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ELECTROSTATIC FIELD IN MATTER

. Introduction to polar and non-polar molecules and the effect of
electric field on them.

Effect of electric field on neutral atoms.
Polarizability and the field of polarized object.
Bound charges and their physical interpretation.
Electric Displacement.

Few examples.



Dielectrics
1. Dielectrics are substances that do not conduct electric current. They
do not have free electric charges.

2. Air, glass, mica and paraffin wax are the examples of dielectric.

3. The resistivity of the dielectric is of the order of 10?2 ohm-cm
(resistivity of conductors is of the order of 10 ohm-cm).

4. The electric charge given to a dielectric remains fixed in the region of
application 1n contrasts to the conductors where the charge
immediately spreads over the surface.

Classification of dielectrics:

Molecules have equal amount of positive and negative charges.

Set of positively charged point particles are embedded in a set of
negative charge distribution.

Center of positive charges and Center of negative charges exist in the
molecules.



Polar Molecules:

= Center of gravity of positive charges do not coincide with the
center of gravity of negative charge.

Example: H,0, CO,, NH;, HCI etc. = polar dielectrics.

—> Have net dipole moment.

Non-polar Molecules:

—> Center of gravity of positive charges coincides with the center of
gravity of negative charges.

Example: H,, N,, O,, Cl, etc.

—> Non-polar molecules do not have any permanent dipole moment.



Effect of electric field on polar molecules:

—>1In the absence of clectric field, the dipole moment of these polar
molecules point in the random directions and arrange themselves 1n a
closed chain and hence the net dipole moment 1s zero.

- When an external electric field is applied, the chains are broken and
those molecules align themselves parallel to the direction of the applied
electric field, but the alignment may not be complete due to the thermal
agitation of the molecule.
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Effect of electric field on non-polar molecules:

= Electric field is applied across the non-polar molecule, the centre of
negative and positive charges suffer a dlsplacement and the molecule

acquires a temporary polar character by induction.

- Gets induced dipole moment >
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- When the applied field is removed, the induced dipole moment
disappears and molecule again becomes a non-polar.

—> The alignment is proportional to the strength of the external electric
field but almost independent of temperature.



What happens to a neutral atom when it is placed in an electric field?
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Absolutely nothing — since the atom 1s not charged, the field has no
effect on it

But this 1s incorrect

Though the atom as a whole 1s neutral, the positive charge 1is
concentrated in the nucleus (radius = 10-'* m) while the negative charge
forms an electron cloud (radius = 10-' m) surrounding the nucleus

These two regions of charge with in the atom are influenced by the field:

1. The nucleus experiences a force pointing in the same direction as the
external electric field.

2. The negatively charged electron cloud experiences a force of the same
magnitude, but in the opposite direction to that of the electric field.



Atom in an external electric field
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Result?
—>Nucleus and Center of the negative charges separate

—> Distance between them is balanced by the electrostatic attractive
force and external applied electric field
—> Atom gets polarized.



One can treat the electron cloud as a constant volume charge density p,
radius a and total charge as —q.
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The electric field inside the uniformly charged cloud is equal to
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where 1 1s distance from the center of the cloud. Suppose that as the
result of the external electric field the nucleus moves a distance d with
respect to the center of the cloud. The electric force exerted on the
nucleus by the electron cloud is equal to
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The force balance equation 1s = —=

cloud + Fext — O 1 2d
E - 1= -0
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The equilibrium distance d is thus equal to d = 47¢,a

The induced dipole moment of the atom is 5 = gd = 4re,a’E

ext
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o is called atomic polarizability s o =47¢,a
In a material, there are many atoms as well as voids. Instead of
treating each atoms separately, one can take a small volume and

evaluate the net dipole moment.
For macroscopic purposes — dipole moment per unit volume

P = p/Volume



POTENTIAL DUE TO APOLARIZED OBJECT

%mnnqe we have a mece of a nnlarwed material (‘rha‘r 1S, an th@(:t

containing a lot of rmcroscoplc dipoles lined up) with dipole moment per
unit volume equal to P. The electrostatic potential generated by a single

dipole .
P 1 per
V — > r
drg, r
In the present case dipole moment p = Pdr D

in each volume element dr, so the total
potential 1s

| J- Pr:I;

