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Synopsis

The inflationary scenario is possibly the most promising scenario to describe the early stages

of the universe. The scenario not only offers an elegant explanation for the extent of ho-

mogeneity and isotropy of the background universe, but also provides an attractive causal

mechanism to generate the inhomogeneities. The inflationary epoch amplifies the small

quantum fluctuations present at the beginning of the epoch into classical perturbations,

which in turn leave their imprints as anisotropies in the Cosmic Microwave Background

(CMB). These anisotropies in turn act as seeds for the formation of the large scale structures

that we observe at the present time as galaxies and clusters of galaxies. The ever-increasing

precision of the measurements of the anisotropies in the CMB offer us an unprecedented

scope to test the predictions of inflation. The simplest models of inflation wherein the accel-

erated expansion of the universe is driven by a single, slowly rolling scalar field, generically

predict a nearly scale invariant spectrum of primordial perturbations, which seems to be in

good agreement with the recent observations of the CMB.

In the conventional picture, the inflationary epoch is expected to be followed by a period

of reheating, a regime during which the energy is transferred perturbatively from the in-

flaton to radiation in order to recover the hot big bang phase of the universe. It used to

be believed that reheating may not affect the evolution of the perturbations and, as a re-

sult, the post-inflationary dynamics of the perturbations were often ignored when using the

CMB observations to constrain the various inflationary models. However, over the past few

years, it has been realized that post-inflationary dynamics can alter the amplitude of the cur-

vature perturbations at super-Hubble scales, in particular, when more than one component

of matter is present. In such a situation, the resulting effects of the post-inflationary dynam-

ics have to be taken into account when constraining the inflationary models using the CMB

observations.
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This thesis work is aimed at studying issues related to the origin and evolution of cos-

mological perturbations during inflation and reheating, and the resulting signatures on the

CMB. With this goal in mind, in this thesis, the following problems have been investigated:

(i) deviations from slow roll inflation and the amplification or suppression of the curvature

perturbations at super-Hubble scales, (ii) generating features in the primordial spectrum so

as to lead to a better fit to the data at the low CMB multipoles, (iii) effects of departure from

slow roll inflation on the tensor power spectrum and the tensor-to-scalar ratio, (iv) reheat-

ing and its effects on the large scale perturbations, and (v) non-gravitating scalar field in the

Friedmann universe. We have briefly described these issues below.

It is well known that, in the slow roll inflationary scenario, the amplitude of the curvature

perturbations approaches a constant value soon after the modes leave the Hubble radius.

However, recently, it was shown that the amplitude of the curvature perturbations induced

by the canonical scalar field can grow at super-Hubble scales if there is either a brief tran-

sition to fast roll inflation or if inflation is interrupted for some period of time. We extend

the earlier analysis to the case of a non-canonical scalar field described by the tachyonic ac-

tion. With the help of a specific example, we show that, if there is a period of deviation from

slow roll inflation, then the asymptotic amplitude of the modes that leave the Hubble radius

just before the deviation are enhanced when compared to their value at Hubble exit. While

modes that leave well before the deviation remain unaffected, it is found that there exists

an intermediate range of modes whose amplitudes are actually suppressed at super-Hubble

scales. We also illustrate as to how the growth of the intrinsic entropy perturbations (i.e. the

non-adiabatic pressure perturbation associated with the tachyon) during the fast roll regime

proves to be responsible for the change in the amplitude of the curvature perturbations at

super-Hubble scales. Furthermore, following the earlier analysis for the canonical scalar

field, we show that the power spectrum evaluated in the long wavelength approximation

matches the exact power spectrum obtained numerically very well.

As we have mentioned above, a nearly scale invariant primordial spectrum fits the recent

CMB data rather well. However, there exist a few points at the lower multipoles which

lie outside the cosmic variance. Even as the debate about the statistical significance of the

outliers in the CMB data continues, a variety of scenarios have been proposed to explain

the possible physical reasons behind these outliers. In particular, there has been an inter-
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est in exploring whether spectra with features that are generated by deviations from slow

roll inflation lead to a better fit to the data. Motivated by this possibility, we investigate

inflationary scenarios driven by a class of potentials which are similar in form to those that

arise in certain minimal supersymmetric extensions of the standard model. We find that

these potentials allow a brief period of departure from inflation sandwiched between two

stages of slow roll inflation, a scenario which we refer to as punctuated inflation. We show

that such a background behavior leads to a step like feature in the scalar power spectrum.

We set the scales such that the drop in the power spectrum occurs at a length scale that

roughly corresponds to the Hubble radius today—a feature that seems necessary to explain

the lower power observed in the quadrupole moment of the CMB anisotropies. We perform

a Markov Chain Monte Carlo analysis to determine the values of the model parameters that

provide the best fit to the recent WMAP 5-year data for the CMB angular power spectrum.

We find that an inflationary spectrum with a suppression of power at large scales that we

obtain leads to a much better fit (with just one extra parameter, χ2
eff improves by 6.62) of

the observed data when compared to the best fit reference ΛCDM model with a featureless,

power law, primordial spectrum.

Almost all the efforts in the literature that have focused on suppressing the scalar power

spectrum on large scales (so as to lead to a better fit at the low CMB multipoles) seem to have

overlooked the corresponding effects on the tensors. With the help of specific examples from

the canonical scalar field as well as tachyonic models, we illustrate that, in punctuated infla-

tion, a drop in the scalar power generically leads to a rise in the tensor power. The increase

in the amplitude of the tensor spectrum alongwith a drop in the scalar spectrum at large

scales results in a dramatic rise in the tensor-to-scalar ratio r at these scales. Interestingly,

we find that r actually exceeds well beyond unity over a small range of scales. We show that

the rise in r on large scales translates to a rapid increase in the angular power spectrum, CBB
ℓ ,

of the B-mode polarization of the CMB at the low multipoles. We also discuss the potential

observational implications of these results.

An important assumption that is made when comparing the predictions of the inflationary

models with the CMB observations is that the amplitude of the curvature perturbations, say,

at Hubble exit—if no deviations from slow roll arise or, in general, at the end of inflation—

is the same as their amplitude when the modes re-enter the Hubble radius at later epochs.
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But, as we mentioned, of late, it has been realized that the amplitude of the curvature pertur-

bations can be affected post-inflation due to the presence of the isocurvature perturbations

when multiple fields and fluids are present. In such a situation, evidently, the spectrum of

curvature perturbations evaluated at the end of inflation will not be the same as at the early

stages of the radiation dominated epoch. Therefore, in such scenarios, the post-inflationary

effects on the curvature perturbations have to be included when comparing the predictions

with the observed data.

With the aim of understanding possible post-inflationary effects on the curvature pertur-

bations, we investigate the problem of perturbative reheating and its effects on the evolution

of the curvature perturbations in tachyonic inflationary models. We derive the equations

governing the evolution of the scalar perturbations for a system consisting of a tachyon and a

perfect fluid. Assuming the perfect fluid to be radiation, we solve the coupled equations for

the system numerically and study the evolution of the perturbations from the sub-Hubble to

the super-Hubble scales. In particular, we analyze the effects of the transition from tachyon

driven inflation to the radiation dominated epoch on the evolution of the large scale cur-

vature and non-adiabatic pressure perturbations. We consider two different potentials to

describe the tachyon and study the effects of two possible types of decay of the tachyon into

radiation. We plot the spectrum of curvature perturbations at the end of inflation as well as

at the early stages of the radiation dominated epoch. We find that reheating does not affect

the amplitude of the curvature perturbations in any of these cases. These results corrobo-

rate similar conclusions that have been arrived at earlier based on the study of the evolution

of the perturbations in the super-Hubble limit. We illustrate that, before the transition to

the radiation dominated epoch, the relative non-adiabatic pressure perturbation between

the tachyon and radiation decays in a fashion very similar to that of the intrinsic entropy

perturbation associated with the tachyon. Moreover, we show that, after the transition, the

relative non-adiabatic pressure perturbation dies down extremely rapidly during the early

stages of the radiation dominated epoch. It is these behavior which ensure that the ampli-

tude of the curvature perturbations remain unaffected during reheating. We also discuss the

corresponding results for the case of the canonical scalar field.

We have discussed above as to how quantum fluctuations during the inflationary epoch

can be responsible for the generation of the inhomogeneities in the early universe. Apart
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from the inflationary scenario, phase transitions that result in the formation of topological

defects have been considered as an alternative source of the perturbations. With the aim of

providing another possible mechanism for the origin of the perturbations, we consider the

behavior of an inhomogeneous, interacting, scalar field that is coupled non-minimally to

gravity in the Friedmann background. We show that for a specific choice of the interaction

terms, the stress-energy tensor of the scalar field vanishes and, as a result, the scalar field

does not gravitate. The naive space dependent solution to the equations of motion results

in a singular field profile. We carefully analyze the stress-energy tensor for such a solution

and show that the singularity of the solution gives a subtle contribution to the stress-energy

tensor. The space dependent solution therefore is, actually, not non-gravitating. Our conclu-

sion turns out to be applicable to other spacetime dependent non-gravitating solutions as

well. We study the hybrid inflation scenario in this model when a purely time dependent

non-gravitating field is coupled to another scalar field.

We conclude the thesis with a discussion on a couple of different avenues for further inves-

tigations. Two directions that we believe require immediate attention are: (i) the generation

of large non-Gaussianities during inflation, and (ii) analyzing the effects of post-inflationary

dynamics on the evolution of the perturbations in a broader class of scenarios. We have

outlined these two issues below.

It is well known that models of inflation driven by single, slowly rolling, canonical scalar

fields generically lead to a rather small amount of primordial non-Gaussianity. However,

recent analysis of the CMB data seems to indicate a fairly large amount of non-Gaussianity.

Theoretically, there seems to be only two possibilities to account for a large non-Gaussianity.

We can consider non-canonical scalar fields such as the ones encountered in D-brane infla-

tionary models, which seem to naturally produce sizeable non-Gaussianities. However, if

one is restricted to consider only canonical scalar fields, there seems to be no option but to

allow for features in the scalar power spectrum, which have been shown to lead to reason-

ably large non-Gaussianties. Under these conditions, it becomes imperative to evaluate the

amount of non-Gaussianity generated in scenarios such as punctuated inflation. With more

accurate measurements of the CMB anisotropies by forthcoming missions, non-Gaussianity

can soon become a powerful tool to constrain inflationary models.

We have discussed as to how the amplitude of the curvature perturbations remains unaf-
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fected during reheating if the decay rate is either a constant, or a function of the inflaton. The

warm inflationary scenario is an interesting possibility, wherein the decay rate, in addition

to depending on the inflaton, can also depend on the temperature. It will be interesting to

explore the effects of the transfer of the energy from the inflaton to radiation on the pertur-

bations in these scenarios. Needless to add, in addition to such specific possibilities that can

be considered, a comprehensive analysis of the effects of post-inflationary dynamics on the

perturbations in a wider class of scenarios is called for.
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Chapter 1

Introduction and scope

Cosmology is certainly one of the most exciting disciplines in research amongst all the ar-

eas of physical sciences. It endeavors to use scientific methods to provide answers to the

fundamental questions about the origin, the content, the evolution and the ultimate fate of

the entire universe. Like any other field of science, cosmology involves the formulation of

theories or hypotheses about the universe which lead to specific predictions for phenomena

that can be tested with observations. Depending on the outcome of the observations, the

theories need to be abandoned, revised or extended to accommodate the conclusions from

the data. Cosmology is indeed the interlink between the observation and the theory: the the-

ory should be based on the results of the observations, however, the proper interpretation of

the observations requires the correct theory. With extremely accurate data available from the

observations, over the last couple of decades, cosmology has grown into a precision science.

1.1 The hot big bang model

The prevailing theory about the origin and the evolution of our universe is the so-called big

bang model1. Theoretically, the model rests on two key ideas that date back to the early

half of the twentieth century: general theory of relativity and the cosmological principle.

According to the general theory of relativity, it is no longer sufficient to describe gravity

1As used by the cosmologists, the term ’big bang’ broadly refers to the notion that the universe has ex-
panded from primordial dense initial conditions at some finite time in the past, and continues to expand to the
present time. Often, big bang is also used to refer to the point in time, early in the universe, where the mat-
ter densities and the spacetime curvature diverge. Actually, the term reflects our ignorance than knowledge!
Close to this point in time, general theory of relativity is expected to break down, and quantum gravitational
effects are expected to take over.
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by a Newtonian potential. Rather, gravitation is supposed to be a distortion of space and

time itself, and the theory essentially establishes the connection between the geometry of

spacetime and the distribution of matter. The cosmological principle states that the matter

content in the universe is homogeneous and isotropic when averaged over sufficiently large

scales. These two ideas form the theoretical basis for the big bang cosmology, and they

lead to very specific predictions for the observable properties of the universe. So far, all the

observational evidence that have been gathered provide overwhelming support for the big

bang model. It is now regarded as the best available theory for the origin and the evolution

of the cosmos, and virtually all the theoretical work in cosmology involves extensions and

refinements of the big bang theory. The theory is indeed so successful in explaining the

results from various observations that it is considered an essential ingredient of the current

standard model of cosmology (for a detailed discussion, see any of the following texts [1, 2,

3, 4, 5, 6, 7]).

The success of the big bang model rests on three significant observational pillars. The

first of these observations essentially indicates that the universe is expanding. It was dis-

covered that most of the galaxies outside our own Milky Way were continuously receding

from us [8]. Moreover, the velocities of these galaxies turn out to be proportional to their

distances. The more distant a galaxy, the faster it was moving away which is, nothing but,

a result of the expansion of the universe. The Hubble diagram is a plot of the recessional

velocities, say, v of these galaxies with respect to their proper distances, say, d. The linear

relationship is known as the Hubble’s law, and is usually written as

v = H0 d, (1.1)

where H0 is the Hubble constant which determines the present rate of expansion of the uni-

verse. Its value is usually parametrized in terms of the dimensionless quantity h as follows:

h = H0/(100 km s−1 Mpc−1). (1.2)

Direct observations indicate that the value of h is given by [9]

h = 0.72 ± 0.1 (1.3)

The Hubble’s law is considered a fundamental relation, while the Hubble diagram still re-

mains one of the most direct evidence we have that the universe is expanding.
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The second most important observation is the existence of an exceedingly isotropic (to

about one part in 105) background radiation of relic photons, known as the Cosmic Mi-

crowave Background radiation (CMB). Though the existence of the CMB was predicted

quite a while back, it was first accidentally discovered somewhat later [10]. The CMB has

an almost perfect black body spectrum, and it has a temperature of 2.725 K today [11].

Since the energy density of radiation falls faster with the expansion than matter, the above

two observations immediately suggest that the universe was radiation dominated at early

times2, and the CMB reflects the fact that matter and radiation were in thermal equilibrium

during these early stages. The transition to the more recent matter dominated epoch oc-

curs when the radiation density falls sufficiently low such that the photons cease to interact

with matter, and the CMB is nothing but the relic radiation which is reaching us from this

epoch of decoupling. In the beginning of the previous decade, for the first time, the COs-

mic Background Explorer satellite (COBE) detected tiny fluctuations (anisotropies) in the

CMB [12, 13, 14, 15]. More recently—in the early part of the present decade—the Wilkinson

Microwave Anisotropy Probe satellite (WMAP) provided more accurate measurements of

these anisotropies [16, 17, 18]. In Fig. 1.1, we have displayed the sky maps of the anisotropies

in the CMB as seen by COBE and WMAP. The pattern of these fluctuations offer us a direct

snapshot of the universe at the epoch of decoupling. As we shall discuss, the structure of

the observed fluctuations provide a compelling ground in favor of the hot big bang the-

ory [19, 20, 21, 22].

Another significant observation in support of the big bang model is the primordial abun-

dance of the light elements which are in good agreement with the predictions coming from

the theory of Big Bang Nucleosynthesis (BBN) (for a recent review, see Ref. [23]). The process

of BBN, which begins about three minutes after the big bang, is considered to be responsible

for the formation of the light elements during the early, hot radiation dominated phase of

the universe. The abundances of all the light elements depend on a single parameter, viz.

the ratio of the number density of baryons to the photons in the universe. Since this ratio

does not change with time, its value allows us to determine the baryon density at a given

epoch. The measured abundances of the light elements agree reasonably well with those

predicted from the single value of this ratio. The observations of the light elements place a

2This is the reason behind the often used adjective ’hot’ to the big bang model.

3



CHAPTER 1. INTRODUCTION AND SCOPE

Figure 1.1: The sky maps as obtained from the observations by COBE (on top) and the
WMAP 5-year data (at the bottom). The precise measurements of WMAP provide more
information about the structure of the CMB anisotropies as compared to COBE.

stringent constraint on the baryon density today (see, for instance, Ref. [24]). The theory of

BBN is considered one of the cornerstones of modern cosmology, and the reasonably good

agreement between the theoretical predictions and the measurements is regarded as a strong

evidence for the hot big bang model.

These three observational signatures—viz. the Hubble’s law, the perfect blackbody spec-

trum alongwith the detailed structure of the anisotropies in the CMB, and the primordial

abundance of the light elements—firmly support the hot big bang model.
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1.2. THE FRIEDMANN LINE ELEMENT

1.2 The Friedmann line element

As we mentioned earlier, the standard hot big bang model is based upon the cosmological

principle which requires the universe to be homogeneous and isotropic on sufficiently large

scales (see, for instance, Ref. [25]). The general relativistic description of a homogeneous

and isotropic universe is characterized by the Friedmann line element, and is given by [26,

27, 28, 29, 30, 31]

ds2 = dt2 − a2(t)

[
dr2

(1 −K r2)
+ r2

(
dθ2 + sin2 θ dφ2

)]
, (1.4)

where t is the cosmic time and a(t) denotes the scale factor. The constant K represents

the spatial curvature which describes the spatial geometry of the universe. The universe is

spatially flat if K = 0, finite or closed if K > 0, and infinite or open if K < 0. Apart from the

cosmic time, another time variable which we shall frequently use is known as the conformal

time η, and is defined as

η =

∫
dt

a(t)
. (1.5)

In terms of the conformal time coordinate, the Friedmann line element (1.4) reduces to

ds2 = a2(η)

[
dη2 − dr2

(1 −K r2)
− r2

(
dθ2 + sin2 θ dφ2

)]
. (1.6)

Let ρ and p denote the energy density and the pressure of, say, a matter field or a perfect

fluid that is driving the expansion of the universe. Then, the Einstein’s equations corre-

sponding to the Friedmann line element (1.4) lead to the following two Friedmann equations

describing the evolution of the scale factor a(t):

H2 =

(
8 πG

3

)
ρ− K

a2
, (1.7a)

ä

a
= −

(
4 πG

3

)
(ρ+ 3 p) . (1.7b)

where H = (ȧ/a) is the Hubble parameter which indicates the rate of expansion of the

universe at any epoch, and the overdots denote derivative with respect to the cosmic time.

Upon combining the above Friedmann equations, we can arrive at the following equation

for the energy density of the matter field or fluid

ρ̇+ 3H (ρ+ p) = 0, (1.8)
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an equation that is also referred to as the continuity equation. The evolution of the universe

depends on the equation of state parameter w which is defined as w = (p/ρ). For example,

the radiation has the equation of state parameter w = (1/3), while the non-relativistic matter

(i.e. dust) has w = 0. It may be noted that the continuity equation (1.8) also follows from the

conservation of the stress-energy tensor of the perfect fluid.

The first Friedmann equation (1.7a) can be rewritten as

Ω − 1 =
K

a2H2
, (1.9)

where the dimensionless density parameter Ω is defined as the ratio of the energy density to

the critical density, i.e.

Ω =
ρ

ρ
C

, (1.10)

with ρ
C

being the critical density which is given by

ρ
C

=
3H2

8 πG
(1.11)

The critical density is a particular value of the energy density for which the universe is

spatially flat (i.e. Ω = 1). The value of the density parameter Ω determines the sign of the

spatial curvature K. If the energy density of the matter content of the universe is less than

the critical density (so that Ω < 1), the universe is open and infinite. On the other hand, if

the matter density is greater than the critical density (i.e. when Ω > 1), the universe is closed

and finite.

1.3 The background cosmological parameters and the ob-

served values

Observations indicate that the present value of Ω is within a few percent of unity. (We

should emphasize that, hereafter, Ω shall always refer to the density parameter evaluated

today.) The strongest constraint on Ω comes from the observations of the anisotropies in the

CMB. The recent WMAP observations constrain the value of Ω to be [20]

Ω = 1.099 ± 0.085, (1.12)

which, in turn, indicates that the universe is extremely close to being spatially flat.
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1.3. OBSERVED VALUES OF THE BACKGROUND COSMOLOGICAL PARAMETERS

In the previous section, we had discussed two forms of matter, viz. radiation and baryons.

While radiation is composed of massless (and nearly massless) relativistic particles which

includes photons present in the form of CMB and neutrinos, the term baryons refers to

ordinary matter that makes up the atoms which are the building blocks of planets, stars,

galaxies, and indeed all of us. The temperature of the CMB determines the density of radia-

tion in the universe, and the corresponding density parameter, say, Ω
R

, evaluated today can

be expressed as [6]

Ω
R
h2 ≃ 2.49 × 10−5. (1.13)

The observed abundances of the light elements provide a direct constraint on the baryon

density today, and the density parameter associated with baryons is found to be [23]

Ω
B
h2 = 0.021 ± 0.001. (1.14)

Importantly, such a value for the baryon density is in good agreement with the results ob-

tained from the structure of the fluctuations recently observed in the CMB [24].

In addition to radiation and baryonic matter, various observations indicate that the uni-

verse consists of two other types of matter: Cold Dark Matter (CDM) and dark energy. By

CDM, one refers to non-relativistic matter that interacts only weakly with the ordinary bary-

onic matter. It is also assumed to be dissipationless and collisionless. The recent CMB ob-

servations seem to point towards the following density parameter for CDM [20]

Ω
C
h2 = 0.1099 ± 0.0062. (1.15)

The dark energy is a truly bizarre form of matter that is characterized by negative pressure.

The existence of dark energy seems inevitable if we are to explain the current, observed

acceleration of the universe. In fact, dark energy seems to be the most dominant component

of the universe today. Amongst various available candidates to account for dark energy, the

cosmological constant Λ with w = −1 seems to be the most promising candidate. Such a

ΛCDM model, often referred to as the concordance model, is in very good agreement with

the observations. The recent observations of Type Ia supernovae constrain the density of the

cosmological constant Λ to be [32]

ΩΛ = 0.713+0.027
−0.029 . (1.16)
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It should also be emphasized that this value is consistent with the earlier surveys of the

supernovae observations as well as with the recent data from WMAP and the measurements

of the Baryon Acoustic Oscillations (BAO) [20, 21].

1.4 Shortcomings of the hot big bang model

Despite the remarkable success of the hot big bang model in explaining the results from

various observations and many other properties of our universe, it was soon realized that the

theory has some serious shortcomings. It was unable to provide a satisfactory explanation

to a few significant cosmological puzzles. These puzzles include the horizon problem, the

flatness or the curvature problem, the origin of primordial density fluctuations, the density

of unwanted relics, to name a few (for a detailed discussion in this regard, see, for example,

any of the following texts [1, 2, 3]).

To start with, the horizon problem is the problem of determining why the universe ap-

pears statistically homogeneous and isotropic in accordance with the cosmological princi-

ple. In other words, why is the temperature of the CMB seen in the opposite directions of

the sky almost the same? In the standard hot big bang cosmology, if one assumes that the

universe was radiation dominated all the way from the time of big bang until decoupling,

these opposite directions in the sky would have been much larger than the Hubble radius3,

say, d
H

= H−1 = (ȧ/a)−1 at the time of decoupling. Therefore, these antipodal points would

not have been in causal contact before this epoch and, hence, there is no way to establish

thermal equilibrium over such a length scale. On the other hand, observations indicate that

the CMB has virtually the same temperature (to about one part in 105) in all directions of

the sky. The horizon problem is, therefore, the lack of an explanation as to why such a large

number of (about 106) causally disconnected volumes had nearly the same temperature at

the time of decoupling. As shown in Fig. 1.2, there is another way of stating the horizon

problem. The physical wavelengths associated with the perturbations, say, λ
P
, always grow

as the scale factor, i.e. λ
P
∝ a. Whereas, during the radiation and the matter dominated

3Actually, it is the particle horizon that represents the size of the observable universe at any given epoch.
It indicates the distance that light could have traveled from the big bang up to the given time. We shall be
considering the Hubble radius rather than the particle horizon, since, in most of the cases, the Hubble radius
is equivalent to the particle horizon up to a constant multiplicative factor. Moreover, being a local quantity, the
Hubble radius often proves to be more handy to deal with than the horizon.
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Figure 1.2: The evolution of the physical wavelengths λ1 and λ2 (λ
P

= a/k) and the Hubble
radius d

H
have been plotted as a function of the scale factor a on a logarithmic plot during

the radiation and the matter dominated epochs. In the standard hot big bang cosmology, a
given length scale crosses the Hubble radius only once, and therefore, if one goes back in
time, all the modes are outside the Hubble radius and, hence, not in causal contact at very
early times. Nevertheless, the temperature of the CMB observed in the opposite directions
of the sky is almost the same.

epochs, the Hubble radius, viz. d
H

, behaves as a2 and a3/2 respectively. These behavior in-

dicate that, during the radiation and the matter dominated epochs, the physical wavelength

grows faster than the Hubble radius as we go back in time [1]. In other words, in the hot big

bang model, the primordial perturbations have to be correlated at length scales much larger

than the Hubble radius in order to result in the anisotropies that we observe in the CMB.

Another drawback of the standard hot big bang model referred to as the flatness problem

is essentially a cosmological fine-tuning problem. It pertains to the fact that the current

density of the universe is so close to its critical value such that the universe is exceedingly

spatially flat today [cf. Eq. (1.12)]. As is evident from Eq. (1.9), if Ω = 1, then it remains so for
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all times. However, when Ω 6= 1, it evolves with the expansion of the universe. The currently

observed value implies that Ω is forced to be much closer to unity in the past. For instance,

we require |Ω − 1| < O(10−16) at the epoch of nucleosynthesis and |Ω − 1| < O(10−64) at the

Planck epoch. This appears to be an extreme fine tuning of the initial conditions. All the

initial conditions other than these extremely fine tuned ones lead either to a closed universe

that recollapses almost immediately, or to an open universe that very quickly enters the

curvature dominated regime.

The spontaneous breakdown of the symmetries of high energy theories which are ex-

pected to be restored in the early universe typically lead to the production of many un-

wanted relics such as the magnetic monopoles, domain walls, cosmic strings and textures.

Apart from these defects, these theories also predict supersymmetric particles such as grav-

itinos, Kaluza-Klein particles, and weakly coupled moduli fields. Since the energy densities

of these massive relic particles turn out to be larger than the energy density of radiation at

early times, these relics could become the dominant component of matter in the early uni-

verse. In the hot big bang model, there is no mechanism for getting rid of such relics that

could have been produced in the early universe. On the other hand, no signatures of the

presence of any of these relics have yet been provided by the current observations.

Finally, the most important problem in cosmology is to provide a causal physical mech-

anism to generate the primordial density fluctuations which are considered responsible for

the formation of the structures that we see around us today. We had mentioned above that,

in the hot big bang model, all the cosmological scales today prove to be much larger than

the Hubble radius during the early stages of the universe. This, in turn, implies that any

mechanism which is invoked for the generation of these primordial fluctuations has to be

intrinsically acausal.

1.5 The inflationary paradigm

As we discussed above, though the hot big bang model was able to provide a satisfactory

interpretation to the various observations, it had some serious shortcomings of its own.

Almost three decades ago, it was realized that a phase of an accelerated expansion of the

universe at very early times can indeed provide a solution to the various problems of the

standard hot big bang cosmology that we have described above. Such a period of extremely

10
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rapid expansion of the universe, known as inflation is not a replacement for the conventional

hot big bang model, but rather an accessory feature attached to it that occurs at very early

times without disturbing any of its successes. The inflationary model that was originally

formulated has now been termed as old inflation [33]. To overcome the drawbacks of old

inflation, the model was further refined in later years and has since been named as new

inflation [34, 35]. In the last twenty five years or so, a large number of inflationary models

have been proposed which are based on the various high energy theories, such as, for in-

stance, the Minimal Supersymmetric Standard Model (MSSM) and string theory. However,

a satisfactory model of inflation still eludes us.

The precise, and more physical definition of inflation is an epoch in the early universe

during which λ
P

decreases faster than the Hubble radius as we go back in time, i.e. if we

have [3, 4]

− d

dt

(
λ

P

d
H

)
< 0. (1.17)

This definition translates to an equivalent condition for inflation which is given by

ä > 0. (1.18)

Therefore, inflation corresponds to an epoch during which the scale factor of the universe

is accelerating. In Fig. 1.3, the physical wavelength of two different modes and the Hubble

radius have been plotted as a function of the scale factor during inflation and the radia-

tion dominated epochs [1]. In plotting the figure, we have assumed that the inflationary

phase is described by a power law expansion of the form a ∝ tf with f > 1. In such a

case, d
H

behaves as a(1/f). Therefore, while the straight lines describing the evolution of

the physical wavelengths will always have a unit slope, those describing the Hubble radius

during the inflationary and the radiation dominated epoch will have a slope of much less

than unity (say, for f ≫ 1) and two, respectively. It is then evident from the figure that, as

we go back in time, modes that leave the Hubble radius during the later epochs will not be

inside the Hubble radius during the early stages of the universe unless there exists a period of

inflation. Alternatively, these conditions allow the entire observable region of our universe

to lie within a region that was well inside the Hubble radius at the onset of inflation. This

property turns out to be the key point in solving the cosmological puzzles of the standard

hot big bang cosmology. A useful quantity to describe the amount of inflation is the number

11
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Figure 1.3: The evolution of the physical wavelengths λ1 and λ2 and the Hubble radius d
H

have been plotted as a function of the scale factor a on a logarithmic plot during inflation
and the radiation dominated epoch. In the hot big bang model, a given length scale crosses
the Hubble radius only once, while in the inflationary cosmology, all scales are sub-Hubble
at very early times. In other words, an epoch of inflation brings all the scales of cosmological
interest inside the Hubble radius at a suitably early time which allows the initial conditions
on these modes to be imposed in the sub-Hubble regime. These scales cross the Hubble
radius during inflation, and re-enter during the subsequent post-inflationary epoch.

of e-foldings, which is quantified by the ratio of the scale factor at a given time t to its value

at an initial time ti, and is defined as

N ≡ ln

(
a(t)

ai

)
=

∫ t

ti

H dt . (1.19)

In order to overcome the horizon and the flatness problems associated with the hot big bang

model, it turns out that about 60 e-folds of inflation are required [3, 4]. However, this num-

ber of e-folds actually depends on the energy scale associated with the inflationary regime.

In fact, 60 e-folds seems to be an approximate observational upper bound which ensures

that the largest scale observed today is inside the Hubble radius during the inflationary
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epoch [36, 37].

In the previous section, we had briefly discussed the shortcomings of the standard hot big

bang model. We shall now elaborate as to how an inflationary phase in the early universe

provides a satisfactory solution to all these problems. As Fig. 1.3 indicates, the inflationary

epoch allows one to bring the modes inside the Hubble radius, thereby helping us overcome

the horizon problem. The observed isotropy of the CMB then follows from the fact that the

largest regions were in causal contact with each other at early times.

Due to the accelerated expansion of the universe during the inflationary phase, the density

parameter Ω is quickly driven towards unity, as is evident from Eq. (1.9). (Note that, during

inflation, the Hubble parameter H is nearly constant, while the scale factor a grows rapidly.)

Given that the inflationary expansion lasts sufficiently long for the required number of e-

folds and drives Ω very close to unity, it will be driven further close to unity (rather than

away from it) at later epochs. In other words, inflation does not alter the global geometrical

properties of the universe. An open or a closed universe will remain open or closed irre-

spective of the occurrence of inflation. What inflation does is to increase the apparent size

of the universe by such a large factor that it becomes locally flat to a very great precision.

Thus, inflation provides a natural solution to the flatness problem as well.

As a byproduct, inflation also resolves the relic density problem. The 60 odd e-folds that

seem to be needed to resolve the horizon problem dilute the number density of the magnetic

monopoles and other unwanted relics to such an extent that their abundances fall below

detectable levels.

Though originally unexpected, the most significant outcome of the inflationary scenario

is to provide a causal mechanism for the origin of the primordial perturbations. The fluc-

tuations in the quantum fields inside the Hubble radius during the early stages of inflation

prove to be responsible for the generation of these perturbations. The drastic expansion of

the universe during the inflationary epoch amplifies these small quantum fluctuations and

turns them into classical perturbations whose amplitude generally freezes at super-Hubble

scales [38, 39, 40, 41]. These perturbations leave their imprints as anisotropies in the CMB,

which, in turn, act as seeds for the formation of the large scale structures that we observe at

the present time as galaxies and clusters of galaxies. As we shall discuss in the next section,

in general, in slow roll inflation, the spectrum of these perturbations turns out to be nearly
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scale invariant, which is, basically due to the fact that the Hubble rate is almost constant

during the inflationary epoch. The recent CMB observations seem to strongly favor such

a perturbation spectrum (see, for instance, Ref. [20]). This is regarded as an important ev-

idence in support of the inflationary paradigm. Thus, inflation not only explains the large

scale homogeneity of the observed universe, but it also provides an elegant explanation for

the pattern of inhomogeneities on the smaller scales.

1.5.1 Driving inflation with scalar fields

As discussed in the previous section, an accelerated evolution of the scale factor during

inflation turns out to be the key property in solving the horizon problem of the hot big bang

model. In order to have an inflationary phase in the early universe, it turns out that one

needs to have a matter source with negative pressure as neither radiation nor matter allow

for such a behavior of the scale factor. From the Friedmann equation (1.7b), it is evident that,

for accelerated expansion, we require

(ρ+ 3 p) < 0. (1.20)

It has been known for quite some time that scalar fields are one of the natural candidates,

which can behave as matter sources with negative pressure and can indeed drive a phase of

accelerated expansion at very early times. Most of the popular models of inflation are based

on the scalar fields. The scalar field responsible for driving the inflationary phase is gener-

ally referred to as an inflaton. Among various other things, the scalar fields are one of the

fundamental ingredients in modern theories of particle physics which are considered to be

responsible for the physics of symmetry breaking. Although, as yet, there has been no direct

observation of a fundamental scalar field (such as, say, the one describing the Higgs par-

ticle), the prediction of theories that take such fields into account have been tested against

experiments. Inflationary cosmology is one arena where these scalar fields play a crucial

role. The subject of particle physics has yet of offer a definitive view of the detailed proper-

ties of such fields. The unusual feature of the potential energy of a scalar field which may

redshift very slowly with the expansion of the universe, corresponds to an effective equation

of state with negative pressure. Due to such an uncommon characteristic of the scalar fields,

they are considered promising candidates which can drive the inflationary phase during the
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early stages of the universe. Based on the different functional forms of the potential energy

of the scalar fields and perhaps various motivations from particle physics point of view,

phenomenologically, there exists enormous freedom in building a wide range of different

inflationary models.

