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ABSTRACT

The main aim of this thesis is to understand the theory of structure formation in the uni-

verse and examine the quantities describing it. We study the evolution of inhomogeneities

in the universe using the linear cosmological perturbation theory. We analytically study

the behaviour of gravitational potential and matter density as the universe evolves from

radiation-dominated epoch to matter-dominated epoch. We then derive quantities measur-

able from observations, including the matter power spectrum and compare it to the power

spectrum obtained from galaxy clustering observations of SDSS.
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Chapter 1

Introduction

1.1 The Smooth Universe

1.1.1 The Cosmological Principle

For centuries, astronomers speculated as to whether we are in a privileged location with

respect to the rest of the universe. The general assumption is that there is nothing special

about our location in the universe and it is known as the Copernican principle. Based on

this, one can conclude that if we observe the universe around us to be isotropic, it can be

assumed that the universe is homogeneous and isotropic everywhere, since isotropy at every

point in space implies homogeneity.This is the basis for modern Cosmological models. The

Cosmological Principle is that the universe is homogeneous and isotropic when viewed on

large distance scales. What it means is that statistical properties such as the average density

in a region of extent more than 100Mpc is independent of where the region is located in the

universe.

1.1.2 Friedmann-Lemaître-Robertson-Walker metric

Consider the most general 4 dimensional spacetime line element and apply the cosmological

principle to it.

ds2 = gµνdx
µdxν (1.1)

If we consider space to be isotropic, then the metric should not consist of cross terms such

as dxidxj and dtdxi (where i,j run through space components)since it is not invariant under
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1.2. FRIEDMANN EQUATIONS

spatial inversion. This simplifies the metric to

ds2 = g00dt
2 + dx2 (1.2)

where x refers to spatial coordinates.The general gij components can be function of both

space and time. The spatial line element can be written based on the fact that space is ho-

mogeneous and isotropic. The time component of spatial metric is given by the scale factor

a(t), since we know that the universe is expanding.(from Hubble’s law). Also, the Einstein’s

equations do not have a stable solution for the static line element.

The FLRW metric is given as(using the negative sign convention) :

ds2 = dt2 − a(t)2(
dr2

1− kr2
+ r2dΩ2

2) (1.3)

where k is the spatial curvature, which is 0,±1 for flat, closed and open universe respectively.

dΩ2
2 is the line element on 2-sphere which is equal to dθ2 + sin2θdφ2

1.1.3 Stress Energy Tensor

On cosmological scales, the universe can be assumed to be filled with a perfect fluid. In

the comoving frame(which expands at along with the expansion of the universe), the stress

energy tensor can be written as

Tij = diag(ρ(t),−p(t),−p(t),−p(t)) (1.4)

where ρ is the mean mass density and p is pressure of the fluid. Both ρ and p are functions

of time alone, due to the homogeneity and isotropy of space.

1.2 Friedmann Equations

The Einstein’s equations for the FLRW metric with the source as a perfect fluid are given by

(
ȧ

a
)2 +

k

a2
=

8πG

3
ρ (1.5)

2ä

a
+ (

ȧ

a
)2 +

k

a2
= −8πGp (1.6)

where ȧ represents time derivative

Combining the above two equations, we get

ρ̇+ 3H(ρ+ p) = 0 (1.7)

where H is the Hubble parameter, defined as ȧ
a

2



1.2. FRIEDMANN EQUATIONS

1.2.1 Equation of State

So far, we have 3 parameters ρ, p, a and two equations. In order to solve for the scale factor,

we shall assume the equation of state as

p = ρw (1.8)

where w is equal to 0 for non-relativistic pressure-less matter/dust, 1/3 for relativistic mat-

ter/radiation and -1 for the cosmological constant.