V = dt
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We know that
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V = 1 Pe V(lj dr
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Using the following relation (product rule for the vector operation)
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We can rewrite the expression for J as

1 = (1= 1 1 — —
V = ine, VOJ- \% o(;P) dr — -~ VO;.;me;(V OP)dr
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Using divergence theorem
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where o, = Pedn Surface bound charge density

0, = _(v.ﬁ) Volume bound charge density

Here the unit vector #z 1s outward normal.
Potential (and also the electric field) generated by the polarized object

—> Due to the surface and volume bound charges



Physical interpretation of bound charge

The bound charges nq‘r mtroduced are not mq‘r mathematical artifacts. but
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are real charges, bound to the individual dipoles of the material. Consider
for example the three dipoles shown in figure below.

When they are aligned (lengthwise) the center of charges cancel, and the
system looks like a single dipole with dipole moment 3dg as shown in
figure below
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In a uniformly polarized material of thickness s and polarization P all the
dipoles are perfectly aligned as shown in figure below. The net result of
the alignment of the individual dipoles 1s a positive surface charge on
one side of the material and negative surface on the opposite side.

Consider a cylinder with surface area A whose axis -0 to
is aligned with the direction of polarization of a ™ 9
polarized material. The total dipole moment of this _, .
cylinder 1s equal to

q .

Pcyclinder = AS P -q
q

Since the only charge of the system reside on the P

end cups of the cylinder (volume charges cancel in
a uniformly polarized materials), the net charge
there must be equal to

. qcylinder

qend T q = AP




The charge density on the surface 1s therefore equal to
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If the surface of the material 1s not perpendicular to the direction of the
polarization then surface charge density will be less than P (surface
charge distributed over the large area) and equal to

O

oc=Pen

Where nis the unit vector perpendicular to the surface of the material.,
pointing Butwards. For the material shown in last figure this equation
immediately shows that a positive surface charge resides on the right
surface (P parallel to 72) and the negative surface charge resides on the
left surface (P anti parallel fo n). Since these charges resides on the
surface and are bound to the dipoles they are called as the bound surface
charge or o



If the material is uniformly polarized then volume charge density is
equal to zero. However, 1f the polarization 1s not uniform then there will
be a net volume charge inside the material. Consider a system of three
aligned dipoles as shown 1n figure below.

4 q -1.2q 1.2g -0.8q 0.8
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If the polarization i1s not uniform then the strength of the individual
dipole will vary. Assuming that the physical size (length) of the dipole
shown 1n the figure above is same, then varying dipole strength is the
result of variations in charge on the ends of dipole



Net charge on the polarization material 1s zero

—> Total bound charges must also be zero

‘ [o,da+ [p,dr=0

surface svolume

‘ j P, dT =— _[O'bda =— jFOda:- I(Vo]?)clr

volume surface surface volume



Example: The sphere of radius R carries a polarization
P(r)=kr
Where k is the constant and r 1s the vector from the center

1. Calculate bound charges o, and p,.

2. Find the field inside and outside the sphere.

The unit vector n on the surface of the sphere 1s equal to the radial unit
vector. The bound surface charge is equal to

r=R :kf.fr:R :kR

o,=Pen

The bound volume charge equal to

Oy = —(?01_’): —%%(rzkr)z -3k

2. First consider the region outside the sphere. The electric field in this
region due to the surface charge is equal to



_ 1 4nR’c, . kR’ .

