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ABSTRACT

KEYWORDS Inflation; perturbations; power spectra; f(R) theories of gravitation;
conformal transformation; Einstein frame; Jordan frame; Starobinsky

model; Higgs model; radiative corrections; Critical Higgs Inflation

Inflation is a period of accelerated expansion of the universe during its early stages which
was originally proposed to overcome the drawbacks of the standard big bang model. It
also provides us a mechanism to generate primordial perturbations in the early universe
which left their imprints on the Cosmic Microwave Background Radiation as anisotropies.
Over the last few decades, different inflationary scenarios have been proposed and studied
in the framework of general relativity as well as modified theories of gravitation beyond
general relativity. The goal of this thesis is to study modified theories of gravitation,
specifically f(R) theories and understand how inflation arises from a purely gravitational
origin in these theories without the need of an inflaton field. We will also study the
generation of primordial perturbations during inflation in f(R) theories and their relation
to the single-field inflationary models in the framework of general relativity (usually
referred to as the Einstein and Jordan frames). We will study the Starobinsky’s R + aR?
inflationary model in detail. We will also discuss the inflationary dynamics in the theory
of the non-minimally coupled Higgs field to gravitation in detail. W will see that both
the theories agree very well with the observational constraints from the Planck 2018 data

and are potential candidates for a viable inflationary theory.
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CHAPTER 1

INTRODUCTION

Einstein’s insights and proposal of special relativity that described the intertwining of
space and time to a degree never imagined before was of sheer brilliance. He, then,
went on to propose the general theory of relativity where he linked the curvature of the
spacetime with its mass-energy content. General Relativity (GR) is the most widely
accepted fundamental theory of gravitation and spacetime today. The description of
the geometric properties of spacetime and the hot big bang cosmological model which
is the prevailing theory describing the evolution of universe at large scales can all be
understood in the framework of GR. GR has passed observational tests time and time
again from precession of the perihelion of Mercury to the existence of black holes, to the

detection of the gravitational waves in 2015 and the list goes on.

The general theory of relativity is a tensor theory of gravitation. Gravitation is described
by the metric tensor which relates the geometric properties of spacetime to the radiation
and matter content of the universe. The final results of this idea are the Einstein’s field
equations, the relativistic equivalent of the Poisson’s equation in Newtonian dynamics

and are described by:

1 8nG
R#V - Eg'UVR = 7T#V. (11)

In this equation, g, is the metric tensor, R, is the Ricci tensor, R is called the Ricci
scalar, c is the speed of light in vacuum, G is the Newton’s gravitational constant and
T}, is called the stress-energy tensor. This set of elegant equations is what has cemented

our understanding of gravitation and the universe.

Before moving forward, its best to clarify the notations and conventions that will be

followed throughout the thesis. We shall set 7 = ¢ = 1 and assume the Planck mass to



be Mp; = (87G)~'/2. We shall work in (3 + 1) spacetime dimensions with the metric
signature of (—, +, +, +) for the FLRW metric unless explicitly mentioned otherwise. An
overdot will represent the derivative with respect to the cosmic time ¢ and an overprime
will represent the derivative with respect to the conformal time 7 = / dt/a(t). We will
use Greek indices to denote the spacetime coordinates and Latin indices to denote the

spatial coordinates.

1.1 THE FLRW UNIVERSE

Decades of observations have pointed to the fact that we live in an expanding universe.
Today, the universe is assumed to be isotropic and homogeneous on large scales and is in
a phase of accelerated cosmic expansion. The Friedmann-Lemaitre-Robertson-Walker

(FLRW) metric which describes such a homogeneous and isotropic universe is given by:

dr?

ds? = —di* + d(1) +7r2(d6* + sin*0d¢?) |, (1.2)

1 —«r?
where the curvature constant k takes on the values [-1, 0, 1] describing a hyperbolic
(spatially open), Euclidean (spatially flat) or a spherical (spatially closed) universe,
respectively. The scale factor a(¢) describes how the physical distances change overtime
as the universe expands or contracts. Observations have shown that we live in a nearly

spatially flat universe.

1.1.1 The Friedmann equations
For the FLRW metric described by Eq.(1.2) and the stress-energy tensor of the form

T!' = diag(—p, p, p, p), the Einstein’s equations simplify to the following form:

N2

a K G

— —_— T — N 1.3
(a) tIT 3P (1.3)
a ArG
—=-——(p+3p). (1.4)
a 3

These are the famous Friedmann equations derived by Alexander Alexandrovich

Friedmann in 1922. The quantities p and p denote the energy density and pressure of



additional fields respectively. We can see that depending on the equation of state of the
energy content of the universe, we will have different solutions to the Friedmann
equations. A very useful quantity called the Hubble parameter is defined as H = d/a

and its present value is called the Hubble constant and is denoted by Hy.

1.1.2 Solutions to the Friedmann equations
Eq.(1.3) and Eq.(1.4) can be used to get another equation which governs the conservation

of the stress-energy tensor and is given by:

p=-3H(p+p). (1.5)

This means that the conservation of the stress-energy tensor does not give an independent
equation and therefore, we have a set of 2 independent equations describing the FLRW
universe. For an equation of state of the form: p = wp, we can solve Eq.(1.5) which

gives us the following solution:

(1.6)

ao

a =3(14+w)
P = po

We can always take the scale factor at present times and set ag = 1. Three major
components of the universe are:

 Radiation: The equation of state for radiation is p = p/3 and so p,, « a?.

* Non-relativistic matter: The equation of state for non-relativistic matter is p = 0

and so pyr < a”3.

* Dark energy: Also referred to as the cosmological constant, it exerts a negative
pressure with the equation of state given by: p = —p which leads to pp = constant.

Now, the first observation is that the the energy density of the radiation decreases at a
faster rate than that of the non-relativistic matter while on the other hand the energy
density of the dark energy is constant with the expansion of the universe. This leads to
the crucial point that the early universe was radiation dominated followed by an epoch of
matter domination. Today, we believe that we are in the epoch where the cosmological

constant dominates the universe and although we still don’t know the nature of the dark



energy we have strong observational evidence that it is out there and is responsible for

the accelerated expansion of the universe at present times.

1.2 DRAWBACKS OF THE HOT BIG BANG MODEL

The decreasing nature of the energy density of matter and radiation with the expansion
of the universe coupled with the earlier conclusion that the density of radiation falls at
a much faster rate than that of the matter points to the vital conclusion that the early
universe was in a hot and dense phase dominated by radiation and with its expansion
it cooled down, the hot plasma combined to form neutral atoms and radiation stopped
interacting with matter leading to a transition to the matter dominated era. Hence, the
theory is named the hot big bang model. The Cosmic Microwave Background (CMB)
Radiation is the relic radiation that reaches us today from the last scattering surface
(the epoch of matter-radiation decoupling) and is a treasure box full of information
describing the state of the early universe. In fact, the discovery of CMB was one of the
crucial reasons that favoured the hot big bang model as in a big bang universe, the CMB
would arise naturally if the universe was initially hot and very dense. The CMB is fairly
isotropic but it does have small fluctuations. While the CMB favoured the hot big bang

model over others, it also showed us a major flaw in the theory.

1.2.1 The horizon problem

The CMB that we see today was emitted when the universe was about 300,000 years
old. Today, the universe is about 13.6 billion years old and photons from CMB that are
reaching us from sufficiently separated regions of the sky should not have interacted with
each other at the time of decoupling. So, the CMB sky that we see should actually be
like a collection of causally disconnected mini-universes. They could not have interacted
with each other from the time of big bang till the epoch of decoupling under the hot
big bang model. And yet, what we see is that the temperature of photons from these

disconnected mini-universes is identical with a variation of one part in 10°. The hot



big bang model fails to provide an explanation to this observation. This is the horizon
problem. Figure 1.1 shows the horizon problem interpreted in terms of the past light

cones.

You Ave
/ Heve

Pt DANG

Figure 1.1: Diagram showing the horizon problem. If we look along the past light cones
of two sufficiently separated points in spacetime, we find that they should not
be causally connected at all in the past. Image obtained from Will Kinney

[2].

We will now see a quantitative explanation of the horizon problem. The size of the
observable universe also referred to as the cosmological horizon is the maximum distance
light could have travelled before reaching the observer throughout the age of the universe.

The horizon is therefore given by:

h(t):a(t)/0 ;Z—;). (1.7)

Now, if we assume that the universe has been matter-dominated since the time of
decoupling 74 till today tg, then the size of the backward light cone at the time of
decoupling is given by:

1g(to, taec) = 3(12,.10)' . (1.8)



Similarly, assuming a radiation dominated universe from the big bang till the last

scattering surface, the size of the forward light cone at the time of decoupling is:

[F(tgec, 0) = 2t gec. (1.9)

Taking to =~ 1010 years and # 4., ~ 10° years [3], the ratio of these two reduces down to:

Is 3t )1/3
— == =~ 70. (1.10)
Ip 2 (tdec

So, we see that the backward light cone is about 70 times larger than the forward light
cone at the last scattering surface and hence the entire CMB sky could not have been in
causal interaction. And yet, mother nature begs to differ! There are other shortcomings of
the big bang model such as the flatness problem which questions how the energy density
of the universe is fine-tuned to be so close to its critical value to maintain a spatially flat
universe even after billions of years (See Refs.[7]-[10] for detailed discussions). So, how

can we explain all this?

1.3 THE IDEA OF COSMIC INFLATION

The inflationary scenario is the most widely accepted solution to the problems with the
big bang model: the horizon and the flatness problem [1]. Inflation refers to a period of
exponential expansion of the universe in its very early stages. So, we say that just after
the big bang (say at about ¢ ~ 10736 sec.), there was an epoch of accelerated outward
expansion of the universe enough to make-up for the differences in the sizes of the
forward and the backward light cones at decoupling allowing for a causal interaction
of the CMB in the past and resolving the horizon problem. Figure 1.2 illustrates this

discussion on how inflation resolves the horizon problem.

But that’s not the only thing it offers! It also provides us with a natural mechanism
for the origin and evolution of primordial perturbations which left their imprints as

anisotropies in the CMB sky. Chapter 2 is primarily focused on the generation of



primordial perturbations to explain the fluctuations in the CMB.
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Figure 1.2: Diagram explaining how inflation resolved the horizon problem. The era of
inflation allows for the light cones to overlap in the distant past allowing their
causal interaction before. Image obtained from Will Kinney [2].

So, we believe that our universe underwent two stages of cosmic acceleration: one in its
very early stages which also stretched the curvature of the universe to a very large scale
thus flattening it out and the other is the accelerated expansion ongoing today. But now

the question is, what caused inflation?

Now, the physical wavelengths (1p) are proportional to the scale factor a(¢). On the
other hand, the Hubble radius dy = H™! « alll assuming the scale factor a(t) oc 9. For
both matter as well as radiation, ¢ < 1. This means that Hubble radius expands at a
faster rate compared to the physical wavelengths which means that they enter the Hubble
radius at certain points in time during one of the epochs. Observations have shown that
the large scales associated with the CMB (1 Mpc to 10* Mpc) are highly isotropic with
an anisotropy of about one part in 10,000. Unless we impose isotropic initial conditions
on these scales, they must be in causal interaction in the past as well which means that
they were once inside the Hubble radius sometime in the past. So, to avoid assuming
isotropic initial conditions or invoking an acausal mechanism, there must be an epoch

in the early universe when the physical wavelengths grew faster than the Hubble radius
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Figure 1.3: Evolution of the Hubble radius and the physical wavelengths during inflation
and the radiation dominated epoch. Image obtained from L. Sriramkumar

[3].

giving the condition:

d (Ap

—|—]>0. 1.11

dt (d H ) ( )
And this gives us the condition that ¢ > 0 which implies accelerated expansion of the
scale factor, that is, a period of inflation. Now, during inflation the Hubble radius remains
almost the same and so modes leave the Hubble radius during inflation and re-enter

at later times. Figure 1.3 illustrates the evolution of the physical wavelengths and the

Hubble radius during inflation and the radiation dominated epoch.

1.3.1 How long must inflation last?

We take this opportunity to introduce another important variable called the e-folds N

N:/Hdt:ln(g). (1.12)

which is defined as:



Now, if we assume that the scale factor evolved as a(t) « e/’ during inflation, the size of
the forward light cone assuming that inflation occurs from ¢ = #; till = ¢ and is mainly

responsible for the expansion of the scale factor till the time of decoupling, then:

o df [a (ldec)] (l‘dec)l/2 N
I (29, t =al(t &~ — e, 1.13
F (20, dec) (tdec) o a(® 7 . (1.13)

For H; = 1013, the ratio of the forward and the backward light cones reduces to:

1026
N b

Ip
lF_ e

(1.14)

and so it is often said that we need about 60 e-folds of inflation to resolve the horizon
problem. Typically, we expect to achieve around 60-70 e-folds of inflation in the models

we study.

1.3.2 Driving inflation with the cosmological constant

We make use of the Friedmann equation given by Eq.(1.4) and impose the condition d > 0
which implies that p+3p < O or w < —1/3 on the equation of state which rules out matter
and radiation. Usually, we assume that the early universe had an early epoch when the
positive cosmological constant (A) dominated corresponding to w = —1. From hereon,
we shall assume a spatially flat Friedmann universe which is supported by various
observations on the distribution of the large scale structures, data from supernovae, the

CMB, etc. Using Eq.(1.3) with « = 0, we can write:

2

a A

=l ==, 1.15

5] -3 (1.15)
which gives us:

a:aie‘/gt, (1.16)

and corresponds to an accelerated exponential expansion of the universe i.e. inflation. But
there is a serious problem with using the cosmological constant to drive inflation since it
will lead to eternal inflation and we need to connect inflation to the radiation dominated

epoch at some point in time. So, we need something else which has a dynamical equation



of state, which effectively has an equation of state satisfying: w < —1/3 during inflation

but changes overtime and causes inflation to end.

1.3.3 Driving inflation with scalar fields

The idea to use scalar fields to drive inflation was not realised until after a few years
since the proposal of the inflationary scenario. Now, we know that models of inflation
driven by a canonical scalar field agree very well with the observations. The scalar field
¢ is minimally coupled to gravitation and the potential V (¢) is required to be smooth so
that the field ¢ evolves very slowly referred to as the slow roll evolution. The energy

density and pressure of the scalar field turn out to be [4]:

12

p= ¢— +V(9),
2

p=2 -V,

(1.17)

which shows us that if the field rolls slowly, the potential term dominates the kinetic term
which leads to p ~ —p similar to what we got for the cosmological constant. But now,
the equation of state is dynamical which will eventually cause inflation to end. Imposing

the condition w < 1/3 on Eq.(1.17) gives us the condition:

V(g) > ¢, (1.18)

on the scalar field ¢ to cause inflation. The action with gravitation coupled minimally to

¢ in the framework of GR is given by:

/d“x\/_[—R—l M 8,0y — V(¢)] (1.19)

For now, we will account for the field ¢ and won’t account for additional fields. These

are the single-field inflationary models. The Friedmann equations then simplify to give:

1 (¢?
H* = ( V<¢))
3Ml§1

(1.20)
B |4
)

10



and the equation of motion governing the scalar field is given by:

(5+3H¢+Z—;:0. (1.21)

Integrating these equations with respect to the cosmic time ¢, we get:

6(1) = V2Mp / aV-A,

V(r) = M (3H>+ H)

(1.22)

Slow-roll inflation
We can construct analytical solutions to the background dynamics under the condition that
the field rolls slowly down the potential for an adequate period of time which guarantees

inflation to take place. This is denoted by:

¢* < V(¢),

¢ < 3H¢.