Substituting the equation of state and solving the above equation, we have

ρ ∝ a−3(1+w) (1.9)

=⇒ ρ ∝ a−3 : matter (1.10)

ρ ∝ a−4 : radiation (1.11)

ρ = const. : dark energy/ cosmological constant (1.12)

1.2.2 Scale factor in different epochs

Rewriting the first Friedmann equation while accounting for all types of matter, we have :

H2 +
k

a2
=

8πG

3
(ρ0
NR(

a0

a
)3 + ρ0

R(
a0

a
)4 + ρ0

Λ) (1.13)

For the rest of the discussion, we shall assume that the universe is flat i.e; spatial curvature

k = 0 , which is a fair assumption when compared to observations. In that case, as we see

, among the three terms on the right hand side, different terms dominate depending on the

value of scale factor. Let us also assume that the scale factor at the Big Bang is equal to zero.

Radiation dominated epoch

For small values of the scale factor, the radiation density dominates and the other two terms

can be ignored. Solving the equation(1.13) in that case gives us:

a(t) ∝ t(1/2) (1.14)

3



1.2. FRIEDMANN EQUATIONS

Matter dominated epoch

At later times after the radiation dominated era, the matter density starts dominating radia-

tion density with increasing a(t). In that case, solving for scale factor in a matter dominated

era gives us:

a(t) ∝ t(2/3) (1.15)
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Chapter 2

Linear Cosmological Perturbation Theory

2.1 The inhomogeneous universe

In the previous chapter, we discussed how the universe can be treated as homogeneous and

isotropic , which makes it easier for us to study the dynamics of the universe. However,

when we look around us, we find that the galaxies in the universe are not homogeneously

distributed but rather exist in clusters and superclusters. Fig(2.1) below shows the distri-

bution of galaxies as a function of redshift(or equivalently distance; a redshift of 0.01 cor-

responds to a distance of 30Mpc, using Hubble’s law and assuming Hubble constant to be

100kms−1Mpc−1). It can be seen that there are several regions which are more dense com-

pared to the average density while some of the regions have little to no matter. These regions

are also referred to as Voids. To explain why the universe is so structured on small scales,

we need a theory of structure formation in the universe.

Moreover, the cosmic microwave background, as shown in Fig(2.2), is inhomogeneous upto

1 part in 105 meaning that the inhomogeneities would have been much smaller initially.

2.2 Perturbations in metric

Since the CMB anisotropies are of the order much lesser than 1, the initial perturbations

must be of lesser order and hence can be studied using the linear perturbation theory. The

perturbations in metric can be categorized into scalar, vector and tensor depending on how

they behave under a coordinate transformation. The sources of scalar perturbation include

perturbations in energy/mass density , while vector perturbations arise due to rotational ve-

5



2.2. PERTURBATIONS IN METRIC

Figure 2.1: SDSS Galaxy map. Image Credit: M. Blanton and SDSS [1]

locity fields. Tensor perturbations describe gravitational waves and can exist even without

source.

2.2.1 Degrees of Freedom

The metric is symmetric and therefore in D+1 dimensions, there are (D+2)(D+1)/2 compo-

nents. Also, we have choice in coordinate system :

gµν =
∂x̃α

∂xµ
∂x̃β

∂xν
g̃αβ (2.1)

which leads to (D+ 1) degrees of freedom. Therefore, the total degrees of freedom available

for the metric will be (D + 1)(D + 2)/2− (D + 1) = D(D + 1)/2.
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2.2. PERTURBATIONS IN METRIC

Figure 2.2: WMAP sky map showing Temperature fluctuations. Image Credit: NASA /
WMAP Science Team [2]

2.2.2 S-V-T decomposition

The metric perturbation δgµν can be written in the form of scalar, vector and tensor compo-

nents in a matrix form as : [
δg00 δg0i

δgi0 δgij

]
(2.2)

where the 0 index corresponds to time component and i,j’s correspond to spatial compo-

nents. The scalar perturbation can be expressed as δg00 = A . Using Helmholtz decomposi-

tion, the vector perturbation can be written as δg0i = ∂iB +∇Ci, where B is a scalar and C is

a divergence-less vector. Similarly , the tensor component can be decomposed as :

δgµν = Dδij + (∇iEj +∇jEi) + [(
1

2
)(∇i∇j)− (

1

3
)δij∇2]G+Hij (2.3)

where Hij is a traceless,symmetric and transverse tensor, satisfying ∇iHij = 0. We have 4

scalars A,B,D,E and divergence-free vectors C,F which have 2(D-1) degrees of freedom. The

tensor Hij has (D)(D+1)/2 - (D+1) = (D+1)(D-2)/2 . Therefore, the total number of degrees

of freedom will be

4 + 2(D − 1) + (D + 1)(D − 2)/2 = (D + 1)(D + 2)/2 (2.4)

Including the degrees of freedom associated with coordinate transformation, we have (D +

1)(D + 2)/2− (D + 1) = D(D + 1)/2 which we derived in the previous section.