One of the simplest and natural realization of a matter component with negative pressure

is the case of a single, canonical and homogeneous scalar field, say, φ(t), that is minimally

coupled to the gravity. In the homogeneous Friedmann background, the energy density ρ
φ

and the pressure p
φ

of the inflaton are given by

ρ
φ

=
1

2
φ̇2 + V (φ) , (1.21a)

p
φ

=
1

2
φ̇2 − V (φ) . (1.21b)

where V (φ) is the potential energy associated with the inflaton. For a spatially flat universe

(i.e. K = 0), the first Friedmann equation can be written as

H2 =

(
8 πG

3

)[
1

2
φ̇2 + V (φ)

]
. (1.22)

The equation of motion describing the inflaton is given by

φ̈+ 3H φ̇+ Vφ = 0 , (1.23)

where Vφ ≡ (dV/dφ). In this equation, the (3H φ̇) term is generally referred to as the friction

term which arises due to the expansion of the universe and leads to the damping of the

motion of the inflaton. Using the above expressions for the energy density and the pressure

for the inflaton, one finds that the condition for inflation (1.20) translates to

φ̇2 < V (φ), (1.24)

which states that the universe can undergo a phase of an accelerated expansion if the po-

tential energy of the inflaton dominates the kinetic energy. With a sufficiently flat potential,

even if this condition is not satisfied initially, it can be achieved very quickly, provided that

the inflaton is displaced far from the minima of its potential. The above condition eventually

leads to a vacuum like (w ≃ −1) equation of state parameter for the inflaton, which, in turn,

results in an accelerated phase of the universe.
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1.5.2 Slow roll inflation

The conventional approximation that guarantees inflation is known as the slow roll approxi-

mation. Under this approximation, the kinetic energy of the inflaton is neglected when com-

pared to its potential energy. Also, in order to lead to the required amount of inflation, the

acceleration term is also ignored when compared to the friction term in the equation of mo-

tion for the inflaton. Upon imposing these conditions, i.e. (φ̇2/2) ≪ V (φ) and |φ̈| ≪ 3H |φ̇|,
we arrive at the following equations:

H2 ≃
(

8 πG

3

)
V (φ), (1.25a)

3H φ̇ ≃ −Vφ . (1.25b)

It turns out that the slow roll approximation can be incorporated in the following two con-

ditions [3, 5, 6, 7]:

ǫ
V
(φ) ≪ 1 and |η

V
(φ)| ≪ 1, (1.26)

where ǫ
V

and η
V

are known as the Potential Slow Roll (PSR) parameters, and are defined as

ǫ
V

=

(
1

16 πG

)(
Vφ

V

)2

, (1.27a)

η
V

=

(
1

8 πG

)(
Vφφ

V

)
, (1.27b)

where Vφφ ≡ (d2V/dφ2). Note that, by definition, the first PSR paramater ǫ
V

is always pos-

itive, while the second PSR paramater η
V

can also have negative values. In fact, one can

define a complete hierarchy of the PSR parameters in terms of the derivatives of the po-

tential. However, in almost all the cases of interest, the first two PSR parameters in the

hierarchy—viz. ǫ
V

and η
V

—prove to be sufficient in studying the inflationary dynamics and

quantifying its predictions. In a similar way, another hierarchy of parameters, known as the

Hubble Slow Roll (HSR) parameters can be defined in terms of the derivatives of the Hubble

parameter. While the PSR parameters prove to be handy, the HSR parameters turn out to

be a better choice to describe the slow roll approximation (for a detailed discussion in this

context, see, Ref. [42]; also see Ref. [43]).

The slow roll approximation—i.e. the smallness of the PSR parameters is a sufficient,

but not a necessary condition for the occurrence of inflation. As the inflaton rolls down the
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potential, the first PSR parameter ǫ
V

grows and the inflationary phase ends when it becomes

unity. In the slow roll approximation, the number of e-folds during the inflationary regime

can be expressed as

N ≡ ln

(
a

ai

)
≃ (8 πG)

∫ φi

φ

(
V

Vφ

)
dφ , (1.28)

where φi is the value of the field at the initial time ti. This expression is a convenient one,

since, given a potential, it allows us to express the evolution of the field directly in terms of

the number of e-folds, without the need to solve the equations of motion.

1.5.3 Inflationary models and their comparison with the observations

During the past two decades, eversince the original proposal of inflation, a plethora of infla-

tionary models have been considered in the literature. Broadly, these models can be classi-

fied as single or multiple scalar field models. Amongst the models that are described by the

canonical action, the single field models are often further divided into two classes based on

the form of the effective potential. The first class consists of the large field models, in which

the initial value of the inflaton is large (typically, larger than the Planck scale) and it slowly

rolls down toward the minimum of the potential at smaller values of the field. Inflation

ends when the minimum is approached, leading to a failure of the slow roll conditions. The

chaotic inflationary models fall in this class [44]. The second class are called the small field

models, since, in these models, inflation occurs at small values of the field and terminates

when the field slowly evolves toward the minimum of the potential at large values of the

field. New inflation [34, 35] and the natural inflation [45] are the examples of this class. Typ-

ical examples of multiple, canonical scalar field models are the hybrid inflation models [46]

wherein there is, at least, one more field present, in addition to the slowly rolling inflaton.

In these models, inflation ends when the second field is destabilized and settles down to a

global minimum of the potential, when the value of the inflaton falls below some critical

value. It should be added that inflationary models involving more than two scalar fields

have also been considered in the literature (see, for instance, Refs. [47, 48]).

Apart from the class of canonical scalar field models discussed above, there also exist

several other models of inflation which are described by non-canonical actions. Such models

are often motivated by high energy theories such as, say, string theory. The tachyon [49,

50, 51, 52, 53, 54, 55, 56], and the Dirac-Born-Infeld (DBI) inflationary models [57, 58] are
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popular examples that belong to this class. A phenomenological model that has attracted

a lot of attention is k-inflation [59, 60], wherein a phase of the accelerated expansion of the

universe is realized using the kinetic energy of the inflaton. Inflation has also been achieved

without an inflaton, due to the presence of higher order curvature terms in the theory [61].

As we discussed above, a period of inflation at early times not only homogenizes the

universe but also creates the small inhomogeneities. These inhomogeneities are actually

generated due to the quantum fluctuations of the scalar field. These inhomogeneities, in

turn, leave their imprints as anisotropies in the CMB. Measurements of the anisotropies

in the CMB—from the early days of COBE which first detected the anisotropies, until the

most recent observations of WMAP—have indicated a typical amplitude of about one part

in 105 of these anisotropies. The spectrum of the scalar perturbations that leads to these

anisotropies is usually assumed to be Gaussian in nature4, and is often characterized by two

parameters, viz. its amplitude and the spectral index. The amplitude of the spectrum is

essentially the power associated with a particular wavelength (called the pivot scale) and

the spectral index determines the shape of the spectrum. It is useful to note that spectra

with indices greater than or less than unity are often referred to as blue and red spectra,

respectively. The case of the spectral index being unity corresponds to an exactly scale in-

variant power spectrum. Such a spectrum with no associated tensor contribution is known

as the Harrison-Zel’dovich spectrum. The slow roll approximation generically leads to a

perturbation spectrum with slight deviation from scale invariance. Such a spectrum seems

to provide a remarkable fit to the observed data. As we shall discuss in the next chapter,

the slow roll approximation allows us to determine the spectral amplitude and the index in

terms of the background quantities. It, therefore, allows one to compare the predictions of

different inflationary models with the data in a relatively model independent fashion.

The power law primordial spectrum that we mentioned above can be expressed as

P
S
(k) = A

S

(
k

k0

)n
S
−1

, (1.29)

where, A
S

and n
S

are the amplitude and the spectral index, while k0 is the pivot scale. In

Fig. 1.4, the recent WMAP 5-year data for the CMB angular power spectrum has been dis-

played. The figure also contains the angular power spectrum corresponding to the best fit

4In this thesis, we shall restrict our discussion to the linear order in the perturbations.
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Figure 1.4: The WMAP 5-year data for the CMB angular power spectrum (the black dots
with error bars) and the theoretical curve for the best fit ΛCDM model with a power law pri-
mordial spectrum (the solid red curve). The blue shaded region is the statistical uncertainty,
known as the cosmic variance (see, for example, Refs. [4, 6, 7]). The concordant model seems
to provide a reasonably good fit to the data. (This figure is from Ref. [22].)

ΛCDM model with the above power law primordial spectrum. The WMAP 5-year data con-

strains the amplitude of the scalar spectrum to beA
S

= (2.41±0.11)×10−9, while the spectral

index is constrained to be n
S

= 0.963+0.014
−0.015 [20]. In addition to the scalar perturbations, in-

flation also generates tensor perturbations, i.e. gravitational waves. The WMAP 5-year data

also provides an upper limit on the contribution of the tensors to the CMB anisotropies. For

instance, when a scale invariant tensor contribution is assumed, the concordant model leads

to the following upper bound on the tensor-to-scalar ratio r at 2-σ confidence level: r < 0.43.

In Fig. 1.5, the two-dimensional marginalized constraints with 1-σ and 2-σ confidence levels

on the scalar spectral index n
S
, and the tensor-to-scalar ratio r, defined at the pivot scale
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Figure 1.5: The two-dimensional marginalized constraints with 1-σ and 2-σ confidence levels
on the scalar spectral index n

S
, and the tensor-to-scalar ratio r, defined at the pivot scale of

k0 = 0.002 Mpc−1. The contours in blue are for WMAP 5-year data alone while the red
contours represent the results for WMAP+BAO+Supernovae datasets. (This figure is from
Ref. [21].)

of k0 = 0.002 Mpc−1 for WMAP 5-year data alone, and also for WMAP+BAO+Supernovae

datasets have been shown. These observations seem to provide strong evidence in favor of

the inflationary paradigm.

1.6 Reheating the universe after inflation

Reheating, which is expected to occur after the end of the inflationary epoch, is a regime

during which the energy of the inflaton is transferred to radiation to give way to the stan-

dard hot big bang phase of the universe. Due to the rapid expansion of the universe in a

very short span of time during the inflationary phase, the universe is left in an effectively

zero temperature state at the end of inflation. Therefore, any successful theory of inflation

must also explain as to how the universe was reheated to lead to the standard hot big bang

picture. Over the last few years, it has been realized that the process of reheating can have

significant effects on the cosmological predictions of the preceding inflationary phase. In

20



1.6. REHEATING THE UNIVERSE AFTER INFLATION

what follows, we shall discuss a few reheating scenarios and shall also briefly mention the

effects of reheating on the evolution of the perturbations in these scenarios.

The simplest scenario of reheating is often referred to as perturbative reheating. In this

scenario, the decay of the inflaton into other particles is conceived in terms of a phenomeno-

logical decay term (Γφ̇) which is introduced by hand in the equation of motion (1.23) of the

inflaton [cf. Eq. (5.38)] (for a detailed discussion in this context, see, for instance, Ref. [1],

also see Refs. [62, 63, 64, 65, 66]). Such a term turns out to be responsible for the transfer of

the energy from the inflaton to radiation and other particles. Perturbative reheating is often

achieved using a constant decay rate. In such a case, it has been shown that the amplitude

of the large scale perturbations is not affected by the process of reheating [65, 66].

Another scenario wherein the transfer of energy from inflaton to other particles takes

place in a non-perturbative fashion is known as preheating. After the end of infla-

tion in chaotic inflationary models, the inflaton further rolls down and starts oscillat-

ing about the the minima of the potential. These oscillations gradually decay due to

the expansion of the universe. The coherent oscillations of the inflaton lead to a non-

perturbative resonant transfer of energy from the field to the other particles which are in-

deed present in the full theory but are not considered, in particular, in the effective pic-

ture while studying the dynamics of inflation. The inherent non-linear dynamics involved

in the preheating process leads to an explosive production of particles (see, for example,

Refs. [67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80]). It turns out that this non-perturbative

mechanism of preheating can be much more efficient than the usual perturbative process

for certain ranges of parameters of the theory. It has been noticed that, the parametric

resonance due to the unstable oscillations of the inflaton during preheating can lead to

an exponential growth in the amplitude of the large scale perturbations (see, for instance,

Refs. [81, 82, 83, 84]).

Two other scenarios that are known to affect the large scale perturbations are the cur-

vaton and the modulated reheating scenarios. In the curvaton scenario, the perturbations

generated during inflation are amplified post-inflation due to the presence of the entropic

perturbations [85, 86]. The modulated and/or the inhomogeneous reheating is another in-

teresting scenario in which inflation is essentially required to resolve the horizon and the

flatness problem, whereas the perturbations are generated due to an inhomogeneous de-
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cay rate when the energy is being transferred from the inflaton to radiation through other

fields [87, 88, 89, 90].

While there exist a large number of scenarios in the literature that address the phe-

nomenon of reheating, the process of reheating and the underlying dynamics are yet to

be completely understood. Though the simplest of the reheating processes do not affect the

amplitude of the curvature perturbations, as we discussed above, there can be a non-trivial

evolution of the large scale perturbations. However, this phenomenon seems to be highly

model dependent. Evidently, in all these scenarios, the effects of the post-inflationary dy-

namics have to be taken into account while constraining the predictions of the inflationary

models using the CMB observations (in this context, see, for instance, Ref. [91]).

1.7 Scope of the thesis

In this section, we shall briefly discuss the work that constitutes this thesis. The thesis work

is aimed at studying some issues related to the origin and evolution of cosmological pertur-

bations during the inflationary era and the reheating phase, and the resulting signatures on

the CMB. With these goals in mind, the issues studied in this thesis can be broadly classified

into two categories:

• Beyond slow roll inflation

• Post-inflationary dynamics and its effects on the perturbations

We shall describe these issues in detail below.

1.7.1 Beyond slow roll inflation

As is well known, in the slow roll inflationary scenario, the amplitude of the curvature

perturbations approaches a constant value soon after the modes leave the Hubble radius.

However, if there are deviations from slow roll, there can be a non-trivial evolution of the

perturbations at super-Hubble scales which, in turn, lead to specific features in the power

spectrum.

In chapter 2, we shall start with a brief discussion of the essential results from the linear

cosmological perturbation theory. With the help of a specific example for the case of a non-

canonical scalar field described by the tachyonic action, we shall illustrate that, if there is
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either a transition to fast roll inflation, or if inflation is interrupted for some period of time,

the amplitude of the curvature perturbations can be enhanced or suppressed (when com-

pared to its value at Hubble exit) at super-Hubble scales. We shall explicitly show that it is

the growth of the intrinsic entropy perturbation associated with the scalar field during the

fast roll regime which turns out to be responsible for the change in the amplitude of the cur-

vature perturbations at super-Hubble scales. We shall also show that the power spectrum of

curvature perturbations evaluated in the long wavelength approximation matches the exact

power spectrum obtained numerically very well. Interestingly, in such scenarios with devia-

tions from slow roll, the power spectrum no more remains scale invariant. Towards the end

of this chapter, we shall construct two simple analytically tractable examples in the context

of the canonical scalar field. We shall discuss the evolution of the curvature perturbations at

large scales in these cases and also present the power spectrum evaluated analytically.

In chapter 3, we shall investigate inflationary scenarios driven by a class of potentials

which are similar in form to those that arise in certain minimal supersymmetric extensions

of the standard model. We find that these potentials allow a brief period of departure from

inflation sandwiched between two stages of slow roll inflation, a scenario which we shall

refer to as punctuated inflation. We shall show that such background behavior leads to a step

like feature in the scalar power spectrum. We set the scales such that the drop in the power

spectrum occurs at a length scale that corresponds to the Hubble radius today—a feature

that seems necessary to explain the lower power observed in the quadrupole moment of the

CMB anisotropies. We shall perform a Markov Chain Monte Carlo analysis to determine

the values of the model parameters that provide the best fit to the recent WMAP 5-year data

for the CMB angular power spectrum. We shall find that an inflationary spectrum with a

suppression of power at large scales that we obtain leads to a much better fit of the observed

data when compared to the best fit reference ΛCDM model with a featureless, power law,

primordial spectrum.

In chapter 4, we shall discuss the effects of punctuated inflation on the tensor power spec-

trum and, in particular, the tensor-to-scalar ratio. With examples from the canonical scalar

field as well as the tachyonic models, we shall illustrate that, in punctuated inflation, a drop

in the scalar power on large scales is always accompanied by a rise in the tensor power and,

hence, an even more pronounced increase in the tensor-to-scalar ratio r at these scales. Inter-
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estingly, we shall find that r actually exceeds well beyond unity over a small range of scales.

We shall show that the rise in r on large scales translates to a rapid increase in the angular

power spectrum, CBB
ℓ , of the B-mode polarization of the CMB at the low multipoles. Al-

though, in the specific models of punctuated inflation that we shall study, the CBB
ℓ does not

attain observable values, our work suggests that there could be models of punctuated infla-

tion that fit the data well, and also predict observable levels of CBB
ℓ . We shall also discuss

the possible observational implications of our results.

1.7.2 Post-inflationary dynamics and its effects on the perturbations

It has been pointed out that, in tachyonic inflation, an epoch of matter domination (rather

than radiation domination) generally arises at the end of inflation [55, 92]. This behavior is

also known to lead to the formation of caustics [93]. With these issues in mind, in chapter 5,

we shall investigate the problem of perturbative reheating and its effects on the evolution

of the curvature perturbations in tachyonic inflationary models. We shall derive the equa-

tions governing the evolution of the scalar perturbations for a system consisting of a tachyon

and a perfect fluid. Assuming the perfect fluid to be radiation, we shall solve the coupled

equations for the system numerically and study the evolution of the perturbations from the

sub-Hubble to the super-Hubble scales. In particular, we shall analyze the effects of the tran-

sition from tachyon driven inflation to the radiation dominated epoch on the evolution of

the large scale curvature and non-adiabatic pressure perturbations. We shall consider two

different potentials to describe the tachyon and shall study the effects of two possible types

of decay of the tachyon into radiation. We shall plot the spectrum of curvature perturba-

tions at the end of inflation as well as at the early stages of the radiation dominated epoch.

We shall find that reheating does not affect the amplitude of the curvature perturbations in

any of these cases. These results corroborate similar conclusions that have been arrived at

earlier based on the study of the evolution of the perturbations in the super-Hubble limit.

We shall illustrate that, before the transition to the radiation dominated epoch, the relative

non-adiabatic pressure perturbation between the tachyon and radiation decays in a fash-

ion very similar to that of the intrinsic entropy perturbation associated with the tachyon.

Moreover, we shall show that, after the transition, the relative non-adiabatic pressure per-

turbation dies down extremely rapidly during the early stages of the radiation dominated
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epoch. It is these behavior which ensure that the amplitude of the curvature perturbations

remain unaffected during reheating. We shall also discuss the corresponding results for the

case of the canonical scalar field.

With the aim of providing another possible mechanism for the generation of perturba-

tions, in chapter 6, we shall consider the behavior of an inhomogeneous, interacting, scalar

field that is coupled non-minimally to gravity in the Friedmann background. We shall show

that for a specific choice of interaction terms, the stress-energy tensor of the scalar field van-

ishes, and as a result, the scalar field does not gravitate. We shall find that the naive space

dependent solution to equations of motion gives rise to singular field profile. We shall care-

fully analyze the stress-energy tensor for such a solution and shall show that the singularity

of the solution gives a subtle contribution to the stress-energy tensor. The space dependent

solution is, therefore, not non-gravitating. We shall illustrate that our conclusions are appli-

cable to other spacetime dependent non-gravitating solutions as well. We shall also study a

hybrid inflation scenario in this model when purely time dependent non-gravitating field is

coupled to another scalar field.

Finally, in chapter 7, we shall rapidly summarize the results obtained in this thesis and

shall also briefly discuss a few related problems that we believe require immediate attention.

1.8 Conventions and notations

Before we proceed further, a few words on the conventions and notations we shall adopt in

this thesis are in order.

• We shall always work in (3 + 1) dimensions.

• In chapter 6, for calculational convenience, we shall work with the metric signature

of (−,+,+,+). Barring this chapter, in the rest of the thesis, we shall work with the

metric signature of (+,−,−,−).

• We shall set ~ = c = 1 but shall often display G explicitly, and define the Planck mass

to be M
P

= (8 πG)−1/2. And, we shall mention so whenever we set M
P

to unity.

• Throughout our discussions in this thesis, we shall work in the spatially flat Friedmann

background with K = 0.
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• We shall express the various quantities in terms of either the cosmic time t, or the

conformal time η, as is convenient.

• As we had mentioned, an overdot shall denote differentiation with respect to the cos-

mic time t. And, an overprime shall denote derivative with respect to the conformal

time η.

• It is useful to note here that, for any given function, say, f , we have

ḟ = (f ′/a) and f̈ =
[(
f ′′/a2

)
−
(
f ′ a′/a3

)]
, (1.30)

where a is the scale factor describing the Friedmann background.
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Chapter 2

Deviations from slow roll inflation and
the effects on the large scale perturbations

2.1 Motivation

It is well-known that, in the inflationary scenario, the amplitude of the curvature perturba-

tions approaches a constant value soon after the modes leave the Hubble radius (see, for ex-

ample, either of the following texts [3, 5, 6] or one of the following reviews [94, 95, 96, 97, 98]).

But, what is not so commonly known is that this result is true only in slow roll or power law

inflation and, in fact, the curvature perturbations can be amplified at super-Hubble scales

if there is either a period of fast roll inflation or if there is a break in inflation. For the case

of curvature perturbations induced by the canonical scalar field, this behavior was first no-

ticed a few years back [99] and a general criterion for such an amplification to occur was

also obtained [100]. In this chapter, our aim is to extend the earlier analysis [99, 100] to the

case of curvature perturbations generated by a non-canonical scalar field. Interestingly, we

find that, in addition to enhancing the amplitude of the curvature perturbations of a certain

range of modes at super-Hubble scales, a period of deviation from slow roll inflation also

leads to the suppression of the amplitude of another range of modes.

The non-canonical scalar field that we shall consider is the one that is described by the

tachyonic action. Such scalar fields generically arise in the study of the dynamics of D-

branes in string theory [49, 50, 51, 52]. In particular, the tachyon, which refers to an unstable

scalar field that rolls down from the maxima of its potential near the origin to its minima at

infinity, captures the essential dynamical features of the decay process of unstable branes (for

the original discussion, see Refs. [53, 54]). Various cosmological applications of the tachyon
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have been studied extensively in the literature (see, for instance, Refs. [101, 102, 103] and

references therein) and, in particular, it has proved to be a fertile ground for inflationary

model building (see, for example, Ref. [56] and references therein). It is also possible to

have tachyons whose potential has a global minimum at the origin so that the field rolls

down from a large value towards the origin (see, for example, Ref. [104]; for cosmological

applications of such fields, see, for instance, Refs. [105, 106, 107, 108]). We shall consider

such a scenario in this chapter. It should be pointed out here that the tachyon falls under a

broader class of non-canonical scalar field models that are often referred to as the k-inflation

models [59, 60].

With the help of a specific example, we shall illustrate that the amplitude of the curvature

perturbations induced by the tachyon1 can be enhanced or suppressed (when compared to

its value at Hubble exit) at super-Hubble scales if there is a period of deviation from slow

roll inflation. We shall also show that it is the growth of entropy perturbations during such

a transition that turns out to be responsible for the change in the amplitude of the tachyonic

perturbations. Moreover, following the earlier analysis for the canonical scalar field, we

shall show that the power spectrum evaluated in the long wavelength approximation and

the exact power spectrum obtained numerically match rather well. We shall also briefly

comment on an interesting application of this phenomenon, which we shall utilize later to

arrive at certain features in the primordial spectrum that lead to a better fit to the data.

The remainder of this chapter is organized as follows. In the following section, after briefly

summarizing the essential background equations, we shall rederive the familiar equations

describing the scalar perturbations for the cases of an arbitrary matter field and a canonical

scalar field. We shall also discuss the corresponding equations for the tensor perturbations.

In Sec. 2.3, we shall rapidly outline the standard derivation of the scalar and the tensor spec-

tra as well as the spectral indices in the slow roll inflation. In Sec. 2.4, we shall derive the

equations describing the scalar perturbations generated by the tachyon. In Sec. 2.5, we shall

illustrate the amplification or suppression of the curvature perturbations at super-Hubble

scales when there is a transition from slow roll to fast roll and back with the help of a spe-

cific example. In Sec. 2.6, we shall show as to how the entropy perturbations grow during

1Actually, as we mentioned above, the term ‘tachyon’ refers to a non-canonical scalar field that is often
described by a potential with a maxima near the origin. However, the specific potential that we shall consider
in this chapter does not have this feature.
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the period of fast roll inflation which in turn act as the source for the evolution of the cur-

vature perturbations at super-Hubble scales. In Sec. 2.7, we extend an earlier result for the

canonical scalar field to the tachyonic case and show that the power spectrum calculated in

the long wavelength approximation agrees quite well with the exact power spectrum eval-

uated numerically. In Sec. 2.8, we shall present two simple examples wherein the amplitude

of the curvature perturbations induced by the canonical scalar field is enhanced at super-

Hubble scales, when compared to their values at Hubble exit. Finally, in Sec. 2.9, we close

by commenting on an important application of our result, which we shall utilize in later

chapters for the canonical scalar field.

2.2 Essential cosmological perturbation theory

In this section, we shall sketch essential cosmological perturbation theory. After quickly

summarizing the equations corresponding to the Friedmann background, we shall discuss

the equations describing the scalar perturbation for the cases of an arbitrary matter field

and a canonical scalar field. We shall also arrive at the equations characterizing the tensor

perturbations. We should again emphasize here that, in this thesis, we shall restrict our

discussion to the linear order in the perturbations.

2.2.1 The background equations

As we had discussed in the previous chapter, a spatially flat, homogeneous and isotropic

Friedmann universe is described by the line element:

ds2 = dt2 − a2(t) dx2 = a2(η)
[
dη2 − dx2

]
. (2.1)

The Einstein equations corresponding to this line element lead to the following Friedmann

equations that describe the time evolution of the scale factor:

(
ȧ

a

)2

=

(
8 πG

3

)
ρ, (2.2a)

(
ä

a

)
= −

(
4 πG

3

)
(ρ+ 3 p) . (2.2b)

A very useful equation that can be obtained from these Friedmann equations is given by

Ḣ = − 4 πG (ρ+ p) . (2.3)
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For a canonical scalar field with energy density ρ
φ

and pressure p
φ

as given in Eqs. (1.21),

this equation reduces to

Ḣ = − 4 πG φ̇2. (2.4)

2.2.2 The scalar perturbations

On taking into account the scalar perturbations to the background metric (2.1), the Fried-

mann line-element, in general, can be written as [3, 5, 94, 95, 96, 97, 109, 110]

ds2 = a2(η)
[
(1 + 2A) dη2 − 2 (∂iB) dxi dη − ((1 − 2ψ) δij + 2 ∂i∂jE) dxi dxj

]
, (2.5)

where A, B, ψ and E are the scalar functions that describe the perturbations. The infinitesi-

mal coordinate transformations, also referred to as the gauge transformations, can be written

as

η → η̃ = η + χ(η,x), (2.6a)

xi → x̃i = xi + δij∂jξ(η,x), (2.6b)

where χ and ξ are two independent scalar functions of space and time coordinates and the

tildes shall, hereafter, refer to the various quantities in the new coordinates. The metric

perturbations are, in general, not invariant under such a change of coordinates. Under the

gauge transformations (2.6), the scalar metric perturbations A, B, ψ and E transform as [5,

95]

A→ Ã = A−
(

1

a

)
(aχ)′ , (2.7a)

B → B̃ = B + χ− ξ′, (2.7b)

ψ → ψ̃ = ψ + Hχ, (2.7c)

E → Ẽ = E − ξ, (2.7d)

where H = (a′/a) is the conformal Hubble parameter. Using the above gauge transforma-

tions, gauge-invariant variables can be constructed by taking the appropriate combinations

of the functions A, B, ψ and E. The two gauge-invariant variables—known as the Bardeen

variables [94, 95, 111]— that characterize the two degrees of freedom describing the scalar
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perturbations are given by [3, 5, 94, 95, 96, 97, 109, 110, 111]

Φ ≡ A+

(
1

a

)
[(B − E ′) a]

′
, (2.8a)

Ψ ≡ ψ −H (B −E ′) . (2.8b)

As another useful example, consider a scalar quantity that can be split into a background

value and a perturbation as follows:

Q(η) + δQ (η,x) . (2.9)

Under the gauge-transformations (2.6), the background value Q remains invariant while the

perturbation δQ transforms as follows [5, 95]:

δQ→ δ̃Q = δQ−Q′ χ. (2.10)

A combination of the perturbation in Q and the metric perturbations that remains gauge-

invariant is given by

δQ = δQ+Q′ (B − E ′) . (2.11)

At the linear order in the perturbations, the Einstein equations relating the perturbed

Einstein tensor δGµ
ν to the perturbed stress-energy tensor δT µ

ν are given by

δGµ
ν = 8 πG δT µ

ν . (2.12)

The components of the perturbed Einstein tensor corresponding to the line-element (2.5) are

given by

δG0
0 =

(
2

a2

)(
−3H (HA+ ψ′) + ∇2 [ψ −H (B −E ′)]

)

=

(
2

a2

)(
−3H (HΦ + Ψ′) + ∇2Ψ + 3H

(
−H′ + H2

)
(B − E ′)

)
, (2.13a)

δG0
i =

(
2

a2

)
∂i (HA+ ψ′)

=

(
2

a2

)
∂i

(
HΦ + Ψ′ +

(
H′ −H2

)
(B − E ′)

)
, (2.13b)

δGi
j = −

(
2

a2

) ([(
2H′ + H2

)
A+ H (A′ + 2ψ′) + ψ′′ + ∇2 (D/2)

]
δi
j − ∂i∂j (D/2)

)

= −
(

2

a2

) ([(
2H′ + H2

)
Φ + H (Φ′ + 2 Ψ′) + Ψ′′ + ∇2 (D/2)

]
δi
j

+
(
H′′ −HH′ −H3

)
(B −E ′) δi

j − ∂i∂j (D/2)

)
, (2.13c)
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where

D =
[
(A− ψ) + 2H (B −E ′) + (B − E ′)

′
]

= (Φ − Ψ) , (2.14)

and, we have made use of the definitions (2.8) of the gauge-invariant potentials Φ and Ψ in

arriving at the second equalities.

Under the gauge transformations (2.6), the components of the perturbed Einstein tensor

δGµ
ν transform as follows:

δG0
0 → δ̃G0

0 = δG0
0 −G0

0
′ χ, (2.15a)

δG0
i → δ̃G0

i = δG0
i −

[
G0

0 −
(

1

3

)
Gk

k

]
∂iχ, (2.15b)

δGi
j → δ̃Gi

j = δGi
j −G0

0
′ χ, (2.15c)

where Gµ
ν denotes the Einstein tensor corresponding to the background line-element (2.1),

and is given by

G0
0 =

(
3

a2

)
H2, (2.16a)

G0
i = 0, (2.16b)

Gi
j =

(
1

a2

)(
2H′ + H2

)
δi
j . (2.16c)

As in the case of the scalar functions describing the metric perturbations, it is straightfor-

ward to construct gauge-invariant quantities corresponding to the perturbed Einstein tensor

δGµ
ν . The gauge-invariant, perturbed Einstein tensor, which we shall denote as δGµ

ν , can be

written as follows [5, 95]:

δG0
0 = δG0

0 +G0
0
′ (B −E ′)

=

(
2

a2

)(
−3H (HΦ + Ψ′) + ∇2Ψ

)
, (2.17a)

δG0
i = δG0

i +

[
G0

0 −
(

1

3

)
Gk

k

]
∂i (B − E ′)

=

(
2

a2

)
∂i

(
HΦ + Ψ′

)
, (2.17b)

δGi
j = δGi

j +Gi
j
′ (B − E ′)

= −
(

2

a2

) ([(
2H′ + H2

)
Φ + H (Φ′ + 2 Ψ′) + Ψ′′ + ∇2 (D/2)

]
δi
j

− ∂i∂j (D/2)

)
, (2.17c)

32



2.2. ESSENTIAL COSMOLOGICAL PERTURBATION THEORY

and, we have made use of the expressions for the perturbed and the background Einstein

tensor as in (2.13) and (2.16) in arriving at the second equalities. In a similar fashion, the

gauge-invariant perturbed stress-energy tensor, which we shall denote as δT µ
ν , can be con-

structed and is given by [5, 95]

δT 0
0 = δT 0

0 + T 0
0
′ (B −E ′) , (2.18a)

δT 0
i = δT 0

i +

[
T 0

0 −
(

1

3

)
T k

k

]
∂i (B −E ′) , (2.18b)

δT i
j = δT i

j + T i
j
′ (B − E ′) , (2.18c)

where T µ
ν denotes the stress-energy tensor corresponding to the background matter field.

Upon using the background equations (2.2), the Einstein equations (2.12) governing the lin-

ear perturbations can be written in the following form

δGµ
ν = 8 πG δT µ

ν . (2.19)

Note that the quantities on both sides of the above equation are now explicitly gauge-

invariant.

Gauge-invariant equations of motion for an arbitrary matter field

At the linear order in the perturbations, perfect fluids and scalar fields do not possess any

anisotropic stresses. Under these conditions, the perturbed stress-energy tensor associated

with these sources can be expressed as follows:

δT 0
0 = δρ, δT 0

i = ∂i δq and δT i
j = − δp δi

j, (2.20)

where the quantities δρ, δq and δp are the scalar quantities that denote the perturbations

in the energy density, the momentum flux, and the pressure of the matter field, respec-

tively. It is then clear that, in the absence of the anisotropic stresses, the non-diagonal,

spatial component of the Einstein equations (2.19) leads to the relation: Φ = Ψ. The

first order gauge-invariant Einstein equations then lead to the following form of the equa-

tions [3, 5, 94, 95, 96, 97, 109, 110]

∇2Φ − 3H (Φ′ + HΦ) =
(
4 πGa2

)
[δρ+ ρ′ (B −E ′)] , (2.21a)

∂i (Φ
′ + HΦ) =

(
4 πGa2

)
[∂i δq + (ρ+ p) ∂i (B −E ′)] , (2.21b)

Φ′′ + 3HΦ′ +
(
2H′ + H2

)
Φ =

(
4 πGa2

)
[δp+ p′ (B − E ′)] . (2.21c)
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The first and the third of these Einstein equations can be combined to lead to the following

differential equation for the gauge-invariant Bardeen potential Φ [3, 5, 94, 95, 96, 97, 109, 110]:

Φ′′ + 3H
(
1 + c2

A

)
Φ′ − c2

A
∇2Φ +

[
2H′ +

(
1 + 3 c2

A

)
H2
]

Φ =
(
4 πGa2

)
δpNA, (2.22)

where we have made use of the standard relation [118]

δp = c2
A
δρ+ δpNA, (2.23)

with c2
A

≡ (p′/ρ′) denoting the adiabatic speed of sound and δpNA representing the non-

adiabatic pressure perturbation2. The curvature perturbation R is defined in terms of the

Bardeen potential Φ and its time derivative as [94, 95, 96, 97]

R = Φ +

(
2 ρ

3H

) (
Φ′ + HΦ

ρ+ p

)
. (2.24)

Upon substituting this expression for the curvature perturbation in Eq. (2.22) describing the

evolution of the Bardeen potential Φ and making use of the background equations (2.2), we

obtain that [118]

R′ = −
( H
H′ −H2

) [ (
4 πGa2

)
δpNA + c2

A
∇2Φ

]
. (2.25)

Note that, for adiabatic perturbations (i.e. perturbations for which δpNA = 0), this equation

implies that R′ ≃ 0 at super-Hubble scales, when the
(
c2

A
∇2Φ

)
term can be neglected. In

other words, the absence of the non-adiabatic perturbations leads to the conservation of the

curvature perturbation at super-Hubble scales.