(1.23)

Inflation can also be achieved with non-trivial potentials which violate the slow-roll
conditions and in such cases, we need a numerical approach to solve for the dynamics
which we will see later. We now define the slow-roll parameters to get a better

understanding of the background dynamics and the evolution of the field:

dinH H
€ = =——,
v - H? (1.24)
dlne,,_
€, = , n>1.
dN

The first slow-roll parameter € is of crucial importance since it’s evolution tells us
about the background evolution and marks the end of inflation when €; > 1. Under the
slow-roll approximations, the first two slow-roll parameters can be used to determine the
nature of the potential. Their relation to the potential can be expressed as [3]:

2 2
2 \v]’

2
Yo" _ Voo
\% \%

(1.25)

b

€ x~ 2M1%1
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where Vy = dV /d¢ and V4 = d’V /d¢?. We shall discuss the background dynamics for
specific potentials in the next chapter. We will also see that the slow-roll parameters are

very useful in the calculations of the perturbations and primordial power spectra.

1.4 ORGANIZATION OF THE THESIS

In chapter 2, we will discuss the cosmological perturbation theory to the linear order and
study the evolution of perturbations in the inflationary universe. We will also discuss the
analytical solutions of the power spectra in slow-roll inflation and conclude the chapter
with numerical approaches to study the perturbations with examples of two specific

inflationary models.

In chapter 3, we will start our discussion of modified theories of gravity. The primary
focus of this thesis are the f(R) models of gravity: how inflation is driven in these
models, how the background and perturbations evolve in these models during inflation
and the conformal transformations that relate f(R) theories to a scalar-tensor theory in
the Einstein frame. We shall also discuss approximate analytical solutions (similar to
slow-roll) to the perturbations in f(R) theories and the numerical methods to compute

the evolution of perturbations.

In chapter 4, we will take on the Starobinsky’s R + aR*> model. We will first discuss
approximate solutions to the background dynamics during inflation in the Starobinsky
model and then discuss the evolution of perturbations during inflation in both the Einstein

and Jordan frame.

In chapter 5, we will present the non-minimally coupled Higgs inflationary model and
discuss the dynamics in both the Einstein and Jordan frame. We will conclude this
chapter with a comparison of the dynamics in the Higgs model with the Starobinsky

model.

12



In chapter 6, we will talk about modifications to the Higgs model from quantum field
theory to the potential. First, we will discuss radiative corrections to the Higgs potential
due to one loop corrections. Second, the critical Higgs inflation (CHI) model which
incorporates the running of couplings. We shall also touch upon the unitarity problem

and possible modifications in the Higgs model to unitarize the theory.

13






CHAPTER 2

COSMOLOGICAL PERTURBATION THEORY

In the previous chapter, we discussed the background dynamics during inflation in
a smooth and spatially flat FLRW universe. However, the CMB does posses small
anisotropies which need to be explained. Fortunately, inflation also provides us with
a mechanism to explain the origin and evolution of primordial perturbations in the
early universe which left their imprints on the CMB. In this chapter, we shall discuss
the cosmological perturbation theory to linear order and the evolution of primordial
perturbations in single-field inflationary models driven by a canonical scalar field. The

scalar field driving inflation is also referred to as the inflaton field.

2.1 METRIC PERTURBATIONS
The Einstein’s equations show us that we need to consider inhomogeneous metric
perturbations about the FLRW metric for an inhomogeneous matter distribution. The

perturbed FLRW metric is then described as [5]:

ds* = —(1+2A)dt* +2a (3;B - S;) dx'dt + a* [(1 = 2C)6;j + 20,/ E + 20 Fy + hij | dx'dx’.
(2.1)

The metric perturbations can be decomposed into scalar, vector and tensor perturbations

depending on how they transform on spatial hypersurfaces. In Eq.(2.1) A,B,C,E

represent the scalar perturbations; F;, S; represent the divergence-free vector perturbations

and h;; represents the transverse, traceless and symmetric tensor perturbations. At the

linear order, they evolve independently and so we can study them separately.



2.1.1 Gauge fixing

We can see from Eq.(2.1) that the perturbed FLRW metric possesses 10 degrees of
freedom: 4 describing scalar perturbations, 4 describing vector perturbations and 2
describing tensor perturbations. But that’s not the end of the story because some of
them are redundant degrees of freedom. Four degrees of freedom are associated with
coordinate transformations which are dictated by the amplitude of the perturbations in
different coordinate systems and are referred to as gauge transformations. So, what is

this gauge dependence and why is it a problem?

Well, we know that the Einstein’s equations put space and time on an equal footing. But to
describe our universe we chose the background which has maximally symmetric spatial
hypersurfaces, that is, the FLRW background. So, we picked the comoving coordinate
system and this preferred space+time split in FLRW cosmology broke the symmetry
of Einstein’s theory at the cost of describing a maximally symmetric spatial universe
as we desired. But now in an inhomogeneous universe, there is no unique choice of
coordinate system because the symmetry in the matter flow is broken. So, we have an
arbitrary choice of coordinate system which leads to the gauge problem: Amplitudes of
perturbations are different in different gauges. Hence, we need to work in a particular
gauge to get unique solutions or use gauge invariant quantities as we shall see later in

this chapter [3, 4].

There are different gauges described in the literature which help simplify the calculations.

We will list down a few here (refer [5] for details).

Longitudinal or the Conformal Newtonian gauge

Uniform density gauge

* Comoving gauge

Spatially flat gauge

and the list goes on. So in a 3+1 dimensional spacetime, there exists six degrees of
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freedom: 2 each of scalar, vector and tensor perturbations. We will now start our

discussion on the scalar perturbations.

2.1.2 Scalar perturbations
In Eq.(2.1), A, B, C, E are the scalar perturbations. Generally, A is referred to as the
lapse perturbation, 0;B as the shift perturbation, C as the spatial curvature perturbation
and 0;; E as the off-diagonal spatial perturbation. We shall work in the longitudinal gauge
which correspondsto A = ®,B = 0,C = ¥, E = 0 and study the scalar perturbations
only since we can study them separately at the linear order. The Friedmann line element
is then given by:

ds? = —=(1 +2®)ds* + a?(r) (1 = 2¥)dx>. (2.2)
We shall be working with scalar sources with do not possess anisotropic stress. Under

this assumption, perturbing the Einstein’s equations to linear order for the above metric

gives us the following set of equations [3]:

D=V,

. 2

6Gy = 6H(d + HD) - —V’® = -87Gdp,
a (2.3)

6GY = 2V, (d + HD) = —87G (V;60),

5G' =2 [c‘b +AHD + (2H + 3H2) cp] 5 = 8rGops.

We make use of the second and the fourth relations in the above set of equations to get

the evolution of the scalar perturbation @ (also known as the Bardeen potential) [3]:
O +3H (1+3) © - V20 + [2H + (14363 ) H?| @ = (4nGa?) 5p™, 2.4)

where H = a’/a isreferred to as the conformal Hubble parameter, c 4 is the adiabatic speed
of perturbations and §p™V4 is the non-adiabatic component of the pressure perturbation
defined as:

5pNA =0p — ciép.

(2.5)
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A very useful gauge invariant quantity
We shall now define a very useful quantity which remains conserved at super-Hubble
scales. This is the scalar curvature perturbation which is defined in terms of the Bardeen

potential as follows [3]:

(2.6)

PN EATLE

3H p+p
We now move to the Fourier space to study the evolution of different modes of the

curvature perturbations. Using Eq.(2.6), (2.4) and the background equations, we get:

) H
R}, = (W) [(4nGa*)sph* — k> D], 2.7)

where the subscript k£ denotes the Fourier modes of perturbations. If we consider
perturbations at super Hubble scales which corresponds to k/aH < 1, then we can
neglect the second term. Under the assumption that the non-adiabatic component of the
pressure perturbations vanishes, we get that R} ~ 0 and hence the curvature perturbation

remains conserved at super-Hubble scales.

2.1.3 Vector perturbations
F; and S; are the two divergence-free vector perturbations. If we consider only the vector

perturbations, perturbing the Einstein’s equations yields the following [6]:

V2(F +$i) = 162Ga*[V} = Si][p + p],
(2.8)
F/'+ 8, +6H[F, +S;] = 162Ga’I1,
where V" represents the transverse part of the matter velocity and I1;" represents the vector
sources. The first relation in the above pair of equations is the momentum constraint

and the second equation is the dynamical equation for the vector perturbations. In the

absence of any anisotropic stress, we get:
Fl +S;«a®, (2.9)

which shows that the transverse vector perturbations decay rapidly in the absence of any

vector sources. This is why we will not observe them in the early universe because scalar
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sources like the inflaton field do not have any vorticity and so we don’t see any signatures

of the vector perturbations in the CMB either.

2.1.4 Tensor perturbations
The tensor perturbations have two degrees of freedom which correspond to the two
polarization states of the gravitational waves. The Friedmann line element is then given
by:

ds* = —dt* + a* (1) (6;; + hy;)dx'dx’ . (2.10)

Perturbing the Einstein’s equations and imposing the transverse and traceless conditions
on h;; gives us:

hi; +3Hh;j — V?hi; = (87G)IT', (2.11)

where I’ represents the tensor sources. It is interesting to note that even in the absence
of any tensor sources, we get non-trivial solutions to the above equation i.e. freely
propagating gravitational waves exist and we will study their evolution during inflation

driven by the inflaton field.

2.2 GENERATING PRIMORDIAL PERTURBATIONS DURING INFLATION

How does inflation provide a mechanism for generating primordial perturbations? It is
the quantum fluctuations of the inflaton field that got stretched to the classical regime
during inflation and left their imprints as inhomogeneities on the CMB. We will now
derive the equations of motion for scalar and tensor curvature perturbations when the

universe was dominated by the inflaton field.

Given the inflaton field ¢, we will denote the perturbations in the field as ¢. We can then

calculate the perturbed stress-energy tensor which is given by the following equations
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[3]:
STO = (¢5¢ _ o+ V¢6¢>) - 5p,

ST = Vi(§6¢) = Vi(60), (2.12)
6T = - (469 - 5@ - V459) 6] = ~5ps.
Substituting the above equations in Eq.(2.3) and comparing the result to Eq.(2.4) shows

that the non-adiabatic pressure perturbation associated with the inflaton field turns out to

be:
1-c2
spNA = A4 1v2o, 2.13
P 4rGa? ( )
and Eq.(2.7) reduces to:
H
R = ——— | V?o. 2.14
) 216

From Eq.(2.13), we see that the inflaton field has a non-zero non-adiabatic pressure
perturbation. Writing Eq.(2.14) in terms of Fourier modes, at super-Hubble scales we
get R = 0. The modes freeze after they leave the Hubble radius and so we only need to
concern ourselves with the evolution of the modes during inflation when they are inside
the Hubble radius. Differentiating the above equation and using Eq.(2.4), Eq.(2.13) and
the Friedmann equations, we arrive at the equation of motion describing the evolution of

the scalar curvature perturbation:

/

4

R”+2(
z

) R —V*R =0, (2.15)
where z = % = %

2.2.1 Quantization of primordial perturbations

We now quantize the primordial perturbations R and h;; since they originate from
the quantum fluctuations stretched to large scales during inflation. On quantizing the
perturbations, we can write R and h;; in terms of their Fourier modes due to the
homogeneity of the Friedmann universe. This gives us the equations of motion for the
evolution of the Fourier modes of the scalar and tensor curvature perturbations (both

polarizations) as the following:
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R;(’+2(Z—)R;<+k27€k =0, (2.16)
Z

R+ 2H ), + k*hy = 0. (2.17)

We will be using the above equations for the exact numerical computation of the evolution
of the perturbations later. It is worthwhile to note that the above pair of equations can
also be derived from the action governing these perturbations at the quadratic order given
by:

SR =5 [ an [ a2 [(R)? - @R,

S, [hif] :M?gl/dn/d%az | (k% = (0h3)°)

These actions are derived by making use of the ADM formalism of general relativity

(2.18)

which is especially used to derive the three-point correlation functions of the primordial
perturbations. We have discussed the derivation of the above actions from the ADM

formalism in Appendix A.

The Mukhanov-Sasaki variable
We now introduce the Mukhanov-Sasaki variable which is defined as v = Rz. Substituting
this in terms of the Fourier modes of the variable v back in Eq.(2.16) simplifies to the

following:

v+ (k2 - %) v = 0. (2.19)

Similarly, we can substitute # = ha/V16xG in Eq.(2.17) which gives us:

u + (k2 - %) ug = 0. (2.20)
These two equations will come in handy to impose initial conditions on the Fourier modes
of the perturbations. Now, the initial conditions on the perturbations are imposed when
they are deep within the Hubble radius i.e. at sub-Hubble scales which corresponds to
k/aH > 1. Under this condition, we can see from Eq.(2.19) that the modes will not be

affected by the spacetime curvature when the modes satisfy k > +/z”/z and k > +/a”/a
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respectively, which reduces the above equations to that of a simple harmonic oscillator.
The vacuum state associated with the modes in this limit is known as the Bunch-Davies
vacuum and the normalised initial conditions imposed on the modes have the asymptotic
form [8]:

1 .
lim  wuy, v — ——e 0, (2.21)
k/aH—o0 V2k

The primordial power spectra
The scalar and tensor power spectra are defined in terms of the two-point correlation
functions of Ry and hy respectively through the following relations:

5 . 2
(Re (ne) Ree (1)) = Z5-Ps(k)s™ (k + k).
(2.22)

Kk Aij 271'2 (3) ,
(i ) i) (o)) = 5 Pr(008 (k + ).

Simplifying and using the Mukhanov-Sasaki variables in the above equations leads to:

K [ |vel?
Ps<k>=2—ﬂ2('j2' )

4k’ (|Uk|2)

2 2 2
MPITI' a

(2.23)

Pr(k) =

We can also define the scalar and tensor spectral indices and the tensor-to-scalar ratio in

the following way:
dInPs

dink ’
_ dlnPT

T ik
_Pr

=P

Now that we have derived all the equations governing the evolution of the background

ng=1+
(2.24)

r

and the perturbations during inflation, we shall now discuss solutions to these equations.