Upto linear order, the equations for scalar, vector and tensor perturbations separate out and

can be solved independently.
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2.2. PERTURBATIONS IN METRIC

2.2.3 Choice of gauge

We now have to choose ’good’ coordinates to describe the scalar, vector and tensor perturba-

tions described in (2.2.2). A ’good’ coordinate system is the one in which the perturbations

are not spurious i.e; those which can be eliminated by a coordinate transformation. One way

is to choose these perturbations such that they don’t change under a coordinate transforma-

tion. These class of variables are called Bardeen variables and are given by :

ψ = A+H(B −G′) + (B −G′)′ (2.5)

φi = F ′i − Ci (2.6)

φ = −D −H(B −G′) +
1

3
∇2G (2.7)

where primed derivatives are with respect to conformal time.

The other way easier way is to stick to a particular coordinate system and derive all equa-

tions in it.

Newtonian Gauge

Choose A = ψ and D = -φ and set rest of the variables to zero, so that we have the only non-

zero metric perturbations to also be coordinate inavariant i.e; the Bardeen variables shown

in the last section. The line element is given as

ds2 = a2(τ)[(1 + 2ψ)dτ 2 − (1− 2φ)(dx2 + dy2 + dz2)] (2.8)

Observe how the metric now is close to the weak field limit of GR. We’ll see that φ actually

corresponds to the Newtonian gravitational potential and therefore this gauge is called the

Newtonian gauge.

2.2.4 Perturbed Christoffel symbols and Curvature Tensor

From the metric, the perturbed Christoffel symbols and Curvature can be calculated. Going

through the tedious calculation, we find that the non-zero Christoffel symbols are:

Γ0
00 = aφ′

Γ0
0i =

∂iφ

1 + 2φ
= ∂iφ

8



2.3. PERTURBED STRESS ENERGY TENSOR

Γ0
ij = δij[

a′(1− 2ψ)− aψ′

1 + 2φ
] = [a′(1− 2φ− 2ψ)− aψ′]δij

Γi00 =
∂iψ

1− 2ψ
= −∂iψ

Γi0j = [H − ∂iψ

1− 2ψ
]δij = [H − aψ′]δij

Γijk = −2δi(j∂k)φ+ δjkδ
il∂lφ (2.9)

where all nonlinear terms(higher order terms in ψ,φ and their derivatives) have been ig-

nored.

Curvature Tensor

The non-zero components of Riemann curvature tensor are:

R00 = −3H ′ +∇2ψ + 3H(φ′ + ψ′) + 3φ′′

R0i = 2∂iφ
′ + 2H∂iψ

Rij = [H ′ + 2H2 − φ′′ = ∇2φ− 2(H ′ +H2)(φ+ ψ)−Hψ′ − 5Hφ′]δij + ∂i∂j(φ− ψ) (2.10)

2.3 Perturbed Stress Energy Tensor

2.3.1 Stress Energy Tensor of a perfect fluid

Considering the homogeneous and isotropic universe to be equivalent to a perfect fluid with

no anisotropic stresses, we can write its stress energy tensor as :

T µν = (ρ+ p)UµUν − pδµν (2.11)

where ρ is the mean density and p is the pressure of the fluid and both are functions of time

alone owing to homogeneity and isotropy.