Esuigface (7") = 2 f = 2
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The electric field in this region due to the surface charge 1s equal to

4

3
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Evolume (7") — 2 r=- 2 r
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Therefore total electric field outside the sphere 1s equal to zero

Now consider the region inside the sphere. The electric field due to
surface charge is equal to zero. The electric field due to volume charge 1s
equal to 4

e 1 Py VoY N
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Example: A dielectric cube of side s, centered at the origin carries a

polarization _
P(7r
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Where £ 1s the constant. Find all the bound charges, and check that they
add up to zero

The bound volume charge density is equal to

D, = —(ﬂ ]_’): —Li(rzkr)z -3k

r* or
Since the bound volume charge density 1s constant, the total bound
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The surface charge density o, 1s equal to 0, = Peji=Fkreh



. 1
Fren=rcosf =—s
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The surface charge density 1s constant
across the surface of the cube

= Gaface = (%ksj(@?z) = 3ks’

Total bound charge on the cube 1s equal to

qtotal = qvolume + qsurface
= -3ks’ + 3ks’
=0



ELECTRIC DISPLACEMENT VECTOR

—> Due to its bound charges.
If free charges are also present
—> Total electric field produced by this system
—> Due to both bound charges and free charges

‘ Apply Gauss law that includes both free and
bound charges

V.E: P :pbound+pfree
80 80

1

:g_o(_v.}_i—i_pfree)
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The expression in the parenthesis 1s called the electric displacement D
D=¢gFE+P

Gauss law In materials can be written as

VeD=pg. Differential form

and

st Dedi=Q ee Integral form

surface

2 O denotes the total free charge enclosed in the volume

—>Makes reference only to free charges that we can control



Although it seems that th
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curl of D is equal to
VXD:é‘OVxE+Vx}3=Vx}3

And 1n general not equal to zero. Since the curl of Iz 1S not necessarily to
zero, there 1s in general no potential that generates D.

The famous Helmholtz theorem tell us that if we know the curl and a
divergence of a vector function v then 1t i1s sufficient information to
uniquely define the vector function v. Therefore, the electric field E is
uniquely defined by Gauss’s law since we know the curl of E is zero
everywhere. The displacement vector D on other hand is not uniquely
determined by the free charge distribution, but requires additional
information (like for example P)



Example: Suppose the field inside a large piece of dielectric 1s £, so that
the electric displacement is equal to D, = g E, + P

1. A small spherical cavity 1s hallowed out of the material. Find the field
at the center of the cavity in terms of £, and P. Also find the
displacement vector at the center of the cavity in terms of D, and P,

2. Do the same for needle shaped cavity running parallel to P,

3. Do the same for a thin wafer-shaped cavity perpendicular to P,

Solution-1: Making spherical cavity from the large polarized object is
equivalent to superimposing another material with polarization —P.

The electric field inside a sphere with polarization -P 1s uniform and
given by _p
s (=P

3&,
The field at the center of the cavity 1s therefore

—

center



Therefore, at the center of the cavity,

.1l - 2.
center = gOEO +§P:DO _EP

2. Similar the earlier problem, needle shaped cavity is nothing but the
superposition of needle shaped material with polarization -P. The
electric field of a polarized needle of length s i1s equal to two point
charges (+¢g and —¢q) located a distance s apart. The charge on top of
the needle will be negative, while the charge on the bottom of the
needle will be positive. The charge density on the end caps of the
needle is equal to P. Therefore q=0,4=PA

where A is the surface area of the end caps of the needle. The electric
field generated by the needle at its center 1s:
-1 (+P4), 1 (-P4), 2 P4,

— e — e = e
dl >
N 4ze, 1S2 © dre, 1, = e, §°

4 4

— 0. Therefore, E

—

D, = gOE

center

When A —» 0, E

needle center

—

The displacement vector at the center is D,,,, = EOECQW, = 80E0 =D, - P



3. The thin wafer shaped cavity has -P. The electric field due to this 1s

_ . p
Ewafer = EO +—
50

wafer = 80Ewafer = 8OEO + P = DO




LINEAR DIELECTRICS

A materials 1s called linear material 1f the polarization 1s linearly
proportional to the electric field. 5 _ . v E
OA e

—_

D=¢E+P=¢c,1+y)E =¢5,6E =¢cE

Y. 18 the electric susceptibility, €. 1s the dielectric constant and ¢ 1s the
dielectric permittivity

If the materials 1s 1sotropic and homogeneous, there bound to be a
relation between free charge density and bound charge density

3 3 3 p )
p,=VeD=Vecglk=geVelL=5¢eVe =5 Vep=——% o
Ex, &€ —1 g —1




Problem: The space between two parallel plate capacitor 1s filled with
two slabs of linear dielectric material. As shown 1n figure. Each slab
has thickness s, so that total distance between the plates is 2s.