2.3 SLOW-ROLL SOLUTIONS TO THE PRIMORDIAL POWER SPECTRA
We cannot obtain exact analytical solutions to the evolution of the perturbations as well

as the background. So, generally we employ numerical means. However, we can obtain

22



analytical solutions in the slow-roll approximation. In slow-roll inflation, we can express
the quantities z”’/z and a”/a in terms of the slow-roll parameters using the following

equations:

7= Mp\2e€ia,
| (2.25)

(1-e)n
Using these equations, we express the quantities z”/z and a” /a to the leading order in €

H = -

and e as follows:

IS\l

2,

" 1
~ (2 +3er + %) —
g (2.26)

144

Q|Q ~ |

1
~ (2+3E]) -
n

Treating the slow-roll parameters as constant, we can rewrite Eq.(2.19) and Eq.(2.20) as
Bessel differential equations whose solutions to the Mukhanov-Sasaki variables are the
Hankel functions of the first kind. We can then obtain an analytical expression for the

scalar and tensor power spectra in the slow-roll regime given by the following [3]:

2 2 3-2vg
ﬁ(k)z(H—z.) ((1—61) F(VS)) (""7') ,

27r¢H 2 F(3/E)( | 22 e (2.27)
- g _ vr n
PT(k)_S(anPI) ((1 61)1“(3/2)) ( 2 ) ’

where vg ~ % +€ + %, v = % + ¢ and I'(v) denotes the Gamma function. We can
also express the spectral indices and the tensor-to-scalar ratio in terms of the slow-roll
parameters as follows:

ns ~1-2e — e,

n; ~ —2ei, (2.28)

r =~ 16¢€ 1-
We will compare these expressions to the approximate analytical solutions of the power
spectra and the indices in the f(R) theories in chapter 3 and specifically for the Starobinsky

model in chapter 4.
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2.4 NUMERICAL APPROACH TO THE POWER SPECTRA

We will now discuss the numerical approach to compute and study the exact background
dynamics and the primordial power spectra. For numerical computations, we express
all derivatives with respect to the e-foldings N and use the fourth-order Runge-Kutta

method [11]. The equation of motion for the inflaton field is then:

¢12v Vo o o
P1

where the subscript N denotes derivative with respect to e-foldings N. Similarly, we can

describe the Hubble parameter, the slow-roll parameters and the scale factor as:

H2(N) = 2V(¢(N)) ’
Mg [3 — e (N)]
H ¢
H? 2My, (2.30)
dl
e(N) = drjl\fl = 2%,
a(N) = azeV.

So, with suitable initial conditions on the scalar field, we can solve Eq.(2.29) and hence
obtain all the other quantities. To obtain the value of scale factor at the beginning of
inflation, we fix when the pivot scale which corresponds to k = 0.05Mpc~! leaves the

Hubble radius and use the following equation:

kpivot

a; = (2.31)

- exp [Nend - Npivot]H(Nend - Npivot) ’

where N, is the duration of inflation in terms of e-folds and N ;,,,; denotes the e-folding
at which the pivot scale exits the Hubble radius counted backwards from the end of

inflation.

Now that we have the tools to evaluate the background dynamics, we talk about the

evolution of perturbations. Rewriting Eq.(2.16), Eq.(2.17) in terms of derivatives of N
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gives:

dZRk + de _ 1 d_¢ 24_%% +k_2R =0

a2 T AN oM \aN| " zan )" a2H2 T (2.32)
dzhk + % 3_ 1 d_¢ ’ + k2 hy =0 |
avt " AN \" " oamz \aN) | T @t T

with the initial conditions imposed on the modes of curvature perturbation as follows:

1 1
z(No) Vak~

dRy . ¢nn (No) \/E !
ay (N0 =R <N0){1+—¢N (No) }*’ 22 (No) a (No) H (No)’

where Ny is some e-folding at which we impose the initial conditions. Similarly, we can

Ri (No) =
(2.33)

derive the form of the initial conditions for the tensor perturbations and hence calculate
the primordial power spectra. Now, we take a look at the evolution of background and

perturbations for two specific potentials.

2.4.1 The quadratic potential

The first inflationary model we consider is the quadratic potential described by:

V(g) = %mquz. (2.34)

0.8 4

V()M
(dp/ANY/ My

0.6 4

049

0.0 9

T T T T T T T T T T T T T T T T
-8 -0 -4 -2 0 2 4 o & 0.0 25 5.0 15 10.0 12.5 15.0
¢,/ij ‘ﬁ."MPi

Figure 2.1: The quadratic potential plotted against ¢ and the phase-space plot during
inflation for the quadratic potential.
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Figure 2.2: Evolution of the first slow-roll parameter and the Hubble parameter during
inflation for the quadratic potential.

We set m = 7.18 x 107%Mp; and set the initial conditions on the scalar field and €; as
¢; = 16.5Mp; and €1; = 7.346 X 1073. For this choice of initial conditions we see that
inflation lasts for about 68.63 e-folds. The evolution of background quantities is plotted

in Fig.2.1 and Fig.2.2.

We shall set N, = 50 i.e. the pivot scale leaves the horizon about 50 e-folds before
inflation ends. WMAP renormalisation fixes Np;,o; to 50-60 e-folds. The evolution
of the absolute values of the real and imaginary part of the curvature perturbation for
k = 0.05Mpc~! is plotted in Fig.2.3. We can see that after around 18-19 e-folds of
inflation, the mode does not evolve which means it has escaped the horizon. This
seems about right since we set N,;,,; = 50 e-folds which is about 18.6 e-folds since
the beginning of inflation. Figure 2.4 shows the primordial scalar and tensor power
spectra plotted for the quadratic potential. For numerical evaluation, we have imposed the
Bunch-Davies initial conditions when k /aH = 100. We observe that both the spectra are
nearly scale invariant. The tensor power spectrum is suppressed compared to the scalar
power spectrum. The value of the scalar spectral index ng ~ 0.96 at k = 0.05Mpc~!
and the tensor-to-scalar ratio » = 0.158 at k = 0.002Mpc~". The Planck 2018 results

constrain the two parameters at ng = 0.9649 + 0.0042 and r¢ 002 < 0.064 [12]. We can

26



—— Real part
" Imaginary part
"'h\
"’\
0™ N
_
B
< (
= 07T
IS
= |
¥
g |
@ 107
&
107 1
T T T T T T T T T
14 16 18 20 n 24 26 28 30

Figure 2.3: Evolution of the absolute values of the real and imaginary parts of the mode
of the curvature perturbation corresponding to the pivot scale. The mode
freezes after it exits the horizon.
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Figure 2.4: Scalar and tensor power spectra for the quadratic potential. We observe that
the spectra is nearly scale invariant.

see that the tensor-to-scalar ratio is too high for the quadratic potential model and so this

model has been disfavoured by the Planck data.
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2.4.2 The axion monodromy model

The second model we shall consider is the axion monodromy model described by the

potential [13, 14]:

3.00
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.
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Figure 2.5: The axion monodromy potential.

-2

10
kiMpc—*

(2.35)

Figure 2.6: Scalar power spectrum for the axion monodromy model. The oscillating

features in the spectrum have been shown to better fit the Planck data.
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We have set u = 2.25 x 1071°M}, b = 107*Mp; and f = 8 x 107*Mp| [14]. b quantifies
the relative strength of the sinusoidal oscillations with respect to the ¢ term. We have set
¢; = 12Mp; which leads to about 72.86 e-folds of inflation. We have also set N;,o; = 50
e-folds. The scalar power spectrum for this model has been plotted in figure 2.5. The
chosen parameters also satisfy the constraint the scalar power spectrum at pivot scale
ie. Ps(k) =2.1x1072 at k = 0.05Mpc~!. The cosine term in the potential leads to

oscillating features in the scalar power spectrum which has received considerable interest

recently as they seem to better fit the observational constraints from the Planck 2018 data.
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CHAPTER 3

f(R) THEORIES

In chapter 1, we saw that the standard big bang model has its own drawbacks. So,
there are two ways to introduce changes in the theory. If we look at the Einstein’s field
equations, we will realize that one way is to introduce new fields like the inflationary
models driven by scalar fields and the cosmological constant as we discussed in the
previous chapters. These modify the stress-energy tensor on the RHS of Einstein’s
equations. Another way is to modify the LHS i.e. the gravitational sector and go beyond
general relativity. Weinberg and Deser stated before that Einstein’s general relativity is
the unique low energy theory of a Lorentz invariant massless particle of helicity-2. So,

modifications to GR can primarily be done in the following ways:
* Giving mass to graviton
* Introducing new degrees of freedom through Lorentz scalars

* Breaking Lorentz invariance.
The aim of these modifications is to turn some of the constraint equations into dynamical
equations to achieve greater freedom in the gravitational sector. However, they may
also introduce higher derivative terms which may cause ghost-like instabilities in the
theory (Ostrogradsky instabilities). Figure 3.1 shows the theoretical landscape of the

gravitational sector since the proposal of general relativity.

3.0.1 Lovelock gravity

Lovelock stated a theorem in 1971 which goes as follows: The only possible second-
order, Euler-Lagrangian equations obtainable in a 4-dimensional spacetime from an
action solely containing the metric and its derivatives are the Einstein’s equations

[15]. So, general relativity is the simplest theory of gravitation which provides us with
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Figure 3.1: Theoretical landscape of the gravitational sector since the proposal of general
relativity has been shown here. Image obtained from Alessandra Silvestri
[16].

the Einstein’s equations and that’s what makes it special! Now, to avoid instabilities
due to the higher-order derivative terms, we introduce the Lovelock scalars [15]. The
Lovelock scalars are a combination of Riemann tensors and the metric which may contain
higher-order derivative terms in the Lagrangian but they only introduce second-order
derivative terms to the equations of motion. Example of one such class of Lagrangian

densities is as follows [16]:

L=+-g(ALf(R) +A2f(G)), (3.1)

where G = R? + RygysR*° — 4R,sRP is the Gauss-Bonnet term. For generalised
functions f(R) # R and f(G) # G, the theory possesses two additional scalar degrees
of freedom. Any additional degrees of freedom introduced because of the Lovelock
scalars will not be tensor-like. So, we can use the Lovelock scalars to write down the
most generalised theory of gravitation that leads to second-order equations of motion.
This is what Horndeski, a student of Lovelock, did in 1974. We shall not go deeper into

the Horndeski theory. From hereon, we shall discuss f(R) modified theories of gravity.
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3.1 f(R) GRAVITY
We shall now consider f(R) theories which is the primary topic of this thesis. The f(R)
models are one of the simplest modifications to general relativity where we just replace

R, the Ricci scalar in the Einstein-Hilbert action with an arbitrary function f(R):

S 1 d*x\=gf(R) + / d*x\=g L. (3.2)

T 2.2
where k = 1/Mp; = (87G)'/? and Ly represents the Lagrangian density for additional

fields. To derive the field equations for an f(R) theory, there are two ways [17]:

¢ Palatini formalism: In Palatini formalism, we treat the affine connections ng
and the metric g,,, as independent quantities. Varying the action with respect to
the metric and the connection gives us the complete set of equations of motion.

e Metric formalism: In metric formalism, the affine connections are defined in
terms of the metric and varying the action with respect to the metric alone yields
us the equations of motion.

In general relativity, both formalisms lead to Einstein’s field equations but this is not true

for f(R) theories.

3.1.1 Field equations in Palatini formalism
The Ricci tensor can be expressed explicitly in terms of the affine connections, ng, and
it is necessary to note that R,,, (I') is different than R, (g). Varying the f(R) action

with respect to the affine connection yields us:

1
WRWWHU—QNM&W=ﬁHW (3.3)

and varying the action with respect to the metric connection gives the following equations
of motion [17]:

Ty  FR(T) - f
F 2F

3 1
- ﬁ 6/1F6VF— Eg/tv(VF)z .

1 K 1
va(g) - Eg,uvR(g) = Euv t f (VvaF - gﬂVDF)

(3.4)

Eq.(3.3) and Eq.(3.4) together form the set of equations of motion for describing
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gravitation in f(R) theories. The trace form of Eq.(3.3) turns out to be:
RF(R) - 2f(R) = kT, (3.5)

which means that R, the Ricci scalar, is directly determined by the stress-energy tensor

in the Palatini formalism of f(R) gravity similar to general relativity.

3.1.2 Field equations in metric formalism
Varying the action given by Eq.(3.2) with respect to metric gives the following equations
of motion:

1
F(R)Ruy = 5 f(R)gyu + (8uvD = Vi V1) F(R) = KTy, (3.6)

where F(R) = 0 f/0R. Substituting f(R) = R gives us the Einstein’s equations. Note
that the equations of motion have fourth-order derivative terms which may lead to
instabilities. So, we need to set some conditions on the theory to check for its viability.

We will be working in the metric formalism from now on.

3.1.3 Viability conditions
To obtain a viable theory free of any instabilities, the theory must pass the following

conditions [16, 18]:

All the alternative theories must resemble general relativity on certain scales and
pass the local gravity tests.

f(R) > RasR — 0. (3.7)

f(R)>0 and F(R) > 0. (3.8)

This condition has to do with the rescaling of the gravitational constant (needs to
be always positive) and other length scales in modified theories of gravity as well
as to avoid anti-gravity scenarios.

High-curvature regime should be stable otherwise it may lead to a tachyonic
instability. Therefore,
A’ fJOR* > 0. (3.9)

* Avoid matter instabilities i.e. curvature perturbations should be stable and large
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curvature perturbations should not be easily realizable to avoid singularities.

* The theory should have a quasi-stable de Sitter solution which will correspond to
inflation in the early universe. It should also have a stable de Sitter solution to
describe the late-time evolution of the universe.

and the list goes on.

/

f:x

oy

R R, R

Figure 3.2: Behaviour of a viable f(R) theory. R; corresponds to a large curvature
(10'® — 10'°GeV) corresponding to inflation in the early universe. R
corresponds to a small curvature (10733eV) corresponding to the late-time
acceleration of the universe (a stable de Sitter solution). R, corresponds to
an unstable de Sitter solution that must be present due to certain viability
conditions. fu corresponds to the asymptotic value for avoiding a singularity
as R — oo and finally f(R) — R as R — 0. (Note: F(R) on the y-axis does
not correspond to the scalaron but corresponds to the function in the action.
Only in this plot, F'(R) is used instead of f(R).) Image obtained from Nojiri
etal. [18].

3.1.4 The scalaron field
We can view the higher-order derivative terms in Eq.(3.6) as second-order derivatives of

the scalar quantity F'(R). If we take the trace of Eq.(3.6), we get:

30F(R) + F(R)R - 2f(R) = «°T, (3.10)
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where T denotes the trace of the stress-energy tensor and O denotes the d’Alambertian
operator in 4-D spacetime. Remember that in general relativity R = —«>T which means
that the Ricci scalar can be directly determined from the stress-energy tensor. However,
Eq.(3.10) is a dynamical equation and shows that an f(R) theory can have non-trivial
solutions for R even in the absence of any source. This shows that the f(R) theory
possesses an additional propagating scalar degree of freedom in the quantity F(R) which
is also referred to as the scalaron in literature. Now, compare the above trace equation
with the one in Palatini formalism given by Eq.(3.5). The OF term is absent in the one in
Palatini formalism and hence there is no propagating degree of freedom like the scalaron
in the Palatini formalism. Note that we can use Eq.(3.10) to find a de Sitter solution even

in a vacuum universe by taking R as constant which causes the OF term to vanish.

3.1.5 Generalised Friedmann equations

For a spatially flat FLRW background described by the metric:
ds? = —di* + a*(1)dx?, (3.11)

the Friedmann equations in a spatially flat f(R) FLRW universe are described by the

following:

1 .

3FH? = =(FR - f) - 3HF + £*p,
2 (3.12)

—2FH=F-HF +*(p + P).

