However, NY instantons induce tunneling be-
tween these states and break this degeneracy



n Vacuum in quantum gravity
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e As in the PP problem, the true vacuum of
quantum gravity is a nonperturbative one:

n) = S eV |N), characterised by a new cou-
pling constant n

e [ he Hamiltonian or the ‘vacuum energy den-
Sity’ receives a modification of the size:
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[See PRD 2014, R. Kaul and S.S for details]



n as a vacuum angle in quantum gravity

e [ he effective Euclidean Lagrangian which
captures this nonperturbative vacuum struc-
ture parametrised by 7 is:

L= Lo+ inlyy

e Such a Lagrangian has been considered ear-
lier in the context of canonical gravity and
its quantization (e.g.Loop gravity), where the
topological parameter multiplying the NY den-
sity in the Lagrangian is known as the Barbero-
Immirzi parameter

e T hus, the vacuum angle n in the Giddings-
Strominger theory can be identified precisely
with the BI topological parameter; and is an
exact analogue of the 6 parameter of PP or
QCD



TO summarize..

e [ here are torsional instanton configurations
(GS wormholes) in first order gravity, whose
instanton number is the Nieh-Yan topological
number

e Tunneling effects induced by these lead to a
nonperturbative ground state |n) in quantum
gravity

e [ his vacuum is parametrised by a P and T
odd ‘quantum’ coupling constant, the Barbero-
Immirzi parameter n; has to be determined
from experiments



Phemenological Implications of |n) vacuum

e Such torsional instanton effects could be par-
ticularly relevant in the context of various par-
ity violating phenomena in particle physics and
cosmology

e [ he electric dipole moment of neutron de-
pends on the f6-angle of QCD; Does it also
depend on the gravitational n-angle?

e Can the vanishingly small energy density of
the n vacuum provide a possible solution to the
cosmological constant problem?
[arXiv:1501.00779, S.Sengupta, 2015]

e One can also look for parity violating signa-
tures in CMB power spectrum and study the
relevance of n dependent effects

e Such effects, if observationally relevant, might
bring quantum gravity to the realm of experi-
mental tests
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