The curvature perturbations induced by the canonical scalar field

As we had discussed in the previous chapter, the most attractive feature of inflation is that

it provides a natural mechanism for the generation of perturbations in a causal manner. The

quantum fluctuations associated with the inflaton prove to be responsible for the generation

of these perturbations. In what follows, we shall obtain the equation of motion for the

curvature perturbations induced by the canonical scalar field which acts as the inflaton. The

2The quantities that appear within the square brackets on the right hand sides of the first order Einstein
equations (2.21a) and (2.21c) are the gauge-invariant versions of δρ and δp. On using these expressions in the
relation (2.23), it is straightforward to show that δpNA is gauge-invariant as well.
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scalar field can be decomposed into a homogeneous part φ and a perturbation δφ. Under the

gauge transformations (2.6), the perturbation δφ transforms as follows:

δφ→ δ̃φ = δφ+ χ. (2.26)

A quantity involving the perturbation in the scalar field δφ and the metric perturbations

which remains invariant under the scalar gauge transformations (2.6) can be constructed to

be

δϕ = δφ+ φ′ (B − E ′) . (2.27)

At the linear order, the components of the perturbed stress-energy tensor associated with

the scalar field can be expressed as

δT 0
0 = δρ

φ
=
(
φ̇ ˙δφ− φ̇2A + Vφ δφ

)
, (2.28a)

δT 0
i = ∂i δqφ

= ∂i

(
φ̇ δφ

)
, (2.28b)

δT i
j = − δp

φ
δi
j = −

(
φ̇ ˙δφ− φ̇2A− Vφ δφ

)
δi
j . (2.28c)

Note that these components of the perturbed stress-energy tensor are not gauge-invariant.

Using Eqs. (2.18) and the definition of the Bardeen potential as in Eq. (2.8) alongwith the

gauge-invariant definition of the perturbed scalar field in Eq. (2.27), the various gauge-

invariant components of the perturbed stress-energy tensor can be written as

δT 0
0 =

(
φ̇ ˙δϕ− φ̇2Φ + Vφ δϕ

)
, (2.29a)

δT 0
i = ∂i

(
φ̇ δϕ

)
, (2.29b)

δT i
j = −

(
φ̇ ˙δϕ− φ̇2Φ − Vφ δϕ

)
δi
j . (2.29c)

As we mentioned earlier, at the linear order in the perturbations, the scalar field does not

possess any anisotropic stress and, consequently, Φ = Ψ during inflation. As a result, only

one independent degree of freedom characterizing the scalar perturbations remains to be

dealt with. On substituting the expressions for δρ
φ
, δq

φ
and δp

φ
as in Eqs. (2.28), in the first

order Einstein equations (2.21) governing the scalar perturbations, one arrives at following

equation for the Bardeen potential:

Φ′′ + 3H
(
1 + c2

A

)
Φ′ − c2

A
∇2Φ +

[
2H′ +

(
1 + 3 c2

A

)
H2
]

Φ =
(
1 − c2

A

)
∇2Φ. (2.30)
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Upon comparing this equation for Φ with the general equation (2.22), it is evident that the

non-adiabatic pressure perturbation associated with the inflaton is given by

δpNA =

(
1 − c2

A

4 πGa2

)
∇2Φ. (2.31)

In such a case, equation (2.25) describing the evolution of the curvature perturbation simpli-

fies to

R′ = −
( H
H′ −H2

)
∇2Φ. (2.32)

On differentiating this equation with respect to the conformal time and making use of the

background equations (2.2a) and (2.4), the definition of the curvature perturbation (2.24) and

the Bardeen equation (2.30), we find that the Fourier modes of the curvature perturbation

induced by the canonical scalar field are described by the following equation [6, 97]:

R′′
k + 2

(
z′

z

)
R′

k + k2 Rk = 0, (2.33)

where the quantity z is given by

z =

(
a φ̇

H

)
=

(
a φ′

H

)
. (2.34)

Another useful variable which is often introduced while studying the evolution of the per-

turbations, is the Mukhanov-Sasaki variable v which is defined as [110, 112]

v = R z. (2.35)

The Fourier modes of the Mukhanov-Sasaki variable vk satisfy the following differential

equation which is referred to as the Mukhanov-Sasaki equation:

v′′k +

[
k2 −

(
z′′

z

)]
vk = 0. (2.36)

On quantization, the variable R(η,x) becomes a quantum operator and can be expressed

in terms of the Fourier modes Rk as follows [6, 113]:

R̂ (η,x) =

∫
d3

k

(2 π)3/2

[
âk Rk(η) e

ik·x + â†
k
R∗

k(η) e
−ik·x

]
, (2.37)

where the creation and the annihilation operators âk and â†
k

obey the standard commutation

relations. At the linear order in the perturbation theory, the power spectrum as well as
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the other statistical properties of the scalar perturbations are completely characterized by

the two point function of the quantum field R̂ and, therefore, the perturbations generated

during inflation are often referred to as Gaussian perturbations. The power spectrum of the

scalar perturbations P
S
(k) is then given by the relation

∞∫

0

dk

k
P

S
(k) ≡

∫
d3(x − x

′)

(2 π)3
〈0|R̂(η,x) R̂(η,x′)|0〉 e−ik·(x−x

′), (2.38)

where |0〉 is the vacuum state defined as âk|0〉 = 0 ∀k. Using the decomposition as in

Eq. (2.37), the spectrum of the scalar perturbations can be written in terms of the Fourier

modes Rk as [97]

P
S
(k) =

(
k3

2 π2

)
|Rk|2 =

(
k3

2 π2

) ( |vk|
z

)2

. (2.39)

The perturbation spectrum should, in general, be evaluated at super-Hubble scales [i.e.

when (k/aH) = (k/H) ≪ 1] when the amplitude of the curvature perturbations approaches

a constant value. The spectral index associated with the scalar spectrum n
S

is given by the

logarithmic derivative of the spectrum and is defined as [97]

n
S
− 1 =

(
d lnP

S

d ln k

)
. (2.40)

Note that a scale invariant scalar spectrum corresponds to n
S

= 1.

2.2.3 The tensor perturbations

Upon taking into account the tensor perturbations to the background metric (2.1), the Fried-

mann line-element can be described as [4, 5, 6, 7]

ds2 = a2(η)
[
dη2 − (δij + Uij) dxi dxj

]
, (2.41)

where Uij is a symmetric, transverse and traceless tensor. The transverse and traceless con-

ditions reduce the number of independent degrees of freedom of Uij to two, which corre-

spond to the two types of polarization associated with the gravitational waves. The tensor

perturbations can be quantized in a similar fashion as the curvature perturbations. In the

absence of anisotropic stresses, one arrives at the following differential equation describing

the Fourier amplitude Uk of the gravitational waves [4, 5, 6, 7]:

U ′′
k + 2

(
a′

a

)
U ′

k + k2 Uk = 0. (2.42)
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If we define

u = U a, (2.43)

then the differential equation satisfied by the Fourier modes of the variable u is given by

u′′k +

[
k2 −

(
a′′

a

)]
uk = 0. (2.44)

It is useful to note that this equation is essentially the same as the Mukhanov-Sasaki equa-

tion (2.36) barring the fact that the quantity z is now replaced by the scale factor a. The

spectrum of the tensor perturbations P
T
(k) can then be expressed in terms of the Fourier

modes Uk and uk as follows:

P
T
(k) = 2

(
k3

2 π2

)
|Uk|2 = 2

(
k3

2 π2

) ( |uk|
a

)2

. (2.45)

As in the scalar case, the tensor spectrum should also be evaluated at super-Hubble scales.

The additional factor of two in the above expression for the tensor spectrum takes into ac-

count the two independent states of polarization of the gravitational waves. The spectral

index associated with the tensor spectrum n
T

is given by the logarithmic derivative of the

spectrum and is defined as [97]

n
T

=

(
d lnP

T

d ln k

)
. (2.46)

It should be stressed that, while n
S

= 1 corresponds to a scale invariant scalar spectrum, a

scale invariant tensor spectrum is described by n
T

= 0. Finally, the tensor-to-scalar ratio r is

defined as follows [97]:

r(k) ≡
(P

T
(k)

P
S
(k)

)
. (2.47)

As we had mentioned in the previous chapter, the scalar spectral index n
S

and the tensor-to-

scalar ratio r turn out to be two important inflationary parameters that can be constrained

using the data from the various observations.

2.2.4 The Bunch-Davies initial conditions

Before we proceed further, the issue regarding the initial conditions on the perturbations

needs to be discussed. Since the various modes exit the Hubble radius during inflation and

re-enter during the subsequent radiation dominated epoch, the initial conditions on the per-

turbations should be imposed at a time when the modes are well inside the Hubble radius,
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i.e. when (k/aH) = (k/H) ≫ 1. From Eqs. (2.36) and (2.44), it is evident that, in the sub-

Hubble limit, the scalar and the tensor modes vk and uk behave in the Minkowskian form

as e± i k η. The scalar and tensor perturbations being in the vacuum state requires the solu-

tions vk and uk to be the positive frequency modes at sub-Hubble scales with the asymptotic

form [3, 5]

lim
(k/aH)→∞

[
vk(η), uk(η)

]
→ 1√

2k
e−i k η. (2.48)

The vacuum state associated with the modes at very early times that exhibit such a behavior

is often referred to as the Bunch-Davies vacuum [114].

2.3 The scalar and tensor power spectra in slow roll inflation

In this section, we shall rapidly derive the scalar and tensor power spectra and the spectral

indices in the slow roll approximation. As we had discussed in the previous chapter, the

HSR parameters turn out to be a better choice to describe the slow roll approximation than

the PSR parameters as no additional condition needs to be satisfied for the approximation

to be valid. Treating the Hubble parameter H as a function of the scalar field φ, the HSR

parameters are defined in terms of the Hubble parameter and its derivatives. The first two

dimensionless HSR parameters ǫ
H

and η
H

are defined as follows [42]:

ǫ
H

= 2M2
P

(
Hφ

H

)2

, (2.49a)

η
H

= 2M2
P

(
Hφφ

H

)
, (2.49b)

where Hφ ≡ (dH/dφ) and Hφφ ≡ (d2H/dφ2). Upon using the background equations, these

two parameters can be written as

ǫ
H

= −
(
Ḣ

H2

)
, (2.50a)

η
H

= −
(

φ̈

Hφ̇

)
= ǫ

H
−
(

ǫ̇
H

2H ǫ
H

)
. (2.50b)

In order to evaluate the scalar and the tensor spectra in slow roll approximation, we start

by rewriting the various quantities that appear in the equation of motion for the scalar and

the tensor perturbations in terms of these two HSR parameters. Using equation (2.4) and the
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expression (2.50a) for the first HSR parameter ǫ
H

, the quantity z defined in equation (2.34)

can be written as

z =
√

2 M
P
a
√
ǫ
H
. (2.51)

Using the expressions for z and the HSR parameters, the term (z′/z) that appears in the

equation of motion describing the curvature perturbation (2.33) can be written as [99]
(
z′

z

)
= H

(
1 + ǫ

H
− η

H

)
. (2.52)

Again, using these expressions, the term (z′′/z) that appears in the Mukhanov-Sasaki equa-

tion (2.36) can be expressed as [3, 96, 115, 116]
(
z′′

z

)
= H2

[
2 − ǫ

H
+ (ǫ

H
− η

H
) (3 − η

H
) +

(
ǫ′
H
− η′

H

H

)]
. (2.53)

Upon using the definition of ǫ
H

as in Eq. (2.50a), it can be shown that
(
a′′

a

)
= H2 (2 − ǫ

H
) . (2.54)

It should be emphasized that the above expressions are exact and the slow roll approxima-

tion has not been imposed in arriving at these expressions. At the leading order in the slow

roll approximation3, using the definitions of the first two HSR parameters ǫ
H

and η
H

and also

assuming ǫ
H

to be a constant at the same order, we can write

H ≃ −
[

1

(1 − ǫ
H
) η

]
. (2.55)

On using this relation for H in the expressions (2.53) and (2.54), at the leading order in the

slow roll approximation, we get
(
z′′

z

)
≃

(
2 + 6 ǫ

H
− 3 η

H

η2

)
, (2.56a)

(
a′′

a

)
≃

(
2 + 3 ǫ

H

η2

)
, (2.56b)

with the HSR parameters being treated as constants. From Eqs. (2.36) and (2.44), it is evi-

dent that the solutions to the variables vk and uk that satisfy the appropriate initial condi-

tions (2.48) will be given in terms of the Hankel function as [43, 97, 117]

[
vk(η), uk(η)

]
=

(−π η
4

)1/2

ei π/2 [ν+1/2] H(1)
ν (−kη) , (2.57)

3Here, by leading order, we refer to the linear order in the slow roll parameters. We shall ignore the terms
which are higher order in the slow roll parameters.

40



2.3. THE SCALAR AND TENSOR POWER SPECTRA IN SLOW ROLL INFLATION

where H
(1)
ν is the Hankel function of the first kind and of order ν. The quantity ν for the

scalar and the tensor cases is given by

ν
S

≃
(

3

2
+ 2 ǫ

H
− η

H

)
, (2.58a)

ν
T

≃
(

3

2
+ ǫ

H

)
. (2.58b)

In order to evaluate the scalar and the tensor spectra in the super-Hubble limit, i.e. as

(−k η) → 0, the Hankel functions in the solutions (2.57) should be expanded as a series

about the origin. The expansion then results in the following expressions for the scalar and

the tensor spectra [3, 43, 97, 115]

P
S
(k) =

(
1

32 π2M2
P
ǫ
H

)[ |Γ(ν
S
)|

Γ(3/2)

]2(
k

a

)2(−k η
2

)(1−2 ν
S
)

=

(
H2

2 π φ̇

)2 [ |Γ(ν
S
)|

Γ(3/2)

]2

2(2 ν
S
−3) (1 − ǫ

H
)(2 ν

S
−1) , (2.59a)

P
T
(k) =

(
1

2 π2M2
P

) [ |Γ(ν
T
)|

Γ(3/2)

]2(
k

a

)2 (−k η
2

)(1−2 ν
T

)

=

(
2H2

π2M2
P

) [ |Γ(ν
T
)|

Γ(3/2)

]2

2(2 ν
T
−3) (1 − ǫ

H
)(2 ν

T
−1) , (2.59b)

where the second equalities have been expressed in terms of the quantities evaluated at the

Hubble exit [i.e. at (−k η) = (1− ǫ
H
)−1]. At the leading order in the slow roll approximation,

the amplitudes of the scalar and the tensor spectra are given by [3, 43, 97]

P
S
(k) ≃

(
H2

2 π φ̇

)2

k = aH

, (2.60a)

P
T
(k) ≃

(
8

M2
P

) (
H

2 π

)2

k = aH

, (2.60b)

with the quantities on the right hand side to be evaluated when the modes cross the Hubble

radius. In the slow roll limit, upon using the corresponding background equations (1.25),

the scalar and the tensor spectral amplitudes can be expressed in terms of the potential and

its derivative as follows [3, 43, 97]

P
S
(k) ≃

(
1

12 π2M6
P

) (
V 3

V 2
φ

)

k =aH

, (2.61a)

P
T
(k) ≃

(
2

3 π2

) (
V

M4
P

)

k = aH

. (2.61b)
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Using the expressions (2.60) for the power spectra and the definitions (2.40) and (2.46) of

the spectral indices, it can be easily shown that

n
S

≃ (1 − 4 ǫ
H

+ 2 η
H
) , (2.62a)

n
T

≃ − 2 ǫ
H
. (2.62b)

It is evident from these expressions that, in the slow roll approximation, when the slow roll

parameters are very small, the scalar and the tensor spectra will be nearly scale invariant.

Moreover, in the slow roll limit, the tensor-to-scalar ratio is found to be

r ≃ 16 ǫ
H

= − 8n
T
. (2.63)

Since, ǫ
H
≪ 1 in the slow roll limit, the amplitude of the tensor perturbations prove to be

smaller than the amplitude of the scalar perturbations. The above expression is the so-called

consistency relation for single field slow roll inflation [3, 43, 96, 97].

2.4 The curvature perturbations induced by the tachyon

In this section, we shall first summarize the background equations in the presence of the

tachyon, and then discuss the equations describing the curvature perturbations induced

by the tachyon. For the case of the tachyon, say, T , described by the potential V (T ), the

background energy density ρ
T

and the pressure p
T

are given by [54, 55, 92]

ρ
T

=

(
V (T )√
1 − Ṫ 2

)
, (2.64a)

p
T

= −
(
V (T )

√
1 − Ṫ 2

)
. (2.64b)

In the spatially flat, Friedmann background that we shall be considering, the equation of

motion for the tachyon T is given by [55, 92]

(
T̈

1 − Ṫ 2

)
+ 3H Ṫ +

(
V

T

V

)
= 0, (2.65)

where V
T
≡ (dV/dT ).

If we denote the perturbation in the tachyon as δT , then, it is straightforward to show that,

the perturbations in the energy density, the momentum flux and the pressure of the tachyon
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are given by

δρ
T

=

(
V

T
δT√

1 − Ṫ 2

)
+




V Ṫ
(
1 − Ṫ 2

)3/2



(

˙δT −A Ṫ
)
, (2.66a)

∂i δqT
=

(
V Ṫ

a
√

1 − Ṫ 2

)
(∂i δT ) , (2.66b)

δp
T

= −
(
V

T
δT
√

1 − Ṫ 2
)

+

(
V Ṫ√
1 − Ṫ 2

) (
˙δT − A Ṫ

)
, (2.66c)

where A is the metric perturbation that appears in the perturbed Friedmann line-

element (2.5). As in the case of the canonical scalar field, the tachyons possess no anisotropic

stress and, therefore, Φ = Ψ. On substituting these expressions for δρ
T

, δq
T

and δp
T

in the

first order Einstein equations (2.21), we find that the Bardeen potential Φ induced by the

tachyonic perturbations satisfies the following differential equation:

Φ′′ + 3H
(
1 + c2

A

)
Φ′ − c2

A
∇2Φ +

[
2H′ +

(
1 + 3 c2

A

)
H2
]

Φ =
(
c2

S
− c2

A

)
∇2Φ, (2.67)

where c2
S

= (1− Ṫ 2) is referred to as the effective speed of sound (see, for instance, Ref. [92]).

Upon comparing the above equation with Eq. (2.22), we find that the non-adiabatic pressure

perturbation associated with the tachyon is given by

δpNA

T
=

(
c2

S
− c2

A

4 πGa2

)
∇2Φ. (2.68)

The quantity δpNA
T

is usually related to the entropy perturbation S as follows (see, for in-

stance, Ref. [118]):

δpNA

T
=

(
p′

T

H

)
S. (2.69)

On making use of Eqs. (2.68) and (2.69), we obtain the entropy perturbation S to be [92]

S =

( H
4 πGa2 p′

T

) (
c2

S
− c2

A

)
∇2Φ. (2.70)

Therefore, for the tachyonic case, the equation (2.25) describing the evolution of the curva-

ture perturbation simplifies to

R′ = −
(

4 πGa2 p′
T

H′ −H2

) (
c2

S

c2
S
− c2

A

)
S = −

( H c2
S

H′ −H2

)
∇2Φ. (2.71)
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Upon using this relation alongwith the definition (2.24) and the equation (2.67) describing

the evolution of the Bardeen potential, we find that the Fourier modes of the curvature

perturbation induced by the tachyon are described by the differential equation [92]

R′′
k + 2

(
z′

z

)
R′

k + c2
S
k2 Rk = 0, (2.72)

where the quantity z is given by

z =
( a
H

) (ρ
T

+ p
T

c2
S

)1/2

=

(√
3M

P
a Ṫ√

1 − Ṫ 2

)
. (2.73)

The Mukhanov-Sasaki variable v for the tachyon can be defined as in the case of the canon-

ical scalar field [cf. Eq. (2.35)] and the Fourier modes of the Mukhanov-Sasaki variable vk

satisfy the following differential equation:

v′′k +

[
c2

S
k2 −

(
z′′

z

)]
vk = 0. (2.74)

2.5 Evolution of the curvature perturbations at super-Hubble

scales

The equation (2.72) that describes the evolution of the curvature perturbations is completely

equivalent to the equation of motion of a harmonic oscillator with the time-dependent

damping term (z′/z). It is evident from this correspondence that the curvature perturba-

tions can be expected to grow at super-Hubble scales if there exists a period during which

the damping term proves to be negative [99, 100]. Actually, as we shall see, if (z′/z) turns out

to be negative for some amount of time, then, for a certain range of modes, the amplitude

of the curvature perturbations is enhanced at super-Hubble scales, while the amplitude of

another range of modes is suppressed, when compared to their values at Hubble exit. We

shall now outline as to how the quantity (z′/z) turns out to be negative for the tachyonic

case during a period of fast roll inflation or when there is a break in inflation.

As we had mentioned in the previous chapter, the slow roll approximation is an expansion

in terms of small parameters that are defined as derivatives either of the potential V (T ) or

the Hubble parameter H [42]. However, for our discussion below, we shall make use of the

horizon flow parameters which are defined as the derivatives of the Hubble parameter H
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with respect to the number of e-folds N as follows [119]:

ǫ0 ≡
(
H∗

H

)
and ǫi+1 ≡

(
d ln |ǫi|

dN

)
=

(
ǫ̇i
H ǫi

)
for i ≥ 0, (2.75)

where H∗ is the Hubble parameter evaluated at some given time, and inflation occurs when

ǫ1 < 1. For the case of the tachyon we are considering here, the first two horizon flow

functions are given by [92]

ǫ1 =

(
3 Ṫ 2

2

)
and ǫ2 =

(
2 T̈

H Ṫ

)
. (2.76)

We find that the quantity (z′/z) can be expressed in terms of these two horizon flow func-

tions as follows: (
z′

z

)
= (aH)

(
1 +

(ǫ2
2

) [ 1

1 − (2 ǫ1/3)

])
. (2.77)

It is apparent from this expression that, in the slow roll limit, i.e. when (ǫ1, ǫ2) ≪ 1, (z′/z) ≃
(aH) = ȧ which, in an expanding universe, is a positive definite quantity. Clearly, (z′/z)

cannot be negative in the slow roll regime. However, note that (z′/z) can become negative if

the following condition is satisfied:

ǫ2 < −2

[
1 −

(
2 ǫ1
3

)]
. (2.78)

Such a situation can occur either when there is a break in inflation, say, when ǫ1 ≃ 1 and

ǫ2 < −(2/3) or during a period of fast roll inflation, i.e. when ǫ1 ≪ 1 and ǫ2 < −2. In the

following subsection, we shall discuss a specific example of the second scenario.

2.5.1 A specific example

To explicitly illustrate the phenomenon of the enhancement or the suppression of the ampli-

tude of the curvature perturbations at super-Hubble scales, we shall work with the following

potential

V (T ) = V0

(
1 + V1 T

4
)
, (2.79)

where V0 and V1 are positive constants. For this potential, we find that, in the T -Ṫ plane,

there exists only one finite critical point at (T = 0, Ṫ = 0) for the equation of motion (2.65).

A linear stability analysis about this point immediately suggests that the critical point is a

stable fixed point. This implies that, regardless of the initial conditions that the tachyon
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starts rolling from, it will always approach the critical point asymptotically. Also, we find

that, for certain values of the parameters V0 and V1, all the trajectories in the phase space

rapidly approach an attractor trajectory which has the following three regimes for the field

evolution: Ṫ ≪ 1, Ṫ . 1, and Ṫ ≪ 1 again. It is then clear from the expressions (2.76) for ǫ1

and ǫ2 that, as the field starts rolling down the potential from a large value, ǫ1 can grow from

a small value to some maximum value and then decrease to a small value again. Also, this

behavior will allow ǫ2 to become negative during the period when the field is decelerating—

a feature that is necessary to achieve the condition (2.78). However, the minimum value

attained by ǫ2 and the duration for which it remains negative depends on the values of the

parameters V0 and V1 that describe the potential.

We now need to choose the values of the parameters V0 and V1 of the potential so that

the condition (2.78) is satisfied. A general analysis in terms of the horizon flow functions is

not possible without explicitly solving the equation of motion for T . Hence, instead of the

horizon flow functions, we shall now make use of the PSR parameters to estimate these val-

ues [120]. For the case of the tachyon we are considering here, the first two PSR parameters

are defined as [56]

ε
V

=

(
M2

P

2

) (
V 2

T

V 3

)
, (2.80a)

δ
V

= M2
P

[
3

(
V 2

T

V 3

)
− 2

(
V

TT

V 2

)]
, (2.80b)

where V
TT

≡ (d2V/dT 2). For M
P

set to unity, we find that δ
V
< −2 provided V1 > 0.0364.

We have solved the background equations and the equation describing the curvature per-

turbation numerically. The results that we present here are for the following values of the

potential parameters: V0 = 0.5 and V1 = 0.18. We have chosen the standard initial conditions

at sub-Hubble scales corresponding to the Bunch-Davies vacuum for the curvature pertur-

bations [cf. Eq. (2.48)]. The initial conditions we have imposed are easily expressed in terms

of the Mukhanov-Sasaki variable vk which are as follows:

vk =

(
1

2ωk

)1/2

and v′k = −i
(ωk

2

)1/2

, (2.81)

4Actually, the PSR parameters and the horizon flow functions are of the same order only in the slow roll
limit. Their equivalence will necessarily break down in the fast roll regime we are interested in. However,
we find that the value for V1 we shall work with (which is greater than 0.036) indeed leads to the required
behavior.
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Figure 2.1: The evolution of the quantity (z′/zH) has been plotted as a function of the num-
ber of e-folds N . The vertical lines indicate the regime where (z′/zH) is negative. Note that
it remains close to unity during the two slow roll regimes, but it turns negative for a little
less than three e-folds between N of 58 and 61 during the fast roll phase.

where

ω2
k =

[
(k c

S
)2 − (z′′/z)

]
, (2.82)

and we have imposed these conditions at a time when all the modes of interest are well

inside the Hubble radius [121, 122].

In Fig. 2.1, we have plotted the quantity (z′/zH) as a function of the number of e-folds N .

It is clear from the figure that (z′/zH) is negative during 58 < N < 61. In Fig. 2.2, we

have plotted the amplitude of the curvature perturbation Rk as a function of N for two

modes which are at super-Hubble scales when the slow roll to fast roll transition takes place.

It is evident from the figure that, while the amplitude of Rk corresponding to the mode

with wavenumber k = 0.1 Mpc−1 is enhanced at super-Hubble scales, the amplitude of the

mode with wavenumber k = 0.03 Mpc−1 is suppressed at late times, when compared to

their values at Hubble exit5. We should mention that, to highlight these behavior, we have

5In Refs. [99, 100], the authors emphasize the point that, a period of deviation from slow roll inflation can
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Figure 2.2: The evolution of the amplitude of the curvature perturbation Rk has been plotted
as a function of the number of e-folds N for the modes with wavenumbers k = 0.03 Mpc−1

(in blue) and k = 0.1 Mpc−1 (in red). As in the previous figure, the vertical lines delineate
the regime where (z′/zH) is negative. The arrows indicate the time at which the modes
leave the Hubble radius, i.e. when (k c

S
) = (aH). Note that the amplitude of the curvature

perturbation for the k = 0.1 Mpc−1 mode is enhanced at super-Hubble scales (by a factor
of about 10), while the amplitude of the k = 0.03 Mpc−1 mode is suppressed (by a factor of
about 20), when compared to their values at Hubble exit. We should mention that these two
particular modes have been chosen for the reason that, in the specific example that we are
considering, they exhibit sufficient extent of amplification or suppression at super-Hubble
scales.

chosen modes that exhibit sufficient amplification or suppression for the specific model and

parameters we are considering here. Finally, we should also stress the point that, had there

been no transition to the fast roll regime, the amplitude of the curvature perturbations would

have frozen at their value at Hubble exit [123].

enhance the amplitude of the curvature perturbations at super-Hubble scales, but seem to overlook the fact
that it can also lead to their suppression. Actually, they also encounter the suppression of the amplitude in
the examples they consider. In Figs. 1 and 2 of Ref. [100], they plot the power spectrum evaluated at the
end of inflation as well as at a time soon after the modes leave the Hubble radius. It is clear from these two
figures that, while a certain range of modes are amplified at super-Hubble scales, another range of modes are
suppressed.
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2.6 Entropy perturbations as the source of evolution at

super-Hubble scales

In this section, we shall outline as to how the entropy perturbation S grows during the fast

roll regime, and how such a growth in turn acts as the source for the change in the amplitude

of the curvature perturbation at super-Hubble scales.

On using the expression (2.70) for the entropy perturbation S, we find that the differential

equations (2.25) and (2.72) describing the evolution of R can be written in Fourier space as

the following two first order equations [99]:
(R′

k

aH

)
= ASk, (2.83a)

( S ′
k

aH

)
= B Sk − C

(
k2

a2H2

)
Rk. (2.83b)

The quantities A, B and C appearing in the above two equations can be expressed in terms

of the first three horizon flow parameters as

A = (3 − 2 ǫ1)

(
3 − 6 ǫ1 + ǫ2
6 − 12 ǫ1 + ǫ2

)
, (2.84a)

B =

(
1

(3 − 2ǫ1) (6 − 12 ǫ1 + ǫ2) (3 − 6 ǫ1 + ǫ2)

)

×
[(

2 ǫ1ǫ2
[
3 − 72 ǫ21 + ǫ2 (12 + ǫ2) − 6 ǫ1 (12 + 2 ǫ2 + ǫ3)

]
− 9 ǫ2ǫ3

)

− (6 − 12 ǫ1 + ǫ2) (3 − 6 ǫ1 + ǫ2)
(
9 − 9 ǫ1 + 3 ǫ2 + 2 ǫ21

)]
, (2.84b)

C =

(
1

3

) (
6 − 12 ǫ1 + ǫ2
3 − 6 ǫ1 + ǫ2

)
, (2.84c)

with the third horizon flow parameter ǫ3 given by

ǫ3 =

(
1

H

) [( ...
T

T̈

)
−
(
T̈

Ṫ

)
−
(
Ḣ

H

)]
. (2.85)

We shall now make use of the coupled first order differential equations (2.83) to understand

the evolution of the entropy perturbations at super-Hubble scales and its effect on the cur-

vature perturbations during the slow roll and the fast roll regimes.

Let us first discuss the behavior in the slow roll regime. During slow roll, we can ignore

the horizon flow parameters when compared to the numerical constants in the above expres-

sions for A, B and C. Since we are interested in the evolution at super-Hubble scales, one
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would be tempted to ignore the term involving Rk in Eq. (2.83b). If we can indeed do so, we

can immediately conclude that Sk ∝ e−3N during an epoch of slow roll inflation. However,

the self-consistent numerical solutions we have obtained to equations (2.83) indicate other-

wise. In Fig. 2.3, using the numerical solutions to the curvature perturbations Rk we had

discussed in the last section and the relation (2.83a), we have plotted the evolution of the

entropy perturbation Sk for the two modes k = 0.03 Mpc−1 and k = 0.1 Mpc−1 as a function

of the number of e-folds. It is clear from the figure that while there is indeed an intermediate

period in the slow roll phase when Sk ∝ e−3N , the late time behavior actually has the form

Sk ∝ e−2N . In fact, we find that all the modes that leave the Hubble radius before the tran-

sition to fast roll exhibit such a behavior. We should point out here that similar conclusions

have been arrived at earlier for the case of the perturbations induced by the canonical scalar

field [99].

During a period of fast roll inflation, in contrast to the slow roll case, we cannot ignore the

horizon flow parameters in the quantities A, B and C. If we now choose to neglect the term

involving Rk in Eq. (2.83b), we find that the equation reduces to

( S ′
k

aH

)
≃ (B Sk) . (2.86)

Moreover, we find that, on using the background equations, we can rewrite the expres-

sion (2.85) for ǫ3 as follows:

ǫ3 = −
(

3

2

)
+

(
7 ǫ1
2

)
−
(ǫ2

4

)
−
(

ǫ1 ǫ2
2 (3 − 2ǫ1)

)

+

(
3 ǫ1
ǫ2

)
−
(
V

TT

V H2

) (
1

ǫ2

) [
1 −

(
2 ǫ1
3

)]
. (2.87)

If we now assume that ǫ1 ≪ 1, and make the additional assumption that (V
TT
/V H2) ≪ 16,

we find that ǫ3 simplifies to [99]

ǫ3 ≃ −
(

3

2

)
−
(ǫ2

4

)
. (2.88)

On substituting this value in the expression (2.84b) for B and assuming that ǫ2 ≃ −5 (which

is roughly the largest value of ǫ2 in the fast roll regime for our choice of parameters), we

6We should point out here that, for the case of the standard scalar field, the quantity (V
T T
/H2) is actually

the second potential slow roll parameter. However, for the tachyon, the equivalent quantity turns out to be
(V

T T
/V H2), and the extra factor of V in the denominator is due to the form of the tachyonic action.
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Figure 2.3: The evolution of the amplitude of the entropy perturbation Sk is plotted as a
function of the number of e-folds N for the two modes k = 0.03 Mpc−1 (in blue) and k =
0.1 Mpc−1 (in red) we had considered in the previous figure. The dashed lines in black,
turquoise and violet indicate the e(4N), e−(3N) and e−(2N) behavior, respectively. The vertical
lines again delineate the fast roll regime and, as before, the arrows indicate the time at which
the modes leave the Hubble radius. We have also plotted the quantities (1/A) (in green) and
(|R′

k|/aH) (in orange) for the mode k = 0.1 Mpc−1. The former is discontinuous while
the latter is continuous, and it is the former quantity that leads to the discontinuities in the
evolution of Sk. The conclusions we have discussed in the text—the e(4N) growth of the
entropy perturbation during fast roll, the intermediate e−(3N) slow roll behavior and the late
time e−(2N) slow roll decay—are evident from the figure. It is also important to note that the
entropy perturbations associated with both the modes evolve in a similar fashion during the
fast roll phase.

obtain that

Sk ∝ e4N . (2.89)

As we have illustrated in Fig. 2.3, this rough estimate is corroborated by the numerical re-

sult we obtain. It is then evident from equation (2.83a) that it is such a rapid growth of

the entropy perturbation during the fast roll regime (instead of a slow roll decay) that is

responsible for the change in the amplitude of the curvature perturbation at super-Hubble

scales. However, we should add that a rapid growth of entropy perturbations is exhibited
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only by modes that leave the Hubble radius just before the transition to the fast roll phase.