Using the above equations, we can also derive the equation corresponding to the

conservation of the stress-energy tensor:

p==3H(p+p), (3.13)

which is the same as Eq.(1.5). We shall make use of these Friedmann equations in an

f(R) FLRW universe to study the inflationary dynamics.
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3.2 INFLATION IN f(R) THEORIES

In general relativity, we had to introduce a scalar field to drive inflation. What sets the
f(R) theories apart is that inflation occurs naturally in these theories and has a purely
gravitational origin. Moreover, these theories also predict a nearly scale-invariant power
spectra which agrees very well with the CMB constraints. The first such f(R) theory
was proposed by Starobinsky in 1980 when he considered quantum corrections to the

Einstein’s equations [19].

For now, we shall ignore any additional fields and shall study the background dynamics

during inflation for models of the form:
f(R)=R+aR". (3.14)
Simplifying the field equations for this class of models gives us the following:
3 (1 + nch”_l) H? = %(n ~ DaR" = 3n(n - 1)aHR"R. (3.15)

In the regime F = 1+ naR""! > 1, we can approximate the above equation to the

following [17]:

n-—1 R
H? ~ R-6nH—|. 3.16
6n ( " R) ( )

Since the Hubble parameter evolves very slowly during inflation, we can assume

|H| < |H?| and |H| < |HH| which simplifies the above equation:

H here 2-n
— = —€ W €1 = .
H? ! YT on-Dn-1)

(3.17)

This equation can be easily integrated which gives us the following form of the scale
factor:

a(r) o t'/er, (3.18)

Now, lets take a look at the value of €; here. €; has to be smaller than 1 for inflation to
occur which is equivalent to n > (V3 + 1)/2. If n > 2, then H > 0 which is referred

to as super inflation. So, for the inflationary dynamics with decreasing H, we need

37



(\/§ +1)/2 < n < 2. So, we see that for a certain range of values for n, inflation occurs
without any need for an additional field for these class of models. Note that in the
single-field inflationary models in the framework of GR that we discussed in chapter 2,

we could only have standard inflation and not super inflation (see Eq.(1.20)).

3.3 CONFORMAL TRANSFORMATION AND THE EINSTEIN FRAME
The extra scalar degree of freedom in the theory can be seen more clearly when we
rewrite the f(R) theory into a scalar-tensor theory using conformal transformations. For

this we first introduce an auxiliary field, say A, and rewrite the action as [18]:

s= L d4x\/§[F(A)(R—A)+f(A)]+/d“x\/——gLM. (3.19)

22
We can see that for R = A, we recover the f(R) action. Using a conformal transformation

of the form:
g/ﬂ/ = 'Q'zg,uv = Fg,uv’ (3.20)
we can rewrite the action given in Eq.(3.19) in the following manner:

M2

s="0 [ sz (R’ - 29, nF)0(nr) - ALA) S (A))+ [ N F L g,

F2(A)
(3.21)

where i is some field describing the Lagrangian density £y, = L/ F*. We, now define

a scalar field ¢ and its potential V(¢) in the following manner:

¢ = Mp]\/glnF,

M2 -
Vi = 5 (L),

(3.22)

With this definition, we arrive at the final form of the action that we wanted:

+ / d*iN-g Ly (F '3, 0),
(3.23)

M2R
S:/d4i\/—_§[ 51 —%@,(«b)@“(qﬁ)—V(d))
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where the symbol ~ denotes the quantities in the new frame. The action written in
Eq.(3.23) describes a scalar field ¢ minimally coupled to gravitation in general relativity!
With the new definition in Eq.(3.22) relating ¢ and F, we can now see that the extra
scalar degree of freedom in f(R) theories now manifests itself as a canonical scalar field
with a potential defined in Eq.(3.22). Generally, we call this the Einstein frame and the
other one describing the f(R) theory as the Jordan frame. So, we conclude that an f(R)
theory is conformally equivalent to a theory of general relativity minimally coupled
with a canonical scalar field. This is why we studied single-field inflationary models
in general relativity in chapter 2 of this thesis. Both the frames have their own uses in
studying f(R) theories: the gravitational sector is easy to study in the Einstein frame
while the non-gravitational sector is easy to study in the Jordan frame since gravity is
now non-minimally coupled to the additional fields in the Einstein frame (take a look at
the action in Eq.(3.23)!). However, the big question now is: Do the Einstein and Jordan

frames describe physically equivalent universes?

Conformal transformation of f(R) = R + aR”"

The most essential quantity that we need to study inflationary dynamics in a single-field
inflationary model in general relativity is the potential V' (¢). We shall now construct the
potential in the Einstein frame for f(R) = R + @R". Using the relation between ¢ and F
described by Eq.(3.22), we can write:

exp (\/gMiPl) -1
na

1/(n-1)

A= (3.24)

Using the above relation for this class of f(R) models, we can rewrite the potential
defined in (3.22) as:
2

M, n-1
_ My
V(¢) - 2 (n”a)l/("‘l)

2(2-n\ ¢ L [2(n-1) ¢ neh
exp § " M_Pl —eéexp|— g( " )M_Pl .

(3.25)
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So, using this potential, we can now study the gravitational sector in the Einstein frame

for the class of f(R) theories discussed above.

3.3.1 Relating background quantities in the Einstein and Jordan frames
From the conformal transformation, g,, = Fg,y, the relation between the stress-energy

tensor for additional fields in the Einstein and Jordan frames is expressed as [17]:

U
=D (3.26)

Relating the FLRW line-element in the Einstein and Jordan frames:

ds? = Fds?,
(3.27)
—dP + @*(H)dx* = F?(—dt* + a*(1)dx?),
which gives us the following relations for the time element and the scale factor:
df = VFdr,
(3.28)

d:\/l?a,

with F > 0. Using these relations, we can also obtain a relation between the Hubble
parameter in the two frames which is given by the following:
N F\ 1
H=H+—|—. 3.29
( 2F) VF 529

We can also relate the number of e-foldings in the two frames using the above relations:

’ ‘F (3.30)
= H - .
/ti dr + . dt F

= N+ S[n(F () ~ In(F))].

where t; denotes the cosmic time when inflation starts in the Jordan frame and F; denotes
the corresponding value of the function F(R). Similarly, we can derive relations for
other background quantities such as the Ricci scalar, Hubble radius,etc. in the Einstein

and Jordan frames.
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3.4 PRIMORDIAL PERTURBATIONS IN f(R) THEORIES

We will now discuss perturbation theory in f(R) models. We will first discuss
perturbations in an f(R) theory coupled minimally to a scalar field since this can help us
derive results for general relativity coupled with a scalar field as well as f(R) theories
with no coupling to a field (the Einstein and Jordan frames for f(R) theories). For this,

we consider the following action:

1 1
S = / d*xy=g [2—K2f(R) - Ew(qﬁ)g”v(?#(ﬁam - V(¢)] ~ (3.31)
The Friedmann equations for such a theory are then given by:
2 1 . 2 1 .2
3FH” = E(RF_f) -3HF +« Ea)gb +V(g)|,
—2FH = F - HF + Fwd?, (3.32)

.. . 1 ,
b+3Hp+ -~ (a)¢¢2 + 2V¢) = 0.

Now, we consider the perturbed FLRW metric of the following form:

ds* = —(1+2A)dt* +2a (8;B — S;) dx'dt + a* [ (1 +2C)8;; + 20, E + 20 Fj) + hy;| dx'dx’ .
(3.33)

Since vector perturbations decay very rapidly, we will focus our analysis on scalar and

tensor perturbations only during inflation. The decomposition theorem again applies in

the context of f(R) theories and we see that the scalar, vector and tensor perturbations

decouple and evolve independently. We shall look at scalar perturbations first.

3.4.1 Scalar perturbations in f(R) theories
Perturbing the field equations to linear order and accounting only for the scalar
perturbations in a smooth FLRW background gives us the following set of equations

[17]:

A 1 A o1 .
SCHa == — |[3H? + 30 + = | 6F = 3HOF + - (Cwyd? + 262V, ) 6
a? 2F a? 2 (3.34)

+K2 PSP + (3HF - Kza)qiz) A+ Fa] ,
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.1 . . .
HA-C=> [KPwdse +F — HOF — FA], (3.35)

1 A
)'(+H)(—A—C=F(6F—FX), (3.36)
. A 1 . o o 2 A 2 oo
a+2Ha+ |3H+ < |A=—|30F+3H0F — |6H" + — | 0F + 4" w¢o ¢
a? 2F a?
+ (2K2w¢¢32 - 2K2V¢) 0P — 3FA - Fa (3.37)
- (4K2qu2 +3HF + 6F) A] :
, . A R 2 ,.. 1 ,
5F +3HGSF — (—2 + E) OF + 512450 + < (K2w¢¢2 - 4K2V¢) 5
a
3.38
. . . o 2 2 -2 1 ( )
=F(a+A)+ 2F+3HF+§/< wo | A - §F5R,
.. A A 2 2V,
0d+ (3H+ ﬁqb) 0p + [——2 + (ﬁ) % + (2—¢) op
w a w /¢ w /4 (3.39)
.. . . Wy o) .
= QA+ (2¢+3H¢+—¢ )A+¢a,
w
where some quantities have been defined as:
y = —a(B+akFE),
. A
a=3(HA-C)-—yx, (3.40)
a

A . A
OR = —2(c'y+4Ha+ (—2+3H)A+2—2C).
a a
where A denotes the d’Alambertian in 3-D space. Eq.((3.34)-(3.39)) with Eq.(3.40)
describe the evolution of scalar perturbations in an f(R) + scalar field universe in a
spatially flat FLRW background. Before further analysis of these equations, it is better to

talk about gauge fixing and gauge-invariant quantities.

Gauge fixing and defining curvature perturbation

We already know that 2 degrees of freedom of the scalar perturbations are redundant and
so we need to work in a particular gauge. We will work in the longitudinal gauge which
corresponds to A =@, B =0,C =¥, E = 0. However, for an f(R) + scalar field theory,

there are two more scalar degrees of freedom: one associated with the field ¢ and the
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other associated with the scalaron F. To make the derivations of the equations of motion
easier, we now work in another particular gauge which corresponds to 6¢ = 0,0F = 0.
We can see that if we put f(R) = R and recover general relativity, the gauge corresponds
to 6¢ = 0, which is referred to as the uniform field gauge. For a purely f(R) theory with
no additional scalar field, the gauge we work in corresponds only to 6 F = 0 which is
analogous to the uniform field gauge and so we are effectively applying only one of the

two conditions.

Now, we shall take a look at the gauge invariant quantities related to the scalar perturbations.

Some gauge-invariant quantities related to the curvature perturbation are follows [17]:

H
R=VY+ 0q,
pt+tp
H
Rsp =¥ — gdgb, (3.41)

H
Rsr =¥ — =0F.
SF 7

Since we are working in the 6¢ = 0, 6 F = 0 gauge, we have R = Rs4 = Rsr. In general,

R = Rs4 for a single-field inflationary model.

Evolution of the scalar curvature perturbation

Now, using the definition of curvature perturbation expressed in Eq.(3.41), we can now
derive the equation of motion governing the evolution of R. Using the perturbed field
equations Eq.(3.34), Eq.(3.35), Eq.(3.37) and the Friedmann equations (3.32), we can
write the equation of motion describing the evolution of the Fourier modes of R in terms

of derivatives with respect to the conformal time as:

R +2 (Z—) R, + k2R =0, (3.42)

s

where

i2 =2 2 1/2
S (wd) +3F~/(2« F)) . (3.43)

(H+ F/2F)?
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Take a look at Eq.(3.42) and compare it to Eq.(2.16). They are the same equations with
the quantity z; defined in a more general manner! Also, we see that for a single-field

inflationary model in GR and for a purely f(R) theory respectively, z, reduces to:

¢
i H (3.44)
FR) 3F2/(262F) |/ '
=ad|\———————— 5
’ (H + F/2F)?

which is exactly how we described z for the curvature perturbations in the previous

chapter. That’s not surprising since we are working on a more general theory.

3.4.2 Tensor perturbations in f(R) theories

Since the scalar field does not affect the tensor perturbations, we get freely propagating
gravitational waves. So, for the transverse, traceless tensor perturbations in f(R) gravity,
the equation of motion governing their evolution is given by:

FI
] + (2 + 77) HK] +k*hy = 0. (3.45)

Notice that there is an additional frictional term in this equation compared to the result in
general relativity (2.17). The origin of this additional term has to do with the rescaling
of the gravitational constant in modified theories and has consequences like affecting the
luminosity distance of gravitational waves [16]. We can also reduce this equation to the

form we got in GR in the previous chapter:

hg+2(ﬁ) I, + k2hy =0, (3.46)
2t

where z; = aVF. Both the polarization states of the freely propagating gravitational

waves are governed by this equation.

The Mukhanov-Sasaki variable and initial conditions on modes
Since the form of the equations of motion for scalar and tensor perturbations in the
f(R) + scalar field theory is the same as in GR + scalar field, we can also introduce

the Mukhanov-Sasaki variable here and talk about initial conditions on the modes.
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Substituting v = Rz; and u = hz;/V16xG in Eq.(3.42) and Eq.(3.46) respectively, we

get:

77

v;{'+(k2—i—s)vk =0,
S
(3.47)

Z//
u + (k2 - —t) uy = 0.
k
2t

So we can see that in the sub-Hubble limiti.e. k > \/m and k > \/% respectively,
the modes are not affected by the spacetime curvature and we can use the Bunch-Davies
vacuum conditions described by Eq.(2.21) to impose initial conditions on the modes
when they are deep inside the Hubble radius. The scalar and tensor power spectra is
defined in Eq.(2.23). With this, we have all the tools to study primordial perturbations

during inflation in linear perturbation theory in f(R) models.

3.5 APPROXIMATE SOLUTIONS TO THE POWER SPECTRA DURING
INFLATION IN f(R) THEORIES

To derive the approximate analytical solutions for the evolution of perturbations during

inflation, we adopt the same procedure that we used in the slow-roll inflation in the

chapter 2. We, first introduce the slow-roll type parameters in this general f(R) + scalar

field theory which are expressed as follows [20]:

H
€1 = _my
)
€ = —,
H¢ (3.48)
_F
STSHF
_ E
“4=SHE

where E = F[w + 3F /(2k*$*F)]. Now, we shall take a look at the solutions on super-
Hubble scales and then use the above parameters to get approximate analytical solutions

for the power spectra during inflation.

At super-Hubble scales i.e. v/z/zs > k? and \/z//z; > k?, we can neglect the k2 term
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in Eq.(3.47). This reduces the equation of motion for curvature perturbations given by
Eq.(3.42) to:
R +2 (Z—) R, =0, (3.49)
s

which can now be integrated very easily to get the following solution:

1
Rie=cy+ 6‘2/ dt . (3.50)
alys

The second term in the above solution decays very rapidly during inflation (it is
proportional to ™) and so we can approximate that the modes freeze once they leave

the horizon.

