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ABSTRACT 

Multi-aperture speckle shear interferometry also exhibits sensitivity to 
the in-plane displacement component. The interferogram obtained even 
at normal illumination contains fringes due to the combined contribu- 
tions of slope, strain and in-plane components. The fringe pattern, 
therefore, changes when the shear element is placed at different aperture 
positions for the same experimental conditions. We have examined a 
three-aperture symmetric configuration where the shear element is either 
placed at the peripheral aperture or at the central aperture. The 
experimental results are presented. Copyright 0 1996 Eisevier Science 
Ltd. 

1 INTRODUCI’ION 

Speckle interferometry is a suitable tool for the measurement of displace- 
ment components, while speckle shear interferometry is used to measure 
the spatial derivatives of the displacement components’ and also of the 
wavefront.’ In speckle shear interferometry, the contributions from two or 
more neighbouring points on the object are imaged on a single point. 
Alternatively a single object point is imaged as two or more points. This 
can be accomplished using a shear element in front of the imaging lens. 
The imaging lens carries a shear element either on its half-aperture3 or on 
an aperture in a multi-aperture mask in front of it.4*5 The multi-aperture 
configurations are intrinsically in-plane displacement sensitive, i.e. the 
derivative fringes will have in-plane displacement contributions and hence 
one should use these multi-aperture speckle shear interferometers with 
extreme caution.6-s It has also been shown recently that the in-plane 
displacement contribution can be separated from the combined patterns 
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1 
Image plane 

Fig. 1. Schematic of a symmetric three-aperture speckle shear interferometric 
arrangement. 

to obtain slope distribution9 In this paper we present a detailed analysis 
of fringe formation in the presence of an in-plane displacement contribu- 
tion with respect to location of a shear element in a symmetrical 
three-aperture configuration. Both theory and experimental results are 
presented. 

2 SYMMETRICAL THREE-APERTURE CONFIGURATION 
WITH A SHEAR ELEMENT ON APERTURE A, 

The experimental arrangement is shown in Fig. 1. The imaging lens carries 
a mask containing three equi-spaced apertures along the x direction. 
Aperture Al carries a wedge plate which is the shear element. The object 
is illuminated with a collimated laser beam. The object plane shear, AX,, is 
Z&J, - l)ayo, where p, and cu, are the refractive index and the refracting 
angle of the wedge plate and z, is the object distance measured from the 
wedge plate. The image plane shear, Ax, is (Ax&V, where M is the 
magnification of the imaging lens. 

The amplitude distribution at any point on the image plane can be 
written as a sum of fields passing through the three apertures, i.e. 

& = 6 exp +#Q - P) + a2 exp i(42) + a3 exp i(43 + P) (1) 

where as and 4s are the amplitudes and phases of the waves and 
p = 274~~ is the phase introduced between the waves by the aperture 
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separation, and is responsible for the grating-like structure in each 
speckle. The contribution at the image point via aperture A, arrives from 
a point that is sheared by Ax, along the x direction. 

The irradiance distribution on the image plane is obtained by 

z, = B,BT = luJ2 + la*12 + la# 

+~~~~2~~~(~12+p)+~~2~3~~~(~23+p)+~~143~~~(~13+~p) (2) 

where h2 = 4~ - $*, 423 = 4~~ - b and h3 = 4 - &. 

When the object is deformed, the phases of the waves via the three 
apertures change. The amplitude at the same point after object deforma- 
tion can be expressed as 

B2=uIexpi(~,-~+S,)+a2expi(42+~2)+u3expi(~3+~+6~) (3) 

where &, lj2 and a3 are the phase changes introduced by deformation. The 
phases can be expressed in terms of directions of observation and 
directions of illumination, and are given by 

b=(K,-K,).L(x+h,,y) 

62 = & - K) . L(x, y> (4) 

83 = W2 - K). L(x, y> 

where K, is the propagation vector along the illumination direction; K2, 
K,, & are the propagation vectors along the directions of observation; 
and L(x, y) and L(x + Ax,, y) are the deformation vectors at the two 
points (x, y) and (X + AX,, y), respectively. The components of deforma- 
tion vectors at these points are (u, u, w) and (U + Au, u + Au, w + Aw), 
respectively. 