We find that the earlier the modes leave the Hubble radius, less rapidly do their entropy per-

turbations grow during the fast roll phase. Evidently, the longer a mode has been outside

the Hubble radius before the fast roll transition, the more suppressed the entropy perturba-

tion is, and lesser is its growth during the fast roll phase. Therefore, its ability to affect the

curvature perturbation gets suppressed correspondingly [123].

The following clarifying remarks are in order at this stage of our discussion. To begin with,

we should reiterate the point we had made earlier, viz. that, in the absence of a transition to

the fast roll regime, the amplitude of the curvature perturbations would have frozen at their

value at Hubble exit. Also, since, at sub-Hubble scales, the modes do not feel the effect of

the background quantities, the transition has virtually no effect on those modes that are well

within the Hubble radius during the period of fast roll inflation. In fact, the fast roll regime

has the maximum effect on the modes that leave the Hubble radius just before the transition.

(As we mentioned, it is for this reason that, in Figs. 2.2 and 2.3, we have chosen modes that

leave the Hubble scale just before the transition to the fast roll regime takes place and which

exhibit sufficient extent of amplification or suppression.) While the amplitude of a certain

range of modes is indeed enhanced at super-Hubble scales as has been noticed earlier in

the case of the canonical scalar field [99], we find that, actually, there also exists a range of

modes whose amplitude is suppressed at super-Hubble scales, when compared to their value

at Hubble exit. This is evident from Fig. 2.6 wherein we have plotted the power spectrum

evaluated soon after Hubble exit as well as the spectrum computed at the end of inflation.

Moreover, the extent of the change in the amplitude of the curvature perturbations proves

to be smaller and smaller for modes that leave the Hubble radius earlier and earlier before

the transition. Clearly, this is due to the combined effect of the slower growth during the

fast roll phase and the exponential suppression of the entropy perturbations far outside the

Hubble radius.

2.7 The long wavelength approximation

In the previous section, working in the fluid picture, we had discussed as to how the growth

of entropy perturbations acts as the source for the evolution of the curvature perturbations

at super-Hubble scales during a period of fast roll inflation. In this section, extending the
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earlier result for the canonical scalar field [100], we evaluate the power spectrum in the long

wavelength approximation and show that it matches the exact spectrum obtained numeri-

cally, quite well. Since the analysis for the tachyon is essentially similar to that of the canon-

ical scalar field, rather than repeat the discussion, we shall simply point out the difference

between the two cases and present the final results.

As far as the evolution of the curvature perturbation goes, the only difference between the

canonical scalar field and the tachyon is the factor of c2
S

that appears as the coefficient of k2

in Eq. (2.72). The effective speed of sound c
S

turns out to be unity for the standard scalar

field. In the earlier analysis for the canonical scalar field [100], the amplitude of curvature

perturbation at the end of inflation was related to its value soon after Hubble exit in terms

of quantities involving the function z at the O(k2) in the long wavelength approximation.

Therefore, the corresponding result for the tachyon essentially involves suitably replacing

the quantity k2 with (c2
S
k2). We find that, at the O(k2), the amplitude of the curvature per-

turbation at the end of inflation, say, at η∗, can be related to its amplitude soon after Hubble

exit, say, at ηk, by the following relation:

Rk(η∗) = [αk Rk(ηk)] , (2.90)

where αk is given by

αk = [1 +Dk(ηk) − Fk(ηk)] . (2.91)

The quantities Dk and Fk in the above expression for αk are described by the following

integrals involving the functions z(η) and c
S
(η):

Dk(η) ≃ Hk

η∗∫

η

dη1

(
z2(ηk)

z2(η1)

)
(2.92)

and

Fk(η) ≃ k2

η∗∫

η

dη1

z2(η1)

η1∫

ηk

dη2

[
c2

S
(η2) z

2(η2)
]

(2.93)

with Hk denoting the conformal Hubble parameter evaluated at ηk.

As we had pointed out earlier, during slow roll inflation, (z′/z) ≃ (aH) = ȧ. In other

words, in the slow roll regime, z is a monotonically increasing quantity. Therefore, in such

a regime, the quantity Dk remains small and the contribution due to Fk—since it is propor-

tional to k2—can be ignored at extreme super-Hubble scales. However, the contributions
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Figure 2.4: The evolution of the effective speed of sound c2
S

has been plotted as a function
of the number of e-folds N . As in the earlier figures, the vertical lines indicate the fast roll
regime. We find that 0.62 < c2

S
< 1 for the potential and the parameters we are working

with.

due to these two terms cannot be neglected if these quantities turn out to be larger than

unity. Recall that c2
S

= (1 − Ṫ 2) and, hence, 0 ≤ c2
S
≤ 1. It is then clear from the above inte-

grals for Dk and Fk that they can be large if, for a given mode, there exists an epoch during

which z(η) at super-Hubble scales is much smaller than the corresponding value when the

mode left the Hubble radius. We find that indeed such a situation arises during the fast roll

regime in the specific example we had discussed in the last section. For the potential and

the parameters we are working with, we find that 0.62 < c2
S
< 1, which we have plotted

in Fig. 2.4. And, in Fig. 2.5, we have plotted the quantity z2 as a function of the number

of e-folds N . It is the dip in the quantity z2 during the fast roll regime that turns out to be

responsible for the change in the amplitude of the curvature perturbations at super-Hubble

scales.

In Fig. 2.6, using the numerical integration of the modes we had discussed in the last

section, we have plotted the power spectrum evaluated at the end of inflation as well as

the spectrum that has been obtained in the long wavelength approximation using the rela-
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Figure 2.5: The evolution of the quantity z2 has been plotted as a function of the number of
e-folds N . Note the dip during the fast roll regime that is outlined by the vertical lines. It is
this dip that is responsible for (z′/zH) being negative, which, in turn, leads to the change in
the amplitude of the curvature perturbations at super-Hubble scales.

tion (2.90). We have also plotted the power spectrum evaluated soon after the modes leave

the Hubble radius. The figure clearly illustrates the following three points. Firstly, the spec-

trum evaluated at the O(k2) in the long wavelength limit proves to be quite a good fit of the

actual spectrum. Secondly, there is a considerable difference between the power spectrum

that has been evaluated at the end of inflation and the spectrum that has been evaluated

soon after Hubble exit. The difference is, in particular, large for the modes that leave the

Hubble radius just before the fast roll regime. Thirdly, while the amplitude of the modes

at super-Hubble scales in the wavenumber range 0.01 . k . 0.04 Mpc−1 is suppressed

when compared to its value soon after Hubble exit, the amplitude of the modes in the range

0.04 . k . 0.1 Mpc−1 is enhanced.
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Figure 2.6: Plots of the scalar power spectrum that has been evaluated at the end of inflation
through the numerical integration of the modes (in blue) as well as the spectrum that has
been obtained using the long wavelength approximation (in red). The spectrum evaluated
soon after the modes leave the Hubble radius (when (k c

S
/aH) = 0.1) has also been plotted

(in green). The modes within the vertical lines leave the Hubble radius during the fast roll
regime. It is clear from the figure that the power spectrum evaluated in the long wavelength
approximation agrees quite well with the actual spectrum. However, there is a substantial
difference between the power spectrum evaluated near Hubble exit and the spectrum eval-
uated at the end of inflation. The difference is, in particular, large for those modes whose
Hubble exit occurs just before the period of fast roll inflation. Note that, while the ampli-
tude of the modes at super-Hubble scales in the wavenumber range 0.01 . k . 0.04 Mpc−1

is suppressed when compared to its value near Hubble exit, the amplitude of the modes in
the range 0.04 . k . 0.1 Mpc−1 is enhanced. Essentially, the valley in the power spectrum
computed near Hubble exit has shifted towards smaller k when the spectrum is evaluated
in the super-Hubble limit.

2.8 Non-trivial evolution of the curvature perturbations at

super-Hubble scales—Simple analytic examples

As we had discussed earlier, the amplitude of the curvature perturbations can be affected

at super-Hubble scales if there exists a period during which the time-dependent damping

term (z′/z) turns out to be negative. An equivalent condition for the amplification of the
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curvature perturbations at super-Hubble scales seems to be that there exists an epoch during

which z2(η) ≪ z2(ηk), where η = ηk is some instant shortly after the mode crosses the Hubble

radius [100]. In this section, we shall present two simple and analytically tractable examples

wherein the amplitude of the curvature perturbations induced by the canonical scalar field

is enhanced at super-Hubble scales, when compared to their values at Hubble exit.

2.8.1 Example I

Note that when z is a constant or when it is proportional to η, the quantity (z′′/z) van-

ishes and, hence, the solutions to the Mukhanov-Sasaki equation (2.36) are just plane wave

solutions i.e. e± i k η [124, 125]. We shall utilize these solutions to illustrate the non-trivial

evolution of the curvature perturbations at super-Hubble scales. Consider a scenario where

z(η) makes a transition from a constant value to another constant value at late times. The

behavior of z(η) can be described as follows:

z(η) = α , η ≤ η1, (2.94a)

z(η) = −β η + γ , η1 ≤ η ≤ η2, (2.94b)

z(η) = δ , η ≥ η2. (2.94c)

where α, β, γ and δ are constants and η = η1 indicates the time when the mode crosses the

Hubble radius. Demanding the continuous behavior of z(η) at η1 and η2, the coefficients β

and γ can be written as

β = −
(
α− δ

η1 − η2

)
and γ =

(
δ η1 − α η2

η1 − η2

)
. (2.95)

For the choice of z(η) in Eq. (2.94), the solutions to the Mukhanov-Sasaki equation (2.36) can

be written as

vk(η) =
1√
2 k

e−i k η , η ≤ η1, (2.96a)

vk(η) = B e−i k η + C ei k η , η1 ≤ η ≤ η2, (2.96b)

vk(η) = D e−i k η + E ei k η , η ≥ η2. (2.96c)

where the standard Bunch-Davies initial conditions have been imposed on the Fourier

modes in the first region [cf. Eq. (2.48)]. The coefficients B, C, D and E are k-dependent
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functions, which are determined by applying the matching conditions at the interface of dif-

ferent regimes. Upon imposing the matching conditions at the first transition point η = η1,

the continuity of vk and v′k leads to

B(k) =
1√
2 k

(
1 − i

2 k

)
, (2.97a)

C(k) =
1√
2 k

(
i

2 k

)
e2 i k η1 . (2.97b)

In a similar way, applying the matching conditions at the second transition point η = η2, we

obtain

D(k) =
1√
2 k

[(
1 +

1

4 k2

)
− 1

4 k2
e2 i k (η1−η2)

]
, (2.98a)

E(k) =
1√
2 k

(1 + 2 i k)

4 k2

[
e2 i k η1 − e2 i k η2

]
. (2.98b)

In Fig. 2.7, we have plotted the evolution of the amplitude of the curvature perturbation Rk

[≡ (vk/z); cf. Eq. (2.35)] for the mode with wavenumber k = 0.01 Mpc−1 as a function of

the number of e-folds N . It is evident from the figure that, the amplitude of the mode is

enhanced at super-Hubble scales as compared to its value at Hubble exit. And, in Fig. 2.8,

we have plotted the corresponding power spectrum of the curvature perturbations P
S
(k)

[cf. Eq. (2.39)]. As is well known, the perturbation spectrum for the case wherein z(η) is a

constant for all times turns out to be blue with the spectral index n
S

= 3 [124]. In our case,

though z(η) makes a transition from one constant value to another constant value, the term

(z′′/z) vanishes everywhere. As a result, the perturbation spectrum again proves to be blue

with superimposed oscillations that arise due to the transition from one regime to another

regime.

2.8.2 Example II

We shall now consider a scenario where z(η) makes a transition from a constant value at

early times to a de Sitter phase at late times.

Though pathological, we consider the de Sitter case for its simplicity. It is straightforward

to extend this to the power law or the slow roll cases. The behavior of z(η) can be described
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Figure 2.7: The evolution of the amplitude of the curvature perturbation Rk for the mode
with wavenumber k = 0.01 Mpc−1 has been plotted as a function of the number of e-folds
N . The arrow indicates the time at which the mode leaves the Hubble radius. The vertical
dashed lines indicate the regime where the quantity (z′/z) is negative. The figure clearly
illustrates that the amplitude of the curvature perturbation is enhanced at super-Hubble
scales, when compared to its value at Hubble exit.

as follows:

z(η) = α , η ≤ η1, (2.99a)

z(η) = −β η + γ , η1 ≤ η ≤ η2, (2.99b)

z(η) = −
(

δ

H η

)
, η ≥ η2, (2.99c)

where, as earlier, α, β, γ and δ are constants and H is the Hubble parameter during the de

Sitter phase. The coefficients β and γ are given by,

β = −
(

1

η1 − η2

)[
α +

(
δ

H η2

)]
, (2.100a)

γ = −
(

1

η1 − η2

)[
α η2 +

(
δ η1

H η2

)]
. (2.100b)

In this case, the term (z′′/z) vanishes in first and second regimes but not in the de Sitter

regime. Solving the Mukhanov-Sasaki equation (2.36) for this case, the mode solutions can
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Figure 2.8: The spectrum of the curvature perturbations P
S
(k) has been plotted as a function

of the wavenumber k. As is well known, the perturbation spectrum for the case wherein
z(η) is a constant for all times turns out to be blue with the spectral index n

S
= 3 [124]. In

our case, the spectrum also proves to be blue with the spectral index n
S

= 3. Note that there
exists superimposed modulations on the spectrum which essentially arise due to the fact
that the quantity z makes a transition from one constant value to another constant value.

be written as

vk(η) =
1√
2 k

e−i k η , η ≤ η1, (2.101a)

vk(η) = B e−i k η + C ei k η , η1 ≤ η ≤ η2, (2.101b)

vk(η) = −
√
π η

2

[
DH

(1)
3/2 (k η) + EH

(2)
3/2 (k η)

]
, η ≥ η2. (2.101c)

where H
(1)
3/2 and H

(2)
3/2 are the first and second kind of Hankel functions with order (3/2)

respectively, and B, C, D and E are k-dependent functions. Upon using the matching con-

ditions at the first transition point η = η1 i.e. the continuity of the mode solution and its

derivative implies that

B(k) =
1√
2 k

(
1 − i

2 k

)
, (2.102a)

C(k) =
1√
2 k

(
i

2 k

)
e2 i k η1 . (2.102b)
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Figure 2.9: The evolution of the amplitude of the curvature perturbation Rk for the mode
with wavenumber k = 0.01 Mpc−1 has been plotted as a function of the number of e-folds
N . As in Fig. 2.7, the arrow indicates the time at which the mode leaves the Hubble radius.
The vertical dashed lines again delineate the regime where the quantity (z′/z) is negative.
The figure again clearly demonstrates that the amplitude of the curvature perturbation is
enhanced at super-Hubble scales, when compared to its value at Hubble exit.

Again, applying the matching conditions at the second transition point η = η2, we obtain

D(k) =
1

2 (i− k η2)

[
2 (i+ k η2) e

(1+2 i k η2) + η2 (i− 2k) − i η2 e
2 i k (η1+η2)

]
, (2.103a)

E(k) =
e−2 i k η2

2 (i+ k3 η3
2)

[
2 (i− k3 η3

2) e
(1+2 i k η2) + η2

{
(1 + 2 i k)

(
i+ η2 (i− k η2)

)

− e2 i k (η1+η2)
(
i+ η2 (1 + 2 i k)(i− k η2)

)}]
. (2.103b)

In Fig. 2.9, we have plotted the evolution of the amplitude of the curvature perturbation Rk

for the mode with wavenumber k = 0.01 Mpc−1 as a function of the number of e-folds N .

The figure clearly illustrates that the amplitude of the curvature perturbation is enhanced

at super-Hubble scales, when compared to its value at Hubble exit. And, in Fig. 2.10, we

have plotted the corresponding power spectrum of the curvature perturbations. As is well

known, while the spectrum is blue at large scales (for small values of k) with the spectral
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Figure 2.10: The spectrum of the curvature perturbations P
S
(k) has been plotted as a func-

tion of the wavenumber k. As is well known, while the spectrum is blue at large scales with
the spectral index n

S
= 3 [124], it turns a scale invariant spectrum at small scales. The su-

perimposed modulations on the spectrum essentially arise due to the fact that the quantity
z makes a transition from a constant value to a de Sitter phase.

index n
S

= 3 [124], it turns scale invariant at small scales (for large values of k), correspond-

ing to the modes that leave the Hubble radius during the de Sitter phase. As in the previous

example, tiny features in the power spectrum are present in this case as well.

2.9 Summary and discussion

In this chapter, with the help of a specific example, we have shown that the amplitude of

the curvature perturbations induced by the tachyon can be enhanced or suppressed at super-

Hubble scales if there exists a period of deviation from slow roll inflation. Working in the

fluid picture, we have illustrated that, as in the case of the canonical scalar field, the change

in the amplitude of the curvature perturbations arises due to the growth of the entropy

perturbations in the fast roll regime. Moreover, following the results obtained earlier for

the canonical scalar field, we have shown that the power spectrum evaluated in the long
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wavelength approximation matches the exact spectrum obtained numerically very well. We

have also discussed two simple analytical examples wherein the amplitude of the curvature

perturbations induced by the canonical scalar field is enhanced at super-Hubble scales. We

have also obtained the power spectrum associated with the curvature perturbations in these

cases.

Transitions from slow roll to fast roll inflation lead to deviations from a nearly scale-

invariant power spectrum. The possibility that specific deviations from the standard scale

independent power spectrum may fit the CMB observations better have been explored re-

cently in the literature [126, 127, 128, 129]. If we can systematically understand the effects

of the quantity z on the curvature perturbation Rk, we will be able to fine tune the transi-

tions such as the ones we have discussed in this chapter to obtain the desired features in the

power spectrum (in this context, see Refs. [128, 129]). For instance, the sharp drop in the

power spectrum in our model in the wavelength range 0.03 . k . 0.1 Mpc−1 may provide a

better fit to the lower power observed in the quadrupole moment of the CMB [130, 131]. In

the following chapter, we shall make use of such a feature to arrive at a spectrum that leads

to a better fit to the recent CMB observations.
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Chapter 3

Punctuated inflation, features in the
primordial spectrum and the low CMB
multipoles

3.1 Motivation

As we have repeatedly mentioned, the concordant cosmological model—viz. a spatially

flat, ΛCDM model with a nearly scale invariant primordial spectrum—seems to fit the re-

cent CMB data rather well [19]. However, the measurements of the CMB anisotropies—from

the early days of the COBE satellite until the most recent observations of the WMAP—have

consistently indicated a low value of the quadrupole, below the cosmic variance of the con-

cordant ΛCDM model [12, 13, 14, 15, 16, 17, 19]. While there has been a recurring debate

about the statistical significance of the quadrupole (corresponding to the multipole ℓ = 2)

and the other outliers at the low multipoles (notably, near the multipoles ℓ = 22 and 40, see

Fig. 1.4) in the CMB angular power spectrum (see Refs. [132, 133, 134, 135] and references

therein), there has also been persistent efforts in understanding possible underlying phys-

ical reasons for the outliers (see, for an inexhaustive list, Refs. [117, 126, 127, 128, 129, 136,

137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156,

157, 158, 159, 160, 161, 162]).

Given the CMB observations, different model independent approaches have been used to

recover the primordial spectrum (see, for example, Refs. [17, 130, 131, 163, 164, 165, 166, 167,

168, 169]). While all these approaches arrive at a spectrum that is nearly scale invariant at

the smaller scales, most of them inevitably seem to point to a sharp drop in power at the
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scales corresponding to the Hubble scale today. Within the inflationary scenario, a variety

of single and two field models have been constructed to produce such a drop in power

at the large scales [126, 127, 136, 139, 148, 149, 155, 156, 158, 161]. However, in single field

inflationary models, in order to produce such a spectrum, we find that many of the scenarios

either assume a specific pre-inflationary regime, say, a radiation dominated epoch, or special

initial conditions for the background scalar field, such as an initial period of fast roll [126,

127, 148, 158]. Moreover, some of them impose the initial conditions on the perturbations

when the largest scales are outside the Hubble radius during the pre-inflationary or the fast

roll regime [126, 127, 158]. Such requirements are rather artificial and, ideally, it would be

preferable to produce the desired power spectrum during an inflationary epoch without

invoking any specific pre-inflationary phase or special initial conditions for the inflaton.

Furthermore, though a very specific pre-inflationary phase such as the radiation dominated

epoch may allow what can be considered as natural (i.e. Minkowski-like) initial conditions

for the perturbations even at super-Hubble scales, we believe that choosing to impose initial

conditions for a small subset of modes when they are outside the Hubble radius, while

demanding that such conditions be imposed on the rest of the modes at sub-Hubble scales,

can be considered unsatisfactory.

It has long been known that power spectra with large deviations from scale invariance

can be generated in inflationary models that admit one or more periods of departure from

the slow roll phase (see, for instance, Refs. [136, 170, 171, 172, 173, 174, 175, 176, 177, 178]).

The degree of the deviation from a nearly scale invariant spectrum would be determined

by the extent and duration of the departure, which are, in turn, controlled by the parame-

ters of the model. A departure from slow roll affects the evolution of modes that leave the

Hubble radius just before the departure. Rather than remaining constant, the curvature per-

turbations Rk, corresponding to these modes evolve at super-Hubble scales, sourced by the

intrinsic entropy perturbations of the inflaton field which, typically, exhibit a rapid growth

during the fast roll regime [99, 100, 123]. Such an evolution on super-Hubble scales results

in dips or bursts of oscillations in the scalar power spectrum. Usually, such a departure is

induced by introducing a sharp feature in the potential of the inflaton field, such as a step

or a sudden change in the slope [128, 129, 136, 159, 160, 178]. However, this is not necessary,

and transitions to fast roll for brief periods can be generated even with smooth and better
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motivated effective potentials [99, 100, 170, 172].

In this chapter, our purpose is to present a simple model of inflation that suppresses the

power spectrum on large scales, a feature—as we discussed above—that seems to be neces-

sary to fit the lower power in the quadrupole (and, to some extent, in the deviant power at

other lower multipoles such as the octopole and the multipole ℓ = 22) of the CMB angular

power spectrum, using an effective potential of the canonical scalar field without introduc-

ing any ad hoc sharp feature. We find that the form of the potentials motivated by a class

of certain minimal supersymmetric extensions of the standard model provide us with the

desired behavior [179, 180, 181, 182]. These large field models allow a period of fast roll

sandwiched between two stages of slow roll inflation1. We shall refer to such an inflationary

scenario as punctuated inflation. The first phase of slow roll inflation allows us to impose

the standard Bunch-Davies initial conditions on the modes which exit the Hubble radius

during the subsequent fast roll regime, an epoch due to which the curvature perturbations

on the super-Hubble scales are suppressed. The second slow roll phase lasts for about 50-60

e-folds, thereby allowing us to overcome the standard horizon problem associated with the

hot big bang model. The advantages of our approach over other single field models men-

tioned earlier are twofold. Firstly, we do not need to assume any specific pre-inflationary

phase. The entire evolution of the inflationary era is described by a single inflaton potential

and, therefore, is much simpler. Secondly, the modes which exit the Hubble radius during

the fast roll regime are inside the Hubble radius during the first stage of slow roll inflation

and, hence, we do not have to impose any special initial conditions on the large scale modes.

This chapter is organized as follows. In Sec. 3.2, we shall review the essential features of

the effective inflaton potential that we shall consider, and describe the background dynamics

in situations of our interest. In Sec. 3.3, after an outline of the slow roll ‘expectations’ of the

scalar spectrum that can arise in such a background, we shall discuss the spectra that we

obtain through numerical integration. In Sec. 3.4, using the cosmological Boltzmann code

CAMB and the Monte Carlo code COSMOMC, we shall compare the power spectra from

the models we consider with the recent WMAP 5-year data. Finally, in Sec. 3.5, after a brief

summary of our results, we shall discuss as to how the results from our model compare with

1Earlier, in the literature, two successive stages of slow roll inflation have often been driven by two scalar
fields [183, 184, 185, 186, 187, 188, 189, 190]. Instead, we achieve the two stages of slow roll inflation including
a brief period of departure from inflation, all with just a single scalar field.
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those that have been obtained in another closely related single field model. Note that, unless

we mention otherwise, we shall set M
P

= 1 in this chapter.

3.2 The inflaton potential and the background dynamics

The effective potential for the inflation field that we shall consider is described by two pa-

rameters m and λ, and is given by

V (φ) =

(
m2

2

)
φ2 −

(√
2 λ (n− 1)m

n

)
φn +

(
λ

4

)
φ2(n−1), (3.1)

where n > 2 is an integer. Such potentials are known to arise in certain minimal supersym-

metric extensions of the standard model [179], and their role as an inflaton and its related

effects have been studied recently [180, 181, 182]. (We should also hasten to add that the

specific case of n = 3 has been considered much earlier for reasons similar to ours, viz.

producing certain features in the primordial spectrum [170].) In the above potential, the

coefficient of the φn term has been chosen in such a way that the potential has a point of

inflection at φ = φ0 (i.e. the location where both Vφ and Vφφ vanish), with φ0 given by

φ0 =

[
2m2

(n− 1)λ

] 1
2 (n−2)

. (3.2)

Near this point of inflection, the potential exhibits a plateau with an extremely small curva-

ture, which, as we shall discuss below, proves to be crucial for the desired evolution of the

inflaton field. The potential (3.1) for the case n = 3 is depicted in Fig. 3.1.

Note that the potential (3.1) roughly behaves as

V (φ) ∼
{
φ2(n−1), for φ > φ0,

φ2, for φ < φ0.
(3.3)

Recall that, inflation ends when the first PSR parameter ǫ
V

crosses unity [cf. Eq. (1.27a)]. It

is then clear that, in a power law potential of the form V ∼ φ2(n−1), slow roll inflation will

occur (i.e. ǫ
V

≪ 1) when φ ≫ 1 (in M
P

= 1 units), and inflation will end when φend ≃
[√

2 (n− 1)
]
∼ O(1). Thus, for a transition from slow roll to fast roll to occur, we need to

choose the two parameters in the potential (3.1) so that φ0 ∼ O(1), i.e. of the order of the

(reduced) Planck scale. Restarting inflation after the fast roll phase and the number of e-folds
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Figure 3.1: Illustration of the inflaton potential (3.1) for the case of n = 3. The solid line
corresponds to the following values for the potential parameters: m = 1.5368 × 10−7 and
λ = 6.1517× 10−15 (corresponding to φ0 = 1.9594), values which turn out to provide the best
fit to the WMAP 5-year data (cf. Tab. 3.4.2). The dashed lines correspond to values that are
1-σ away from the best fit ones. The black dots denote the points of inflection.

that can be achieved during the second phase of slow roll crucially depends on the value of

φ0. We rely on the numerics to choose this parameter carefully since the above slow roll

estimate only provides a rough order of magnitude. Choosing φ0 in such a way is actually

fine tuning, but it seems to be inevitable if we are to achieve the desired slow-fast-slow roll

transition as well as the required number of e-folds. Once the point of inflection has been

identified, we find that the normalization to the CMB angular power spectrum data provides

the second constraint, thereby determining the value of the other free parameter m.

The equation of motion governing the scalar field described by the potential (3.1), when

expressed as two first order equations for the coupled variables φ and φ̇, has one attractive

fixed point located at the origin, i.e. at (φ, φ̇) = (0, 0). For positive values of φ, we find

that there exists an attractor trajectory towards which all other trajectories with arbitrary

initial conditions on φ and φ̇ quickly converge. For a suitably chosen φ0, we find that the

attractor trajectory exhibits two regimes of slow roll inflation sandwiching a period of fast
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Figure 3.2: The phase portrait of the scalar field described by the potential (3.1) in the case
of n = 3 and for the values of the parameters m and λ mentioned in the last figure. The
arrow points to the attractor. Note that, as discussed in the text, all the trajectories quickly
approach the attractor. We should mention that, though we have plotted the phase portrait
for just the n = 3 case, we find that such a behavior is exhibited by higher values of n (such
as, for example, n = 4, 6) as well.

roll. Hence, if we start the evolution with φ≫ φ0, then the initial values of φ and φ̇ prove to

be irrelevant for the subsequent dynamics as they approach the attractor. This behavior is

evident from Fig. 3.2 where we have plotted the phase portrait for the n = 3 case. Once the

field reaches close to φ0, due to the extreme flatness of the potential (3.1), it relaxes and then

moves very slowly, commencing the second stage of the slow roll inflation. This stage ends

when the field finally rolls down towards the minima of the potential at φ = 0.

We had mentioned earlier that potentials of the type (3.1) are encountered in the Minimal

Supersymmetric Standard Model (MSSM) [179], and that their role as an inflaton has been

analyzed recently [180, 181, 182]. At this point it is important that we highlight the differ-

ences between MSSM inflation and the scenario we are considering. In MSSM inflation, the

point of inflection is located at sub-Planckian values (i.e. φ0 ≪ 1) which can be an advan-

tage as it avoids the problems associated with having super-Planckian values for the field.
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In contrast, in our case, as emphasized above, the saddle point should be located around the

Planck scale (i.e. φ0 & 1), if we are to achieve the second period of slow roll before the end

of inflation. However, in the MSSM case, to have successful inflation, the initial values of

φ and φ̇ have to be finely tuned so that φini ≃ φ0 and φ̇ini ≃ 0. But, in our scenario, we do

not require such fine tuning of the initial conditions on φ and φ̇. Instead, we require for the

location of φ0.

Though the parameters of the potential that we work with are different from the MSSM

case, we nevertheless believe that it may be possible to realize the potential (3.1) in the-

ories beyond the standard model, such as, for instance, string theory (in this context, see

Refs. [191, 192, 193]). For example, it is known that the existence of a number of string axion

fields can give rise to the following potential describing multi-field chaotic inflation [48]:

V (φi) =
∑

i

(
1

2

)
m2

i φ
2
i , (3.4)

with the initial field displacements smaller than unity. The dynamics and the inflation-

ary predictions in such examples are surprisingly similar to the corresponding single field

chaotic inflation models [194, 195, 196], due to the assisted inflation mechanism [47]. Simi-

larly, with enough number of fields and with the non-renormalizable superpotential

W =

(
λ

n

) (
φn

Mn−3
P

)
, (3.5)

and the corresponding A term and the soft mass term, one might be able to build an inflation

model that is effectively equivalent to the single field one described by the potential (3.1).

(Note that, for clarity, we have temporarily restored M
P

in the expression (3.5) above.)

3.3 The scalar power spectrum

In this section, after providing general arguments for the form of the scalar spectra that we

can expect from our model, we present the spectra evaluated numerically.

3.3.1 Physical ‘expectations’

Before we evaluate the scalar spectra numerically, let us broadly try and understand the

spectra that we can expect to arise in the slow-fast-slow roll scenario that we are interested

in.
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The evolution of the scalar modes and the scalar spectrum

Consider modes that exit the Hubble scale during an epoch of slow roll inflation. Provided

there is no deviation from slow roll soon after the modes leave the Hubble radius, the ampli-

tude of these modes will remain constant at super-Hubble scales. Therefore, their amplitude

is determined by their value at Hubble exit, and the scalar power spectrum corresponding

to these modes can be expressed in terms of the potential and its derivative [cf. Eq. (2.61)].

However, if there is a period of deviation from slow roll inflation, as we had discussed in

the last chapter, the asymptotic (i.e. the extreme super-Hubble) amplitude of the modes that

leave the Hubble radius just before the deviation are enhanced when compared to their value

at Hubble exit [99, 100]. While modes that leave well before the deviation remain unaffected,

as we had illustrated in the previous chapter, it is found that there exists an intermediate

range of modes whose amplitudes are actually suppressed at super-Hubble scales [123]. As

a result, in the slow-fast-slow roll scenario of our interest, the scalar power spectrum is ini-

tially characterized by a sharp dip and a rise corresponding to modes that leave the Hubble

radius just before the transition to fast roll. Then arises a regime of nearly scale invariant

spectrum corresponding to modes that leave during the second stage of slow roll inflation

(see, for instance, the scalar power spectrum we had plotted in Fig. 2.6 in the preceding

chapter).

The effects on the tensor modes and the tensor spectrum

Let us now understand the behavior of the tensor modes. In the case of the scalar modes, the

quantity (z′/z) that appears in the differential equation (2.33) turns out to be negative during

a period of fast roll, and as we had seen in the last chapter, it is this feature that proves

to be responsible for the amplification or the suppression of the modes at super-Hubble

scales [99, 100, 123]. In contrast, the coefficient of the friction term in the equation (2.42)

that describes the tensor modes, viz. (2H), is a positive definite quantity. Hence, we do not

expect any non-trivial super-Hubble evolution of Uk. We find that, in the models that we

consider, the tensor-to-scalar ratio r remains smaller than 10−4 over scales of cosmological

interest (i.e. over 10−4 . k . 1 Mpc−1), which is below the levels of possible detection by

forthcoming missions such as, say, PLANCK [197] and CMBPol [198].
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3.3.2 Numerical results

It is the background quantity (z′/z) that appears in the differential equation (2.33) for the

curvature perturbation which essentially determines the form of the scalar power spectrum.

The quantity (z′/zH) can be expressed in terms of the first two HSR parameters2, viz. ǫ
H

=

−(Ḣ/H2) and δ
H

= (φ̈/H φ̇) [cf. Eq. (2.52)]. It is given by [99, 100]

(
z′

zH

)
= (1 + ǫ

H
+ δ

H
) , (3.6)

and it is clear from this expression that, during slow roll inflation (i.e. when ǫ
H
≪ 1 and

δ
H
≪ 1), the quantity (z′/zH) will remain close to unity [99, 100, 123]. In Fig. 3.3, we have

plotted the evolution of (z′/zH) as a function of the number of e-folds N for the cases of

n = 3 and n = 4 in the potential (3.1). And, in Fig. 3.4, we have plotted the evolution of the

field in the plane of the HSR parameters ǫ
H

and δ
H

for the n = 3 case. It is manifest from

these figures that the departure from slow roll occurs roughly between e-folds 7 . N . 15

in the n = 3 case and between e-folds 4 . N . 12 for n = 4. We should also point out that

inflation is actually interrupted for about one e-fold during the fast roll. In Fig. 3.5, we have

plotted the corresponding scalar spectra evaluated numerically. The broad arguments we

had presented in the previous subsection are evidently corroborated by these two figures.