The perturbation in Tµν will then be

δT µν = (δρ+ δp)UµUν + (ρ+ p)(δUµUν + UµδUν)− δpδµν (2.12)

In the frame of the fluid i.e; the comoving frame, we have the four velocity Uµ = (1, 0, 0, 0)

As we have seen before, δT 0
0 is a scalar, δT i0 a vector and δT ij a tensor. We can therefore do

SVT decomposition involving only scalar perturbations to write them as:

δT 0
0 = δρ

9



2.4. PERTURBED EINSTEINS EQUATIONS

δT i0 = ∇iδσ

δT ij = δpδij (2.13)

2.4 Perturbed Einsteins Equations

Einstein Tensor

The Einstein tensor can be calculated from the perturbed metric and Riemann tensor.

G00 = 3H2 + 2∇2φ− 6Hφ′

G0i = 2∂i(φ
′ +Hψ)

Gij = −2(H ′+H2)δij + [∇2(ψ−φ) + 2φ′′+ 2(2H ′+H2)(φ+ψ) + 2Hψ′+ 4Hφ′]δij +∂i∂j(φ−ψ)

(2.14)

Substituting in the Einstein’s equations simplifies down to 3 final equations as follows:

Trace-free partGij :

∂(i∂j)(φ− ψ) = 0

=⇒ φ = ψ (2.15)

G00 component:

∇2φ = 4πGa2ρδ + 3H(φ′ + φ) (2.16)

G0i component:

φ′ +Hφ = −4πGa2(ρ+ p)v (2.17)

trace part Gi
i :

φ′′ + 3Hφ′ + (2H ′ +H2)φ = 4πGa2δP (2.18)

Notice that the second equation is very similar to the Poisson equation for gravitational

potential. The above three equations can be combined with the background equations to

arrive at a single equation for the potential as:

φ′′ + 3H(1 + w)φ′ − w∇2φ+ (2H ′ + (1 + 3w)H2)φ = (4πGa2)δpNA (2.19)

where w is the adiabatic speed = p′/ρ′ and δpNA is the non-adiabatic pressure perturbation

which can be assumed to be zero. Finally, the third term can be proved to be equal to zero

from the background equations. We therefore have:

φ′′ + 3H(1 + w)φ′ − w∇2φ = 0 (2.20)

10



Chapter 3

Evolution of Gravitational potential

3.1 Length scales in the problem

From the previous chapter, we have:

φ′′ + 3H(1 + w)φ′ − w∇2φ = 0 (3.1)

In fourier space, it can be written as

φ′′ + 3H(1 + w)φ′ + wk2φ = 0 (3.2)

where k is the fourier mode wavenumber, which is equal to 2π/λ where λ is the physical

wavelength of the perturbation. Clearly, there are two length scales involved in the equation:

H−1 and k−1, both having dimensions of length. Approximations to the equation can be

made depending on which of the two dominates. This can be understood with the help of

Fig(3.1) below.

Hubble radius dH in different epochs

H = ȧ/a

Radiation domination : a ∝ t(1/2)

=⇒ dH ∝ a2 (3.3)

Matter domination : a ∝ t(2/3)

=⇒ dH ∝ a3/2 (3.4)

The wavelength that ’enters the horizon/Hubble radius’ at matter-radiation equality is

called λeq . The phrase ’enters the horizon’ refers to physical wavelength becoming smaller

11



3.2. CURVATURE PERTURBATION TENSOR

Figure 3.1: ln(λ)[λ ∝ a], dH vs ln(a) , Image Courtesy [3]

than Hubble radius. When the physical wavelength becomes smaller than the Horizon dis-

tance, there will be enough time for the interactions to occur in the age of the universe. In

other words, the perturbations can be assumed to grow independent of the expansion of the

universe. When λ < dH it is called Sub-Hubble regime and it’s Super-Hubble regime when

λ > dH .

3.2 Curvature Perturbation tensor

Consider the quantity

R = φ+
2ρ

3H
(
φ′ +Hφ

ρ+ p
) (3.5)

R is called the curvture perturbation tensor and it can be proved that R’ vanishes in the limit

of Super-Hubble scales.

Rearranging using background equations and equation of state p = wρ , we have

R = −(5 + 3w)

(3 + 3w)
φ (3.6)

Therefore, using the fact that R remains the same in the matter(w=0) and radiation domi-

nated era(w=1), we have
5

3
φMD =

3

2
φRD

12



3.3. RADIATION DOMINATED ERA

=⇒ φMD =
9

10
φRD (3.7)

for all λ > dH

We can now study Eqn(3.2) in different eras under approximations.