The irradiance distribution at the image plane after deformation is given 
as 

Z2 = B2B; = \ull* + lu,l* + la,l* + 24~2 cos ($12 + /3 + 612) 

+ h24 cos (423 + p + 823) + 2&G cos (913 + w + 63) (3 

where a,2 = & - S2, S23 = a2 - S3 and aI = 8, - 6,. 
The irradiance distributions ZI and Z2 are sequentially recorded on the 

same photographic plate. Assuming linear recording, the amplitude 
transmittance t(x, y) of the specklegram is given as 

a, Y > = to - POW + 12) (6) 
where & is constant and T is the exposure time for each recording. 

When such a specklegram is placed in whole-field filtering arrangement 
as shown in Fig. 2, five haloes are formed including the zeroth order at the 
focal plane of lens 15,. The first-order haloes arise due to the 
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superposition of fourth and fifth terms of eqns (2) and (5), while the 
second-order haloes are due to the sixth term from these equations. 
Filtering through one of the first-order haloes (A,*, Az3), gives an 
irradiance distribution at the observation plane as 

9 (AwW = C[4 + 2 cos (&3 - 412) + 2 cos (423 - $12 + a*,) 

+ 2 cm (423 - 412 - &2> + 2 cm (423 - 412 + 823 - b2) 

+ 2 cos (81,) + 2 cos (&)I (7) 

where C is a constant. 
All the terms containing 4s are random and contribute to speckle noise. 

The last two terms in the equation contribute to fringe formation. 
Similarly filtering via the second-order halo Al3 yields the irradiance 

distribution in the image as 

9 (AI,) = c’[l + cos 631 (8) 

In order to understand the formation of various kinds of fringe patterns, 
we present explicit expressions for the phase differences & & and S13, 
introduced by deformation. These can be derived from eqn (4) and are 
given below 

S12 = t& - 8, = (& - K,) . (aL/&r)Ax, + (& - K3). L(x, y) 

823 = 82 - a3 = (K3 - K2). L(x, y) (9) 

S,, = 6, - a3 = (& - K,) . (aLlax)Ax, + (& - K2). L(x, y) 

Assuming that all the propagation vectors K1, K2, K3 and I<4 lie in the x-z 
plane, and that the angles made by aperture separation at the object plane 
are very small, we obtain 

&=- ~[~(sin8+sino)+~ 1 2?r 
(l+cosO) A.r,+hUsina 

s 2a 
23 =-u sin a 

A 
(10) 

Ei13 = T 
[ 
g (sin 8 + sin (Y) + 2 (1+ cos +X0 + T2u sin a 
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where el, (Y are defined in Fig. 1. Under normal illumination (0 = 0), 
these expressions reduce to 

s 
2~ au 

[ 
aw 
1 

2n 
12 = - -sina+2; k,+-usincr 

A ax A 

S,,=yusina (11) 

&=$ 
[ 
Esinu+2: Axo+$2usina 

I 

When the filtering is done via any one of the first-order haloes (A12, A29, 
the fringe patterns are formed corresponding to the phases aI2 and S23. 
The bright fringes are formed when 

du dw 
-sina, +2- Ax,+usincr =m,h 
dx dx 1 (12) 

where m, and m, are integers. 

u sin (Y = m,h (13) 

Equation (12) represents a fringe pattern due to slope + strain + in- 
plane displacement components, while eqn (13) gives the fringe patterns 
due to the in-plane displacement component only. The in-plane displace- 
ment contribution to the derivative fringes is the same as that of the 
information obtained from eqn (13). This results in an overlapped pattern 
generated from the individual eqns (12) and (13). 