Now, we move onto the more general solutions for the perturbations during inflation.
Using the parameters defined in Eq.(3.48) and assuming that the parameters €] = €, =
€3 = €4 = 0 during inflation (this is a good approximation unless the f(R) theory has

some abrupt features), we can approximate the Hubble parameter as [17]:

1
Heo— b 3.51
a(i—em G0

and

Z_;'_V?—l/‘l- with V2_1+(1+€1+€2—E3+E4)(2+62—E3+€4)

3.52
s 772 s 4 (1 — 61)2 ( )

Substituting this in the equation of motion for the Mukhanov-Sasaki variable (3.47) for

the scalar curvature perturbation and substituting Uy = v simplifies it to:

d*U dU 1 |
2 k k 20 1 1 ~
A(kn)? +2(kn)d(kn) + (k n (Vs 2) (vs + 2)) U =0, (3.53)

which is the spherical Bessel differential equation. For the Bunch-Davies initial conditions,

(kn)

we use the Hankel functions of the first kind to solve this equation. The final form of the

scalar power spectrum defined in Eq.(2.23) in this approximation during inflation is then
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given by:

_L(HY C(vg) \* (lenl )\
Ps(k)—a(ﬂ) ((1_61)1“(3/2)) ( > ) ,

9)2 _ (w¢32 +3F2/(2K2F))
al \ (H+E/2F)? |’

We evaluate this expression for the modes at horizon crossing, that is, when k = aH.

(3.54)

o-|

Note that for the single-field inflationary model in GR, Q = (¢/H)? and we get back
the slow-roll solution for the scalar power spectrum given in Eq.(2.27). Similarly, the

approximate analytical solution for the tensor perturbations during inflation turns out to

be:
_8( H Y C(vo) \* (Jknl) ™"
PT(k)_F(anpl) ((l_q)r(s/z)) ( 2 ) ’ 355
» 1 (1+e)2-€+e) ’
Vi =—+
4 (1-e)?

Again, in GR, F = 1 and we retrieve the formula in Eq.(2.27).

Perturbations and spectral indices in a purely f(R) theory

For a purely f(R) theory, we just put w = 0,V = 0 in Eq.(3.54). For spectral indices, we
first take a look at the parameters €; and €4. Since the scalar field is absent, we get e, = 0
and redefine the other one as €4 = F'/(HF). The calculations remain the same and so we

can now write down the scalar and tensor spectral indices as:

ng = 1 —461 +263 — 264,

(3.56)
nr =~ —2¢€; — 2e3.
Also, the tensor-to-scalar ratio is then obtained to be:
r = 48¢7. (3.57)

We shall see in the next chapter that the indices turn out to be same for both the frames.
Now, that we are equipped with the tools to study primordial perturbations during

inflation in an f(R) theory, we shall study them in specific inflationary models.
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CHAPTER 4

THE STAROBINSKY MODEL

In chapter 3, we discussed the background dynamics and evolution of perturbations in
f(R) theories. We shall now take a look at a very specific f(R) theory: the Starobinsky
model [19]. In 1970s, Alexei Starobinsky started to consider different models to avoid
the singularity in the past. With the great advances in quantum field theory, he started
considering quantum corrections to the Einstein’s field equations. He started working on
quantum corrections to the stress-energy tensor i.e. the right-hand side of the Einstein’s
field equations. These quantum corrections corresponded to the one-loop corrections
arising from the interaction of the quantum matter fields with gravitation. It was noted
later that these corrections could be reproduced by considering an f(R) theory which is

described by [22]:

2

M
S = Tpl/d‘lxx/—g

R+ aR? + BR*In (2)] 4.1)

with @ > f and C being some constant. Within this approximation, we generally neglect
the last term in the action given above. This is the theory of gravity that Starobinsky
proposed in 1980 and is considered a prime candidate for theories explaining inflation
and our universe today. The Starobinsky model that we shall be studying in this chapter

is:
R2

f(R):R"'W,

(4.2)

where M is some constant with the dimensions of mass and we have neglected the last
term in Eq.(4.1). We are primarily interested in the universe described by this f(R)
theory during the inflationary epoch. Unlike general relativity, inflation has a purely
gravitational origin in this theory with no need for a scalar field or the cosmological

constant to drive inflation. The R? term causes inflation and as the Ricci scalar decreases,



the linear term dominates that ends inflation.

4.1 FRIEDMANN EQUATIONS IN STAROBINSKY MODEL
We shall use the metric formalism to study the dynamics as we did in chapter 3.
Substituting Eq.(4.2) in Eq.(3.12), gives us the following the set of equations in the

absence of any additional fields:

LR o1
H-—+3HH+-M“H =0,

2H 2 (4.3)
R+3HR + M’R =0.

The above equations show that the evolution of the Ricci scalar is governed by a second-
order dynamical differential equation and can have non-trivial solutions in a vacuum
FLRW universe in the Starobinsky model. The second equation in Eq.(4.3) is the

expanded version of the trace equation (3.10) for the Starobinsky model.

4.2 CONFORMAL TRANSFORMATION AND THE EINSTEIN FRAME
To move to the Einstein frame in the Starobinsky model, we use the conformal

transformation relations (3.22) that defines the scalar field as:

3 R
¢ = \/;Mplll’l (1 + W) s 4.4)

and using the form of the potential derived earlier, given by Eq.(3.25) for n = 2 and

2
2 ¢
—\@M—PI]) . 4.5)

This is also referred to as the Starobinsky potential. So, the f(R) Starobinsky model in

a = 1/(6M?), we get:

3
V(g) = é—tMZMlg1 (1 —exp

the Jordan frame has a conformally equivalent partner in the Einstein frame which is a
theory of general relativity coupled minimally to a canonical scalar field described by
the potential (4.5). We can see that when ¢/ Mp; > 1, the potential is almost constant

which leads to slow-roll inflation. Figure 4.1 shows the qualitative behaviour of the two
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Figure 4.1: Qualitative behaviour of f(R) that describes the Starobinsky model in the
Jordan frame and the Starobinsky potential that governs the dynamics in the
Einstein frame.

quantities f(R) and V(¢) that govern the dynamics in the Starobinsky model in the

Einstein and the Jordan frames.

4.3 APPROXIMATE SOLUTIONS TO THE BACKGROUND DURING
INFLATION

We shall now look for approximate analytical solutions to the background quantities

during inflation in the Starobinsky model. The approximate solutions during inflation

can also be used to constrain the value of M in this model as we will see later.

4.3.1 Background dynamics in the Jordan frame

Since the Hubble parameter varies very slowly during inflation, we can neglect the first
two terms in the equation of motion governing the evolution of H in (4.3). This leads
to H ~ —M?/6 which on integrating gives us the approximate solution for the Hubble

parameter during inflation as:

H=~H; - M—(t —t;), (4.6)
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which shows that the Hubble parameter decreases with time during inflation. We can use
the above solution to derive the following solution for the evolution of the scale factor
a(t) during inflation:
MZ

a = aiexp |Hi(t = 1;) = 7 (1 - 1)?], 4.7)
where #; denotes the cosmic time when inflation starts and H;, a; denote the values of the
Hubble parameter and the scale factor at the beginning of inflation. Note that the scale
factor shows an exponentially expanding universe during this period in the Jordan frame.
We can also approximate the evolution of the Ricci scalar R from the above relations of
H as:

2
— M>. (4.8)

2 2 M2
R~ 12H ~ M* > 12 |H; = = (t ~1)

Since the Hubble parameter decreases with time during inflation, we can see from the
above equation that during inflation, the scalar curvature decreases as well. The first-slow
roll parameter can then be written as:

H M

e 49
H?  6H2 9

€l =

Since inflation will end when €; = 1, we can say that at the end of inflation, H ~ M/ V6

which corresponds to R ~ M 2. Therefore, we can find the time at which inflation ends:

M H Mz(t t;)
— = i~ - \Uf =4
\G 6 (4.10)

6 6
:>tf2ti+W(Hi_M/\/g):ti+WHis

where we have approximated H; 3> M /V6. We can also find the duration of inflation in

this approximation which turns out to be:

3H? 1

N lfHd H M 2 !
= t~Hi(ty—t;) — —r—1;)" =~ — = .
/ti (17 =t) = 75y =) M2~ 26 (1)

4.11)
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4.3.2 Background dynamics in the Einstein frame

First, we relate the time coordinate in the two frames [17]:

o -

(4.12)
= U [H(t )——(t—tl) ]

where ¢ = t; corresponds to 7 = 0. Using this and the relation between the scale factors in

the two frames, we can then write:

2a;H; M?> |
af) ~ (1 - 2Mt) M2, (4.13)
M 12H:

We can also relate the Hubble parameters using Eq.(3.29) which gives us the following:

-2
M M? M?
H@) ~—|1- 1 - M7 . 4.14
0= 6Hl.2( 12H? ) 14

The above equation shows that even in the Einstein frame, the Hubble parameter decreases
1.e. the Hubble radius increases and the scalar curvature decreases during inflation in the
two frames. The scale factor in Eq.(4.13) corresponds to a quasi-exponentially expanding
universe. So, both the Einstein and Jordan frames explain an epoch of inflation in the
early universe in the Starobinsky model. Also,

- 1 F 1 R H
N=N+-In|=|=2=N+=In|—|=N+In|—]. (4.15)
2 \F 2 \R; H;

Therefore, in slow-roll type inflation where the Hubble parameter varies very slowly, N

is almost identical to N. In the Einstein frame, under the slow-roll conditions, we can

@i .
N = /de:—/ Kd(bzéexp( 2 4 ) (4.16)

write:
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Using the above relations, the first two slow-roll parameters defined in Eq.(3.48) reduce

to the leading order in N as:

H Mlgl(v¢)2 3
€ = ~ — ~

T 2’

H> 2 \V] 4N 4.17)
-_ ¢ 1
*"Hé N

We will use this form of the slow-roll parameters under the slow-roll approximations
during the discussion on solutions to the power spectra and especially the spectral indices

in the next section.

4.4 APPROXIMATE SOLUTIONS TO THE POWER SPECTRA DURING
INFLATION

4.4.1 Primordial power spectra in the Jordan frame

Let us take a look back at our discussion on approximate analytical solutions to the power

spectra for an f(R) theory coupled with scalar field in the previous chapter. We use Eq.

(3.54) and Eq.(3.55) where w = 0 and F ~ R?/(3M?) ~ 4H?/M? for the Starobinsky

model in the Jordan frame. This gives us another relation, that is, €; = —e3 ~ —€4 and so

at the leading order, we can write the scalar and tensor power spectra as:

N M? 1
T 962 M2 €2’
2 L (4.18)

T:—

2020
2 MPl

Ps

where we evaluate the spectra at the time when the modes leave the Hubble radius i.e.
k = aH. We see that at the leading order the tensor power spectrum is scale-invariant.
If we assume that the modes we have constrained from observations (k = 0.05Mpc™')
leave the horizon very early during inflation, then using Eq.(4.10) and Eq.(4.11), we can
write €1(t;) ~ €(tx) =~ 1/(2Ny) where t; denotes the time when the mode leaves the
horizon and Ny denotes the e-foldings when the mode leaves the Hubble radius counted

backwards from the end of inflation. Using this and Eq.(4.18), we can then approximate
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the tensor-to-scalar ratio as:

12
r(k) =48¢f ~ —.
Nk

For N = 55(the WMAP renormalisation constrains Ny to about 50-60 e-foldings), we

(4.19)

get r ~ 3.967 x 10~ which agrees very well with the constraints from observations. We

can also approximate the scalar spectral index as:

2
ns(k) =1-4€; +2e3 —2e4 ~ 1 -4 = 1 - N (4.20)
k

which gives us ng ~ 0.9636 for Ny = 55. This value is also within the constraints from
the Planck 2018 data. Also, we can constrain the value of M by using the scalar spectrum

constraint at k = 0.05Mpc‘l ie. Pg=2.1x 1072, which givesus M =~ 2.56 X 107> Mp,.

4.4.2 Primordial power spectra in the Einstein frame

In the Einstein frame, we can approximate the scalar spectral index as:

fis(k) ~1—4€ —26&

~1 3 2

]\7]% Ny 4.21)
~ 1 - Ni,

Ni

to the leading order in Nj. Since we argued from Eq.(4.15) that under the slow-roll
approximation, Ny ~ Ny, we conclude that ng = fis. Again using Eq.(3.54) and Eq.(3.55)

with w =1 and F = 1, we can write:

_ A2\’ 1 (A
Po(k) ~ - = - - s
st (2ﬂ¢)k=aﬁ 8n2Mp, (H )k afl

- \2

~ 8 (H

Pr(k) = A (2—) E
Pl ) k=aH

(4.22)

to the leading order. Using these approximated forms, the tensor-to-scalar ratio turns out

to be:

12
7lk) ~16€ ~ —, 423
(k) I 2 (4.23)
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where we have used Eq.(4.17) for the last relation. So, we again conclude that r =~ 7.
So, we have showed that the primordial power spectra is equivalent in the Einstein and
Jordan frames under the slow-roll approximation for the Starobinsky model. Such an
equivalence also holds for non-minimally coupled models of gravitation which will be

discussed in chapter 5.

4.5 NUMERICAL APPROACH

In the previous section, we studied the dynamics in the Starobinsky model under the
slow-roll approximation. However, that is not enough and so we shall employ numerical
methods to compute the evolution of background and perturbations in the two frames in
this model. We discussed the numerical approach for the dynamics in the Einstein frame
1.e. single-field model coupled minimally to gravitation in section 2.4. Now, we shall

discuss the numerical approach in Jordan frame.

4.5.1 Numerical approach to the background dynamics in Jordan frame
The first task is to rewrite the equations in terms of derivatives with respect to the
e-foldings N. Therefore, rewriting the Friedmann equations for the Starobinsky model
given by Eq.(4.3) gives us :

H? M2

Hyn + —~ +3Hy + — =0
NN+ 5 Nt =0

M2

(4.24)
Hy
RNN+(3+7)RN+—R:0.

H?

Since the initial conditions are easier to set in the Einstein frame, what we do is we
set initial conditions on the inflaton field ¢ in the Einstein frame and use the conformal
transformation relations to set conformally equivalent initial conditions on H in the
Jordan frame. With this, we can derive all the background quantities in the Jordan frame

like the slow-roll parameters and the Ricci scalar.

For numerical analysis, we have set the parameter M = 1.336 X 1079 Mp;. We have

chosen the initial conditions on the field ¢; = 5.6 Mp) in the Einstein frame [23] which

56



le-5

1.0 4 —— Einstein frame —— FEinstein fi
instemn frame

Jordan frame

Jordan frame

0.8 1

&1

0.4 4 34

=]
L

024

0.0 4

Figure 4.2: Evolution of the first slow-roll parameter €; and the Hubble parameter during
inflation in the Einstein and Jordan frames. We observe that inflation lasts
longer in the Jordan frame. The Hubble parameter varies more slowly during
inflation in the Einstein frame.

corresponds to H; ~ 6.552 x 107> in the Jordan frame. For these values of parameters
and the initial conditions, we find that inflation lasts for about 69.675 e-folds in the
Einstein frame and about 72.009 e-folds in the Jordan frame. Figure 4.2 shows the
evolution of the first-slow parameter and the Hubble parameter during inflation in the
Einstein and Jordan frames. It is important to note that the first slow-roll parameter €,
is not invariant under the conformal transformation in this case and so the duration of
inflation is different in the Einstein and Jordan frames. The plot for the Ricci scalar in

the two frames has a similar nature to that of the Hubble parameter.