3.3 Radiation dominated era

For radiation dominated era, we have w = 1/3 and H = 1/2t = 4/τ 2(conformal time) .

Eqn(3.2) becomes:

φ′′ +
4

τ
φ′ +

k3

3
φ = 0 (3.8)

The solution to above equation is oscillatory and given by :

φ ∝ cos(kτ/
√

3)

(kτ)2
(3.9)

The complete solution can be found with the initial conditions set by inflation. In the limit

of k << H i.e; super-Hubble regime, the equation becomes:

φ′′ +
4

τ
φ′ = 0 (3.10)

The solutions are φ is constant and φ ∝ a−5/2. We can ignore the decaying solution since the

initial conditions are finite. Therefore, the super-horizon solution will be:

φ ∝ const. (3.11)

3.4 Matter dominated era

For matter dominated era, w = 0 and therefore Eqn(3.2) is independent of k and we have the

same solution for Sub and Super-Hubble regimes.

φ′′ + 3Hφ′ = 0 (3.12)

The solution would be either a constant or a decaying polynomial in time. We can discard

the decaying solution since we do not want our initial conditions to blow up.

φ ∝ const. (3.13)

Again, the const. is dependent on initial condition.

13



3.5. TRANSFER FUNCTION

The evolution of gravitational potential can therefore be summarised as shown below:

Figure 3.2: Evolution of potential in sub and super-Hubble regimes from radition to matter
dominated era. Image Credit: Dodelson, Scott.Modern Cosmology

3.5 Transfer function

In order to relate the primordial potential to the potential today, we define Transfer function

as :

φ(k, a) = φp(k)X (Transfer function(k))X (Growth factor(a)) (3.14)

where the φp is the primordial potential generated during inflation, Growth factor describes

the wavelength independent growth during late times. Fig(3.2) shows transfer function of

different elements(cdm, baryon,photon) at a redshift of z =100. It can be noticed that all the

components behave the same way in super-Hubble regime in all eras(as we know that φ is

constant) while the sub-horizon evolution is different. Although not discussed in detail here,

it can be seen how the transfer function of baryons trace that of dark matter. It can also been

seen that for larger redshifts i.e; earlier epochs, the transfer function of baryons traces that of

photons. This is because initially in radiation domination era, matter is coupled to radiation

14



3.5. TRANSFER FUNCTION

until z=1000, after decoupling, the baryons fall into the gravitational potential wells created

by dark matter.

Figure 3.3: T(k) vs k : Transfer functions of different components at redshift z= 100. The plot was obtained
using CAMB.
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Chapter 4

Evolution of matter density perturbations

In this chapter, we’ll study the evolution of density perturbations in the matter component

which has been assumed to be pressure-less, the cold dark matter(cold because it is non-

relativistic(mc2 >> kBT )). In principle, we need to solve the complete Boltzmann equations

with relevant collision terms to understand the evolution of density perturbations. It turns

out that for the case of dark matter, the results can be derived from the relativistic fluid

equations derived from the conservation of stress energy tensor.

4.1 Meszaros equation

From the conservation of stress energy tensor[4], we have the continuity fluid equation:

δ′ + (1 +
p

ρ
)(∇ · v − 3φ′) + 3H(

δp

δρ
− p

ρ
)δ = 0 (4.1)

and Euler equation :

v′ +Hv − 3H
p′

ρ′
v = − ∇δp

ρ+ p
−∇φ (4.2)

For dark matter, we may set p = δp = 0. Combining the equations 4.1 and 4.2, we get

δ′′m +Hδ′m = ∇2φ (4.3)

In eqn(4.3), the potential is considered to be sourced only by matter perturbations when av-

eraged over time, since we have already seen that the potential in radiation era is oscillatory

and vanishes when time averaged. From Eqn(2.15), we can write :

δ′′m +Hδ′m − 4πGa2ρmδm = 0 (4.4)

16



4.1. MESZAROS EQUATION

Setting y = a/aeq and combining the above equation with background eqn(1.13), we get the