Note that, in plotting all these figures, we have chosen parameters that eventually provide

the best fit to the WMAP 5-year data. Also, in the inset in the top panel of Fig. 3.5, we

have highlighted the difference between the scalar spectra in our model and the power law

case (i.e. when P
S
(k) = A

S
kn

S
−1, with A

S
= 2.1 × 10−9 and n

S
≃ 0.955). Moreover, we

should stress here that the standard sub-Hubble, Bunch-Davies, initial conditions have been

imposed on all the modes in arriving at these spectra.

The scalar power spectrum with a drop in power at large scales is often approximated by

an expression with an exponential cut-off of the following form [126, 148, 154]:

P
S
(k) = A

S

(
1 − exp [−(k/k∗)

α]

)
kn

S
−1. (3.7)

In Fig. 3.5, we have also plotted this expression for values of A
S
, n

S
, α and k∗ that closely

approximate the spectra we obtain. It is useful to note that the spectra we obtain correspond

2We had already defined the first two HSR parameters in Eq. (2.50). However, note that the second HSR
parameter δ

H
that we have used here is ’negative’ of what we defined earlier, i.e. δ

H
= −η

H
.
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Figure 3.3: The background quantity (z′/zH) has been plotted as a function of the number
of e-folds N , for the cases of n = 3 and n = 4 in potential (3.1). The solid line represents the
n = 3 case with the same values for the potential parameters as in the previous two figures.
The dashed line corresponds to the n = 4 case with m = 1.1406× 10−7 and λ = 1.448× 10−16

(corresponding to φ0 = 2.7818) and, as in the n = 3 case, we have chosen these values as
they provide the best fit to the WMAP 5-year data. Also, note that we have imposed the

following initial conditions for the background field in both the cases: φini = 10 and φ̇ini = 0.
Evidently, the n = 3 case departs from slow roll when 7 . N . 15, while the departure
occurs during 4 . N . 12 in the case of n = 4.

to A
S

= 2 × 10−9, n
S
≃ 0.945, α = 3.35 and k∗ = 2.4 × 10−4 Mpc−1 when n = 3, while

A
S

= 2 × 10−9, n
S
≃ 0.95, α = 3.6 and k∗ = 9.0 × 10−4 Mpc−1 in the n = 4 case. We

should emphasize here that we have arrived at these values for A
S
, n

S
, α and k∗ by a simple

visual comparison of the numerically evaluated result with the above exponentially cut-off

spectrum.

3.4 Comparison with the recent WMAP 5-year data

In this section, we shall discuss as to how our model compares with the recent WMAP 5-year

data.
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Figure 3.4: The evolution of the scalar field has been plotted (as the solid black line) in the
plane of the first two HSR parameters ǫ

H
and δ

H
in the case of n = 3 and for the best fit

values of the parameters m and λ we have used earlier in Figs. 3.1 and 3.2. The black dots
have been marked at intervals of one e-fold, while the dashed line corresponds to ǫ

H
= −δ

H
.

Note that ǫ
H
> 1 during 8 < N < 9. In other words, during fast roll, inflation is actually

interrupted for about one e-fold.

3.4.1 The parameters in our model and the priors we work with

In the standard concordant cosmological model—viz. the ΛCDM model with a power law

inflationary perturbation spectrum—six parameters are introduced when comparing the

theoretical results with the CMB data (see, for instance, Ref. [199]). Four of them are the

following background parameters: the baryon density (Ω
B
h2), the density of cold dark mat-

ter (Ω
C
h2), the angular size of the acoustic horizon θ, and the optical depth τ , with h denot-

ing the Hubble constant today (viz. H0) expressed in units of 100 km s−1 Mpc−1 [cf. Eq. (1.2].

The parameters that are introduced to describe the inflationary perturbation spectrum are

the scalar amplitude A
S

and the scalar spectral index n
S

[cf. Eq. (1.29)]. The tensor-to-scalar

ratio r is also introduced as a parameter provided the ratio is sufficiently large, say, when

r & O (10−2). However, in the models we consider, the tensor-to-scalar ratio proves to be

smaller than 10−4 over the scales of cosmological interest (i.e. over 10−4 . k . 1 Mpc−1). So,
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Figure 3.5: The scalar power spectrum P
S
(k) (the solid black line) have been plotted as a

function of the wavenumber k for the cases of n = 3 (on top) and n = 4 (at the bottom).
We have chosen the same values for the potential parameters as in the earlier figures. More-
over, we should emphasize that we have arrived at these spectra by imposing the standard,
Bunch-Davies, initial conditions on all the modes. The red line in these plots is the spec-
trum (3.7) with the exponential cut-off. It corresponds to A

S
= 2× 10−9, n

S
≃ 0.945, α = 3.35

and k∗ = 2.4 × 10−4 Mpc−1 in the n = 3 case, while A
S

= 2 × 10−9, n
S
≃ 0.95, α = 3.6 and

k∗ = 9.0 × 10−4 Mpc−1 in the case of n = 4. Note that the vertical blue line denotes k∗. The
inset in the top panel illustrates the difference between our model and the standard power
law case (i.e. when P

S
(k) = A

S
kn

S
−1, with the best fit valuesA

S
= 2.1×10−9 and n

S
≃ 0.955)

at smaller scales. This disparity leads to a difference in the CMB angular power spectrum at
the higher multipoles, which we have highlighted in the inset in Fig. 3.8.

76



3.4. COMPARISON WITH THE RECENT WMAP 5-YEAR DATA

Model Parameter Lower limit Upper limit

Ω
B
h2 0.005 0.1

Common Ω
C
h2 0.001 0.99

parameters θ 0.5 10.0

τ 0.01 0.8

Reference log [1010A
S
] 2.7 4.0

model n
S

0.5 1.5

log [1010m2] −9.0 −8.0

Our model φ0 1.7 2.3

a0 0.1 2.0

Table 3.1: The priors on the various parameters describing the reference ΛCDM model with a
power law primordial spectrum and our model. While the first four background cosmolog-
ical parameters are common for both the models, the fifth and the sixth parameters describe
the power law primordial spectrum of the reference model. As discussed in the text, in our
model, we have traded off the scalar amplitude A

S
for m and the spectral index n

S
for φ0.

The additional parameter in our model, viz. a0, represents the value of the scale factor at
N = 0 and it essentially identifies the location of the cut-off in the power spectrum.

we completely ignore the contribution due to the gravitational waves in our analysis. We

retain the standard background cosmological parameters, and we introduce the following

three parameters to describe the inflationary perturbation spectrum: m, φ0 and a0. While

m appears explicitly in the potential (3.1), φ0 has been chosen in place of λ. The quantity

a0 denotes the initial value of the scale factor (i.e. at N = 0), and it basically determines

the location of the cut-off in the power spectrum. Thus, we have one additional parameter

in comparison with the standard case. Essentially, we have traded off the scalar amplitude

A
S

for m, and the scalar spectral index n
S

for φ0. In Tab. 3.4.1, we have listed the ranges of

uniform priors that we have imposed on the various parameters.

3.4.2 The best fit values and the joint constraints

We have compared the power spectra for the n = 3 and the n = 4 cases with the recent

WMAP 5-year data for the temperature-temperature, the temperature-electric polarization

and the electric-electric polarization angular power spectra of the CMB anisotropies [19].
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We have used a modified version of the cosmological Boltzmann code CAMB [200, 201]

to calculate the angular power spectra of the CMB anisotropies, with the inflationary per-

turbation spectrum computed from a separate routine. We have evaluated the likelihood

function using the likelihood code that has been made publicly available by the WMAP

team [202]. We have obtained the best fit values for the parameters of our model using

COSMOMC [203, 204], the publicly available, Markov Chain Monte Carlo (MCMC) code

for the parameter estimation of a given cosmological model. The MCMC convergence di-

agnostics are done on multiple parallel chains using the Gelman and Rubin (“variance of

chain means”/“mean of chain variances”) R statistics for each parameter, demanding that

(R − 1) < 0.01, a procedure that essentially looks at the fluctuations amongst the different

chains and decides when to terminate the run. We find that, while the n = 3 case provides a

better fit to the data than the reference concordant model [199], the n = 4 case leads to such

a poor fit to the data that we do not consider it hereafter. We attribute the poor fit by the

n = 4 case (and also in the cases wherein n > 4) to the large bump in the scalar power spec-

trum that arises just before the spectrum turns scale invariant (cf. Fig. 3.5). We have plotted

the one-dimensional marginalized and mean likelihood curves for the various parameters

in the n = 3 case in Fig. 3.6. And, in Fig. 3.7, we have plotted the corresponding 1-σ and

2-σ two-dimensional joint constraints on the various parameters. We have listed the best

fit values and the 1-σ constraints on the various parameters describing the reference model

and the n = 3 case in Tab. 3.4.2. We find that the n = 3 case provides a much better fit to

the data than the reference model with an improvement in χ2
eff of 6.62 [205]. It is clear from

Figs. 3.6 and 3.7 that the constraint on the parameter m is prior dominated. In our model, it

is the parameter m that determines the amplitude of the power spectrum when it is nearly

scale invariant. This amplitude, in turn, is essentially determined by the first peak of the

CMB angular power spectrum. We should mention here that our choice of priors for the

parameter m has been arrived at by a simple visual fit to the first peak.

3.4.3 The CMB angular power spectra for the best fit values

In Fig. 3.8, we have plotted the angular power spectrum of the CMB temperature

anisotropies for the best fit values of the parameters for the n = 3 case. For comparison,

we have also plotted the angular power spectrum for the best fit reference model. It is im-
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Figure 3.6: The one-dimensional mean (the solid lines) and marginalized (dashed lines) like-
lihood curves for all the input parameters (and the derived parameter H0) in the n = 3 case.

mediately obvious from the figure that our model fits the lower multipoles much better than

the reference model. As we have mentioned above, we obtain an improvement in χ2
eff of 6.62

at the cost of introducing just one additional parameter when compared to the standard

power law case. We should also emphasize here that the improvement in the fit that we

have achieved is not only due to the cut-off in the scalar power spectrum, but also because
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Figure 3.7: The 1-σ and 2-σ two-dimensional joint constraints on the different input param-
eters (and the derived parameter H0) in the n = 3 case.

of the presence of the oscillations at the top of the spectrum, just before it turns scale in-

variant [205]. Also, note the difference in the angular power spectrum for our model and
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Parameter Reference model Our model

Ω
B
h2 0.02242+0.00155

−0.00127 0.02146+0.00142
−0.00108

Ω
C
h2 0.1075+0.0169

−0.0126 0.12051+0.02311
−0.02387

θ 1.0395+0.0075
−0.0076 1.03877+0.00979

−0.00931

τ 0.08695+0.04375
−0.03923 0.07220+0.04264

−0.02201

log [1010A
S
] 3.0456+0.1093

−0.1073 —

n
S

0.9555+0.0394
−0.0305 —

log [1010m2] — −8.3509+0.1509
−0.1473

φ0 — 1.9594+0.00290
−0.00096

a0 — 0.31439+0.02599
−0.02105

Table 3.2: The mean values and the 1-σ constraints on the various parameters that describe
the reference model and our model. As we mentioned in the text, we find that the n = 3 case
provides a much better fit to the data than the reference model with an improvement in χ2

eff

of 6.62.

the standard power law spectrum at the higher multipoles, which we have illustrated in

the inset in Fig. 3.8. This disparity essentially arises due to the difference in the asymptotic

spectral index in our model (which proves to be about n
S
≃ 0.945) and the spectral index in

the power law case (which is about n
S
≃ 0.955, cf. Tab. 3.4.2). The PLANCK mission [197] is

expected to provide more accurate data at these higher multipoles and, therefore, may aid

us discriminate between these models better.

3.5 Summary and discussion

In this section, after a quick summary of our results, we shall compare the results we have

obtained with those obtained in another single scalar field model that has been considered

earlier. We emphasize the fact that the difference between these models has immediate ob-

servational consequences.
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Figure 3.8: The CMB angular power spectrum for the best fit values of the n = 3 case (dashed
line) and the best fit power law, reference model (solid line) [cf. Tab. 3.4.2]. Visually, it is
evident that our model fits the data much better than the standard power law case at the
lower multipoles. The inset highlights the difference between our model and the power
law spectrum at the higher multipoles. This difference arises due to the fact that, while the
spectral index in the power law case is about n

S
≃ 0.955, the asymptotic spectral index in

our case turns out to be n
S
≃ 0.945.

3.5.1 Summary

In this chapter, we have discussed a two stage slow roll inflationary scenario sandwiching

an intermediate period of deviation from inflation, driven by potentials that are similar in

shape to certain MSSM potentials [180]. In the MSSM case, inflation occurs when the field

values are much smaller than the Planck scale [180, 181, 182]. However, in our case, since

we demand two epochs of slow roll, it necessarily requires that the initial values of the field

(assuming, say, about 60 e-folds of inflation) be greater than M
P
. The period of fast roll

period produces a sharp drop in the scalar power spectrum for the modes that leave the

Hubble radius just before the second slow roll phase. We choose our scales such that the

drop in power corresponds to the largest cosmological scales observable today. We find that

the resulting scalar power spectrum provides a much better fit to the recent WMAP data
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than the canonical, nearly scale invariant, power law, primordial spectrum.

3.5.2 Discussion

At this stage, it is important that we compare our results with those obtained in another

single field model that has been studied before. As we had mentioned in Sec. 3.1, an initial

kinetic dominated (i.e. fast roll) stage preceding slow roll inflation, driven by a quadratic

potential has been considered earlier to provide a sharp drop in the scalar power spectrum

at large scales [126, 127]. At first glance, one may be tempted to conclude that the model we

have studied here is equivalent to such a scenario if we disregard the first slow roll stage,

since we have a kinetic dominated phase preceding a period of slow roll inflation. However,

there are crucial differences between the two models which we have outlined below.

To begin with, in the model that we have considered, there is no freedom to choose the

type of fast roll (say, the equation of state parameter during the epoch of fast roll). It is

fixed once we have chosen the parameters so as to fit the observations. Secondly, in the sce-

nario considered earlier, the modes which are outside the Hubble radius during the kinetic

dominated phase would have always remained so in the past [126, 127]. The authors assume

that somehow there may have been a previous phase of inflation, during which they were

inside the Hubble radius and began life in the Bunch-Davies vacuum. While it is not impos-

sible to think of situations where there may have been a previous inflationary epoch—for

instance, it can be achieved by invoking another scalar field [186, 187, 188, 189, 190]—the

consequences can be quite different. In contrast, in the scenario that we have considered

here, the standard, sub-Hubble, Bunch-Davies, initial conditions have been imposed on all

the modes. Thirdly, it was argued that, since the suppression of power for the scalar spec-

trum proves to be sharper than that of the tensor, the tensor-to-scalar ratio r displays a sharp

rise towards large physical scales [127], a feature that may possibly be detected by upcoming

missions such as, for instance, PLANCK [197] and CMBPol [198]. However, in the models

that we consider, the tensor amplitude on scales of cosmological interest proves to be too

small (r < 10−4) to be detectable in the near future. In conclusion, we would like to mention

that a detection of the C
BB

ℓ modes corresponding to, say, r > 10−4, can rule out the class of

models that we have considered here.

In the following chapter, we shall consider the effects of punctuated inflation on the tensor
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spectrum and the resulting tensor-to-scalar ratio.
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Chapter 4

The tensor spectrum and the
tensor-to-scalar ratio in punctuated
inflationary scenarios

4.1 Introduction and motivation

As we have discussed in the previous chapters, the concordant cosmological model—viz.

a spatially flat, ΛCDM model and a nearly scale invariant primordial spectrum, with or

without a small tensor contribution (say, with a tensor-to-scalar ratio r of less than 0.1)—

seems to fit the recent CMB data rather well [19]. However, different observations have

indicated that there exist a few outliers (corresponding to the quadrupole at ℓ = 2, and near

other lower multipoles at ℓ = 22 and 40), in the observed CMB angular power spectrum

which lie outside the cosmic variance associated with the concordant model [12, 13, 14, 15,

16, 18]. These discrepancies have remained in subsequent updates of the data [12, 13, 14,

15, 16, 18, 19], and have also survived in other independent estimates of the angular power

spectrum (see, for instance, Refs. [206, 207, 208]). Given the CMB observations, a handful of

model independent approaches have been constructed over the last few years to recover the

primordial power spectrum [130, 131, 163, 164, 165, 166, 167, 168, 169]. At the smaller scales,

all these approaches arrive at a spectrum that is nearly scale invariant. However, many of the

approaches seem to unambiguously point to a sharp drop in power (with specific features)

at the scales corresponding to the Hubble scale today.

Even as the debate about the statistical significance of the outliers in the CMB data has

continued [132, 133, 134, 135], as we had mentioned in the last chapter, a considerable
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amount of effort has been devoted to understand the possible physical reasons behind these

outliers (for an inexhaustive list, see Refs. [117, 126, 128, 129, 137, 138, 139, 140, 141, 142,

143, 144, 145, 146, 147, 148, 150, 151, 152, 153, 154, 155, 156, 158, 159, 160, 161, 162, 178]).

Within the inflationary paradigm, different models have been constructed to produce a

sharp drop in the scalar power at large scales, so as to lead to a better fit to the low

quadrupole (see Refs. [117, 126, 138, 139, 145, 148, 152, 153, 154, 155, 156, 158, 161];

for earlier efforts that discuss generating features in the inflationary perturbation spec-

trum, see Refs. [136, 170, 171, 173, 174, 175, 176, 177, 186, 187]). However, many of

the scenarios that have been considered in this context seem rather artificial—they ei-

ther assume a specific pre-inflationary regime or specific initial conditions for the infla-

ton [117, 126, 148, 155, 156, 158, 161]. Also, in some cases, either certain special initial

conditions are chosen for the perturbations or the initial conditions are imposed when a

subset of the modes are outside the Hubble radius [117, 126, 148, 155, 156, 158, 161]. Such

requirements clearly contradict the spirit of inflation.

Motivated by the aim of arriving at the desired power spectrum without any special initial

conditions on either the background or the perturbations, in the preceding chapter, we had

considered a setting involving two stages of slow roll inflation that sandwich an intermedi-

ate period of departure from inflation [205]. In such a punctuated inflationary scenario, the first

phase of slow roll inflation allows us to impose the standard, sub-Hubble initial conditions

on the perturbations which may leave the Hubble radius during the subsequent rapid roll

regime (i.e. a period wherein the first slow roll parameter ǫ ' 1). The second slow roll phase

lasts for, say, 50–60 e-folds, thereby enabling us to overcome the well known horizon prob-

lem associated with the hot big bang model. As we had discussed in the last chapter, such

a background behavior can be achieved in certain large field inflationary models wherein

the potentials contain a point of inflection [the form of the potentials we had considered are

encountered in the Minimal Supersymmetric Standard Model (MSSM)]. As we had shown

in the previous chapter, the slow-rapid-slow roll transition leads to a step like feature in the

scalar power spectrum. Importantly, we had found that, if we set the scales such that the

drop in the power spectrum occurs at a length scale that roughly corresponds to the Hub-

ble radius today, then a spectrum we had obtained leads to a much better fit to the recent

WMAP 5-year data (with just one extra parameter, χ2
eff improves by 6.6) when compared to

86



4.1. INTRODUCTION AND MOTIVATION

the best fit reference ΛCDM model with the standard, power law, primordial spectrum [205].

All models of inflation generate tensor perturbations that can potentially have an observ-

able effect on the measured CMB temperature and polarization spectra [209, 210, 211, 212].

Barring an exception [127], most of the efforts in the literature have focused on sup-

pressing the scalar power spectrum on large scales, and have overlooked the correspond-

ing effects on the tensors. In this chapter, we discuss the effects of the slow-rapid-slow

roll transition on the tensor perturbations in the canonical scalar field and the tachy-

onic [49, 50, 51, 52, 53, 54, 55, 56, 92] inflationary models. Aided by a few different examples

(including the specific model that we had considered in the last chapter), we show that, in

punctuated inflation, a drop in the scalar power on large scales is always associated with an

increase in the tensor power and, hence, a dramatic rise in the tensor-to-scalar ratio r, on

these scales. In fact, we find that the strong rise leads to a small range of modes for which

the tensor-to-scalar ratio actually proves to be much greater than unity1. We believe that this is

the first instance in the literature wherein examples of single scalar field inflationary models

resulting in r ≫ 1 are being presented. However, if we are to utilize the drop in the scalar

power to provide a better fit to the low CMB quadrupole, then the modes with rather large

tensor-to-scalar ratio turn out to be bigger than the Hubble scale today.

The rapid rise in the tensor-to-scalar ratio r at large scales translates to a dramatic en-

hancement in the angular power spectrum, CBB
ℓ , of the B-mode polarization of the CMB at

the low multipoles. This could potentially be a characteristic signature of punctuated infla-

tionary scenarios that match the CMB data well. But, in the specific models of punctuated

inflation that we have explored to match the low multipoles of CMB temperature power

spectrum, the enhanced CBB
ℓ is not at an observable level. This is due to the following two

reasons. Firstly, the band of scales where r ≫ 1 is far beyond the Hubble scale and, secondly,

because r is extremely small at large wavenumbers. However, it is readily conceivable that

there exist models of punctuated inflation where either one or both of these features can be

modified favorably to arrive at observable levels of CBB
ℓ . In this chapter, we highlight the

extremely large values of the tensor-to-scalar ratio attainable in the punctuated inflationary

scenario.

1In the models we consider, r attains a maximum value of about 100. Though the tensor-to-scalar ratio is
large, the actual amplitude of the tensor perturbations still remains small for the linear perturbation theory to
be valid.
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This chapter is organized as follows. In Sec. 4.2, we outline the broad features of the

scalar and tensor spectra that result in punctuated inflation. In Sec. 4.3, we discuss the

spectra that arise in two different punctuated inflationary models involving the canonical

scalar field, while, in Sec. 4.4, we discuss the spectra in a particular tachyonic model. In

Sec. 4.5, we consider the corresponding effects on the angular power spectrum of the B-

mode polarization of the CMB. In Sec. 4.6, to highlight the peculiar feature that the tensor-

to-scalar ratio turns out to be greater than unity for a range of modes in punctuated inflation,

we illustrate the evolution of the scalar and tensor amplitudes for a particular mode from

this domain. Finally, in Sec. 4.7, we conclude with a brief discussion on the implications of

this feature.

4.2 Characteristics of the scalar and the tensor perturbation

spectra in punctuated inflation

In this section, we shall discuss the broad features of the scalar and the tensor spectra that

arise in the punctuated inflationary scenario.

As we have repeatedly mentioned in the earlier chapters, it is often remarked that, during

inflation, the amplitude of the curvature perturbations freezes at its value at Hubble exit in

the single scalar field models. Actually, this happens to be true only if there is no departure

from slow roll inflation soon after the modes leave the Hubble radius [99, 100, 123]. But,

as we have discussed in the second chapter, when there is a period of deviation from slow

roll, then, it is found that the asymptotic (i.e. the extreme super-Hubble) amplitude of the

modes that exit the Hubble scale just before the deviation are enhanced when compared to

their value at Hubble exit. While modes that leave well before the departure from slow roll

are unaffected, it has been shown that there exists an intermediate range of modes whose

amplitudes are suppressed at super-Hubble scales [123]. Due to these behavior, punctuated

inflation leads to a step like feature in the scalar power spectrum. Evidently, the two nearly

flat regions of the step correspond to modes that exit the Hubble scale during the two stages

of slow roll. The step actually contains a sharp dip before the rise, and this feature is associ-

ated with the modes that leave the Hubble radius just before the transition to the rapid roll

regime.

Let us now understand the tensor spectrum that can result in a similar situation. In the
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case of the scalar modes, the quantity (z′/z) that appears in the differential equation for the

curvature perturbation Rk in Eq. (2.33) turns out to be negative during a period of fast roll,

and, as discussed in the earlier chapters, it is this feature that proves to be responsible for

the amplification or the suppression of the modes at super-Hubble scales [99, 100, 123]. In

contrast, the coefficient of the friction term in the equation for the tensor amplitude Uk in

Eq. (2.42)—viz. (a′/a)—is a positive definite quantity at all times. Hence, we do not expect

any non-trivial super-Hubble evolution of the tensor perturbations. However, recall that,

during a period of slow roll, the tensor amplitude is proportional to the potential of the scalar

field [1, 3, 5, 6, 94, 95, 96, 97, 213]. It is then immediately clear that, in the slow-rapid-slow

roll scenario of our interest, the tensor spectrum will also be in the shape of a step, with the

modes that leave during the second slow roll phase having lower power than those which

exit during the first phase [since, unless the potential is negative, the inflaton always rolls

down the potential (see, for example, Ref. [214])]. In other words, in punctuated inflation, the

tensor step happens to be in exactly the opposite direction as the step in the scalar spectrum.

The fact that the scalar power drops at large scales, while the tensor power rises on these

scales, leads to a sharp increase in the tensor-to-scalar ratio r. Interestingly, we find that the

steep rise can result in the tensor-to-scalar ratio being greater than unity for a small range of

modes. (These range of modes correspond to those for which the scalar spectrum exhibits

a sharp dip before the rise.) However, as we shall discuss below, in the specific models of

punctuated inflation that we consider, in spite of the rise, the tensor-to-scalar ratio remains

too small to be observed (r proves to be less than 10−4) for the modes of cosmological interest

(say, 10−4 . k . 1 Mpc−1). But, we believe that the increase in the tensor-to-scalar ratio at

large scales considerably improves the prospects of constructing punctuated inflationary

models wherein CBB
ℓ at the low multipoles is within the observational reach of upcoming

missions such as PLANCK [197] or CMBPol [198].

4.3 Punctuated inflation with canonical scalar fields

In this section, we shall discuss punctuated inflationary scenarios in models where infla-

tion is driven by the canonical scalar field. We shall first present the model that we had

considered in the previous chapter, and then discuss a hybrid inflation model.

Before proceeding to discuss the specific models, we shall outline as to how one can ar-
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rive at the potential and the parameters that result in punctuated inflation and the desired

scalar spectrum. Needless to say, not all potentials will allow punctuated inflation. There-

fore, to begin with, one has to identify a potential, or a class of potentials, that lead to such

a scenario. Even amongst the limited class of potentials, the required slow-rapid-slow roll

transition may occur only for a certain range of values of the parameters describing the po-

tential. The form of the potential and the range of the parameters can be arrived at, say,

based on the behavior of the first two PSR parameters. Once the potential and the range of

the parameters that allow punctuated inflation have been identified, we need to ensure that

the following two observational requirements are also satisfied. Firstly, the second stage of

slow roll inflation has to last for about 60 e-folds in order to overcome the horizon prob-

lem. Secondly, the nearly scale invariant higher step in the scalar power spectrum has to

match the COBE amplitude. These two conditions further restrict the allowed range of the

parameters describing the potential.

4.3.1 The model motivated by MSSM

As we had discussed in the preceding chapter, the model motivated by MSSM contains two

parameters m and λ, and is described by the potential [179, 180, 181, 182]

V (φ) =

(
m2

2

)
φ2 −

(√
2 λ (n− 1)m

n

)
φn +

(
λ

4

)
φ2(n−1), (4.1)

where n > 2 is an integer. This potential has a point of inflection at φ = φ0 (i.e. the location

where both Vφ and Vφφ vanish), with φ0 given by

φ0 =

[
2m2

(n− 1)λ

] 1
2 (n−2)

. (4.2)

Note that the potential (4.1) reduces to a typical large field model when the field is suf-

ficiently far away from the point of inflection. It is then clear that the first stage of slow

roll can be achieved in the domain φ ≫ φ0, and a period of rapid roll can occur when

φ ≃
[√

2 (n− 1)
]
. Also, since the first two PSR parameters vanish at the point of inflection,

a second stage of slow roll can be expected to arise when the field is very close to φ0. We

find that restarting inflation after the rapid roll phase and the number of e-folds that can be

achieved during the second stage of slow roll crucially depends on the location of the point
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of inflection. We depend on the numerics to arrive at a suitable value of φ0. Once φ0 has thus

been identified, we find that the COBE normalization determines the value of the other free

parameter m.

In Fig. 4.1, we have plotted the scalar and the tensor power spectra for the cases of n = 3

and n = 4. These spectra correspond to the parameters that provide the best fit to the recent

WMAP 5-year data (for the values of the various parameters and other relevant details, see

the previous chapter and also Ref. [205]). We should mention that in these cases inflation is

actually interrupted for about one e-fold during the rapid roll regime. As we had discussed

in the previous chapter, we found that, while the n = 3 case provides a much better fit to

the data than the reference concordant model (as we had pointed out earlier, with just one

more parameter than the concordant model, χ2
eff improves by 6.6), the n = 4 case leads to a

very poor fit to the data. We believe that the poor fit by the n = 4 case can be attributed to

the large bump in the scalar power spectrum that arises just before it turns scale invariant.

Since the bump grows with n, we feel that the cases with n > 4 will fit the data much more

poorly and, hence, we have not compared these cases with the data. As we had mentioned

in the last chapter, the scalar power spectrum with a drop in power at large scales is often

approximated by a spectrum with an exponential cut off [cf. Eq. (3.7)]. In Fig. 4.1, we have

also plotted this spectrum for values of the different parameters that closely approximate

the exact spectra we obtain.

In Fig. 4.2, we have plotted the resulting tensor-to-scalar ratio for the two cases of n = 3

and n = 4. Clearly, the broad characteristics of the scalar and the tensor spectra as well as

the tensor-to-scalar ratio that we had outlined in the previous section are corroborated by

these two figures.

4.3.2 A hybrid inflation model

Another model that is known to lead to a punctuated inflationary scenario is a hybrid model

that can be effectively described by the following potential (see, for instance, Ref. [99]; for

the earliest discussion of the model, see Ref. [46]):

V (φ) =

(
M4

4

) (
1 +B φ4

)
. (4.3)

For suitable values of the parameterB, this potential admits two stages of slow roll inflation,

broken by a brief period of rapid roll. The first slow roll phase is driven by the φ4 term and,
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Figure 4.1: The scalar power spectrum P
S
(k) (the solid black line) and the tensor power spec-

trum P
T
(k) (the dashed black line) have been plotted as a function of the wavenumber k for

the cases of n = 3 (top) and n = 4 (bottom). The red curve in these plots is the spec-
trum (3.7) with the exponential cut off, whose parameters have been arrived at by a simple
visual comparison with the numerically evaluated scalar spectrum. Note that the vertical
blue line denotes k∗. The actual values of the different parameters have been mentioned in
the previous chapter [cf. the caption of Fig. 3.5] and also in Ref. [205].
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Figure 4.2: The tensor-to-scalar ratio r(k) for the cases of n = 3 (the solid black line) and
n = 4 (the dashed black line) has been plotted as a function of the wavenumber k. These
plots have been drawn for the same choice of parameters as in the previous figure. The ver-
tical solid and dashed blue lines denote the k∗ corresponding to the n = 3 and n = 4 cases,
respectively. Note that, despite the rise at the larger wavelengths, the tensor-to-scalar ratio
remains smaller than 10−4 for modes of cosmological interest (i.e. for k & k∗). For this rea-
son, in the previous chapter, we had ignored the tensor contribution when comparing these
models with the WMAP data. Interestingly, we find that there arises a domain wherein the
tensor-to-scalar ratio r(k) is actually much greater than unity [215]. To highlight this feature,
we have included the horizontal green line which denotes r = 1. In Sec. 4.6, we have plotted
the evolution of the scalar and tensor amplitudes for a mode from this domain.

when φ has rolled down the potential and has become sufficiently small, the false vacuum

term drives the second phase. The parameter M determines the amplitude of nearly scale

invariant lower step in the scalar spectrum (associated with the modes that leave during the

first stage of slow roll inflation), with a mild dependence on B. However, B very strongly

affects the rise in scalar power (corresponding to the modes that leave just before the rapid

roll stage) and the asymptotic spectral index (associated with the modes that leave during

the second stage of inflation), since it determines the extent and the duration of the departure

from slow roll.
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We are able to achieve COBE normalization for a suitable combination of the parameters

M and B. For these values of the parameters, we find that, as in the MSSM case, a departure

from inflation occurs (again, for about one e-fold) during the rapid roll phase. In Fig. 4.3,

we have plotted the resulting scalar and the tensor power spectra as well as the associated

tensor-to-scalar ratio. We should hasten to clarify that we have not compared the hybrid

model with the CMB data, as we had done in the n = 3 and n = 4 cases of MSSM. A well

known property of the hybrid models is that they lead to blue scalar spectra. We believe

that, the blue tilt, along with the rather large bump (which turns out to be larger than the

one in n = 4, MSSM case) will considerably spoil the fit to the CMB data.

4.4 An example of tachyonic punctuated inflation

In this section, we shall consider a tachyonic model that allows punctuated inflation. Since

our experience suggests that a point of inflection in the potential is an assured way of achiev-

ing a slow-rapid-slow roll transition, we shall construct a tachyonic potential containing a

point of inflection.

Tachyonic potentials are usually written in terms of two parameters, say, λ and T0 , in the

following form [49, 50, 51, 52, 53, 54, 55, 56, 92]:

V (T ) = λ V1(T/T0
), (4.4)

where V1(T/T0) is a function which has a maximum at the origin and it vanishes as T → ∞.

In order to achieve the necessary amount of inflation and the correct amplitude for the scalar

perturbations, suitable values for the two parameters λ and T0 that describe the above po-

tential can be arrived at as follows. One finds that, in these potentials, inflation typically

occurs around T ≃ T
0

corresponding to an energy scale of about λ1/4. Moreover, it turns out

that, the quantity (λT 2
0
) has to be much larger than unity (in units wherein M

P
= 1) for the

PSR parameters to be small and, thereby ensure that, at least, 60 e-folds of inflation takes

place. One first chooses a sufficiently large value of (λT 2
0
) by hand in order to guarantee

slow roll. The COBE normalization condition for the scalar perturbations then provides the

second constraint, thereby determining the values of both the parameters λ and T0 [92].

Now, consider a tachyon potential of the form

V (x) =

(
λ

1 + g(x)

)
, (4.5)

94



4.4. AN EXAMPLE OF TACHYONIC PUNCTUATED INFLATION

0.00001 0.0001 0.001 0.01 0.1 1
1×10

-22

1×10
-20

1×10
-18

1×10
-16

1×10
-14

1×10
-12

1×10
-10

1×10
-8

P
S
(k), P

T
(k)

k

0.00001 0.0001 0.001 0.01 0.1 11×10
-14

1×10
-12

1×10
-10

1×10
-8

1×10
-6

0.0001

0.01

1

100

r(k)

k

Figure 4.3: The scalar power spectrum P
S
(k) (the solid black line) and the tensor power spec-

trum P
T
(k) (the dashed black line) have been plotted (top) as a function of the wavenum-

ber k for the hybrid inflation model described by the potential (4.3). The corresponding
tensor-to-scalar ratio r(k) has also been plotted (bottom). As in the previous figure, the hor-
izontal green line in the graph at the bottom denotes r = 1. These spectra correspond to
following values of the potential parameters: M = 2.6 × 10−5 and B = 0.552. The solid
red curve in the graph on top is the exponential cut off spectrum (3.7) corresponding to
A

S
= 2× 10−9, n

S
= 1.0, k∗ = 2.2× 10−3 Mpc−1 and α = 3.5. The vertical blue line in both the

graphs denotes k∗. We should mention that the blue tilt in the scalar spectrum is very small
and, hence, is not evident from the figure.
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where x = (T/T0). Let the function g(x) be defined as an integral of yet another function

f(x) as follows:

g(x) =

∫
dx f(x), (4.6)

with the constant of integration assumed to be zero. If we choose f(x) to be a polynomial

that vanishes at least quadratically at a point, say, x1, then, it is clear that the resulting po-

tential V (x), in addition to satisfying the above mentioned conditions (i.e. having a maxima

at the origin and a minima at infinity), will also contain a point of inflection at x1. A simple

function that satisfies our requirements turns out to be2

f(x) =
[
(x− x1)

2 x2
]
. (4.7)

For this choice of the function f(x) and appropriate values of the parameters λ and T
0
, we

find that the corresponding potential gives rise to punctuated inflation. However, it is im-

portant to note that, unlike the earlier examples, the rapid roll phase does not result in a

deviation from inflation. In Fig. 4.4, we have plotted the scalar and the tensor power spec-

tra, and the corresponding tensor-to-scalar ratio that we obtain in this case. It is clear from

the figure that the spectra broadly behave in the same fashion as in the earlier examples.