4.5.2 Numerical approach to the evolution of perturbations in Jordan frame
Now, we come to the primordial perturbations. The first task is to determine the value of
the scale factor at the beginning of inflation. To maintain the conformal equivalence of

the two frames, we set the initial value of scale factor in the Einstein frame and use the

57



—— Real part —— Real part

Imaginary part Imaginary part

“ hNWw\ML ’ hW\ o~

Figure 4.3: Evolution of the mode of the scalar curvature perturbation corresponding to
the pivot scale as a function of e-folds in the Einstein frame (left) and Jordan
frame (right).

following expression to compute the initial value of scale factor in the Jordan frame.
(i,‘ = a,-\/F,

:ai:

i 1 ¢ (4.25)
=d;exp |- 6MP1 .

e

We can calculate d; from Eq.(2.31). For numerical analysis, we have assumed that the
mode corresponding to the pivot scale (k = 0.05Mpc™!) crosses the horizon about 50
e-folds before the end of inflation in the Einstein frame. Using the above relation to
calculate g; in the Jordan frame and from Eq.(2.31), we find that the mode corresponding
to the pivot scale then crosses the horizon about 52.174 e-folds before the end of inflation
in the Jordan frame. Now, we rewrite the equations of motion for the Fourier modes
of scalar curvature perturbation and the tensor perturbations in terms of derivatives
with respect to N. We derive these equations for a general f(R) model. So, rewriting

Eq.(3.42) gives us:

d*Ry 1dH 1dQ\dRy k?
+3+—=—"+=——7|—+
dN? HdN QdN) dN = a’H?

R =0, (4.26)
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where

F 1 F
! (ZLA;V_,_E_AZI__N) )
dN ’ ’
0 (1+_;N)

where Fy = dF/dN and Fyy = d*F/dN?. Similarly, the equation of motion for the

Fourier modes of tensor perturbations can be rewritten as:

d*h 1 dH 1dF)\ dh k2
k (3 ) k h = 0. (4.28)

—+ 3+ =+t =—| -+ 5=
dN? HdN FdN) dN  a?H?
The initial conditions imposed on the Fourier modes of the scalar curvature perturbation

then correspond to:

1 1
R (No) = ,
) = O NoB e
4.29)
ARy 1

@(N ))+i\/E 1
20(Ng)aN " ° 2\ a2(No)H(No)yO(No) |

where Ny is some e-folding at which we impose the initial conditions and Q is given by

27k - _ 1
N (No) =—Ri [1+

the following expression:
3 Fy/F
" 262 (1 + Fy/(2F))?

0 (4.30)

Similarly for the initial conditions on the Fourier modes for the tensor perturbations, Q is
replaced by F in the above pair of equations. Figure 4.3 shows the evolution of the mode
corresponding to K = 0.05Mpc~! of the scalar curvature perturbation in the Einstein and
Jordan frames. We see that they approach a constant value at about 20 e-folds which is

what we expected.

Figure 4.4 shows the comparison of the scalar and tensor power spectra in the Einstein
and Jordan frames for the Starobinsky model. The value of scalar power spectra at
the pivot scale (k = 0.0SMpc'l): P ~ 2.1089 x 10~ in the Einstein frame and
Py ~ 2.1093 x 10~ in the Jordan frame which shows a difference of about 0.018% in the
two values. Not only they agree very well with each other but also with the observational
data which constrains the spectra to Ps = 2.1 x 10~°. Figure 4.5 shows the comparison of

the scalar spectral index and the tensor-to-scalar ratio in the two frames. We observe that

59



le—12

—— Jordan frame

Jordan frame

28% 107 — = Finstein frame 9.4 === Einstein frame
2610
24107 9.2 1
—_ 22x107
™ X
0 N T T e
& 25107 ?': -------------
18107 8.8
1L6x 107"
8.6
ml"‘ m“* ml m“ m"' 16" 16 ' u!! T T ‘ T T " . T
k/Mpc 1 10~ 10~ 10 107 10 10’ 10! 10°
kiMpc—1
Figure 4.4: The left plot shows the comparison of the scalar power spectrum and the
right plot shows the comparison of the tensor power spectrum in the Einstein
and Jordan frames for the Starobinsky model. We can see that they match
to a very high accuracy which means that the curvature perturbations are
equivalent in the two frames.
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Figure 4.5: The left plot shows comparison of the scalar spectral index and the right plot
shows the comparison of the tensor-to-scalar ratio in the Einstein and Jordan

frames for the Starobinsky model.

ng ~ 0.9612 in the Einstein frame and ng ~ 0.9614 in the Jordan frame at the pivot scale

which agrees very well with the observational constraint of ng = 0.9649 + 0.0042 from

the Planck 2018 data. Similarly, the tensor-to-scalar ratio at k = 0.002Mpc ™ is observed
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to be rg002 =~ 3.779 x 1073 in both the frames which is well within the observational

constraint rg g2 < 0.064 from the Planck data [12].

Proof for R = R
The above result was expected since we can analytically show that the curvature
perturbations remain invariant in the two frames. Under conformal transformation, the

scalar perturbations @, ¥ transform as [17]:

3 SF . SF
D=+, P=W+_—. 4.31)
2F 2F

We start with the definition of Rsr in the Jordan frame and relate it to 7?5(1, in the

Einstein frame. These two quantities have been defined in Eq.(3.41). Using Eq.(3.22)

and Eq.(3.29) and the above transformation of ¥, we can then write:

Rsp = ¥ - %
:T+@_(H+ﬁ)LL
2F 2F | \F (F/VF) (4.32)
—y_gt
F
= RsF»

which shows that the scalar curvature perturbations is equivalent in the Einstein ad
Jordan frames. The vector and tensor perturbations are not affected by the conformal

transformation and hence they are also equivalent in the two frames.

Therefore, we see that the power spectra are equivalent in the two frames for an f(R)
theory and we also showed this by computing them explicitly for the Starobinsky model.
The Starobinsky model also agrees very well with the observational constraints and so is

a potential candidate for a viable inflationary theory.
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CHAPTER 5
HIGGS INFLATION

The Higgs field is so far the only scalar field in the Standard Model and the last piece of the
puzzle which completed the SM after its detection at ATLAS and CMS simultaneously
in 2012. Being the only scalar field in the framework of SM, it has gained a lot of
attention as the potential candidate for the inflaton field. The Higgs field as described in

the Standard Model is described by the potential [24]:
Lo, 14
V(g) = THHPT+ Z/W’ : (5.1

Since the energy scale at which inflation is believed to occur is very large, we generally
neglect the quadratic term and approximate the Higgs potential to a quartic potential to
study inflationary dynamics. However, recent observations from the CMB have strongly
disfavoured quadratic and quartic potentials because they predict large values of the
tensor-to-scalar ratio » and hence a very large effective cosmological constant. The
self-coupling constant A of the Higgs field from electroweak observations is too large
to fit the data. Hence, a theory where Higgs is minimally coupled to gravitation is not

viable.

However, different methods to source inflation with the Higgs field have been proposed
[25, 26, 27]. One of the methods is to consider a non-canonical kinetic term with the
SM Higgs potential which was shown to be consistent with the observations from the
CMB. The other method is to non-minimally couple the Higgs field to gravitation which
has also been shown to agree with the observational constraints. We are going to discuss

the second approach i.e. a theory of Higgs field non-minimally coupled to gravitation.



5.1 ACTION FOR THE NON-MINIMALLY COUPLED HIGGS MODEL
The action describing the Higgs field ¢ coupled non-minimally to the Ricci scalar R is

given by [26, 28]:

/d4X\/_( Rf(¢)——(9y¢5”¢ V(¢)) /d4X\/§£M, (5.2)

where L), denotes the Lagrangian density accounting for additional matter fields. The
function f(¢) describes the coupling of the field to the Ricci scalar R. For minimal
coupling f(¢) = 1 and we introduce terms dependent on ¢ to consider non-minimal

coupling. The Higgs potential V' (¢) is described by [28]:

V(g) = ( —02)2, (5.3)

4>|>4

where A denotes the self-coupling strength of the Higgs and o is the vacuum expectation
value (vev) of the Higgs field. From the electroweak observations, we have 4 = 0.1
and o = 246GeV = 1.1 x 107! Mp,. This value of the vev of the Higgs is very small
compared to the Planckian scale and so we neglect the o2 term in the potential when
studying inflationary dynamics. The function f(¢) we have considered in the Higgs

model is described as:
m? + 3 ¢2

f(9) = : (5.4)
M,

where & denotes the non-minimal coupling strength of the Higgs with R and m is a mass
parameter satisfying m? = Mlgl — £02. For the values of o and & = 1.3658 x 10* that
we shall work with, we can approximate m ~ Mp;. We will show that this value of the
non-minimal coupling constant agrees well with the observations. This is the Jordan

frame representation in which the theory was initially proposed.

5.2 FIELD EQUATIONS AND FRIEDMANN EQUATIONS

Varying the action (5.2) with respect to the metric gives us the following field equations:

1

(R/lv - Eg,uvR)f(¢) + (g,uvl:‘ - Vyvv)f(¢) = KzTuv’ (5.5)
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where T} = diag(—p, p, p, p) considering only the scalar field ¢ given by Eq.(1.17).

The equation of motion governing the field ¢ is given by:
O¢ — Vs + ! Rfy=0 (5.6)
¢ 2K2 ¢ — Y .

where fs = df /d¢. Note that there is an extra last term in this equation due to the
non-minimal coupling. From hereon, we won’t take any additional fields into account.

For a spatially flat FLRW universe, the Friedmann equations in this theory are then given

by:
e

3Hf(¢) +3Hf(¢) = k* (7 + V<¢>) :

(5.7)
f(@) —Hf +2Hf =~k

Note that these equations are very similar to the Friedmann equations derived for the

f(R) theory with only F(R) replaced by f(¢). In fact, we shall see that the derivations

and the final equations of motion for this theory have exactly the same form with just

F(R) replaced by f(¢). Eq.(5.6) and Eq.(5.7) govern the background dynamics in the

Higgs model in a smooth and homogeneous FLRW background.

5.3 REDEFINING THE FIELD IN THE EINSTEIN FRAME
We shall now use conformal transformation to rewrite the non-minimally coupled Higgs
theory in the framework of general relativity where the field is minimally coupled to R

and see how the potential turns out. W use the conformal transformation of the form:

Suv = Q%8 = f(D)gur- (5.8)

The method is rather straightforward after this. We redefine the field in the Einstein

frame to make the kinetic term canonical which gives us:

S = / d*x\-g (2% —% X"y — U(X)) - / d* 3= L (f (X)) G- ),
(5.9)
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in the Einstein frame. The redefined field y and the potential U(y) are related to ¢ and

V(¢) through the following relation [27]:

dy
= V@) e (5.10)
Uiy < Ve _ V(6 s

ot )
Once again, we see that this theory in the Einstein frame is a theory of the redefined
Higgs field coupled minimally to gravitation but at the same time it is coupled non-
minimally to the additional fields. The two frames again have their own convenience,
studying the gravitational sector is easier in the Einstein frame because of the simplified
Einstein’s equations. However, studying the non-gravitational sector has to be done in
the Jordan frame. Because of this, the Jordan frame is the physical frame as far as the
non-gravitational sector is concerned because this is where we have the SM description
of the Higgs and other fields. Nevertheless, we shall study the evolution of background

and the dynamics during inflation in both the frames for the Higgs model.

5.3.1 Approximate analytical form of the Higgs potential in the Einstein frame
Using Eq.(5.10) and Eq.(5.11), we can approximate the the potential U( ) in different

limiting cases [27].

.. Mpi .
1. For the limit, ¢ < Vot we get:
A Mp;
=ty = Ul =7x" l<—. (5.12)
4 Vo¢
2. For the limit, MPI <P < 13? we get:

AM? Mpy 3
—¢> = U(y) ~ —2x% < x| <+[zMp.  (5.13)
\/7 6&2 2V6é 2
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Figure 5.1: Higgs inflation potential in the Einstein frame. The (solid) orange line shows
the numerically calculated exact form of the potential and the (dashed) blue

line shows approximate potential described in Eq.(5.15).

.. Mpi
3. For the limit, ¢ > Ve
-2
3 [ AM, —Ji
)(:i\/;Mplln M—lzl¢) = U(y) = 12 l+e V3Mu | | (5.14)

where the modulus of y in (5.14) maintains the limiting condition on ¢.
Since inflation occurs in the regime ¢ > i‘/%, we are interested in only this limit. It can

be checked that in this regime, the potential U(y) can be approximated to the following

form:

AMy, AT
U(y) ~ Py 1 —e V3iMe| (5.15)

Figure 5.1 shows the comparison of the exact Higgs potential in the Einstein frame
constructed numerically using Eq.(5.10) and Eq.(5.11) for the quartic Higgs potential
and the approximate form of U(y) given by Eq.(5.15). We can see that they match
to a very precision and so this approximate form of the potential can be used to study

inflationary dynamics in the Einstein frame. Now this is the interesting part! This form
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of the potential for the regime y > 0 where inflation occurs is exactly the same as the
Starobinsky potential we obtained in the previous chapter in the Einstein frame given by

Eq.(4.5)! This means that if the parameters M, ¢ and A satisfy the relation:

M* A
MP] f

the dynamics in the Einstein frame for both the Higgs and the Starobinsky model during
inflation will be the same. This makes it interesting to compare the dynamics of the
universe in the Higgs and Starobinsky model in the Jordan frame. We shall do this in the

last section of this chapter.

5.4 PRIMORDIAL PERTURBATIONS DURING INFLATION IN THE JORDAN
FRAME
The derivation of the equations of motion for the scalar curvature perturbation and the
tensor perturbations in the non-minimally coupled model is the same as that of the f(R)
theories. Those equations are also valid for an action of the form f(¢)R and not just f(R)
theories. We shall not derive them again and use the results from chapter 3. However,
there is a crucial difference between the two theories. Unlike in the f(R) theory, the
non-minimal coupling to gravitation does not introduce any additional scalar degree of
freedom. This is important in gauge fixing. In the theory of non-minimal coupling, we
shall be working only in the longitudinal gauge to study the scalar perturbations. So, the
equation of motion governing the evolution of the Fourier modes of the scalar curvature

perturbations is given by:

R +2 (5)7{; +E2R, =0, (5.17)

N

where

2 2 2 1/2
zs:a(¢ +3/7/Cx f)) . (5.18)

(H+f/2f)?
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Similarly, for the tensor perturbations we can write:

h;;+2(ﬁ) W, + k2hy =0, (5.19)
1t

where z; = am and we can use the Bunch-Davies vacuum conditions given by
Eq.(2.21) to impose initial conditions on the Mukhanov-Sasaki variables defined as
v =Rzsand u = hz,/ V167G when the modes are well inside the Hubble radius. The
approximate solutions to the primordial power spectra defined in Eq.(2.23) takes up the
same form as Eq.(3.54) and Eq.(3.55) for the non-minimally coupled Higgs model in the
Jordan frame. We simply replace F(R) by f(¢) in these expressions. We shall focus
more on the numerical approach to compute and study the exact dynamics in the Jordan

frame.

5.5 NUMERICAL APPROACH TO THE DYNAMICS IN THE JORDAN FRAME
Since, in the Einstein frame, the theory is effectively general relativity coupled minimally
to the redefined Higgs field, the numerical approach for this during inflation has been

discussed in section 2.4. We shall focus on the Jordan frame here.

5.5.1 Background dynamics during inflation
For numerical computations, we again express all the quantities in terms of the e-folds N.