Meszaros equation:
d2δm
dy2

+
2 + 3y

2y(1 + y)

dδm
dy
− 3

2y(1 + y)
δm = 0 (4.5)

The change of variable is to bring eqn(4.4) to a form that can be easily solved. The above

eqn(4.5) is a second order differential equation which can be solved using Mathematica. The

solutions are of the form:

δm ∝ 2 + 3y

δm ∝ (2 + 3y)ln(

√
1 + y + 1√
1 + y − 1

)− 6
√

1 + y (4.6)

Radiation dominated era:

In radiation dominated era, we have y = a/aeq << 1 ant therefore the growing mode solu-

tion will be

δm ∝ ln(y) ∝ ln(a) (4.7)

Matter dominated era:

In matter dominated era, y = a/aeq >> 1 and the growing mode solution is :

δm ∝ y ∝ a (4.8)

4.1.1 Super-Hubble evolution

From the first equation in Eqns(2.15), we have:

δ = −2

3

k2

H2
φ− 2

H
φ′ − 2φ (4.9)

For super Hubble evolution, we have k << H and so the first two terms can be ignored.

From Sec 3.3 and Sec 3.4, we have seen that the potential is constant in the super Hubble

approximation. Therefore, we have δm = −2φ = const. in the Super-Hubble regime. The

evolution of matter density can be summarized in the figure (4.1). Length scales below keq

are always in super-Hubble regime and therefore while length scales above keq are in sub-

Hubble during radiation era and therefore grow logarithmically as seen.
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4.2. LINEAR MATTER POWER SPECTRUM

As they become sub-Hubble during matter dominated era, they grow linearly with scale

factor.

Figure 4.1: Evolution of dark matter density perturbations during different epochs for length scales =
0.01,0.1(keq),1Mpc−1. All plots were obtained using CAMB.

4.2 Linear Matter Power Spectrum

4.2.1 Definition

The matter power spectrum P(k) is the square of amplitude of the fourier modes of the

density perturbation. It is defined as

< δm(k̄)δm(k̄′) >= (2π)3P (k)δ3(k̄ − k̄′) (4.10)

From Eqn.(4.3) and Eqn.(3.14)[5], the dark matter power spectrum can be derived to be :

P (k, a) = 2π2δ2
H

kn

Hn+3
0

T 2(k)(
D(a)

D(a = 1)
)2 (4.11)
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The matter power spectrum can be obtained from CAMB. The initial conditions were set for

ns = 0.965

Figure 4.2: Linear matter power spectrum obtained using CAMB

4.2.2 Measured Matter Power Spectrum

The linear matter power spectrum can be measured from the two-point correlation functions

of galaxy distribution. Correlationfunction The distribution of galaxies in the universe is

not random. The two-point correlation function ζ measures the probability of finding a

galaxy within a given distance from any galaxy and is given by :

P = (ndV )2(1 + ξg) (4.12)

where n is the average number density of galaxies in given volume dV. Similarly, we can

also define the two point correlation function between two locations for total matter density

in the universe as :

< ρ(x)ρ(y) >= (ρ̄)2 < (1 + δ(x))(1 + δ(y)) >

= ρ2(1+ < δ(x)δ(y) >)

= ρ2(1 + ξ(|x− y|)) (4.13)
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where < δ(x) >= 0 as we are averaging over all space and ξ is a function of |x− y| owing to

the principle of homogeneity.

Power Spectrum :

The power spectrum is calculated as the 3D fourier transform function of the correlation

function as :

P (k) = 2π

∫ ∞
0

dr r2 sin(kr)

kr
ξ(r) (4.14)

Below is the linear dark matter power spectrum obtained from CAMB plotted along with

the galaxy clustering power spectrum from SDSS BOSS DR1(2003) data.