4.5 The effects on the B-modes of the CMB

As is well known, the polarization of the CMB can be decomposed into the E and B-

components. While the E-mode polarization is affected by both the scalar as well as the

tensor perturbations, the B-modes are generated only by the tensor perturbations3. There-

fore, the B-mode provides a direct signature of the primordial tensor perturbations (see, for

instance, Ref. [6]). The detection of the B-mode is a coveted, prime goal of the experimental

community (see, for example, the recent white paper [216]). We feel that the punctuated

inflationary scenario can provide additional theoretical motivation for this endeavor.

We have evaluated the angular power spectrum of the B-mode polarization of the CMB

(i.e. CBB
ℓ ) using the Boltzmann code CAMB [201]. In Fig. 4.5, we have plotted CBB

ℓ for the

best fit values of the parameters in the n = 3 and the n = 4 cases of MSSM. For comparison,

2Actually, this function contains another point of inflection at the origin. But, as we shall restrict ourselves
to the domain x > 0, it is not useful to us.

3In fact, the B-modes are created by the vector perturbations too. However, inflation does not generate any
vector perturbations (see, for instance, Ref. [6], p. 116).
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Figure 4.4: The scalar and the tensor power spectra and the corresponding tensor-to-scalar
ratio for the case of tachyonic punctuated inflation as well as the exponential cut off spec-
trum have been plotted exactly in the same fashion as in the previous figure. These figures
correspond to the following values of the parameters: λ = 10−13, T0 = 3.55 × 107, x1 = 10,
A

S
= 2 × 10−9, n

S
= 0.96, k∗ = 5.5 × 10−4 Mpc−1, and α = 3.
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Figure 4.5: The B-mode CMB angular power spectrum CBB
ℓ has been plotted as a function

of the multipole ℓ for the best fit values of the n = 3 (the solid black line) and n = 4 (the
dashed black line) MSSM models. For comparison, we have also plotted the CBB

ℓ for the
concordant cosmological model with a strictly scale invariant tensor spectrum and a tensor-
to-scalar ratio of r = 0.01 (the solid blue line), r = 2 × 10−8 (the solid red line) and r = 10−7

(the dashed red line). The latter two curves match the n = 3 and n = 4 MSSM cases at the
small angular scales, and they help in highlighting the effects of punctuated inflation at the
lower multipoles.

we have also plotted the corresponding angular power spectra for the concordant cosmo-

logical model with a strictly scale invariant tensor spectrum and a tensor-to-scalar ratio of

r = 0.01, r = 2 × 10−8 and r = 10−7 (the last two values have been chosen since they match

the n = 3 and n = 4 MSSM cases at the small angular scales). The CBB
ℓ for the two MSSM

cases clearly exhibit an increase in their amplitude at the lower multipoles, reflecting the rise

in the tensor-to-scalar ratio on these scales4. But, despite the rise at the lower multipoles, the

amplitude of CBB
ℓ in these cases proves to be way too smaller than what is possibly de-

4We should point out that, in order to evaluate the CMB angular power spectra, CAMB integrates over
the following range of wavenumber of the primordial scalar and tensor spectra: 7.79 × 10−6 < k < 2.78 ×
10−1 Mpc−1. Note that, in both the MSSM cases, the lower limit on the k-integral is actually smaller than the
wavenumber where r attains its maximum value (cf. Fig. 4.2). In other words, though the r > 1 region is well
beyond the Hubble scale today (i.e. k . 10−4 Mpc−1), the CBB

ℓ
evaluated by CAMB seems to be sensitive to

the contributions from these scales.
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tectable in the near future (upcoming missions such as PLANCK [197] and CMBPol [198]

are expected to be sensitive to r & 0.01). However, since the increase in the B-mode power

at large angular scales is a generic feature of punctuated inflation, we feel that it improves

the possibility that the effect may be detected in the future. It is conceivable that there ex-

ist punctuated inflationary models that predict a significantly larger tensor-to-scalar ratio,

while still providing a good fit to the CMB temperature angular power spectrum. It seems

a worthwhile exercise to hunt for such models.

4.6 The evolution of the scalar and tensor perturbations for

a mode with r > 1

In the various examples of punctuated inflation that we had discussed earlier, though the

tensor-to-scalar ratio remains too small (r < 10−4) on the scales of cosmological interest (i.e.

for 10−4 . k . 1 Mpc−1), we find that there exists a small range of modes for which the

tensor-to-scalar ratio turns out to be greater than unity. This indicates that the amplitude of

the tensor perturbation is larger than that of the scalar perturbation for modes that corre-

spond to this range. We believe that this is an interesting feature which may have potential

observational consequences. To highlight this feature, in Fig. 4.6, we have plotted the evolu-

tion of the amplitudes of the curvature and the tensor perturbations for a mode correspond-

ing to the wavenumber k = 10−5 Mpc−1 that has a tensor-to-scalar ratio greater than unity

in the n = 3, MSSM case. While the amplitude of the tensor perturbation freezes at its value

at Hubble exit, the amplitude of the curvature perturbation is suppressed at super-Hubble

scales, when compared to its value at Hubble exit. As is clearly illustrated in the figure, such

a behavior of the perturbations leads to a large tensor-to-scalar ratio that actually proves to

be greater than unity.

4.7 Conclusions

In the last chapter, we had performed a Markov Chain Monte Carlo analysis to determine

the values of the MSSM parameters that provide the best fit to the recent WMAP 5-year

data for the CMB angular power spectrum. We had found that a scalar spectrum in the

n = 3 case leads to a much better fit of the observed data than the concordant model. We
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Figure 4.6: The evolution of the amplitudes of the curvature perturbation Rk (in blue) and
the tensor perturbation Uk (in red) has been plotted as a function of the number of e-folds N
for the best fit values of the n = 3, MSSM case. These perturbations correspond to the mode
k = 10−5 Mpc−1, and the arrow denotes the time when the mode leaves the Hubble radius.
Note that, as expected, the tensor amplitude freezes at its value at Hubble exit. Evidently, the
large tensor-to-scalar ratio arises due to the suppression of the amplitude of the curvature
perturbation at super-Hubble scales.

should emphasize again that we have not carried out such a comparison with the data for

the hybrid or the tachyon model. In the n = 3, MSSM case, we had found that, in addition to

the drop in the power at large scales, the bump present in the spectrum before it turns scale

invariant had led to the improvement in the fit. In the n = 4 case, a rather large bump had

led to a poor fit to the data. We find that, a similar, large bump arises in the hybrid model as

well. Also, as we had mentioned, in the hybrid model, the scalar spectral index proves to be

greater than unity at small scales. We feel that these two features will not allow a better fit in

the hybrid case. In the tachyonic model, though the spectral index is close to the observed

value, we find that no bump (above the asymptotic, nearly scale invariant amplitude) arises

in the spectrum. We expect that this feature will spoil the fit to the data. Also, we believe

that the lack of such a bump is due to the fact that inflation is not interrupted in this case.
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In models which start with a period of fast roll, along with the scalar power, the tensor

power is also suppressed at large scales [127]. But, the drop in the scalar power proves to

be sharper than that of the tensors and, as a result, the tensor-to-scalar ratio displays a rise

over these scales in such models. It has been argued that such a feature may be detected by

forthcoming missions such as, for instance, PLANCK [197]. We too encounter an increase

in the tensor-to-scalar ratio on the large scales, though the reason is somewhat different. In

punctuated inflation, the rise in the tensor-to-scalar ratio turns out to be much stronger due

to the fact that the tensor amplitude itself increases on large scales. Intriguingly, we find

that the rapid rise leads to the tensor-to-scalar ratio being much larger than unity for a small

range of modes. However, in the specific models we have considered, the tensor amplitude

on scales of cosmological interest (say, 10−4 . k . 1 Mpc−1) proves to be too small (r < 10−4)

for the effect to be possibly detected in the very near future.

The sharper the drop in the scalar spectrum at large scales, the better seems to be the

fit to the low CMB quadrupole. In punctuated inflation, the steeper the drop in the scalar

power, the faster will be the corresponding rise in the tensor power at large scales. There-

fore, if the scalar power drops fast, the tensor-to-scalar ratio can be larger on the small scales,

thereby improving the prospects of its detection through the B-modes of the CMB polariza-

tion. However, empirical evidence indicates that, in punctuated inflation, a steeper drop in

the scalar power requires a larger value of the first slow roll parameter ǫ during the rapid

roll. But, such a large ǫ also leads to a bigger bump (above the asymptotic amplitude) in the

scalar spectrum before it turns scale invariant. While a suitable bump seems to provide a

better fit to the data at a few lower multipoles after the quadrupole, too large a bump seems

to spoil the fit to the data (as in the n = 4, MSSM case). In other words, to lead to a good fit,

there appears to be a trade off between the sharpness of the cut off and the size of the bump

in the scalar power spectrum. It will be a worthwhile exercise to look for punctuated infla-

tionary models that will lead to a sufficiently steep drop in the scalar power at large scales,

a suitably sized bump at the top of the spectrum, and also a reasonable tensor amplitude at

small scales that may be detectable by forthcoming missions [197, 198].

101





Chapter 5

Reheating and its effects on the large scale
perturbations

5.1 Effects of inflationary and post-inflationary dynamics on

the evolution of the super-Hubble perturbations

In the standard inflationary scenario, the scales of cosmological interest exit the Hubble ra-

dius within the first few (about 8-10) e-folds of inflation and, hence, are outside the Hubble

scale during the later epochs. When comparing the predictions of the inflationary mod-

els with the CMB and the large scale structure data, as we had pointed out, it is often as-

sumed that the amplitude of the curvature perturbations remain constant at super-Hubble

scales. In such a situation, the observed CMB anisotropies directly determine the ampli-

tude and the shape of the perturbation spectrum imprinted on the modes when they left

the Hubble radius during inflation. Typically, the amplitude of the perturbations constrain

the parameters that describe the inflaton potential, while the shape of the spectrum lim-

its its form (see, for instance, any of the standard texts [1, 3, 5, 6] or one of the following

reviews [94, 95, 96, 97, 98]).

Provided inflation is of the slow roll type for all of the required number of e-folds, it is

indeed true that the amplitude of the curvature perturbations freeze at their value at Hubble

exit. However, if there is a period of deviation from slow roll inflation, as we had discussed

in chapter 2, the asymptotic (i.e. the extreme super-Hubble) amplitude of the modes that

leave the Hubble radius just before the deviation are enhanced when compared to their

value at Hubble exit [99, 100, 123]. While modes that leave well before the deviation remain
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unaffected, it is found that there exists an intermediate range of modes whose amplitudes

are actually suppressed at super-Hubble scales [123, 217]. Depending on the form of the

departure from slow roll, these effects lead to certain features in the scalar perturbation

spectrum. If such deviations occur either during or soon after the cosmological scales leave

the Hubble radius, then the CMB observations constrain the resulting features rather well

(for an inexhaustive list, see Refs. [126, 127, 128, 129, 136, 139, 148, 150, 151, 154, 155, 156,

158, 159, 160, 161, 170, 171, 173, 174, 175, 176, 177, 178, 205]). But, at smaller scales, only

theoretical tools are currently available to restrict the form of the primordial spectrum. These

constraints are essentially based on the number density of primordial black holes that are

formed towards the end of inflation (for recent discussions in this context, see, for example,

Refs. [218, 219, 220, 221]).

Since the cosmological scales are well outside the Hubble radius by the early stages of

inflation, clearly, the shape of the perturbation spectrum on such large scales is indeed

unlikely to be affected by subsequent dynamics. But, over the past decade, it has been

recognized that post-inflationary dynamics can alter the amplitude of the curvature per-

turbations at super-Hubble scales, in particular, when more than one component of mat-

ter is present. As we had mentioned in the introductory chapter, preheating, the curva-

ton scenario and the modulated reheating mechanism are popular examples that illustrate

the interesting possibilities of post-inflationary dynamics. Preheating—a mechanism that

transfers energy from the inflaton to radiation through an explosive production of quanta

corresponding to an intermediate scalar field—is known to even lead to an exponential

growth in the amplitude of the super-Hubble perturbations (for the earlier discussions, see

Refs. [67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80] and, for more recent efforts, see, for

instance, Refs. [81, 82, 83, 84]). In the curvaton scenario, while the inflationary epoch still

remains the source of the perturbations, these perturbations are amplified after inflation due

to the presence of entropic perturbations (see, for example, Refs. [85, 86]). The modulated

reheating scenario is an extreme case wherein inflation is essentially required only to resolve

the horizon problem, whereas the perturbations are generated due to an inhomogeneous de-

cay rate when the energy is being transferred from the inflaton to radiation through other

fields [87, 88, 89, 90]. These different alternatives indicate that the post-inflationary evolu-

tion of the large scale curvature perturbations can be highly model dependent and, therefore,
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requires a careful and systematic study.

With these motivations in mind, we investigate the problem of the more conventional

(perturbative) reheating [62, 63, 64, 65, 66], and its effects on the evolution of the curvature

perturbations in tachyonic inflationary models (for the original discussions on the tachyon,

see Refs. [49, 50, 51, 52, 53, 54]; for efforts on treating the tachyon as an inflaton, see, for

instance, Refs. [55, 56, 92]; for discussions on reheating in such inflationary models, see

Refs. [222, 223, 224, 225]). We shall consider two types of potentials to describe the tachyon

and construct scenarios of transition from inflation to radiation domination for the following

two possible cases of the decay rate Γ of the tachyon into radiation: (i) a constant, and (ii) de-

pendent on the tachyon. We solve the coupled equations for the system numerically and

study the evolution of the perturbations from the sub-Hubble to the super-Hubble scales.

Importantly, we shall consider the effects of the transition from inflation to the radiation

dominated epoch on the evolution of the large scale (i.e. those that correspond to cosmo-

logical scales today) curvature and non-adiabatic pressure (i.e. the intrinsic entropy as well

as the relative entropy or the isocurvature) perturbations. We shall evaluate the spectrum

of curvature perturbations at the end of inflation as well as at the early stages of the radia-

tion dominated epoch. As we shall illustrate, reheating does not affect the amplitude of the

curvature perturbations in any of these cases. We shall also show that, before the transition

to the radiation dominated epoch, the relative non-adiabatic pressure perturbation between

the tachyon and radiation decays in a fashion very similar to that of the intrinsic entropy

perturbation associated with the tachyon. Moreover, we demonstrate that, after the transi-

tion, the relative non-adiabatic pressure perturbation dies down extremely rapidly during

the early stages of the radiation dominated epoch. It is these behavior which ensure that the

amplitude of the curvature perturbations remains unaffected during reheating. Our results

corroborate similar conclusions that have been arrived at earlier in the literature based on

the study of the evolution of the perturbations in the super-Hubble limit [87]. We shall also

discuss similar effects in the case of the canonical scalar field.

A few clarifying remarks are in order at this stage of the discussion. We should stress

that the set up we are considering is the standard cold inflationary scenario, followed by

an epoch of reheating achieved by the standard method of introducing a coarse-grained

decay rate in the equation of motion describing the inflaton [62, 63, 64, 65]. Recently, an
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analysis somewhat similar to what we shall consider here has been studied in the context

of warm inflationary scenarios involving tachyonic fields [226, 227]. Though there can exist

similarities in the form of the equations in the cold and the warm inflationary scenarios, the

physics in these two scenarios are rather different (for a recent discussion, see, for example,

Ref. [228]). Moreover, to analyze the effects of reheating on the large scale perturbations, one

could have possibly studied the evolution of the perturbations in the super-Hubble limit,

say, the first order (in time) differential equations usually considered in the literature (cf.

Refs. [87, 88, 229]). However, some concerns have been raised that the coupling between the

inflaton and radiation may affect the amplitude as well as the scalar spectral index in certain

situations [65, 66]. Also, the modified background dynamics preceding reheating can effect

the extent of small scale primordial black holes that are formed towards the end of inflation.

If we are to address such issues, it requires that we study the evolution of the perturbations

from the sub-Hubble to the super-Hubble scales.

This chapter is organized as follows. In the following section, we shall summarize the

essential background equations for the system consisting of the tachyon and a perfect fluid

and set up scenarios of transition from inflation to radiation domination. In Sec. 5.3, we

shall obtain the equations describing the scalar perturbations for the system of the tachyon

and a perfect fluid. In Sec. 5.4, we shall evolve the coupled system of equations describing

the perturbations and study the effects of the transition from inflation to the radiation dom-

inated epoch on the super-Hubble curvature perturbations. We shall plot the spectrum of

curvature perturbations at the end of inflation as well as at the early stages of the radiation

dominated epoch. We shall also explicitly illustrate that the intrinsic entropy perturbation

associated with the tachyon and the relative non-adiabatic pressure perturbation between

the tachyon and radiation decay in a similar fashion before and after the transition to the

radiation dominated epoch. It is the behavior of these non-adiabatic pressure perturbations

which ensure that the amplitude of the curvature perturbations remains unaffected during

reheating. In Sec. 5.5, we shall discuss the corresponding results for the case of the canonical

scalar field. Finally, in Sec. 5.6, we conclude with a summary and a discussion on the results

we have obtained.
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5.2 The transition from tachyon driven inflation to the radi-

ation dominated epoch

In this section, we shall discuss the background equations describing the evolution of the

tachyon that is interacting with a perfect fluid. Assuming the perfect fluid to be radiation, we

shall construct scenarios of transition from tachyon driven inflation to radiation domination

for the following two possible types of the decay rate Γ [cf. Eq. (5.5) below] of the inflaton

into radiation: (i) a constant, and (ii) dependent on the tachyon [87].

5.2.1 Background equations in the presence of interacting components

In the presence of multiple components, the total energy density and the total pressure of

the system can be expressed as the sum of the energy density ρ
α

and the pressure p
α

of the

individual components as follows:

ρ =
∑

α

ρ
α

and p =
∑

α

p
α
. (5.1)

If the different components of fields and fluids do not interact, then, in addition to the total

energy density, the energy density of the individual components will be conserved as well.

Hence, in such a situation, the energy density ρ
α

of each component will individually satisfy

the continuity equation [cf. Eq. (1.8)]

ρ̇
α

+ 3H (ρ
α

+ p
α
) = 0. (5.2)

On the other hand, when the different components interact, the continuity equation for the

individual components can be expressed as (see, for instance, Refs. [87, 230, 231])

ρ̇
α

+ 3H (ρ
α

+ p
α
) = Q

α
, (5.3)

where Q
α

denotes the rate at which energy density is transferred to the component α from

the other components. The conservation of the energy of the complete system then leads to

the following constraint on the total rate of transfer of the energy densities:

∑

α

Q
α

= 0. (5.4)
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5.2.2 The case of the tachyon and a perfect fluid

Let us now consider the system of a tachyon (which we shall denote as T ) that is interacting

with a perfect fluid (referred to, hereafter, as F ), so that α = (T, F ). We shall assume that the

rate at which energy density is transferred to the perfect fluid, i.e. Q
F

, is given by [225]

Q
F

= Γ Ṫ 2 ρ
T
, (5.5)

where ρ
T

is the energy density of the tachyon. Such a transfer of energy is assumed to

describe—albeit, in a course grained fashion—the perturbative decay of the tachyon into

particles that constitute the perfect fluid. The quantity Γ represents the corresponding decay

rate and, as we shall discuss below, it can either be a constant, or depend on the tachyon [87].

For the above choice ofQ
F

, the continuity equation (5.3) corresponding to the perfect fluid

is given by

ρ̇
F

+ 3H (1 + w
F
) ρ

F
= Γ Ṫ 2 ρ

T
, (5.6)

where w
F

= (p
F
/ρ

F
) is the equation of state parameter describing the perfect fluid, which

we shall assume to be a constant. Also, it is evident from Eq. (5.4) that

Q
T

= −Q
F

= −Γ Ṫ 2 ρ
T
. (5.7)

Therefore, the continuity equation for the tachyon energy density ρ
T

reduces to

ρ̇
T

+ 3H (ρ
T

+ p
T
) = −Γ Ṫ 2 ρ

T
, (5.8)

where p
T

is the pressure associated with the tachyon. Given a potential V (T ) describing the

tachyon, the corresponding energy density ρ
T

and pressure p
T

are given by the expressions

in Eqs. (2.64a) and (2.64b). On substituting the expressions for the energy density and pres-

sure in the continuity equation (5.8), we arrive at the following equation of motion for the

tachyon T [225]: (
T̈

1 − Ṫ 2

)
+ 3H Ṫ + Γ Ṫ +

(
V

T

V

)
= 0. (5.9)

Before we proceed, the following clarification on the choice of Q
F

in Eq. (5.5) is in order

at this stage of the discussion. Recall that, in a situation wherein the canonical scalar field,

say φ, drives inflation, it is common to introduce a (Γ φ̇) term in the field equation to describe

the perturbative decay of the inflaton [see Refs. [1, 3, 5, 6, 35, 63, 64, 65, 66, 94, 95, 96, 97,
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98]; also see Eq. (5.38)]. Motivated by the canonical case, the choice of Q
F

in Eq. (5.5) has

been specifically made so as to lead to the (Γ Ṫ ) term in the equation of motion (5.9) for the

tachyon [225]. Needless to add, the choice (5.5) is but one of the many possibilities that can

help in achieving reheating at the end of inflation.

5.2.3 Tachyonic inflationary models, different possible Γ and reheating

Assuming the perfect fluid to be radiation with w
F

= (1/3), we shall construct specific sce-

narios of transition from tachyon driven inflation to an epoch of radiation domination.

We shall consider two different types of potentials in order to describe the tachyon.

• The first potential we shall consider is given by

V1(T ) =

(
λ

cosh (T/T0)

)
, (5.10)

a potential that is well motivated from the string theory perspective [53, 54].

• Our second choice will be the following phenomenologically motivated power law

potential that has been considered earlier in the literature (see, for example, Ref. [92]):

V2(T ) =

(
λ

1 + (T/T
0
)4

)
. (5.11)

As we had discussed in the previous chapter, in order to achieve the necessary amount of

inflation and the correct amplitude for the scalar perturbations, suitable values for the two

parameters λ and T0 that describe the above potentials can be arrived at as follows. Firstly,

one finds that, in these potentials, inflation typically occurs around T ≃ T0 corresponding

to an energy scale of about λ1/4. Secondly, it turns out that, the quantity (λT 2
0
/M2

P
) has

to be much larger than unity for the PSR parameters to be small and thereby ensure that,

at least, 60 e-folds of inflation takes place. As we had mentioned while considering the

tachyonic example in the last chapter, one first chooses a sufficiently large value of (λT 2
0
/M2

P
)

by hand in order to guarantee slow roll. The COBE normalization condition for the scalar

perturbations then provides the second constraint, thereby determining the values of both

the parameters λ and T0 [92].

In the absence of the fluid, we find that the two potentials V1(T ) and V2(T ) above al-

low about 60 e-folds of slow roll inflation and lead to the correct COBE amplitude for the
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Potential λ T0 (Ti/T0) Ṫi

V1(T ) 10−6 105 5.81 0.1

V2(T ) 10−5.15 3.7 × 104 4.56 0.1

Table 5.1: Achieving inflation: The values for the parameters of the tachyon potential and
the initial conditions for the inflaton (the initial value Ti of the tachyon and its initial ve-
locity Ṫi) that we work with. These choices for the parameters and initial conditions lead
to the required 60 e-folds of slow roll inflation and the observed amplitude for the scalar
perturbations.

choice of the parameters and initial conditions listed in Tab. 5.1. Also, in such a situation,

it is known that, at the end of inflation, the tachyon leads to an epoch of dust like behav-

ior [55, 92], thereby making a radiation dominated epoch difficult to achieve. However, as

we shall illustrate below, when the tachyon is interacting with the fluid, we can ensure that

a transition from inflation to the radiation dominated regime occurs with a suitable choice

of the amplitude for the decay rate Γ.

As we mentioned before, we shall consider the following two possible choices for the

decay rate Γ: (i) Γ1 = Ā = constant, and (ii) Γ2 = Γ(T ). We shall work with the following

specific form of Γ(T ):

Γ2 = Γ(T ) = Ā
(

1 − B̄ tanh
[(
T − C̄

)
/D̄
])
, (5.12)

where Ā, B̄, C̄ and D̄ are constants that we shall choose suitably to achieve the desired evo-

lution. (It turns out that the above form of Γ(T ) proves to be convenient in the numerical

calculations, helping us illustrate the required behavior.) We find that a transition from infla-

tion to radiation domination can be achieved provided the amplitude of Γ (viz. Ā) is chosen

to be less than the Hubble parameter H (which is almost a constant) during the epoch of

slow roll inflation. In Tab. 5.2, we have listed the values of the initial energy density of

radiation (viz. ρi
γ
) and the various parameters describing the decay rates (for the tachyon,

we have used the same values listed in Tab. 5.1) that lead to about 60 e-folds of slow roll

inflation, the correct scalar amplitude, while also reheating the universe within 2-3 e-folds

after the end of inflation. In the left column of Fig. 5.1, we have plotted the fractional contri-

butions (with respect to the total energy density) of the energy densities of the tachyon and
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Potential Γ ρi
γ

Ā B̄ C̄ D̄
V1(T ) Γ1 10−40 5 λ – – –

Γ2 10−40 5 λ 10−2 2 T0 T0

V2(T ) Γ1 10−40 1.43 × 10−2 λ – – –

Γ2 10−40 10−2 λ 10−2 2 T
0

T
0

Table 5.2: Achieving inflation and reheating: The values of the initial energy density of radi-
ation ρi

γ
and the parameters describing the decay rates that we work with when the interac-

tion of the tachyon with radiation is taken into account. For the tachyon, we use the same
values listed in the previous table. These parameters and initial conditions lead to about 60
e-folds of slow roll inflation, the required amplitude for the perturbations, and also reheat
the universe within a couple of e-folds after inflation.

radiation, i.e. Ω
T

= (ρ
T
/ρ) and Ω

γ
= (ρ

γ
/ρ), as a function of the number of e-folds N for the

potential V1(T ). It is evident from the figure that the two choices for the decay rate Γ ensure

the completion of reheating (i.e. Ω
γ
≃ 1) within a couple of e-folds after the end of inflation.

In the right column of the figure, we have plotted the corresponding effective equation of

state parameter, viz. w = (p/ρ), and also the first HSR parameter, viz. ǫ
H

= −(Ḣ/H2), of the

entire system, for the same tachyon potential. These plots, while confirming that inflation

has indeed ended and reheating has been realized, also indicate the nature of the compos-

ite matter during the transition. We should add that a very similar behavior occurs for the

potential V2(T ).

5.3 Equations of motion governing the scalar perturbations

for the system

In this section, using the first order Einstein equations and the equations describing the

conservation of the perturbed energy density of the tachyon and the perfect fluid, we shall

arrive at the coupled, second order (in time) differential equations governing the scalar per-

turbations for the system consisting of the tachyon and the fluid. For convenience, we shall

work in the Uniform Curvature Gauge (UCG), a gauge that is also referred to, often, as the

spatially flat gauge.
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Figure 5.1: In the left column, the evolution of the quantities Ω
T

(in blue) and Ω
γ

(in red) has
been plotted as a function of the number of e-folds N for the the tachyon potential V1(T ) and
the two cases of Γ, viz. Γ1 = constant (on top) and Γ2 = Γ(T ) (at the bottom), with Γ(T ) given
by Eq. (5.12). Similarly, in the right column, the evolution of the first HSR parameter ǫ

H
(in

blue) and the equation of state parameter of the entire system w (in red) has been plotted
as a function of the number of e-folds for the same potential and the different cases of Γ,
as indicated above. All these plots correspond to the values for the various parameters and
the initial conditions that we have listed in Tabs. 5.1 and 5.2. The figures clearly illustrate
the transfer of energy from the inflaton to radiation. (Note that ǫ

H
= 2 during the radiation

dominated epoch.) We have chosen the various parameters in such a fashion that there is a
sufficiently rapid transition from inflation to radiation domination without any intermediate
regime, as suggested by the evolution of ǫ

H
and w. We find that a very similar behavior

occurs for the potential V2(T ).
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5.3.1 First order Einstein equations

If we take into account the scalar perturbations to the spatially flat background metric (2.1),

then, in the UCG, the Friedmann line-element is given by [1, 3, 5, 6, 94, 95, 96, 97, 98]

ds2 = (1 + 2A) dt2 − 2 a (∂iB) dxi dt− a2(t) dx2, (5.13)

where A and B are functions that describe the two degrees of freedom associated with the

perturbations. Being a scalar field, the tachyon, evidently, does not possess any anisotropic

stress at the linear order in the perturbations. We shall assume that the perfect fluid does not

contain any anisotropic stress either. In such a case, at the first order in the perturbations,

the Einstein equations in the UCG can be written as [1, 3, 5, 6, 94, 95, 96, 97, 98]

− (3H2)A−
(
H

a

)
∇2B = (4 πG) δρ, (5.14a)

H (∂i A) = (4 πG) (∂i δq) , (5.14b)

H Ȧ+
(
2 Ḣ + 3H2

)
A = (4 πG) δp, (5.14c)

where the quantities δρ, (∂i δq), and δp denote the perturbations in the total energy density,

the total momentum flux, and the total pressure of the complete system, respectively. The

absence of the anisotropic stress leads to the following additional relation between the two

functions A and B describing the scalar perturbations:

A + a
(
Ḃ + 2HB

)
= 0. (5.15)

For the system of our interest, viz. that of the tachyon and a perfect fluid described by

a constant equation of state parameter w
F

, the quantities δρ, δq and δp are given by [cf.

Eqs. (2.66)]

δρ = (δρ
T

+ δρ
F
) =

(
V

T
δT√

1 − Ṫ 2

)
+




V Ṫ
(
1 − Ṫ 2

)3/2



(

˙δT − A Ṫ
)

+ δρ
F
, (5.16a)

δq = (δq
T

+ δq
F
) =

(
V Ṫ δT√
1 − Ṫ 2

)
− ψ

F
, (5.16b)

δp = (δp
T

+ δp
F
) = −

(
V

T
δT
√

1 − Ṫ 2
)

+

(
V Ṫ√
1 − Ṫ 2

)(
˙δT − A Ṫ

)
+ w

F
δρ

F
, (5.16c)
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where δT denotes the perturbation in the tachyon and ψ
F

is proportional to the potential

that determines the three (i.e. the spatial) velocity of the perfect fluid1.

5.3.2 Equations of motion describing the perturbed matter components

In the UCG, at the first order in the perturbations, the equation describing the conservation

of the energy density of the component α is given by [94, 95, 96, 97, 98, 229, 230, 231]

δ̇ρ
α

+ 3H (δρ
α

+ δp
α
) −

(
1

a2

)
∇2
[
δq

α
+ (ρ

α
+ p

α
) aB

]
−Q

α
A− δQ

α
= 0, (5.17)

where the quantities δρ
α
, δq

α
and δp

α
denote the perturbations at the linear order in the

energy density, the momentum flux, and the pressure of the particular component α, while

Q
α

and δQ
α

indicate the rate at which the energy is transferred to the component α and the

perturbation in the rate, respectively. The equation of motion that governs the perturbation

δT in the tachyon can now be obtained upon using the expressions (5.16) for δρ
T

, δq
T

and

δp
T

in above equation for the conservation of the perturbed energy density. We find that the

equation of motion describing the perturbation δT is given by

(
δ̈T

1 − Ṫ 2

)
+

[
(3H + Γ)

(
1 − 3 Ṫ 2

)
− 2 Ṫ

(
V

T

V

)]( ˙δT

1 − Ṫ 2

)

+

[(
d2lnV

dT 2

)
−
(

1

a2

)
∇2

]
δT −

(
Ṫ Ȧ

1 − Ṫ 2

)

+

[
6H Ṫ 3 + 2

(
V

T

V

)
+ Γ Ṫ

(
1 + Ṫ 2

)]( A

1 − Ṫ 2

)

−
(
Ṫ

a

)
∇2B + Ṫ δΓ = 0, (5.18)

where δΓ denotes the first order perturbation in the decay rate. Upon using Eq. (5.17), we

find that the equation describing the conservation of the perturbed energy density of the

1Usually, for a perfect fluid, the quantity δq
F

is written as [(ρ
F

+ p
F
)χ

F
], where χ

F
is the potential whose

spatial gradient describes the three velocity of the fluid (see, for instance, Refs. [1, 3, 5, 6, 94, 95, 96, 97, 98]).
For convenience, we have instead defined the entire quantity [(ρ

F
+p

F
) χ

F
] as −ψ

F
[65]. As we shall point out

later, we have ensured that suitable sub-Hubble initial conditions are imposed on ψ
F

.
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fluid δρ
F

can be written as

˙δρ
F

+ 3H (1 + w
F
) δρ

F
+

(
1

a2

)
∇2ψ

F
−




ΓV Ṫ (2 − Ṫ 2)
(
1 − Ṫ 2

)3/2


 ˙δT −

(
ΓV

T
Ṫ 2

√
1 − Ṫ 2

)
δT

+




ΓV Ṫ 2

(
1 − Ṫ 2

)3/2


A−

(
(1 + w

F
) ρ

F

a

)
∇2B −

(
V Ṫ 2

√
1 − Ṫ 2

)
δΓ = 0. (5.19)

Also, upon using the Einstein equations (5.14b) and (5.14c), we obtain the following first

order (in time) differential equation for the quantity ψ
F

that describes the spatial velocity of

the fluid:

ψ̇
F

+ 3H ψ
F

+ w
F
δρ

F
+ (1 + w

F
) ρ

F
A+

(
ΓV Ṫ√
1 − Ṫ 2

)
δT = 0. (5.20)

We should emphasize here that the above equations take into account both the possibilities

of the decay rate Γ (i.e. it can either be a constant, or depend on the tachyon) that we had

discussed earlier.