Using the Friedmann equations, the slow-roll parameters can then be expressed as:

H  (funv — fv +£%9%)

€l =—— = ,
H? (2f + fN) (5.20)
1 dEn_l > 1
en = ] n D)
€n—1 dN

where the subscript N denotes derivative with respect to the e-folds N. We see that for
f =1, we get back the equations derived in section 2.4. Similarly, the Hubble parameter
is then expressed as:

1/2
k*V(N)

(3f+3fn— K2¢]2\,/2)

H(N) = (5.21)
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Figure 5.2: Left plot: Phase-space diagram for Higgs inflation in the Jordan frame. Right
plot: Evolution of € vs N for Higgs inflation in Einstein and Jordan frames.

The equation of motion governing the evolution of the Higgs field ¢ is very tricky

because of the extra term present in Eq.(5.6). Rewriting Eq.(5.6) gives us the following

expression:
an * L . (6f +440N = foody — 0} )
(2k2f +3f3) N N
Vo 2.2
TS+ 3 ) (6f +2fodN — K ¢N) (2f + fodn) (5.22)
3/

2, 2,2\ _

where f34 = d*f/d¢* and pyy = d*>¢/dN?. Note that for f = 1, we get back Eq.(2.29).
With this, we can numerically compute all the background quantities during inflation in
the Jordan frame. Figure 5.2 shows the phase-space plot during inflation in the Jordan
frame and the evolution of the first slow-roll parameters in the two frames. Again, it
is clear that duration of inflation is different in the two frames. For y; = 5.6 Mp; in the
Einstein frame which corresponds to ¢; = 8.37 X 10~2Mp in the Jordan frame, inflation
lasts for about 69.675 e-folds and 72.0008 e-folds in the Einstein and Jordan frames

respectively.

70



28x 107 \\\ Einslein frame 901 =102 . Higgs model

-- Jordan frame . ---- Starobinsky model

265107 ™ 9 1072
. N ~12
24107 899 %10

8oRx 107"
22%10

897102

Ps(k)
Prik)

2107
896102

\
18107 N 895 107"

894 x 107"
16%107

8931077

T T T T T T T T T T T
R U R 10° 1o’ 10° 10 R Uh 10°

kiMpc™1 k{Mpc~!

Figure 5.3: Scalar and tensor power spectra in the Einstein and Jordan frames for Higgs
inflation.

5.5.2 Primordial perturbations and power spectra during inflation
First, we derive initial conditions for the scale factor. Again, we compute scale factor at
the beginning of inflation in the Einstein frame using Eq.(2.31) and then use the following

relation to calculate a; in the Jordan frame:

a; = ai\f(¢:)

i ( T (5.23)
= a4, = —— ~ diexp | —+[ ==
V() 6 Mp

Here, we have assumed that the mode corresponding to pivot scale leaves the horizon
about 50 e-folds before the end of inflation in the Einstein frame which corresponds
to the mode leaving the horizon about 52.17 e-folds before the end of inflation in the
Jordan frame. Now comes the evolution of curvature and tensor perturbations. The
equations of motion governing the evolution of the Fourier modes of the scalar curvature
perturbations and the tensor perturbations respectively have exactly the same form as we
derived in subsection (4.5.2) i.e. Eq.(4.26) and Eq.(4.28) respectively with:
31

2
¢N + 2K2f

C= e wizn®

(5.24)
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and F replaced with f(¢). The initial conditions imposed on Ry are given by Eq.(4.29)
with Q given by Eq.(5.24). Similar initial conditions are obtained for the modes of tensor
perturbations. Figure 5.3 shows the scalar and tensor power spectrum in the Einstein
and Jordan frames for the Higgs inflation model. We again see that they match to a very
precision. For the chosen parameters, we get ng ~ 0.9612 and ng ~ 0.9614 at the pivot
scale in the Einstein and Jordan frames respectively. Also, ro.0p2 =~ 3.78 X 1073 in both

the frames. We can see that they are in agreement with the observational constraints.

So, we see that the theory of non-minimal coupling of Higgs field to gravitation is still
favoured by the observations and is a potential candidate to explain inflation which is
interesting since we will be able to explain the epoch of inflation within the context of
the Standard Model of particle physics itself. We will come back to the Higgs model in

the next chapter but there is one more thing to see before this chapter closes!

5.6 R+aR>=R+&¢’R+V()...2

Take a look at the plots below, that is, figures (5.4), (5.5) and (5.6).
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Figure 5.4: Evolution of the first slow-roll parameter €; (on the left) and Ricci scalar
R vs Hubble parameter H (on the right) during inflation in the Higgs and
Starobinsky models in Jordan frame.
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Figure 5.5: Evolution of scalar curvature perturbation corresponding to the mode k =
0.05Mpc~! during inflation in the Starobinsky (on the left) and Higgs (on
the right) models in the Jordan frame.
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Figure 5.6: Comparison of the scalar and tensor power spectra in the Higgs and
Starobinsky models in Jordan frame.

These plots compare the dynamics during inflation of two models. These are the
Starobinsky’s R + @R? theory and the theory of Higgs non-minimally coupled to R in
the Jordan frame. What do these plots show us? We already saw that the evolution of
perturbations and the primordial power spectra is equivalent in the Einstein and Jordan
frames which we studied separately for these two models. But what about the background
dynamics? That was different (see figures (4.2) and (5.2)). But take a look at the plots in

figure (5.4). The background dynamics in these models is also equivalent in the Jordan
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frame in which they were originally formulated!

To put it simply:

The Starobinsky’s R + aR? theory is equivalent to the theory of Higgs field coupled
non-minimally to gravitation!

This means that instead of using the Higgs field to drive inflation with another complexity
in the theory i.e. the non-minimal coupling to satisfy the observational constraints, we
can reproduce the same theory by just adding an R? term to the Einstein-Hilbert action!
without any inflaton field! This would mean that we will not know which of the two
theories is what we are looking for from just the CMB observations. Well, so much for
that. Of course, there is a lot more to it. The theory of Higgs inflation that we discussed

here is not complete. This is the primary focus of our last discussion in this thesis.
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CHAPTER 6

MODIFICATIONS TO THE HIGGS MODEL

In chapter 5, we discussed how the non-minimal coupling of Higgs field to gravitation
not only drives inflation but also satisfies the observational constraints from the CMB.
This is very interesting since we are able to explain inflation in the context of the Standard
Model itself. However, there is a serious problem with the pure Higgs inflation and that
is the value of the non-minimal coupling constant £. To agree with the observational
constraints from the CMB, we have to assume £ to be of the order of 10*. This value
of £ has been shown to lead to the loss of quantum unitarity at energy scales of about
A = Mp/& which is far below the inflationary regime, that is, & > Mp;/€ [29]. The
unitarity problem and ways to resolve it will be discussed later towards the end of this

chapter. Nevertheless, we need to make sure that the value of ¢ remains small.

However, there is another issue with Higgs inflation. The feasibility of the Higgs inflation
is dependent on the assumption that the standard Model (SM) description of Higgs is
still valid at the energy scales at which inflation is believed to occur. However, it was
seen that at renormalization scales of about u > 10'? GeV, the quartic self coupling of
Higgs A and its beta function take up negative values leading to instability in the theory
and so it puts the the theory of Higgs inflation at risk [34]. This may not be a problem if
the lifetime of the electroweak vacuum is greater than the age of the universe [35]. Also,
the value of A predicted from the top quark mass measurements and the uncertainties in

the Monte-Carlo simulations are large [36].

In this chapter, we shall assume absolute stability of Higgs in this regard and study two
ways of tackling the first issue, that is, to somehow reduce the value of ¢ and still meet

the constraints by modifying the pure Higgs inflation theory.



6.1 RADIATIVE CORRECTIONS TO THE HIGGS POTENTIAL

There have been numerous proposals for the extensions of the Standard Model (SM)
to explain physical processes like the existence of dark matter as well as the acoustic
oscillations of solar neutrinos. This includes the introduction of sterile fermions like the
axion which is considered as a potential dark matter candidate. The introduction of new
particles means more Yukawa couplings which would lead to radiative corrections to the
inflaton potential as well which would change the inflationary predictions of the theory.
These new particles and the associated Yukawa couplings could also explain the small
neutrino masses. This is why there has been an interest in connections between neutrino
physics and the inflaton. These corrections to the couplings can be studied using the
renormalised group equations (RGE). Here, we shall consider the one-loop corrections

to the Higgs tree potential proposed by Weinberg and Coleman.

6.1.1 Coleman-Weinberg approximation

In 1973, Coleman and Weinberg showed that for massless scalar fields, radiative
corrections to the tree potential can lead to spontaneous symmetry breaking (SSB) [30].
Because of SSB, the scalar field would acquire a vacuum expectation value and due
to the Higgs mechanism the scalar fields would acquire a mass. This is also true for a
scalar field theory with imaginary mass (negative u>¢? term in the Lagrangian density).
Specifically, for a quartic potential, the one-loop radiative corrections to the tree potential

will lead to an effective potential given by [30]:

Aerr(@) #

vig) ==L

<24t v agtin (%) , 6.1)
where M is the renormalization scale and a quantifies the strength of the radiative
correction to one-loop order. Since, we approximated the Higgs potential to ¢* in the
Jordan frame in the inflationary regime, we shall introduce these radiative corrections

in the Jordan frame and carry out our analysis in the Einstein frame because of the

equivalence of perturbations and the power spectra in the two frames.
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Figure 6.1: Higgs inflation potential in the Einstein frame accounting for the one-loop
radiative corrections given by Eq.(6.2). The plot on the left shows how the
potential changes for different values of a’ for & = 100 and the plot on the
right shows how it changes as & changes for @’ = 0.1.

6.1.2 Radiative corrections to the Higgs potential in the Einstein frame
Using conformal transformation similar to how we did for the Higgs inflation in chapter
5, we redefine the Higgs field in the Einstein frame using Eq.(5.10) and using Eq.(5.11)

we rewrite the potential in Eq.(6.1) which turns out to be [32]:

AM, )
V(X)24§2 1 —e V3Mp | x

@ Loiat _ 1
1+ 5111 (Ee 5)] , (6.2)

in the Einstein frame. Here, ¢’ = 4a/A and we have approximated M =~ Mp. The
inflationary dynamics depends on four parameters from hereon: A,¢,a’ and Ny, that
is the number of e-folds before the end of inflation at which the pivot mode leaves the

horizon. Since we already have constraints on Ny, we shall be studying two cases:
* First, we fix &, and vary two parameters Ny and a’. For different values of these

two parameters, we use the slow-roll approximation of the scalar power spectrum
at the pivot mode, that is,

1 y3
PS(k):—6(—2) , (6.3)
1222M§, \V; .

to fix the value of 4. We are mainly interested in how ng and r values change as
these two parameters change.
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* Then, we fix Ny and vary & and a’ to observe the change in 4, ng and r.
Figure 6.1 shows the modified Higgs potential in the Einstein frame given by Eq.(6.2)
as a’ and ¢ are varied. We can see that the potential remains smooth so the slow-roll
approximation still holds and we expect a nearly scale invariant power spectrum. Since
we are working in the Einstein frame, the slow-roll analysis and the numerical approach
has already been discussed in detail in chapter 2. We shall move to the plots and further

analysis.

6.1.3 Case-1: Effect of variation of ¢’ and N; on the dynamics
We shall fix ¢ = 100 and vary a’ over the range [-0.1, 1.0] for three different cases,
Ny = 50,55, 60. Figures 6.2 and 6.3 show our results on how ng, r, 4 and H(Ny) change

as we vary the above two parameters.

e The first observation is that n, and r are sensitive to the values of N, and a’.
However, this sensitivity is only in the range of —0.1 < a’ < 0.5 as evident from
the ng vs a’ plot in figure 6.2.

* As the value of a’ increases and the radiative corrections term dominates the tree
potential, we see that the ng, r and the Hubble parameter do not change which
means the product da’ gets fixed because of the pivot mode constraint on the
scalar spectrum.
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Figure 6.2: Variation in ng and r as a’ changes for Ny = 50, 55, 60. The ng — r plot starts

with a’ = —0.1 in the bottom-left corner and ends at @’ = 1.0 in the top-right
corner of the plot.
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Figure 6.4: r vs a’ as we vary the parameters N; (plot on the left) and the coupling
constant £ (plot on the right). We see that the tensor-to-scalar ratio decreases
as & decreases which works to our advantage of having a weaker coupling.

We can use the ng — r plot in figure 6.2 to constrain the parameter @’ which requires
computing the constraints from CosmoMC runs on the observational data which is

beyond our discussion here.
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Figure 6.6: The plot on the left shows how A changes as we vary @’ in order to satisfy
the constraint on the scalar power spectrum at pivot scale. We see that A is
greater for greater ¢ as expected. The plot on the right shows the change in
Hubble parameter with a’ at the time when the pivot mode crosses horizon.

6.1.4 Case-2: Effect of variation of £ and @’ on the dynamics
Now, we examine the weak and strong coupling regimes of the Higgs to the Ricci scalar
using different cases of ¢ and a’. We shall fix Ny = 55 e-folds. Figures 6.5 and 6.6 show

our results. Some observations are:

* The first observation is that the ng — r plot is insensitive to the value of the
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non-minimal coupling &. The value of nyg is sensitive to a’ only in the range
—-0.1 < a’ < 0.3 especially in the strong coupling regime & >= 100.

» The ng and r parameters are more sensitive to a’ in the weak coupling regime, that
is, & < 100. The smallest range of values of r is obtained for & = 0.1 as shown in
the plot on the right in figure 6.4 and is well within the observational constraints
on r. It comes at the cost of a very small value of the quartic coupling A as shown
in figure 6.6.

So, we have seen how the spectral indices and tensor-to-scalar ratio change for different
values of the non-minimal coupling constant ¢ and the strength of the one-loop correction
term quantified by a’. With the observational constraints from cosmology, we can
constrain @’ and A and cross-check whether they agree with the constraints from the
electroweak observations of the mass of the top quark (see ref. [31, 32, 33] for full

discussion).

6.2 RUNNING OF COUPLINGS AND CRITICAL HIGGS INFLATION

So far, we saw the one-loop radiative corrections to the quartic Higgs coupling A.
However, we must consider the running of the couplings A as well as & described by the
renormalised group equations. The running of these couplings will have consequences
in Higgs inflation. For realistic values of the SM parameters, we observe that the Higgs
self-coupling A attains a minimum value at some energy scale . Expanding the running

of the coupling A near this minimum gives us the following [37]:

(@) = A + Baln? (%) , (6.4)

where Ay denotes the minimum value of the self-coupling at the energy scale yu =~
10'7 — 10'® GeV [35]. This energy scale is very close to the inflationary regime and
has important consequences on the inflationary dynamics. We can similarly expand the

non-minimal coupling parameter ¢ around this scale [37]:

E(p) = &o + Beln (%) . (6.5)
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Note that the running for £ has a linear order leading energy dependence since it does not
attain a minimum value around this energy scale like A(¢) which has a quadratic order
leading dependence on u. So, the theory of Higgs inflation must include the running of

couplings given by Eq.(6.4) and Eq.(6.5).