Figure 4.3: Linear matter power spectrum today (z=0) plotted against galaxy clustering
power spectrum data from SDSS

4.2.3 Turn-around scale

The shape of power spectrum can be understood as follows. The larger k i.e; smaller wave-

lengths enter the Hubble radius early in radiation dominated era(Ref. Fig(3.1)). There-

fore these density pertrubation modes evolve as ln(a) as derived in Sec(4.1). Compare this

to the larger wavelength modes(or small k) which enter Hubble radius in matter domi-

nated era and therefore have their density contrast ∝ a(τ ). This implies that as the k in-

creases(wavelength decreases), the growth rate becomes lesser(∝ ln(a))and therefore their
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4.2. LINEAR MATTER POWER SPECTRUM

power is suppressed(since power spectrum is the amplitude of fluctuations). The character-

istic scale at which turn-over occurs is set by λeq (which is understood from Fig(3.1)).

The linear matter power spectrum is therefore traced by the galaxy clustering power as

observed today which implies that the baryonic matter sees the same potential as the dark

matter at late times, after decoupling from radiation.
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Chapter 5

Summary

The Cosmological Principle states that the universe is statistically homogeneous and

isotropic on large scales. But on small length scales, about the order of distance between

galaxies, we see that the universe is structured rather than being homogeneous.In order to

study how structure formation occurred, we need to understand the linear cosmological per-

turbation theory. Introducing perturbations to the FLRW metric and stress-energy tensor of

perfect fluid, we can solve the Einstein’s equations upto first order in scalar perturbations.

The resulting equations can be combined with background evolution equations to obtain a

single equation for the Newtonian potential φ as (Eqn.3.1):

φ′′ + 3H(1 + w)φ′ + k2wφ = 0

The above equation an be solved under tow different approximations :k >> H or k << H

corresponding to sub-Hubble and super-Hubble regimes respectively. From the conserva-

tion of the curvature perturbation tensor R(Eqn3.5), it can be found that the potential is

always a constant in the super-Hubble regime of a given era. The sub-hubble evolution

of potential is dependent on what era we are looking at. In the radiation dominated era,

the potential is suppressed and is oscillatory. In the matter dominated era, the potential is

again found to be constant(which is 9/10 of the constant potential in radiation dominated

era(Eqn3.7)). The evolution of matter perturbations can now be studied by making use of

the Poisson equation and relativistic fluid equations. In the radiation dominated era, the

matter density evolves logarithmically in sub-Hubble regime while it is a constant in the

Super-Hubble regime. In the matter dominated era, the matter density evolves linearly with

the scale factor while it remains constant in the super-Hubble regime. This behaviour of
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matter density in sub-Hubble regime is expected as we know that in radiation dominated

era, the growth of matter perturbations is diluted by photons while that is not the case dur-

ing matter dominated era, leading to the linear growth of matter perturbations. Finally, we

have the matter power spectrum which gives us the square of amplitude of density per-

turbations which can be computed from the transfer function(Eqn(4.11). The matter power

spectrum can also be found by taking the fourier transform of two-point correlation func-

tion of galaxy clustering. This data has been obtained from SDSS(2003,[9]) and was plotted

against the matter power spectrum derived from perturbation theory and the results are

shown in Fig(4.3). The matter power spectrum is traced by the galaxy power spectrum and

therefore it can be concluded that the baryonic distribution is similar to the dark matter dis-

tribution today(at late times i.e; long after decoupling). The current understanding is that

baryons collapse in the potential wells of dark matter halos after decoupling, leading to the

formation of stars, galaxies surrounded by the dark matter halo.

23



Bibliography

[1] See, http://www.sdss.org/science/orangepie/

[2] See, https://map.gsfc.nasa.gov/media/121238/index.html

[3] Image credit : Aseem Paranjape, IUCAA VSP 2017 lectures

[4] See, http://www.damtp.cam.ac.uk/user/db275/Cosmology/Lectures.pdf

[5] L. Sriramkumar. An introduction to inflation and cosmological perturbation theory,

2009; arXiv:0904.4584

[6] Dodelson, Scott. Modern Cosmology. Academic Press, 2003.

[7] Schneider, P. Extragalactic Astronomy and Cosmology: an Introduction. Springer, 2006.

Bosch

[8] Mo, Houjun, et al. Galaxy Formation and Evolution. Cambridge University Press, 2010.

[9] M. Tegmark et al, Astrophys. J. 606, 702 (2004).

24