+0

L~

Slab 1
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Slab 1 has a dielectric constant €., of and slab 2 has a dielectric
constant of €,. The free charge density on the top plate 1s ¢ and on
the bottom plate is -G.

Find the electric displacement D in each slab.
Find the electric field E in each slab.
Find the polarization in each slab.

Find the potential difference between the plates.

oA wN e

Find the location and amount of all bound charge.



(1) The electric displacement D, in slab 1 can be calculated by using
Gauss’s law. Consider a cylinder with cross sectional area A and axis
parallel to z-axis being used as a Gaussian surface. The top of the
cylinder 1s located inside the top of the metal plate (where the electric
displacement 1s zero) and the bottom of the cylinder 1s located inside the

dielectric slab 1.

Apply Gauss’s law jﬁ *da = Q; ucioseq —

To the Gaussian surface, we get D A=0 4

Note D=0 in the metal plate. D=o
Similarly for the second slab D =-0
2) The electric field inslab 1 1s: - 1 = G, .
( ) EIZ DIZ (_ez)
8r180 8r180
Similarly we obtain for slab 2: E2= ! ]322 ° (—e.)




(3) Once D and E are known, the polarization P can be calculated

P= Eo X E
- B f)l Kel A €,-1 5
Therefore 1n Slab 1P, =¢y_, = o(-e.)=| —— |o(-e.)
808r1 8rl 8r1
. D . e,-1 .
in Slab 2: P,=¢g x, ——= (Xezjﬁ('ez):( N ]G('ez)
808r2 8r2 8r2

(4) The potential difference between the top plate and the bottom plate

IS equal to AV I/top - I/bol‘tom = EIS + E2S
# A N o) os[1 1
= — S = — +
L grlg ngg J 80 grl ng

5. There are no volume bound charges since P is constant.
G, at the bottom and top of slab 1?

G, at the bottom and top of slab 2?



Problem: A sphere of linear dielectric material has embedded in 1t a
uniform free charge density p. Find the potential at the center of the
sphere, 1f 1ts radius 1s R and its dielectric constant €.

Solution: The system has a spherical symmetry and therefore the electric
displacement D 1s easy to calculate since

VeD=pg.. VxD =0
The calculation of D 1s very similar to the calculation of £ using Gauss’s
Law . 1 R’
Yo,
D= 471_ 2 eree,encl = 3 2 (l" > R)

- 1 1
D= 472'7'2 eree,encl = gpr (7" < R)
. . . . D R’
The corresponding electric field is equalto g £ _ P (r > R)
£&, 3&r°
E= L] pr (r<R)



The potential at the center of the sphere can be calculated by using this

electric

. 1
V(r):—jE I35r j e, por dr
3[R 0 2
pR[ L R L
3er|  0&.8, PR 2 2¢,




BOUNDARY CONDITIONS

The boundary between two dielectrics has
surface charge density ¢
¢ Dedi =(D,,~D,)4=04

—> (D,y=D,) =
@E-dT:(Eﬂ —E,) =0 mmm) £ =

—> If any one 1s a conductor, then E,; = E,, =0
2Ilfc=0,thenD_,=D, 2 ¢,E =E ¢,
—>In the charge free boundary, in terms of the angle:

& E,cosl, =¢E cosb tand, &,

22 2 141 1 b
E,smf@, = E sino, ‘ tang, &




[f the media have polarizations P, and P,?

(Dn2 — Dnl) =o=&kL,+F,-¢gk,—F,

Pi o :
o =&, 0, +0 E,+P,-P, Region — 1 Region — 2
6'0 &1 €

— (Pnz _Pnl) = 0y

—>Normal component of D is discontinuous by an amount equal to the
surface charge density o

—>Normal component of the displacement vector D is continuous
across the charge free boundary between two dielectrics.