When filtering is done via the second-order halo (AIS), the fringes are 
due to the phase term a,,. The bright fringes are formed when 

du dw 
-sincu +2- &,+2usina =m,h 
dx dx 1 (14) 

Here the influence of in-plane displacement on the derivative fringes is 
twice as large as in eqn (12). In principle it is possible to obtain u, du/dx 
and dw/dx from eqns (12)-(14). Since the angle Q is very small, and the 
strain contribution is usually smaller than that of the slope, large errors 
are expected in the separation of these components. It may, however, be 
possible to neglect (duldx) sin (Y in comparison to 2(dwldx) in many 
experimental situations. Then the above equations reduce to 

2(dw /dx)A.r, + u sin LY = m, h (15) 

u sin (Y = m,h (16) 

2(dw /dx)A.x, + 2u sin cy = m3h (17) 
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It is interesting to note that in the absence of in-plane displacement, the 
fringe patterns obtained by filtering via first- and second-order diffraction 
haloes are identical and represent the partial slope change due to 
deformation. This is due to the fact that the sensitivity for the measure- 
ment of slope depends only on the amount of shear (AxJ and not on the 
apertures separation.’ When the shear h, = 0, the configuration is 
sensitive to the in-plane displacement component only. 

3 SYMMETRICAL THREE-APERTURE CONFIGURATION 
WITH A SHEAR ELEMENT ON APERTURE A2 

The optical arrangement is the same as shown in Fig. 1 except that the 
shearing element (wedge plate) in the present arrangement is introduced 
in front of the aperture A2 instead of aperture Al. Two exposures are 
made, one before and one after loading. The irradiance distribution on the 
image plane for the first and second exposures are the same as given by 
eqns (1) and (2). However the phases S,, a2 and a3 are different. These 
are given by 

6, = (& - K,) . W, y) 

62 = K - K,). L(x + h,, y) (18) 

6, = (& - K) . L(x, y) 

The corresponding phase differences &, Sz3 and S13 based on eqn (18) 
can be expressed as 

612 = -(I& - K,) l (dLldx)k + (I& - &) s L(x, y) 

a,, = (K - K,) l @Lldx)k, + (K, - &). L(x, y) (19) 

6, = (& - IQ. L(x, y) 

The double exposure specklegram is placed in the whole-field filtering 
set-up as shown in Fig. 2. By filtering through the first- and second-order 

Specklegram 

Fig. 2. Schematic of a whole-field 

Observation 
platle 

filtering arrangement. 
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diffraction haloes (A12, A&, and A13, as discussed in Section 2, 
of fringe patterns are obtained. Bright fringes are formed when 
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two types 

-2X au 
612 = - 

dW 2z 

A [ 
gsin@+---(l+cos0) hr,+hUsina=2rn:x 1 

SzJ=y zsin0+$ 
[ I 

27r 
(l+cos8) Ax,+hz4sincr=2m27r 

& = f2e sin (Y = 2m3r 

Under normal illumination (0 = 0), eqn (20) reduces to 

2(dw/dx)hx, - u sin cy = m,A; ml=-ml 

2(dwldw)hx, + u sin (Y = m2h 

2u sin (Y = m,h 

(20) 

(21) 
(22) 
(23) 

These equations can be compared with those obtained in the earlier 
arrangement where the shear element is located on aperture A,. Here, 
eqns (21) and (22) are independent of the strain term. It is obvious that 
there is no strain contribution to the fringe formation when the shear 
element is placed on the central aperture which is along the optical axis. 
The combined fringe pattern obtained from the first-order halo (All, Az3) 
contains information pertaining to the slope minus in-plane displacement 
contribution, and slope plus in-plane displacement contribution, while the 
second-order halo Al3 contains the information pertaining to the in-plane 
displacement component only. The in-plane contribution in one case is 
subtracted [eqn (21)], while in another case it is added [eqn (22)]. The 
in-plane contributions, in both these cases are identical and its value is 
half of the value obtained from the halo Al3 [eqn (23)]. A beat between 
these two sets of fringe patterns results in a moire pattern similar to 
additive moire. The moire can be expressed as 