5.3.3 The coupled perturbation variables and the initial conditions

The variables describing the perturbations in the tachyon and the fluid that we shall even-

tually evolve numerically are [65, 94, 95, 96, 97, 98]

Q
T

= δT and Q
F

=

(
ψ

F√
(1 + w

F
) ρ

F

)
. (5.21)

We have already obtained a second order differential equation (in time) describing the evo-

lution of Q
T

[viz. Eq. (5.18)]. A similar equation for Q
F

can be obtained by differentiating

Eq. (5.20) with respect to time, and upon using Eq. (5.19) that describes the conservation of

the perturbed energy density of the fluid. Then, on utilizing the first order Einstein equa-

tions (5.14a), (5.14b) and (5.15) to eliminate the scalar metric perturbations A and B, we

can arrive at a set of coupled, second order (in time, again!) differential equations for the

quantities Q
T

and Q
F

.

For simplicity, let us first discuss the case wherein the decay rate Γ is a constant. We shall

later indicate as to how certain coefficients in the differential equations change when Γ is as-

sumed to be dependent on the tachyon. Upon suitably using the background equations (2.2),
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(5.6) and (5.9), we find that the differential equations satisfied by the perturbation variables

Q
T

and Q
F

can be written as

Q̈
α

+
∑

β

(
F

αβ
Q̇

β
+ G

αβ
Q

β

)
= 0, (5.22)

where, as before, (α, β) = (T, F ). The coefficients F
αβ

and G
αβ

appearing in the above equa-

tions are given by

F
TT

= (3H + Γ)
(
1 − 3 Ṫ 2

)
− 2 Ṫ

(
V

T

V

)
, (5.23a)

F
TF

=

(
4 πG

H

) [
1 −

(
1 − Ṫ 2

w
F

)]
Ṫ
√

(1 + w
F
) ρ

F
, (5.23b)

F
F T

=

(
V Ṫ√
1 − Ṫ 2

) {(
4 πG

H

) [
1 −

(
w

F

1 − Ṫ 2

)] √
(1 + w

F
) ρ

F

+

[
1 + w

F

(
2 − Ṫ 2

1 − Ṫ 2

)] (
Γ√

(1 + w
F
) ρ

F

)}
, (5.23c)

F
F F

= 3H +

(
ΓV Ṫ 2

√
1 − Ṫ 2

) (
1

ρ
F

)
, (5.23d)

G
TT

=
(
1 − Ṫ 2

) [(d2lnV

dT 2

)
−
(

1

a2

)
∇2

]

+

(
4 πG

H

) (
V Ṫ√
1 − Ṫ 2

) [(
2 − Ṫ 2

) (2 V
T

V

)
+
(
2 + Ṫ 2

)
(3H + Γ) Ṫ

−
(

Γ Ṫ

w
F

) (
1 − Ṫ 2

)]

−
(

4 πG

H

)2
{(

2 V 2 Ṫ 4

1 − Ṫ 2

)
−
(

V Ṫ 2

√
1 − Ṫ 2

)[
1 +

(
1 − Ṫ 2

w
F

)]
(1 + w

F
) ρ

F

}
, (5.23e)
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G
TF

=

(
4 πG

H

) {
−
(

3H Ṫ

2

) [
1 +

(
1 − Ṫ 2

w
F

)]
(1 + w

F
)

+

(
1

2 ρ
F

) [
1 −

(
1 − Ṫ 2)

w
F

)] (
ΓV Ṫ 3

√
1 − Ṫ 2

)

−
(

6H Ṫ 3 + 2

(
V

T

V

)
+ (Γ Ṫ )

(
1 + Ṫ 2

))} √
(1 + w

F
) ρ

F
(5.23f)

+

(
4 πG

H

)2
{(

2 V Ṫ 3

√
1 − Ṫ 2

)
+

[
1 +

(
1 − Ṫ 2

w
F

)]
Ṫ [(1 + w

F
) ρ

F
]

}
√

(1 + w
F
) ρ

F
,

G
F T

= −
(

4 πG

H

) {[
1 +

(
w

F

1 − Ṫ 2

)]
[(1 + w

F
) ρ

F
] V

T

√
1 − Ṫ 2

+

(
3H V Ṫ√

1 − Ṫ 2

)
(1 + w

F
)2 ρ

F
−
(

ΓV 2 Ṫ 3

1 − Ṫ 2

) [
1 −

(
w

F
Ṫ 2

1 − Ṫ 2

)]}(
1√

(1 + w
F
) ρ

F

)

−
(

4 πG

H

)2
{(

V 2 Ṫ 3

1 − Ṫ 2

) [
1 +

(
w

F

1 − Ṫ 2

)]
[(1 + w

F
) ρ

F
]

−
(

2 V Ṫ√
1 − Ṫ 2

)
[(1 + w

F
) ρ

F
]2
} (

1√
(1 + w

F
) ρ

F

)

+

(
ΓV√
1 − Ṫ 2

) [(
V

T

V

) (
1 − Ṫ 2

)
−
(
V

T

V

)
w

F
Ṫ 2 + Γ Ṫ − 3H w

F
Ṫ

]

×
(

1√
(1 + w

F
) ρ

F

)
, (5.23g)

G
F F

= −
(
w

F

a2

)
∇2 +

(
9H2

4

) (
1 − w2

F

)

+

(
4 πG

H

) {(
3H

2

)
(1 + w

F
) (1 + 3w

F
) ρ

F
+

(
3H

2

) (
V Ṫ 2

√
1 − Ṫ 2

)
(w

F
− 1)

−
(

ΓV Ṫ 2

√
1 − Ṫ 2

) [
1 −

(
w

F
Ṫ 2

1 − Ṫ 2

)]}

−
(

4 πG

H

)2
{(

V Ṫ 2

√
1 − Ṫ 2

) [
1 +

(
w

F

1 − Ṫ 2

)]
[(1 + w

F
) ρ

F
] + 2 [(1 + w

F
) ρ

F
]2
}

−
(

ΓV Ṫ√
1 − Ṫ 2

){(
Γ Ṫ

2 ρ
F

) (
2 − Ṫ 2

)
+

(
V

T

V

) (
1 − Ṫ 2

) ( 1

ρ
F

)

−
(

3H Ṫ

2 ρ
F

) (
w

F
+ Ṫ 2

)
+

(
ΓV Ṫ 3

4 ρ2
F

√
1 − Ṫ 2

)}
. (5.23h)
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As we had pointed out, the coefficients F
αβ

and G
αβ

above have been derived assuming

that the decay rate Γ is a constant. For the case wherein the decay rate is a function of the

tachyon, the coefficients G
TT

and G
F T

are modified to

G
TT

→ G
TT

+
(
1 − Ṫ 2

)
Ṫ Γ

T
, (5.24a)

G
F T

→ G
F T

+

(
V Ṫ 2

√
1 − Ṫ 2

) (
w

F√
(1 + w

F
) ρ

F

)
Γ

T
, (5.24b)

where Γ
T
≡ (d Γ/dT ). The other coefficients remain unaffected in this case.

We should mention here that we have checked that we indeed recover the standard equa-

tions in the different limiting cases from the coupled equations (5.22) for Q
T

and Q
F

. For

instance, when the fluid is ignored and the decay rate is assumed to vanish, the equation

for the variable Q
T

reduces to the equation that has been derived earlier in the literature

for describing the perturbation in the tachyon (see, for instance, Refs. [92, 123, 226, 227]).

Moreover, when the tachyon is assumed to vanish and its coupling to the fluid is also ig-

nored, we find that we arrive at the well known equation governing the fluid perturbation,

as required [1, 3, 5, 6, 94, 95, 96, 97, 98].

5.4 Effects of reheating on the scalar power spectrum

In this section, we shall discuss the effects of reheating on the large scale curvature pertur-

bations and the scalar power spectrum. We shall also investigate the behavior of the non-

adiabatic pressure perturbations at large scales, when reheating is achieved through the two

different choices for the decay rate.

5.4.1 Evolution of the curvature perturbations and the scalar power spec-

trum

We shall solve the coupled equations (5.22) for the two variables Q
T

and Q
F

numerically.

Imposing the standard Bunch-Davies initial conditions [cf. Eq. (2.48], we shall evolve the

perturbations from the sub-Hubble to the super-Hubble scales, and analyze the effects of

the transition from inflation to the radiation dominated epoch on the evolution of the large

scale perturbations. We shall compute the scalar power spectrum at the end of inflation
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and soon after reheating is complete. Let us begin by quickly summarizing the essential

quantities of interest and the initial conditions that we shall be imposing.

Let R
T

and R
F

denote the curvature perturbations associated with the tachyon and the

fluid, respectively. We find that these curvature perturbations are related to the variables Q
T

and Q
F

as follows [92, 94, 95, 96, 97, 98, 123, 226, 227]:

R
T

=

(
H

Ṫ

)
δT =

(
H

Ṫ

)
Q

T
, (5.25a)

R
F

= −
(

H

ρ
F

+ p
F

)
ψ

F
= −

(
H√

(1 + w
F
) ρ

F

)
Q

F
. (5.25b)

The total curvature perturbation of the system, say, R, can then be expressed as a weighted

sum of the individual curvature perturbations in the following fashion (see, for instance,

Refs. [230, 231]):

R =
∑

α

(
ρ

α
+ p

α

ρ+ p

)
R

α
. (5.26)

Therefore, for our system of interest, the total curvature perturbation is given by

R = H

[(
V Ṫ 2

√
1 − Ṫ 2

)
+ [(1 + w

F
) ρ

F
]

]−1 [(
V Ṫ√
1 − Ṫ 2

)
Q

T
−
√

[(1 + w
F
) ρ

F
] Q

F

]
. (5.27)

The scalar power spectrum is then defined in terms of the Fourier mode Rk of the total cur-

vature perturbation in the standard fashion [cf. Eq. (2.39)]. The Mukhanov-Sasaki variable,

say, v
T

, associated with the tachyon is given by Eq. (2.35) with z
T

as defined in Eq. (2.73).

The corresponding variable, say, v
F

, associated with the fluid is related to the curvature

perturbation R
F

in a similar way and can be expressed as

v
F

= (R
F
z

F
) . (5.28)

The quantity z
F

for the fluid can be written in terms of the background quantities as in the

case of the tachyon [cf. Eq. (2.73)], and is given by [1, 3, 5, 6, 92, 94, 95, 96, 97, 98, 123]

z
F

=
( a
H

) [(1 + w
F
) ρ

F

w
F

]1/2

. (5.29)

As we had discussed in the earlier chapters, we shall impose the following initial conditions

on the Fourier modes of the perturbation variables v
T

and v
F

[cf. Eq. (2.48)]:

vk =

(
1

2ωk

)1/2

and v̇k = −
(
i

a

) (ωk

2

)1/2

, (5.30)
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where

ω2
k =

(
(k c

S
)2 − a2 [(z̈/z) + (H ż/z)]

)
, (5.31)

with c2
S

= (1 − Ṫ 2) in the case of the tachyon and c2
S

= w
F

in the case of the fluid. Also, we

shall impose these conditions when the modes are well inside the Hubble radius during the

inflationary epoch. We shall transform these initial conditions to the corresponding condi-

tions on the variables Q
T

and Q
F

when numerically integrating the coupled equations (5.22).

We shall focus on modes that correspond to the cosmological scales today. We shall choose

our parameters in such a fashion that modes spread over four orders of magnitude (say,

10−4 . k . 1 Mpc−1) leave the Hubble radius during the early stages of inflation (they

actually leave during 5 . N . 15). As we have discussed earlier, for our choice of the

parameters and initial conditions on the background variables, reheating is achieved after

about 65 odd e-folds (also see Fig. 5.1). Moreover, the transition from inflation to radiation

domination occurs within about 2-3 e-folds after inflation has terminated. We evaluate the

scalar power spectrum towards the end of inflation as well as soon after the transition to

the radiation dominated epoch is complete. In the left column of Fig. 5.2, we have plotted

the evolution of the amplitudes of the individual (viz. |R
T
| and |R

γ
| corresponding to the

tachyon and radiation, respectively) as well as the total curvature perturbation (i.e. |R|)
for a typical cosmological scale (we have chosen k = 0.1 Mpc−1) across the transition from

inflation to radiation domination. And, in the right column of the figure, we have plotted the

scalar power spectrum (constructed out of the total curvature perturbation) evaluated before

and after the transition. It is evident from the plots that the amplitude of the total curvature

perturbation remains unaffected during reheating when the decay rate Γ is either a constant,

or is a function of the tachyon [232]. These results confirm similar conclusions that have been

arrived at earlier based on the first order (in time) super-Hubble equations [87].

5.4.2 Evolution of the entropy perturbations

In this section, we shall discuss the evolution of the entropic (i.e. the non-adiabatic pressure)

perturbations across the transition from inflation to the radiation dominated epoch.

Let us recall the key quantities and equations. In the UCG, the gauge invariant Bardeen

potential Φ is given by

Φ = A+ a
(
Ḃ +H B

)
. (5.32)
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Figure 5.2: In the left column, the evolution of the amplitudes of the curvature perturba-
tions associated with the tachyon (|R

T
|, in blue) and radiation (|R

γ
|, in red) as well as the

weighted sum of the two (|R|, in green) has been plotted as a function of the number of
e-folds N for the two possible cases of Γ, viz. Γ1 = constant (on top), Γ2 = Γ(T ) (at the
bottom). In these plots, we have chosen a typical cosmological scale with the wavenumber
k = 0.1 Mpc−1. Clearly, the amplitude of the total curvature perturbation remains constant
across the transition in both the cases, In the right column, the scalar power spectrum has
been plotted towards the end of inflation (in blue) and soon after complete reheating has
been achieved (in red) for the two cases of Γ, as mentioned above. These plots unambigu-
ously illustrate that the amplitude of the nearly scale invariant power spectrum is unaffected
in both the cases (In these plots, the blue line lies right beneath the red one.) Note that all
these plots correspond to the potential V1(T ) with values for the various parameters and the
initial conditions that are listed in Tabs. 5.1 and 5.2. We find that a very similar behavior
occurs for the potential V2(T ).
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Upon using the first order Einstein equations (5.14a), (5.14c) and (5.15), it can be shown that

the Bardeen potential Φ satisfies a second order differential equation (in time), viz. Eq. (2.22).

Now, using the Einstein equations (5.14b) and (5.15), the definition of the curvature pertur-

bation R [cf. Eq. (2.24)] and the second order differential equation for the Bardeen poten-

tial Φ [cf. Eq. (2.22)], it can be demonstrated that, at super-Hubble scales, any change in the

amplitude of the curvature perturbations has to be due to the non-trivial evolution of the

non-adiabatic pressure perturbation of the system.

The perfect fluid, by definition, does not possess any intrinsic entropy perturbation.

Therefore, the non-adiabatic pressure perturbation, say, δpNA of our composite system de-

pends on the intrinsic non-adiabatic pressure perturbation of the tachyon, say, δpNA
T

, and the

relative non-adiabatic pressure perturbation between the tachyon and the perfect fluid (i.e.

the isocurvature perturbation), which we shall denote as δpNA
TF

. Hence, we can write

δpNA =
(
δpNA

T
+ δpNA

TF

)
. (5.33)

While the quantity δpNA
T

is defined by the standard relation [cf. Eq. (2.23)], the relative non-

adiabatic pressure perturbation δpNA
TF

is given by (see, for instance, Refs. [87, 118, 233])

δpNA

TF
= (3H + Γ)

(
ρ

T
+ p

T

ρ+ p

) [
(ρ

F
+ p

F
) − (Γ/3H) (ρ

T
+ p

T
)
]

×
(
w

F
− c2

T

) [(δρ
T

ρ̇
T

)
−
(
δρ

F

ρ̇
F

)]
, (5.34)

where c2
T

= (ṗ
T
/ρ̇

T
). Upon using the expressions (5.16a) and (5.16c), and the Einstein equa-

tions (5.14a), (5.14c) and (5.15), we find that we can write the quantities δρ
T

, δp
T

and δρ
F

in

terms of the variables Q
T

and Q
F

as follows:

δρ
T

=



(

V
T√

1 − Ṫ 2

)
−
(

4 πG

H

)



V 2 Ṫ 3

(
1 − Ṫ 2

)2





 Q

T
+




V Ṫ
(
1 − Ṫ 2

)3/2


 Q̇

T

+

(
4 πG

H

)



V Ṫ 2

(
1 − Ṫ 2

)3/2



√

(1 + w
F
) ρ

F
Q

F
, (5.35a)

δp
T

= −
[
V

T

√
1 − Ṫ 2 +

(
4 πG

H

) (
V 2 Ṫ 3

1 − Ṫ 2

)]
Q

T
+

(
V Ṫ√
1 − Ṫ 2

)
Q̇

T

+

(
4 πG

H

) (
V Ṫ 2

√
1 − Ṫ 2

)
√

(1 + w
F
) ρ

F
Q

F
, (5.35b)
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δρ
F

= −
[(

4 πG

H

) (
V Ṫ√
1 − Ṫ 2

)
(1 + w

F
)

(
ρ

F

w
F

)
+

(
ΓV Ṫ

w
F

√
1 − Ṫ 2

)]
Q

T

−
[(

3H

2w
F

)
(1 − w

F
)
√

(1 + w
F
) ρ

F
+

(
ΓV Ṫ 2

√
1 − Ṫ 2

)(
1 + w

F

4w2
F
ρ

F

)1/2

−
(

4 πG

H

)(
1

w
F

)
[(1 + w

F
) ρ

F
]3/2

]
Q

F
−
(

1

w
F

) √
(1 + w

F
) ρ

F
Q̇

F
. (5.35c)

These three relations allow us to express the non-adiabatic pressure perturbations δpNA
T

and

δpNA
TF

in terms of Q
T

, Q
F

, and their time derivatives.

In Fig. 5.3, we have plotted the amplitudes of the Bardeen potential (i.e. |Φ|) and the

non-adiabatic pressure perturbations (viz. |δpNA
T
| and |δpNA

Tγ
|) as a function of the number

of e-folds. For convenience in numerical computation, we have chosen a very small scale

mode (corresponding to k = 1016 Mpc−1) that leaves the Hubble radius around 58 e-folds or

so during inflation2. The following points are evident from these two plots. To begin with,

barring a very small change in its amplitude—which is expected during the transition from

inflation to the radiation dominated epoch—the Bardeen potential Φ remains a constant at

super-Hubble scales. Secondly, it is clear from the plots that the intrinsic entropy pertur-

bation associated with the tachyon |δpNA
T
| decays as e−(2N) at super-Hubble scales during

inflation, a result that is well known in the literature (see, for instance, Refs. [99, 100, 123]).

Lastly, and interestingly, we find that the isocurvature perturbation |δpNA
Tγ
| behaves in almost

the same fashion as the intrinsic entropy perturbation both before and after the transition, a

feature that has been noticed earlier [233]. While they both behave as e−(2 N) at super-Hubble

scales before the transition, they die down extremely rapidly (roughly as e−(80 N)!) during the

radiation dominated epoch. It is these behavior which ensure that the amplitude of the total

curvature perturbation remains unaffected [232].

2The amplitude of the non-adiabatic pressure perturbations corresponding to the cosmological scales (i.e.
10−4 . k . 1 Mpc−1) prove to be very small when they are well outside the Hubble radius. As a result, evolv-
ing these scales reliably until the transition to the radiation dominated epoch requires considerable numerical
accuracy, which is difficult to achieve. For this reason, to illustrate the evolution of the non-adiabatic pressure
perturbations, we choose to work with a very small scale mode that leaves the Hubble radius close to the end
of inflation. Since the inflationary epoch is of the slow roll type for all the e-folds, the non-adiabatic pressure
perturbations associated with the cosmological scales can be expected to behave in a fashion similar to that
associated with such a small scale mode.
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Figure 5.3: The evolution of the amplitudes of the Bardeen potential |Φ| (in green), the in-
trinsic entropy perturbation |δpNA

T
| (in blue) and the isocurvature perturbation |δpNA

Tγ
| (in red)

has been plotted as a function of the number of e-folds N for the two cases of Γ, as in the
previous two figures. For computational reasons, we have chosen a very small scale mode
with wavenumber k = 1016 Mpc−1 that exits the Hubble radius during inflation around 58
e-folds or so. Also, we have normalized the values of all the three quantities to be unity at
Hubble exit. Clearly, while the Bardeen potential remains nearly a constant across the transi-
tion, both the intrinsic entropy and the isocurvature perturbations decay in almost the same
fashion before as well as after the transition. The dashed lines in black and cyan indicate the
e−(2 N) and e−(80 N) behavior, respectively. Interestingly, the non-adiabatic pressure perturba-
tions die down extraordinarily rapidly after reheating is complete. It is these decay which
ensure that the amplitude of the total curvature perturbation remains unaffected. Note that
these plots correspond to the potential V1(T ) with values for the various parameters and the
initial conditions that we have used in the last two figures. As in the earlier figures, we find
that a very similar behavior occurs for the potential V2(T ).
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5.5 The case of the canonical scalar field and a perfect fluid

In this section, we shall illustrate the corresponding effects for the case of the canonical scalar

field that was considered recently in the literature [65]. We shall rapidly summarize the

essential equations describing the background evolution and the perturbations, and present

the results.

5.5.1 Background equations

In the case of a canonical scalar field, say, φ, that is interacting with a perfect fluid, if one

assumes that Q
F

= (Γ φ̇2), then the equation (5.3) that describes the conservation of the

energy density of the fluid is given by

ρ̇
F

+ 3H (1 + w
F
) ρ

F
= Γ φ̇2. (5.36)

Then, Eq. (5.4) implies that Q
φ

= −Q
F

= −(Γ φ̇2) and, hence, the continuity equation gov-

erning the energy density ρ
φ

of the scalar field reduces to

ρ̇
φ

+ 3H
(
ρ

φ
+ p

φ

)
= −Γ φ̇2, (5.37)

where p
φ

denotes the pressure of the field [cf. Eqs. (1.21)]. Upon using the expressions for

the energy density and the pressure of the field in the continuity equation (5.37), we arrive

at the following equation of motion governing the scalar field [62, 63, 64, 65, 66]:

φ̈+ 3H φ̇+ Γ φ̇+ Vφ = 0. (5.38)

In Fig. 5.4, we have illustrated the transition from inflation to the radiation dominated

epoch by plotting the dimensionless energy density parameters Ω
φ

and Ω
γ

for the two pos-

sible types of decay rate Γ: (i) Γ1 = constant, and (ii) Γ2 = Γ(φ). We have also plotted the

evolution of the first HSR parameter ǫ
H

and the equation of state parameter w for the en-

tire system. Note that we have considered the quadratic potential V (φ) = (m2 φ2/2), and

have chosen suitable values for the parameters and initial conditions to achieve the desired

behavior.
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Figure 5.4: In the left column, the evolution of the quantities Ω
φ

(in blue) and Ω
γ

(in red) has
been plotted as a function of the number of e-folds N for the two types of Γ, as discussed
in the earlier figures. In the right column, we have plotted the evolution of the first slow
roll parameter ǫ

H
(in blue) and the equation of state of the entire system w (in red). We have

considered the popular quadratic potential to describe the scalar field, and we have worked
with suitable parameters and initial condition to arrive at the required behavior. These plots
clearly illustrate the transfer of energy from the inflaton to radiation.
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5.5.2 Equations governing the scalar perturbations

Upon using the expressions for the perturbed energy density, momentum flux and pressure

of the scalar field in Eq. (5.17), we can arrive at the equation of motion for the perturbation

in the scalar field, say, δφ, exactly as we did for the perturbation in the tachyon. In the UCG,

we find that δφ satisfies the differential equation

δ̈φ+ (3H + Γ) ˙δφ +

[
V

φφ
−
(

1

a2

)
∇2

]
δφ

− φ̇ Ȧ+
(
2 V

φ
+ Γ φ̇

)
A−

(
φ̇

a

)
∇2B + φ̇ δΓ = 0, (5.39)

where, as before, δΓ denotes the first order perturbation in the decay rate. Again, on using

Eq. (5.17), we find that the equation describing the conservation of the perturbed energy

density of the fluid δρ
F

can be written as

˙δρ
F

+ 3H (1 + w
F
) δρ

F
+

(
1

a2

)
∇2ψ

F

− 2 Γ φ̇ ˙δφ+ Γ φ̇2A−
[
(1 + w

F
) ρ

F

a

]
∇2B − φ̇2 δΓ = 0. (5.40)

Also, from the first order Einstein equations (5.14b) and (5.14c), we can arrive at the follow-

ing differential equation for the quantity ψ
F

that describes the spatial velocity of the fluid:

ψ̇
F

+ 3H ψ
F

+ w
F
δρ

F
+ (1 + w

F
) ρ

F
A + Γ φ̇ δφ = 0. (5.41)

The perturbation variables that we shall evolve numerically are Q
φ

= δφ and the quantity

Q
F

that we had introduced earlier [cf. Eq. (5.21)]. As in the case of the tachyon and the per-

fect fluid, using the background equations, the first order Einstein equations for the system

and the energy conservation equations for the scalar field and the fluid, we can arrive at the

coupled second order differential equations (5.22) for Q
φ

and Q
F

, with (α, β) = (φ, F ) [65].

For the case wherein the decay rate Γ is a constant, the coefficients F
αβ

and G
αβ

are now
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given by

F
φφ

= (3H + Γ) , (5.42a)

F
φF

=

(
4 πG

H

) (
w

F
− 1

w
F

)
φ̇
√

(1 + w
F
) ρ

F
, (5.42b)

F
F φ

=

(
4 πG

H

)
φ̇ (1 − w

F
)
√

(1 + w
F
) ρ

F
+ (1 + 2w

F
)

(
Γ φ̇√

(1 + w
F
) ρ

F

)
, (5.42c)

F
F F

= 3H +

(
Γ φ̇2

ρ
F

)
, (5.42d)

G
φφ

= V
φφ

−
(

1

a2

)
∇2 +

(
4 πG

H

) [
4 V

φ
φ̇+ 2 (3H + Γ) φ̇2 −

(
Γ φ̇2

ρ
F

)]

−
(

4 πG

H

)2

φ̇2

[
2 φ̇2 +

(
(1 + w

F
)2

w
F

)
ρ

F

]
, (5.42e)

G
φF

=

(
4 πG

H

) [
−
(

3H φ̇

2

) (
(1 + w

F
)2

w
F

)

+

(
1

2 ρ
F

) (
w

F
− 1

w
F

)
Γ φ̇3 − 2 V

φ
− Γ φ̇

]
√

(1 + w
F
) ρ

F

+

(
4 πG

H

)2

φ̇

[
2 φ̇2 +

(
(1 + w

F
)2

w
F

)
ρ

F

]
√

(1 + w
F
) ρ

F
, (5.42f)

G
F φ

= −
(

4 πG

H

) [
V

φ
(1 + w

F
)2 ρ

F
+ 3H V

φ
φ̇ (1 + w

F
)2 ρ

F
− Γ φ̇3

](
1√

(1 + w
F
) ρ

F

)

+

(
4 πG

H

)2 (
φ̇2 + 2 ρ

F

) [(1 + w2
F

)
ρ

F
φ̇√

(1 + w
F
) ρ

F

]

−
(

Γ√
(1 + w

F
) ρ

F

) (
V

φ
− 3H w

F
φ̇+ Γ φ̇

)
, (5.42g)

G
F F

= −
(
w

F

a2

)
∇2 +

(
9H2

4

) (
1 − w2

F

)

+

(
4 πG

H

) [(
3H

2

)
(1 + w

F
) (1 + 3w

F
) ρ

F
+

(
3H

2

)
φ̇2 (w

F
− 1) − Γ φ̇2

]

−
(

4 πG

H

)2 [
(1 + w

F
)2 ρ

F
φ̇2 + 2 ((1 + w

F
) ρ

F
)2
]

−
(

Γ φ̇

ρ
F

)[
V

φ
+ Γ φ̇−

(
3H

2

)
w

F
φ̇+

(
Γ φ̇3

4 ρ
F

)]
. (5.42h)
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For the case wherein the decay rate is a function of the scalar field φ, the coefficients G
φφ

and G
F φ

are modified to

G
φφ

→ G
φφ

+ φ̇ Γ
φ
, (5.43a)

G
F φ

→ G
F φ

+

(
w

F√
(1 + w

F
) ρ

F

)
φ̇2 Γ

φ
, (5.43b)

where Γ
φ
≡ (d Γ/dφ). The other coefficients remain unchanged.

5.5.3 Evolution of the curvature perturbations and the scalar power spec-

trum

Let R
φ

and R
F

denote the curvature perturbations associated with the canonical scalar field

and the fluid, respectively. As earlier, we find that these curvature perturbations are related

to the variables Q
φ

and Q
F

as follows [65, 66, 92, 94, 95, 96, 97, 98, 123, 226, 227]:

R
φ

=

(
H

φ̇

)
δφ =

(
H

φ̇

)
Q

φ
, (5.44a)

R
F

= −
(

H

ρ
F

+ p
F

)
ψ

F
= −

(
H√

(1 + w
F
) ρ

F

)
Q

F
. (5.44b)

As mentioned earlier, the total curvature perturbation of the system, say, R, can then be

expressed as a weighted sum of the individual curvature perturbations [cf. Eq. (5.26)] and,

for the system of our interest, the total curvature perturbation is given by

R = H
[
φ̇2 + (1 + w

F
) ρ

F

]−1 [
φ̇Q

φ
−
√

(1 + w
F
) ρ

F
Q

F

]
. (5.45)

As usual, the scalar power spectrum is then defined in terms of the Fourier mode Rk of the

total curvature perturbation [cf. Eq. (2.39)].

In Fig. 5.5, as in the case of the tachyon discussed earlier, we have plotted evolution of

the amplitude of the individual and the total curvature perturbations, as well as the scalar

power spectrum before and after the transition. It is evident from these figures that the

conclusions we had arrived at for the tachyon apply equally well to the case involving the

canonical scalar field too.

5.5.4 Evolution of the entropy perturbations

As in the case of the tachyon coupled with the perfect fluid, the non-adiabatic pressure per-

turbation δpNA of the system containing a canonical scalar field and the perfect fluid depends
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Figure 5.5: In the left column, the evolution of the amplitudes of the curvature perturbations
associated with the scalar field (|R

φ
|, in blue), radiation (|R

γ
|, in red) and the total curvature

perturbation of the entire system (|R|, in green) has been plotted as a function of the number
of e-folds N for the two types of the decay rate. For illustration, we have again chosen
a typical cosmological mode with wavenumber k = 0.01 Mpc−1. In the right column, as
before, we have plotted the scalar power spectrum before (in blue) and after (in red) the
transition. It is evident that, as in the case of the tachyon, the amplitude of the nearly scale
invariant power spectrum remains unaffected for both types of decay.
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on the intrinsic non-adiabatic pressure perturbation of the scalar field, say, δpNA
φ

, and the rel-

ative non-adiabatic pressure perturbation between the scalar field and the fluid, say, δpNA
φF

.

While, the quantity δpNA
φ

is defined by the standard relation [cf. Eq. (2.23)], the relative

non-adiabatic pressure perturbation δpNA
φF

is given by [cf. Eq. (5.34)]

δpNA

φF
= (3H + Γ)

(
ρ

φ
+ p

φ

ρ+ p

) [
(ρ

F
+ p

F
) − (Γ/3H)

(
ρ

φ
+ p

φ

)]

×
(
w

F
− c2

φ

) [(δρ
φ

ρ̇
φ

)
−
(
δρ

F

ρ̇
F

)]
, (5.46)

where c2
φ

=
(
ṗ

φ
/ρ̇

φ

)
. We find that the quantities δρ

φ
, δp

φ
and δρ

F
can be written in terms of

the variables Q
φ

and Q
F

as follows:

δρ
φ

=

[
V

φ
−
(

4 πG

H

)
φ̇3

]
Q

φ
+ φ̇ Q̇

φ
+

(
4 πG

H

)
φ̇2
√

(1 + w
F
) ρ

F
Q

F
, (5.47a)

δp
φ

= −
[
V

φ
+

(
4 πG

H

)
φ̇3

]
Q

φ
+ φ̇ Q̇

φ
+

(
4 πG

H

)
φ̇2
√

(1 + w
F
) ρ

F
Q

F
, (5.47b)

δρ
F

= −
[(

4 πG

H

)
φ̇ (1 + w

F
)

(
ρ

F

w
F

)
+

(
Γ φ̇

w
F

)]
Q

φ

−
[(

3H

2w
F

)
(1 − w

F
)
√

(1 + w
F
) ρ

F
+ Γ φ̇2

(
1 + w

F

4w2
F
ρ

F

)1/2

−
(

4 πG

H

)(
1

w
F

)
[(1 + w

F
) ρ

F
]3/2

]
Q

F
−
(

1

w
F

)√
(1 + w

F
) ρ

F
Q̇

F
. (5.47c)

These relations can be used to express the non-adiabatic pressure perturbations δpNA
φ

and

δpNA
φF

in terms of Q
φ
, Q

F
, and their time derivatives.

In Fig. 5.6, we have plotted the amplitudes of the Bardeen potential (i.e. |Φ|) and the

non-adiabatic pressure perturbations (viz. |δpNA
φ
| and |δpNA

φγ
|) as a function of the number of

e-folds. It is again clear from these figures that the various quantities behave in a similar

fashion as in the case involving the tachyon.

5.6 Summary and discussion

In this chapter, we have studied the evolution of perturbations in an interacting system

consisting of a tachyon and radiation. Treating the tachyon as an inflaton, we have inves-

tigated the effects of reheating—i.e. the perturbative transfer of energy from the tachyon
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Figure 5.6: The evolution of the amplitudes of the Bardeen potential |Φ| (in green), the intrin-
sic entropy perturbation |δpNA

φ
| (in blue) and the isocurvature perturbation |δpNA

φγ
| (in red) has

been plotted as a function of the number of e-folds N for the two cases of Γ, as in the previ-
ous two figures. Again, for computational reasons, we have chosen a very small scale mode
with wavenumber k = 1016 Mpc−1. As earlier, we have normalized the values of all the three
quantities to be unity at Hubble exit. Clearly, while the Bardeen potential remains nearly a
constant across the transition, both the intrinsic entropy and the isocurvature perturbations
decay in almost the same fashion before as well as after the transition. The dashed lines
in black and cyan indicate the e−(2 N) and e−(55 N) behavior, respectively. The non-adiabatic
pressure perturbations die down extraordinarily rapidly after reheating is complete.
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to radiation—on the large scale curvature perturbations. We have shown that the transi-

tion does not alter the amplitude of the total curvature perturbation of the system when the

rate describing the decay of the inflaton into radiation is either a constant or a function of

the tachyon. We have also illustrated that, before the transition to the radiation dominated

epoch, the relative non-adiabatic pressure perturbation between the tachyon and radiation

decays in a fashion very similar to that of the intrinsic entropy perturbation associated with

the tachyon. Moreover, we have shown that, after the transition, the relative non-adiabatic

pressure perturbation between the tachyon and radiation dies down extremely rapidly dur-

ing the early stages of the radiation dominated epoch. It is these behavior which ensure that

the amplitude of the curvature perturbations remain unaffected during reheating. We have

also discussed the corresponding results for the popular chaotic inflation model in the case

of the canonical scalar field.