Therefore, the theory of non-minimal coupling of Higgs to gravitation is described by
the action (5.2), the potential (5.3) and the non-minimal coupling function f(¢) given
by (5.5) but with 4 — A(¢) and & — &(¢) given by (6.4) and (6.5) in the Jordan frame.
Using conformal transformation of the form g,, = f(¢)g.,, we move to the Einstein
frame. In the Einstein frame, we again redefine the Higgs field as we did in chapter 5,

but the transformation is now different:

de_ 1 ENEAN
TN (AR Te (d¢) | (©©

Using this transformation, we get following action:

S = / d*x\-3 (2% —% X0y — V(X)) - / d*xN=g L (f (3 (0) ™ Guvs ¥ma),

(6.7)

with the potential V( y) expressed as:

Vo(1 + aln®x)x*
Vix) = , 6.8
) = e+ 22 (68)
where the quantities
1 4
x:/K’ a:@, b:'%, c=¢& and Voz—Oﬂ. (6.9)
T Ao o 4

For our analysis, we shall set u = Mp;. Take a look at the potential in Eq.(6.8). We can
see that as x — oo, the potential is almost constant and we get a plateau like region in the
potential which corresponds to slow-roll. However, for suitable values of the quantities

a, b and c, the potential has an inflection point.
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Figure 6.7: Left plot: Potential for the Critical Higgs Inflation (CHI) model. We see
that the potential is smooth for y/Mp; > 1 but has an inflection point at
x = 0.82Mp;. Right plot: Phase-space plot for the CHI model during inflation.
The vertical black (dashed) line shows the inflection point in the potential.
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Figure 6.8: Evolution of the slow-roll parameters €; and €, vs N during inflation in
the CHI model. We see that as the field crosses the inflection point in the
potential shown in figure 6.7, the value of €; takes a significant dip.

6.2.1 Inflationary dynamics in the CHI model

We shall choose the parameters to be: a = 1.694, b = 0.601, ¢ = 2.85 and V) =

5.1 x 10_9M31 [39]. For these values of the potential, the inflection point occurs at

x = 0.82Mp;. We shall set y; = 7.5Mp; which leads to about 95.87 e-folds of inflation

in the CHI model. Figure 6.7 shows the potential and the phase-space plot for the CHI

model. We can see in the phase-space plot that as the field approaches the point of
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Figure 6.9: Scalar and tensor power spectra in the CHI model. We observe that due to
the inflection point in the potential, the scalar power spectrum is amplified at
small scales i.e. for large values of the comoving wavenumber k.

inflection, dy/dN decreases and then approaches zero which reflects in the slow-roll
parameters as well. Figure 6.8 shows the evolution of the first two slow-roll parameters.
We see that €; take a dip which corresponds to the time when the field crosses the

inflection point in the potential.

Now let us see how the power spectra is affected by this. We shall assume that the mode
corresponding to pivot scale leaves the horizon about 68 e-folds before inflation ends.
The scalar and tensor power spectra for the CHI model is plotted in figure 6.9. We see
that for the parameters chosen, ng ~ 0.9629 at the pivot scale and rg ooz =~ 0.028 which
agrees well with the observational constraints. But the scalar power spectrum shows a
huge amplification at small scales, that is, for large values of k. All this is due to an

inflection point in the potential!

The amplification of the scalar power spectrum at small scales has great applications in

the formation of primordial black holes (PBHs) [38]. Since the perturbations at small
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scales are amplified, when these modes reenter the horizon later in the radiation or matter
dominated epoch, they lead to huge density fluctuations which collapse to form structures
and PBHs. Also at higher order perturbation theory, the scalar and tensor perturbations
do not evolve independently and the amplified primary scalar perturbations source the
secondary tensor perturbations which may have left their imprints on the CMB [37, 39].

Therefore, inflection points lead to interesting inflationary dynamics!

6.3 UNITARITY CONCERNS

The unitarity problem is of crucial importance for an inflationary theory especially Higgs
inflation that we are primarily focused on. The large non-minimal coupling constant &
reduces the cut-off scale A of the Higgs inflation far below the inflationary energy scale
which makes Higgs inflation unnatural and calls the self-consistency of Higgs inflation
into question. But, what is this cut-off scale A? A theory which does not satisfy certain
conditions (like a non-renormalizable theory) will have an ultraviolet cut-off A and the
theory will only be an effective field theory (EFT) i.e. a low-energy approximation of a
deeper fundamental theory [29]. In such cases, the traditional perturbative methods that

we employ fall apart above this UV cut-off scale A.

Consider this. The Planck mass Mpj is considered to be energy scale for the inflationary
regime in an expanding universe. However, since the theories should hold up locally, this
Planck cut-off scale for our theories must be a fixed value. Now, in an expanding universe,
there are certain physical wavelengths that were initially smaller than the Planck length or
in other words the physical wavenumbers k associated with those physical wavelengths
were larger than the Planck scale Mp;. As the universe expanded, these wavelengths were
stretched and their energy scales went below the Planck scale. Now, the Hilbert space in
quantum mechanics (a low-energy theory yet) is made up of only the modes k below the
Planck scale since we do not know what new physics or fundamental theory governs the

evolution of universe above the Planck energy scale. However, as the universe expands
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the value of physical k of these modes decrease (the corresponding physical wavelengths
increase) and the Hilbert space keeps changing. This may lead to a non-unitary evolution
of the modes. Moreover, as these modes escape below the Planck scale during inflation,
we do not know about their evolution before and so imposing initial conditions is yet

another challenge.

This is the reason we look for theories that push the cut-off scale A above the Planck
scale. Now, it was shown that this cut-off depends on the background value of the field
in an inflationary theory. For the theory of Higgs inflation in the Jordan frame that we

have discussed so far [29]:

MZ 2 6 2 12
A(P) = p e O (6.10)

ENMp, +E¢7

So, there are three limits:

* Low field region: For ¢ < Mp;/&, it corresponds to a cut-off of A ~ Mp;/& which
is far below the Planck mass.

* Intermediate field region: For Mp/&é < ¢ < Mp /&, we get a cut-off given by
A =~ £¢*/Mp, which is again below the Planck mass.

e Large field region: ¢ > Mp;/+/&, we get a cut-off of A ~ \/€$ which is above the
Planck mass.

Now, what do these three cases correspond to? The large field region corresponds to
the beginning of inflation. The intermediate field region corresponds to when the field
oscillates about the minimum of the potential which corresponds to the era of reheating.
The low field region corresponds to when the field sits at the minimum of the potential
that is, the universe today. Now, the cut-off scales show that even if unitarity is not a
problem at the beginning of the inflation, it certainly is towards the end of inflation and
especially during the reheating era which leads to a violent decay of the inflaton field

during reheating.

There have been different proposals to solve this problem which mainly involve additional
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degrees of freedom in the theory. One of these proposals was the addition of an R? term
to the theory of non-minimal coupling of the Higgs to R. The R? term introduces a
scalaron degree of freedom which pushes the UV cut-off of the theory above the Planck
scale and therefore unitarizes the Higgs inflation theory. Other proposals include the
addition of R3 term instead of R*> which all are conformally equivalent to two-field
models of inflation in the Einstein frame or a single-field inflationary theory driven by a
non-canonical scalar field and so on. Nevertheless, a UV complete theory is our ultimate

goal!
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CHAPTER 7

SUMMARY

The objective of this thesis has been to study inflationary dynamics in modified theories

of gravitation and theories of gravitation coupled non-minimally to a scalar field.

In chapter 1, we introduced the idea of inflation and how we can drive inflation with
the cosmological constant and scalar fields. We saw that using scalar fields to drive
inflation provides a scenario where inflation ends at some point in time and the universe

transitions to a radiation dominated epoch.

In chapter 2, we discussed the cosmological perturbation theory and the origin and
evolution of primordial perturbations in the framework of single-field inflationary models
in general relativity. We also discussed slow-roll inflation and computed the background
dynamics and the primordial power spectra for two specific models: the quadratic

potential and the axion monodromy model.

In chapter 3, we briefly discussed the theoretical landscape of modified gravity and
studied in detail the evolution of universe in an f(R) theory of gravitation. We also
discussed how inflation occurs from a purely gravitational origin in these theories as well
as the origin and evolution of primordial perturbations in a spatially flat f(R) FLRW
universe during inflation. We saw that the equations of motion governing the metric
perturbations have the exact same form as in the framework of general relativity and
that an f(R) theory is conformally equivalent to a theory of general relativity coupled
minimally to a canonical scalar field in the metric formalism thus introducing the Einstein

and Jordan frames.

In chapter 4, we investigated one of the earliest proposed f(R) theories: the Starobinsky



model. We studied how inflation occurs without any scalar field in this model and
saw that the dynamics of perturbations during inflation agrees with the observational
constraints from Planck data. Through explicit numerical computations, we also showed
that the primordial power spectra and hence the scalar and tensor perturbations are
equivalent in the Einstein and Jordan frames which means that we cannot distinguish

which is the physical frame just from the CMB observations.

In chapter 5, we discussed the Higgs inflation model, why we need the non-minimal
coupling of Higgs to gravitation and that the inflationary dynamics not only agrees well
with the observational constraints but also allows for the self-coupling of Higgs to be
within the observational constraints from the electroweak measurements. Once again,
through explicit numerical computations we showed the equivalence of the perturbations
in the Einstein and Jordan frames. We also showed that for suitable choice of parameters,

the Starobinsky model is completely equivalent to the Higgs model.

In chapter 6, we first discussed modifications to the Higgs model due to radiative
corrections to the tree potential as per the Coleman-Weinberg approximation which is
applicable for massless scalar fields. We then, incorporated the running of the couplings
of A and & governed by the renormalised group equations (RGE) which leads to Critical
Higgs Inflation (CHI). In the CHI model, we saw that an inflection point in the potential
during inflation can lead to amplification of the scalar power spectrum which has
applications in PBH formation and generation of secondary gravitational waves. Lastly,
we discussed the unitarity problem, a very important issue and different proposals over

the years to resolve it.
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APPENDIX A

ADM FORMALISM

The ADM formalism is the Hamiltonian formulation of general relativity to view it as an
initial value problem and to analyse the dynamics as the evolution of three-dimensional
hyperspaces where all the fields are then defined. The idea is to split the spacetime into
3 + 1 dimensions, define and derive the dynamics in these three-dimensional space-like
hypersurfaces and then connect two hypersurfaces in time using lapse and shift functions.
The derivation of the ADM action for general relativity is rather complicated (see

Refs.[40, 41] for full derivation) and we will directly move to the derivation of Eq.(2.18).

In ADM formalism, the spacetime metric is expressed in terms of the lapse function N,

the shift functions N; and the spatial metric 4;; and is given by:
ds* = =N?dt* + h;;(dx' + N'dt) (dx’ + N7 dt). (A.1)

The ADM formulation of the Einstein-Hilbert action minimally coupled to a scalar field

in terms of the above metric then turns out to be [42]:

1 - . . .
S=3 / dtd*xVh [NR<3> _ 2NV + N (EijE” - Ez) + N7 (§ - N'oip)’ - NI 60,0
(A.2)
where R denotes the intrinsic three-curvature of the space-like hypersurfaces, V denotes

the potential of the scalar field ¢ and

1
Eij = 5 (hij = ViNj = V;Ni)
2 (A3)
E=E.

The extrinsic curvature is K;; = N -1E; 7. We can now write the Hamiltonian from the
action given above. We have the Lagrangian and hence we can obtain the Hamiltonian

describing general relativity. In ADM formalism, we treat the quantities ¢ and A;; as the



dynamical variables and the quantities N and N; as the Lagrange multipliers. So, we first

choose a convenient gauge to work in. Here, we shall choose the gauge [42, 43]:
6 =0, h;=a*e™Rsy;. (A.4)

This corresponds to the comoving gauge and R is the physical degree of freedom
associated with the scalar curvature perturbations. For now, we shall ignore vector and
tensor perturbations. Now, to derive the action governing the equation of motion for
the scalar curvature perturbation R, the method is rather straightforward. We first solve
the Hamiltonian constraints corresponding to the Lagrange multipliers N and ;, then
substitute the results back in the action (A.2) and after simplifying, we get the final
result we want. The Hamiltonian and momentum constraints corresponding to N and N;

respectively turn out to be:

» EjET-E*+§?

RG -2V (A.5)
Vi[N"!(E! - 6%E)] = 0.

For the gauge conditions we have chosen, we get:
R® = 72 R(=48,0:R - 2(6;R) (8;R)) = —48;0'R — 2(5;R) (8'R). (A.6)

Now, to get an action which is to the quadratic order, we solve the above equations (A.5)
for N and N; to linear order by setting: N =1+ Ny and N; = 0,y + Nl.T where 6,~N§ =0.

Therefore, to the linear order, we get,

E; = % — ViV - % (V,-N]T 4 V_jNiT) :
El = (H+R)5, - V'V,u - % (VNT + Vv )

EiE' ~ 3H? + GHR — 2HV,Viy, A7)
E = hi;E” =~ 3(H+R) - V;V'y,

E* ~9H? + 18HR — 6HV,V'y.

Using these approximations, we can solve the constraint equations. Solving the momentum
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constraint to the linear order, we get the following results:
Ni=—, 08>Nr=0. (A.8)

That takes care of N. Now, we use the above results and the background equation

3H? =V + ¢?/2 in the Hamiltonian constraint:
(1 + 25) (R®) —6H? + ¢*) = —6H? — 12HR + 4HV,V'y

A #*R A9
= V,Viy ~ §;0'y aa(H) Y7 (A.9)

=y = _g +x where 0;0;x = a2¢527é/(2H2).

Note that we have approximated the covariant derivative V; to the partial derivative 0;
since the connections F;. , are proportional to the derivatives of R and we have considered
only linear-order terms. That takes care of the constraint equations. Now, we just have to
substitute these results back in the action, consider terms only to the quadratic order and

then integrate by parts:

S [R] :% / dtd’x |a

(1+—)( —48;0;R - 2(6;R)?) — 2Vale 3R(1+§)

1 3 aleR o
+§/dtd ( ———(¢* - 6(H+R)?)

1+)

— - /dtd3 [aeR( : HIR)  456R - 26R) )]

1
+= | dtd®
2 / X

1 s | god [-40:0R - 2(8:R)?
= = 2/dtd »(ae)dt[
-

. . .2
ae3R(¢( §+1—§+(§))—12H(7€+H))

2052
+ (a’e*®) 4H+¢HR +24°

|
|

(A.10)

H

2422
2¢ +¢H +2¢

:% / drd’x —(aeR)% [40,0:R +2(8:R)?] + (a’e®®)
1

. 550
:zE/dtd3X (@) ﬂ

H2

_ @ [aRy?
(ac®) 5 [(0R)7] |

where we have used the Friedmann equations (1.20) and set Mp; to unity in the derivation.
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The subscript i represents sum over i and (9;R)? = 9;Rd;R. Now, shifting from cosmic

time coordinate to the conformal time coordinate, we get:

/dn/d3 (R )* = (0R)?], (A.11)

which is the action to the quadratic order governing the scalar curvature perturbation.
Similarly, we can derive the action governing the tensor perturbations by working in the
gauge [42]:

§¢=0, hij=a*ij+vi)), Oyi;=0, yi=0, (A.12)

where y;; are the physical degrees of freedom associated with the tensor perturbations
and are transverse and traceless. Using the above method, the action governing the tensor

perturbations turns out to be:

S [vii] = Pl/dn/d3xa i) = (0vif) ] (A.13)

Note that we have not made any slow-roll approximations in the derivation of these

actions.
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