2usincr = (m2-m,)A=m,A (24) 

The fringe spacing of the beat moire pattern is A/2 sin (Y. The in-plane 
displacement contribution is the same as that of the information obtained 
from halo A13. In the absence of in-plane displacement, the resultant 
fringe pattern represents a good contrast slope pattern. When the shear 
Ax, = 0, eqns (21) and (22) reduce to 

u sin (Y = mh (25) 

The fringe spacing is A/sin Q. So the in-plane displacement component 
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obtained from the halo (A12, A& will have half the sensitivity as that 
obtained from halo A13. 

4 EXPERIMENTAL RESULTS 

The experiments are conducted on a centrally loaded diaphragm with its 
edge rigidly clamped using both configurations. The diaphragm is fabri- 
cated from a phosphor-bronze sheet of O-7 mm thickness and 60mm 
diameter. It is coated with an aluminium paint. The object is simul- 
taneously subjected to both in-plane rotation and out-of-plane deflection. 
In the present experiment the influence of strain contribution on the 
object is absent. For in-plane motion the diaphragm is fixed on a precision 
rotation stage, while for the out-of-plane deflection, a micrometre head is 
provided at the centre of the diaphragm. The specimen is illuminated 
normally with collimated light from a 10mW He-Ne laser. The aperture 
mask in front of the lens contains three 5 mm diameter holes with an 
interspacing of 20mm. In the first experiment, a wedge plate with 1” 
wedge angle is mounted in front of the aperture Al (Fig. 1). The 
symmetrical three-aperture screen is properly mounted in front of a 
standard imaging lens (f = 300 mm). Two exposures, one before and the 
second after loading the object, are made on lOE75 holographic plate. The 
specimen is given about 5 Frn central deflection and an in-plane rotation 
of about 3 milliradians. The filtering of double exposure specklegram is 
done on a Fourier filtering set-up (Fig. 2). The filtered fringe patterns via 
haloes (Al*, A& and A,3 are shown in Fig. 3(a) and (b), respectively. The 
combined pattern in Fig. 3(a) results from the overlap of fringe patterns 
generated from individual eqns (15) and (16). One pattern represents 
in-plane displacement component, while the other is a modified slope 
pattern due to the influence of the in-plane displacement component. In 
Fig. 3(b) the influence of in-plane displacement on slope pattern is twice 
as large as in Fig. 3(a): evidently the slope fringes are more distorted. 

In the second experiment, the wedge plate is mounted in front of 
aperture AZ. Two exposures are made on a holographic plate keeping the 
experimental parameters and loading the same as described above. Figure 
4(a) and (b) shows the combined patterns and the in-plane displacement 
component pattern when the filtering is done via halo (Al*, Az3) and halo 
A 13, respectively. The combined pattern in Fig. 4(a) results from the 
overlap of fringe patterns generated from individual eqns (21) and (22). 
This results in a beat moire which can be seen as discontinuities in the 
photograph. The lines joining these discontinuities represent the in-plane 
contribution which is the same as that obtained from halo A13. This 
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Fig. 
to 0 

3. (a) Combined fringe patterns filtered via halo (Al*, A,). The fringes resulted 
verlap of two individual patterns. (b) Modified slope pattern with twice the sensiti 

of in-plane displacement contribution. 

due 
lvity 

analysis clearly shows that the influence of the in-plane displacement 
contribution can markedly modify the slope pattern and further the 
location of a shearing element in the aperture configuration plays an 
additional role in fringe formation. 
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Fig. 4. (a) Overlapped fringe patterns filtered via halo (A12, A& and (b) u component of 
in-plane displacement fringes filtered via halo A13. 
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5 CONCLUSION 

A study on fringe formation in a symmetrical three-aperture speckle shear 
interferometry is presented in this paper. It is also shown that the location 
of the shearing element in the aperture configuration plays an important 
role in fringe formation especially in the presence of in-plane 
displacement. 
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