—> Tangential component of the electric field is always continuous at any
boundary

—> Normal component of the polarization is discontinuous by an amount
equal to the negative value of the surface bound charge density



Energy 1n dielectric systems

Consider a canacitor with canacitance C and char @d un

1 - vapevilul 1L vay Y

The total energy stored in the pamtor is equal to the w rk done during

the charging process: i
W = ECV2

If the capacitor 1s filled with a linear dielectric (with dielectric constant
¢,) then total capacitance will increase the vacuum value by a factor K

C=¢cC

r —vac

And consequently the energy stored in the capacitor (when held at
constant potential) is increased by a factor €,



A general expression for the energy of the capacitor with dielectric
material present can be found by studying the charging process in detail.

Consider a free charge held at potential /. During the charging process
the free charge 1s increased by oy, The work done on extra free charge
1s equal to 1
AW = 5 I pﬁeeVdT

volume

Since the divergence of the electric displacement 1s equal to the free
charge density, the divergence of D is equal to p;,.. Therefore

| 1 o
AW = Eml{m[v -D] Vdr

Use

—

Ve(VD)=|VeD|V+(VV)eD



We can rewrite the expression for AW as

AWzé j [v-(VD)] dr+% j [(VV).(E)]Q’T

volume volume

The first term on right hand side of this equation can be rewritten as

| [%-(VD)] dr= [ (VD)eda

volume surface

Integrating over all space, the surface integral vanishes and therefore

AW =1 j [VV-D]a’r

allspace

:% [ [EeDr

allspace

This 1s true for any material



Assuming that the material present in the system are linear dielectrics
then

D=¢E

By using this relation and rearrangement, The expression for W can
finally be rewritten as

Wz%g j Edr

allspace



Example: A spherical conductor of radius a carries a charge Q. It 1s
surrounded by linear dielectric material of susceptibility y,., out to a

radius b. Find the energy of this configuration.

Solution: Since the system has spherical
symmetry, the electric displacement 1s
completely determined by the free charges. It 1s

equalto - 1 ~
D = : Q... =0 r<a
Ay
_, | | Q
D = =-—= > a
Arrr® Core 47 r2
. - O e
E=0 :for r<a ;E= L€—2
Ae

e

s 0, .
fora<r<b ;F=———-L :for b<r
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& :gO(l+Ze)
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Forces on dielectrics

A dielectric slab placed partly between the plates of a parallel-plate
capacitor will be pulled inside the capacitor. This force 1s a result of the
fringing fields around the edges of the parallel-plate capacitor (see
Figure). Note: the field outside the capacitor can not be zero since
otherwise the line integral of the electric field around a closed loop,
partly inside the capacitor and partly outside the capacitor, would not be
equal to zero.
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A direct calculation of this force requires a knowledge of the fringing
fields of the capacitor which are often not well known and difficult to
calculate. An alternative method that can be used i1s to determine this
force 1s to calculate the change in the energy of the system when the
dielectric 1s displaced by a distance ds. The work to be done to pull the
dielectric out by an infinitesimal distance ds 1s equal to

dW =F _«ds

Where F , 1s the force provided by us to pull the slab out of the capacitor.
This force must be equal in magnitude but directed in a direction
opposite to the force exerted by the electric field on the slab. Thus

_aw
ds
Consider the situation shown in Figure where the slab of dielectric is

inserted to a depth s in the capacitor. The capacitance of this system is
equal to

—

‘Fﬁeld
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C=C +C, = &, (wd s)a N grezl)sa

ECZ[

W — S+8S]

8a[w+s(5 —1)]

8w+ g

If the total charge on the top plate 1s Q then the energy stored in the
capacitor is equal to

2
=19
C

1
2



The force on the dielectric can now be calculated and 1s equal to

dw 10’ dC

P4
field ds 2C* ds

But dC &yx.a

ds d

Therefore
F :lQZ EOZea:lgozeaVz

field 2
2C d 2 d

Problem 4.29: Two long coaxial cylindrical metal tubes (inner radius a,
outer radius b) stand vertically in a tank of dielectric o1l (susceptibility y,,
mass density p). The inner one 1s maintained at potential V, and the outer
one 1s grounded. To what height / does the oil rise in the space between
the tubes?