It may be considered an overkill to integrate the second order differential equations rather

than work with the much simpler first order equations [87, 229, 230]. Our motivations were

threefold. Importantly, our effort allowed us to cross-check certain previous results [87].

Also, our aim is to later study the effects of deviations from slow roll inflation as well as the

effects of the modified dynamics close to the transition to the radiation dominated epoch

on the small scale perturbations. As we had mentioned in the introductory section of this

chapter, these effects can have interesting implications for the number density of primordial

black holes that are formed towards the end of inflation [218, 219, 220, 221]. Moreover, in

possibilities such as the warm inflationary scenario, the decay rate, in addition to depending

on the inflaton, can also depend on the temperature (see, for example, Refs. [226, 227, 228,

234]). In such a case, the transfer of the energy from the inflaton to radiation may affect the

amplitude and possibly the spectral index as well [66].

We would like to conclude this chapter by commenting on our choice of Γ(T ). As we

had pointed out earlier, our choice is motivated by convenience in the numerical evolution

rather than physics. Obviously, better motivated functional forms of the decay rate needs to

be investigated. It may be worth exploring these issues further.
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Chapter 6

Non-gravitating scalar field in the
Friedmann universe

6.1 Introduction

Over the last couple of decades, several mechanisms have been proposed for the generation

of the initial inhomogeneities in the early universe. As discussed in the earlier chapters,

the inflationary phase wherein the quantum fluctuations associated with the scalar field

prove to be responsible for the generation of the inhomogeneities in the early universe,

seems to provide a viable scenario for the origin of the primordial perturbations. The in-

flationary paradigm is now widely accepted and its predictions are fairly well supported

by observations. Apart from the inflationary scenario, topological defects that form during

the phase transitions in the very early universe have also been considered as alternative

sources for the generation of the primordial perturbations [235, 236]. As we had mentioned

in the introductory chapter, there are a number of possible types of defects, such as magnetic

monopoles, domain walls, cosmic strings and textures. With the aim of providing another

possible mechanism for the origin of the perturbations, in this chapter, we consider the be-

havior of an inhomogeneous, self-interacting, scalar field that is coupled non-minimally to

gravity in the Friedmann background. Though, we do not quite achieve the goal we set out

to, we, nevertheless, shall discuss the peculiar properties of a non-gravitating scalar field

that is coupled non-minimally to gravity in various backgrounds, including the Friedmann

universe.

Non-minimal coupling of the dilaton and the metric is a generic feature of any string the-

ory (see, for instance, Ref. [237]). While usual compactifications do not generate any poten-
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tial, in the low energy limit for the dilaton or other massless scalars coming from the string

theory, it is generally believed that a potential is generated for them when one considers

flux compactifications [238, 239]. The generation of potential for the scalar fields in the flux

compactification makes them an arena for study of physics of the early universe. However,

if one looks at models of inflation in these compactifications, a generic problem crops up

in realizing slow roll inflation. One of the slow roll parameters turns out to be sensitive to

the size of the compactified space and, as a result, the slow roll conditions often prove to be

harder to achieve [240, 241, 242].

As we had discussed, the slow roll conditions arise when the kinetic energy of the inflaton

(the scalar field which drives inflation) is neglected when compared to its potential energy

and the acceleration term is also ignored when compared to the friction term in the equation

of motion for the inflaton [2, 3, 5, 97]. Since, the Right Hand Side (RHS) of the Einstein

equations contains the stress-energy tensor of the scalar field, this condition reflects upon

the nature of the potential. However, if we have a non-minimally coupled scalar field with a

potential such that it does not gravitate, i.e. its stress-energy tensor vanishes identically, then

the smallness of the slow roll parameters becomes irrelevant. This is because of the fact that

throughout the rolling of the non-gravitating scalar field, there is no contribution of it on

the RHS of the Einstein equations. The shape of the potential and rolling of the scalar field

becomes relevant only when, by some other mechanism, it starts gravitating. If we achieve

sufficient amount of inflation before the scalar field starts gravitating then the subsequent

time dependence of the scalar field has no bearing on the model of inflation. As we shall see

below, for a specific choice of non-minimal coupling, one gets a fixed potential for the scalar

field so that it does not gravitate. It is not obvious if such a non-minimal coupling and/or

the potential can be obtained from a generic flux compactification. Nevertheless, inflation in

the theory with a non-gravitating scalar field is a novel way of by-passing the ’η-problem’

that one encounters in models of inflation with flux compactifications [239, 240].

If we are looking for a non-gravitating scalar field background, it could generically de-

pend on the spatial coordinates as well. This question was addressed recently in the

Minkowski spacetime [243] and, in this chapter, we shall obtain similar results for the

Friedmann and the Anti-de Sitter (AdS) backgrounds. As discussed in the earlier pa-

pers [243, 244], we find that the classical non-gravitating solution allows space dependent
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scalar field profile in all these cases, including the Minkowski spacetime. However, in every

case, this solution is singular, i.e. the scalar field profile diverges at some point in space

or spacetime. This singularity begs for a careful evaluation of the stress-energy tensor in

its neighborhood. We analyze the stress-energy tensor by regularizing the singular scalar

field profile and find that there is a subtle contribution to the stress-energy tensor from the

singularity. This contribution is proportional to the Dirac δ-function but with an infinite

multiplicative coefficient. Due to this contribution, the space dependent scalar field profile

actually gravitates. While this rules out non-constant solution in the Minkowski spacetime,

purely time dependent solution is an allowed class of non-gravitating solutions in the Fried-

mann background. Similarly, purely radial dependent solution can be non-gravitating in the

AdS background.

Since purely time dependent solution in the Friedmann background can be non-

gravitating, we build a hybrid inflation model by coupling the non-gravitating solution

to another scalar field χ, which is gravitating. Inflation is obtained by rolling of the non-

gravitating scalar field and is exited by rolling of the gravitating scalar field, i.e. χ. The

rolling of χ is triggered by that of the non-gravitating field. Interesting feature of this model

is that the non-gravitating scalar field starts gravitating as soon as χ starts rolling.

This chapter is organized as follows. In Sec. 6.2, we review the essential results for a non-

gravitating scalar field and its interaction potential functional in the Minkowski background

and also obtain the same in the Friedmann and the AdS backgrounds. In Sec. 6.3, we perform

the regularized stress-energy tensor calculation in the vicinity of the singularity of the scalar

field profile. We also discuss the subtleties related to the issue of finding the backreacted

metric in the presence of the non-vanishing stress-energy tensor. In Sec. 6.4, we propose a

novel model of hybrid inflation by considering another scalar field χ. Finally, in Sec. 6.5, we

summarize our results.

6.2 Non-gravitating scalar field in various backgrounds

In this section, we shall study a scalar field φ(x, t) non-minimally coupled to gravity. We

shall first summarize as to how the non-gravitating solution is obtained in the Minkowski

spacetime [243]. We shall then obtain the non-gravitating solutions in the Friedmann back-

ground as well as in the AdS background. We shall refer to the non-gravitating solution as
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a solution to the equations of motion such that the stress-energy tensor for the field φ(x, t)

evaluated on this background vanishes. It imposes constraints which are sufficient to deter-

mine the form of the classical solution as well as the potential V (φ). The equation of motion

of the field then becomes a consistency condition for the solution and the potential energy

functional.

Let us consider a self-interacting scalar field φ(x, t) that is non-minimally coupled to grav-

ity. We shall also assume the presence of the cosmological constant Λ. The action for such a

scalar field is given by

Iφ =

∫
d4x

√
−g
(
M2

P

2
(R+ 2Λ) +

1

2
φ�φ− 1

2
ξ Rφ2 − V (φ)

)
. (6.1)

The parameter ξ is a measure of non-minimality. In (3 + 1) dimensions, ξ = (1/6) leads

to conformal coupling of the scalar field to the gravity and ξ = 0 corresponds to the usual

minimal coupling. The equation of motion of the scalar field is

(� − ξ R)φ = Vφ , (6.2)

where the additional term proportional to the Ricci scalar R is a consequence of the non-

minimal coupling. The conserved stress-energy tensor is also modified due to the non-

minimal coupling and can be written as

Θµν ≡ Tµν + ξ (gµν � −∇µ∇ν + Λ gµν) φ
2, (6.3)

where Tµν is the standard stress-energy tensor for a minimally coupled scalar field and is

given by

Tµν = ∂µφ ∂νφ− gµν

(
1

2
∂αφ ∂

αφ+ V (φ)

)
. (6.4)

The expression for the stress-energy tensor Θµν in Eq. (6.3) is obtained in the following way.

We first assume that, in its original form, every component of the stress-energy tensor Θµν

vanishes. In such a case, the Einstein equations become

Gµν = Λ gµν . (6.5)

Using this equation, we arrive at the form of Θµν as given in Eq. (6.3).
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So far, we have been looking at the general features of a scalar field non-minimally cou-

pled to the gravity. Our aim is to look for a scalar field solution which does not gravitate in

a given background. The solution is obtained by first carrying out a change of variable

φ = σα, (6.6)

in the expression for the stress-energy tensor (6.3) and then writing them in terms of σ and its

derivatives. Setting every component of Θµν to zero leads to the following set of equations:

0 = Θµν

=
(2 ξ)2

(1 − 4 ξ)

φ2

σ
∇µ ∂νσ, µ 6= ν, (6.7a)

0 = gii Θtt − gtt Θii

=
(2 ξ)2

(1 − 4 ξ)

φ2

σ

[
gii∇t ∂tσ − gtt∇i ∂iσ

]
(no sum), (6.7b)

0 = Θtt

= V (φ)− (2 ξ)2 φ2

(1 − 4 ξ)σ

[
∂ρσ ∂

ρσ

2 (1 − 4 ξ) σ
−gii

3∑

i=1

∇i ∂iσ

]
− ξ φ2 Λ. (6.7c)

These equations impose constraints on σ, and are obtained after choosing α to be

α =

[
2 ξ

(4 ξ − 1)

]
, (6.8)

where ξ 6= 0 or (1/4). While the case ξ = 0 is excluded because it takes us back to the

minimally coupled scalar field theory, ξ = (1/4) can be treated separately, and it can be

shown that a non-gravitating solution exists for ξ = (1/4) as well [243]. We shall solve these

constraints in various backgrounds below.

6.2.1 The Minkowski background

Let us start with the Minkowski background. The equations (6.7a) and (6.7b) are solved in

the Minkowski background by [243]

σ(xµ) = a1 x
µxµ + pµ xµ + a2, (6.9)

and the self interacting potential is given by

V (φ) =
2 ξ2

(1 − 4 ξ)2

[
λφ(1−2ξ)/ξ + 48

(
ξ − 1

6

)
a1 φ

1/2ξ

]
, (6.10)

where λ = (pµ pµ − 4 a1 a2). We shall get back to this solution in the next section.
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6.2.2 The Friedmann background

Let us now turn our attention to the Friedmann background. The background metric in this

case is given by1

ds2 = − dt2 + a2(t)
[
dx2 + dy2 + dz2

]
, (6.11)

where a(t) is the scale factor of the spatial section of the Friedmann background. Making

use of the change of variable (6.6) and rearranging the components of the stress-energy ten-

sor (6.3) appropriately, we arrive at three independent set of expressions, all of which are set

to zero. Eq. (6.7a) imposes constraints on the profile of σ. When neither of the indices µ or ν

is equal to t, the constraints on σ are such that we can choose

σ = f(t)
[
X1(x) +X2(y) +X3(z)

]
. (6.12)

If instead, either µ or ν is equal to t, then the constraint arising from the equation (6.7a)

implies that the function f(t) is proportional to the scale factor a(t) i.e.

f(t) = c0 a(t). (6.13)

The linear combination of the diagonal components of the stress-energy tensor in Eq. (6.7b)

determines the solution completely. While on one hand, it can be used to obtain the behav-

ior of the scale factor, on the other hand, it also determines the functional forms of X1(x),

X2(y) and X3(z) up to the constants of integration. This equation also requires exponential

behavior of the scale factor. This is consistent with the Einstein equation (6.5) which can be

written in terms of the Hubble parameter H and the cosmological constant Λ as

3H2 = −Λ, a(t) = a0 exp(H t). (6.14)

Vanishing of the double spatial derivative of σ in Eq. (6.7b) implies that the functions Xi are

at most linear in their arguments for all i, as given by

X1(x) = p1 x+ c1. (6.15)

Using Eqs. (6.12)–(6.15) in the relation (6.6), we get

φ(x, t) = σ2ξ/(4ξ−1) =
[
c0 a(t)

(
pi x

i + c
)]2ξ/(4ξ−1)

, (6.16)

1We should emphasize here that, for calculational convenience, in this chapter, we shall be working with
the metric signature of (−,+,+,+).
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where, c = (c1 + c2 + c3) and pi x
i = (p1 x+ p2 y + p3 z). Using the Θtt equation (6.7c) and the

solution (6.16), the potential V (φ) can be determined to be

V (φ) =

[
2 ξ2

(4 ξ − 1)2
(5 − 24 ξ) − 3 ξ

]
H2 φ2 +

2 ξ2

(4 ξ − 1)2

(
c20

3∑

i=1

p2
i

)
φ(1−2ξ)/ξ. (6.17)

Let us first notice that, for all ξ < (1/4), the second term in the potential is dominant for

large φ, and if ξ is such that the potential V (φ) is even under φ → −φ, then the potential is

bounded from below. Since the first term is negative, for the parity symmetric cases, we have

a double well potential, as shown in the top panel of Fig. 6.1. The solution (6.16) obtained

by solving the stress-energy tensor constraints also satisfies the equation of motion for the

field (6.2). This consistency condition ensures that the stress-energy tensor is conserved in

this background. This solution diverges for large xi when ξ > (1/4) (or, α > 0), on the other

hand, for ξ < (1/4) (or, α < 0), it diverges at a point where (pi x
i + c) = 0 (as displayed

in the bottom panel of Fig. 6.1). We choose ξ in such a way that α, which is, in general, a

fraction, has an odd denominator. This ensures that at least one real solution always exists.

The classical solution φ(x, t) depends on the scale factor a(t) and when ξ < (1/4), the field

φ(x, t) is inversely proportional to a ξ dependent power of a(t). Thus, in addition to having

the space dependent profile, the amplitude of the classical solution depends on the scale

factor and decreases rapidly for ξ < (1/4) [245].

For the sake of completeness, let us consider the case of ξ = (1/4). In this case, we carry out

the similar analysis as in Ref. [243] and obtain the classical solution φ(x, t) and the potential

V (φ) exactly as

φ(x, t) = exp
[
c0 e

H t(pi x
i + c)

]
, (6.18)

V (φ) = φ2

[
3∑

i=1

(c0 pi)
2

2
− 3H2

4
− (H lnφ)2

2
− 3H2

2
lnφ

]
. (6.19)

6.2.3 The AdS background

Let us now turn our attention to the AdS background. The metric of the AdS background

can be written as

ds2 = − r2

b2
dt2 +

b2

r2
dr2 +

r2

b2
(dx2 + dy2), (6.20)
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Figure 6.1: The top figure shows the generic form of the potential for the non-gravitating
field φ in the Friedmann background, while the figure at the bottom denotes φ2, the square
of the classical solution at a fixed time.

where b is the radius of the AdS space. The conditions coming from the Θµν (µ 6= ν) can be

satisfied by choosing the following ansatz for σ:

σ = a(r)
[
f1(t) + f2(x) + f3(y)

]
. (6.21)
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The diagonal components of the stress-energy tensor then lead to

a(r) = C r, (6.22)

where C is the integration constant and

σ = C r [t+ x+ y + d] , (6.23)

with d denoting another constant of integration. The potential functional V (φ) is obtained

by solving Θtt = 0 and is given by

V (φ) = α2 b2C2 φ
(1−2 ξ)

ξ +

(
8 ξ α + 5 ξ +

α2

2

)
φ2

b2
. (6.24)

It is worth emphasizing that, this solution satisfies the equation of motion (6.2), ensuring the

conservation of the stress-energy tensor.

While we have managed to obtain non-gravitating solutions to the equations of motion in

various backgrounds, we find that all these solutions are singular. If one chooses ξ > (1/4),

then the solution diverges at infinity and if ξ < (1/4), then it diverges for some finite value

of the spacetime coordinates. This divergence in the solution has a subtle contribution to the

stress-energy tensor which we shall carefully analyze using the solution and show that the

naive conclusion of vanishing of the stress-energy tensor is flawed.

6.3 The regularized stress-energy tensor

In this section, we shall show that the naive computation of the stress-energy tensor for the

’non-gravitating’ solution in the previous section fails in the vicinity of the singularity. The

singular nature of the solution, depending on the choice of ξ, leads to either discontinuous

profile for φ or its derivative ∂µφ. Since the stress-energy tensor contains terms up to second

derivative of φ, this discontinuity can lead to a potential δ-function contribution. To analyze

this, we need to regularize the solution in the neighborhood of singularity. We shall illustrate

this method for the Minkowski background as well as for the Friedmann background, a

similar analysis carries through for the AdS spacetime. For concreteness, we shall carry out

our analysis for ξ < (1/4), but it can be easily extended to ξ > (1/4). While, in the former

case, the singularity is in the finite domain, it is at infinity for the latter case.
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6.3.1 The Minkowski background

In this case, we regularize the solution by regularizing the function σ as follows:

σ =
√

(x+ t)2 + ǫ2
√

(x− t)2 + ǫ2, (6.25)

where, for illustration, we have chosen a1 = 1, pµ = 0 and a2 = 0 in Eq. (6.9). It is evident

that as ǫ → 0, we recover the original form for σ viz. σ = (x2 − t2). Notice that, we choose

the profile for σ such that it depends only on one spatial dimension. This suffices to illustrate

our point and reinstating its full space dependence does not alter our conclusion. Using this

regularized form of σ, and therefore φ, we can write down any component of the stress-

energy tensor Θµν at an arbitrary point in the Minkowski space. The non-vanishing off-

diagonal component of Θµν is,

Θtx = −2 ξ α σ2 α

[
ǫ2

[(x+ t)2 + ǫ2]2
− ǫ2

[(x− t)2 + ǫ2]2

]
. (6.26)

At any spacetime point, where the field profile φ is finite, we can show using independent

methods that every component of the stress-energy tensor vanishes. We, therefore, need to

restrict ourselves to the neighborhood of the singularity. Taking (x+ t) ∼ ǫ and (x − t) ∼ ǫ,

we get

Θtx = −2 ξ α ǫ4 α f1

(
x

ǫ
,
t

ǫ
, ǫ

)
. (6.27)

As expected, the function f1 is such that when (x, t) ≫ ǫ, it vanishes as ǫ → 0, and when

(x, t) ∼ ǫ, f1 ∼ ǫ−2. Therefore, in the neighborhood of the singular point, i.e. when (x, t) ∼ ǫ,

we arrive at

Θtx ∼ ǫ(4 α−2). (6.28)

Since (4α− 2) is negative for ξ < (1/4), we find that the component Θtx of the stress-energy

tensor is divergent in the limit ǫ → 0. In fact, an analysis of the diagonal components of

the stress-energy tensor shows that they also diverge as ǫ(4 α−2) in the neighborhood of the

singular point. Notice that, in the limit ǫ → 0, the function f1 has δ-function support at

the location of the singularity. However, the coefficient multiplying this δ-function diverges

as we remove the regulator. This severe singular contribution to Θµν invalidates the naive

derivation of the non-gravitating solution in the previous section.
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6.3.2 The Friedmann background

The situation is not any better in the Friedmann background. We write the regularized

solution as

φ = a(t)α x (x2 + ǫ2)β. (6.29)

where β = [(α− 1)/2]. Upon substituting this regularized form of the solution in the stress-

energy tensor, we find that all the off-diagonal components of Θµν vanish identically at the

singular point. On the other hand, the diagonal components take the following form:

Θtt = a(t)2 α ǫ4 β f2

(x
ǫ

)
. (6.30)

The function f2 vanishes when x ≫ ǫ and ǫ → 0, and when x ∼ ǫ, it is constant. Therefore,

near the singular point, i.e. when x ∼ ǫ and ǫ → 0, Θtt diverges as ǫ4 β. All other diagonal

components exhibit the similar divergent behavior as

Θii = a(t)2 α+2 ǫ4 β−2 f2

(x
ǫ

)
. (6.31)

This divergence is as severe as in the case of the Minkowski background. The analysis of

the stress-energy tensor of the scalar field in the AdS background proceeds in the similar

fashion as in the Friedmann case [245].

We can now ask as to what is the backreaction of this contribution to the stress-energy

tensor on the background metric. Notice that, in the Friedmann case, the Dirac δ-function

contribution exists only for the diagonal components of the stress-energy tensor and all the

off-diagonal components continue to vanish. With this in mind, we consider the metric

ansatz for the backreacted geometry to be

gµν = diag.
[
− f1(x, t), f2(x, t), f3(x, t), f3(x, t)

]
. (6.32)

Substituting this ansatz in the Einstein equations gives us a set of coupled non-linear inho-

mogeneous partial differential equations. To make things even harder, we find that the co-

efficient of the inhomogeneous term is time dependent. In order to seek a solution, we shall

attempt a separable ansatz for the solution. We shall also look at the solution on one side of

the singularity. A similar solution on the other side of the singularity can then be matched

with the first one along with the contribution from the singularity. Since the stress-energy
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tensor vanishes away from the singularity, the RHS of the Einstein equation is proportional

to the cosmological constant term only. As an illustration, let us consider an ansatz

fi(x, t) = (c x+ d)αi gi(t). (6.33)

With this ansatz, we get one sided solution with α1 = α3 = 0 and α2 = −2 and two classes

of time dependent terms are g1(t) = c1, g2(t) = c2 e
−2t, g3(t) = c3 e

t or g1(t) = c1, g2(t) = c2 e
2t,

g3(t) = c3 e
−t, where c1, c2 and c3 are integration constants. We can now take the δ-function

contribution into account to match the solutions on either side of the singularity. Due to

the time dependent coefficient of the δ-function, we end up with inconsistent powers of the

scale factor on the right and left hand side of the Einstein equation. We therefore conclude

that the separable ansatz does not give a solution to our coupled inhomogeneous partial

differential equations. We have tried out more general separable ansatz but all of them have

suffered the same fate.

Since the vanishing of the stress-energy tensor also gives rise to coupled non-linear, but

homogeneous, partial differential equations, we can attempt to get another solution of these

equations which are not singular. This does not seem to lead to any new solution. Noticing

the fact that the scalar field profile is proportional to exp(H t), we can try a field redefinition

viz. φ = exp(ψ) and attempt to seek a solution

ψ(x, t) = A t+ f(x). (6.34)

This ansatz gives us back the singular solution. Instead of the additive ansatz, if we take

a multiplicative ansatz, i.e. ψ(x, t) = [A t f(x)], we end up with a contradiction. While one

equation demands the scale factor to be a function of time only, the other equation is satisfied

only if the scale factor has spatial dependence. Replacing (A t) in the product ansatz by any

other time dependent function does not alter the result.

6.4 The hybrid inflation model

In the previous section, we discussed that the space dependent scalar field profile fails to be

a non-gravitating solution. However, if we look at purely time dependent scalar field profile

in the Friedmann background, it does not lead to any subtle contribution to the stress-energy
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tensor. We can therefore use the space independent scalar field profile to construct a model

of inflation.

To do that, we shall couple another scalar field χ(x, t) to the model studied above. For

simplicity, we consider the minimal coupling between χ(x, t) and gravity. The additional

term in the action corresponding to the field χ(x, t) is

Iχ =

∫
d4x

√
−g

(
1

2
χ�χ− V(φ, χ)

)
, (6.35)

where V(φ, χ) is the interaction term which we choose to be

V(φ, χ) =
λ1

2

(
φ2 − φ2

0

)
χ2 + λ2 χ

4, (6.36)

where λi are positive for i = (1, 2). We define the total action to be I = Iφ + Iχ. We can now

justify the cosmological constant term in Iφ by interpreting it as the value of the potential V
at χ = 0. This essentially amounts to redefining the value of V at χ = 0. For the model to

be studied here, we shall choose ξ < (1/4) and therefore, in this case, the magnitude of the

classical solution φ(x, t) decreases as a function of time as the scale factor a(t) grows.

For a fixed value of φ0, it is easy to see from the potential (6.36), that we have two regimes

corresponding to φ > φ0 and φ < φ0. As we discussed in the previous section, the space de-

pendent profile for φ is singular and it gives rise to a subtle contribution to the stress-energy

tensor. The space dependent solution (6.16) therefore, is not a bona fide non-gravitating

solution. Purely time dependent configuration for φ, however, does not suffer from this

problem and is a legitimate non-gravitating field configuration. For φ > φ0, the potential

for the field χ has a unique minimum at χ = 0 and in this case, the field φ does not gravi-

tate. The exponential growth of scale factor is then determined solely by the cosmological

constant Λ = 〈V〉χ=0 and the rate at which the field φ is rolling is irrelevant. In particular,

the slow roll parameters determined from the potential V (φ) have no bearing on the nature

of the inflation as φ(x, t) is non-gravitating in this domain. This situation continues until

φ(x, t0) = φ0 at some time t = t0. For all subsequent times after t0, we are in a situation

where φ < φ0. A sufficient amount of inflation can be obtained by adjusting initial value

of φ.

Once φ < φ0, the field χ develops a tachyonic instability at χ = 0. This instability makes

χ roll towards the true minimum. The rolling of χ affects exponential growth of the scale
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factor. This is because of the fact that two new terms are generated due to rolling of the

field χ. First of all, rolling of χ brings in Iχ into the picture, i.e. the field χ contributes to

the stress-energy tensor and consequently to the RHS of the Einstein equations. Secondly,

the non-zero vacuum expectation value of χ changes the potential V (φ) by adding a φ2 term

which modifies the mass of φ. Due to this additional term, the field φ ceases to be a non-

gravitating field and starts contributing to the RHS of the Einstein equations. The first term

is identical to the scalar field in the hybrid inflation models, which is responsible for the

exit from the inflationary regime. It would be really interesting to study the predictions of

this model further and check its validity against currently available data from various CMB

observations [18, 19, 246].

6.4.1 Conformal transformation

It is known for some time that, the action of the scalar field non-minimally coupled to gravity

can be brought into the canonical minimally coupled form by conformal transformation (in

this context, see, for instance, Ref. [247]). Consider the action

S =

∫
d4x

√
−g
[
Ω2M2

P

2
R− 1

2
gµν ∂µφ ∂νφ− V (φ)

]
, (6.37)

where Ω2 =
(
1 −M−2

P
ξ φ2

)
. From this action, a minimally coupled scalar field theory can be

obtained by doing the conformal transformation as

Ω2 gµν = g̃µν , (6.38)

and followed by a redefinition of the scalar field as

dφ̃ =
[1 −M−2

P
ξ (1 − 6 ξ)φ2]1/2

Ω2
dφ . (6.39)

The new action written in terms of φ̃ with the potential energy functional

Ṽ (φ̃) =
V (φ)

Ω4
, (6.40)
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is minimally coupled to gravity. The equation (6.39) can be integrated to write φ̃ as a function

of φ as

(
φ̃

M
P

)
=

1√
2 ξ

[
2
√

3 ξ tanh−1




√
6 ξ (φ/M

P
)√

1 − ξ (1 − 6 ξ) (φ/M
P
)2




−
√

2 ξ(−1 + 6 ξ) sinh−1
(√

ξ (−1 + 6 ξ) (φ/M
P
)
)]
. (6.41)

Substituting this redefinition in the action gives rise to a rather complicated potential en-

ergy functional. Nevertheless, in principle, it is possible to obtain non-gravitating scalar

field background even in the minimally coupled case. This result holds for all backgrounds

including the Minkowski space [243]. Clearly, the non-minimally coupled situation is much

easier to deal with.

In case of the hybrid inflation model, we have an added complication in the minimally

coupled situation. This is due to the fact that the conformal transformation which relates

the non-minimally coupled theory to the minimally coupled one shows up in front of the

kinetic energy term of χ as well as the potential energy term. The action for χ then becomes

Lχ = −Ω−2 g̃µν ∂µχ∂νχ− Ω−4 V(φ̃, χ). (6.42)

Since Ω is field dependent, it generates a non-trivial metric in the field space. Therefore,

in this context, it is not advisable to work in the frame when the scalar field is minimally

coupled to gravity.

6.5 Discussion and summary

In this chapter, we have considered a novel model for inflation with a non-minimally cou-

pled non-gravitating scalar field. We find that the naive non-gravitating classical solution for

the scalar field has space dependent profile which turns out to be singular. This singular-

ity gives rise to a subtle but divergent contribution to the stress-energy tensor of the scalar

field. Due to this contribution, the space dependent profile of the scalar field fails to be a

non-gravitating solution. The divergent contribution to the stress-energy tensor has a delta

function support at the location of the singularity of the classical solution. The divergence
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turns out to be more severe than just the delta function because for any α 6= 0, the coeffi-

cient multiplying the delta function also diverges. This problem is not specific only to the

space dependent profile of the scalar field in the Friedmann universe. This problem exists

for solutions in the Minkowski and the AdS backgrounds as well. We had attempted to de-

termine the backreaction of this divergent contribution on the geometry. This gives rise to

a set of coupled inhomogeneous non-linear partial differential equations. Several obvious

and not-so-obvious ansatz fail to solve these equations.

Space independent profile for φ, however, does retain the non-gravitating property. We

used this fact to write down a hybrid inflation model by coupling φ to another scalar field χ.

Utility of this model is in the non-gravitating nature of the scalar field φ. Due to this prop-

erty, inflation is completely driven by the cosmological constant, which is the value of the

potential V(φ, χ) at χ = 0. The expansion of the universe is independent of how φ rolls down

and enters into the gravitating regime. Therefore, the value of the slow roll parameters is

of little consequence. Although, after a conformal transformation, a non-minimally coupled

scalar field can be brought into a minimally coupled form, we show that such a field redef-

inition is not very convenient. It is, in fact, more efficient to work with the non-minimal

coupling.

Space dependent profiles for the inflaton have been considered earlier in the context of

inflation as they lead to the formation of the topological defects (in this context, see, for

instance, Refs. [235, 246] and references therein). We had strived to provide an alternative

scenario wherein the inhomogeneities are generated by the classical field configuration of

a non-gravitating scalar field. However, the proposal could not succeed as the inhomoge-

neous scalar field turned out to be gravitating and it may be worth exploring further in this

direction. Nevertheless, our approach is novel in the fact that, unlike in all other models

of inflation, the homogeneous part of the inflaton does not gravitate during the inflationary

regime.
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Chapter 7

Summary and outlook

This thesis work was aimed at studying certain issues related to the origin and evolution of

cosmological perturbations during inflation and reheating, and the resulting signatures on

the CMB. In what follows, we shall rapidly summarize the results obtained in this thesis and

shall also briefly discuss a couple of problems that we believe require immediate attention.

7.1 Summary

We began with a brief overview of inflationary cosmology in the introductory chapter. In

chapter 2, we had shown that the amplitude of the curvature perturbations induced by the

tachyon can be enhanced or suppressed at super-Hubble scales if there exists a period of de-

viation from slow roll inflation. We had illustrated that the growth of the intrinsic entropy

perturbation associated with the tachyon in the fast roll regime turns out to be responsi-

ble for the change in the amplitude of the curvature perturbations. We had shown that the

power spectrum of the curvature perturbations evaluated in the long wavelength approxi-

mation matches the exact spectrum obtained numerically very well. Towards the end, we

had discussed two simple analytical examples wherein the amplitude of the curvature per-

turbations induced by the canonical scalar field is enhanced at super-Hubble scales. We had

also obtained the power spectrum evaluated analytically for these cases.

In chapter 3, we had investigated inflationary scenarios driven by a class of potentials that

are similar in shape to certain MSSM potentials. We had discovered that these potentials lead

to ’punctuated inflation’, i.e. a scenario wherein a brief period of deviation from inflation

is sandwiched between two stages of slow roll inflation. We had shown that punctuated
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inflation leads to a step like feature in the scalar power spectrum. We had performed a

Markov Chain Monte Carlo analysis to determine the values of the model parameters that

provide the best fit to the recent WMAP 5-year data for the CMB angular power spectrum.

We had found that an inflationary spectrum with a suppression of power at large scales with

certain additional features leads to a much better fit of the observed data when compared to

the best fit concordant model.

In chapter 4, we had studied the effects of punctuated inflation on the tensor power spec-

trum. We had illustrated that, in punctuated inflation, a drop in the scalar power on large

scales is always accompanied by a rise in the tensor power and, hence, an even more pro-

nounced increase in the tensor-to-scalar ratio on these scales. We had found that, in the ex-

amples from the canonical scalar field as well as the tachyonic inflationary models that we

had considered, the tensor-to-scalar ratio actually exceeds well beyond unity over a small

range of scales. We had also shown that such a rise in tensor-to-scalar ratio on large scales

translates to a rapid increase in the angular power spectrum, CBB
ℓ , of the B-mode polariza-

tion of the CMB at the low multipoles. However, the enhanced CBB
ℓ is not at an observable

level. We had highlighted the essential requirements for constructing a model of punctu-

ated inflation that leads to lower power in the scalar power spectrum on large scales and

also observable levels of CBB
ℓ .

In chapter 5, we had investigated the problem of perturbative reheating and its effects

on the evolution of the curvature perturbations in tachyonic inflationary model. We had

shown that the transition from tachyon driven inflation to the radiation dominated epoch

does not alter the amplitude of the total curvature perturbation of the system when the rate

describing the decay of the inflaton into radiation is either a constant, or a function of the

tachyon. We had also illustrated that, while the intrinsic entropy perturbation associated

with the tachyon and the relative non-adiabatic pressure perturbation between the tachyon

and radiation decay in a similar fashion before the transition to the radiation dominated

epoch, the relative non-adiabatic pressure perturbation dies down extremely rapidly after

the transition during the early stages of the radiation dominated epoch. We had discussed

that it is these behavior which ensure that the amplitude of the curvature perturbations

remain unaffected during reheating. We had also presented the corresponding results for

the case of the canonical scalar field model.
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In chapter 6, with the aim of providing another possible mechanism for the generation

of perturbations, we had considered the behavior of an inhomogeneous, interacting, scalar

field that is coupled non-minimally to gravity in the Friedmann background. For a specific

choice of the interaction terms, we had found that the scalar field does not gravitate. We

had noticed that the naive space dependent solution to the equations of motion leads to a

singular field profile and, as a result, it gives a subtle contribution to the stress-energy tensor

of the scalar field. We had illustrated that the emergence of the space dependent singular

field profile is not specific to the Friedmann universe but it exists in the Minkowski and the

AdS backgrounds as well. We had also studied the hybrid inflation scenario in this model

when a purely time dependent non-gravitating field is coupled to another scalar field.

7.2 Outlook

In what follows, we shall describe a few problems that are a natural outcome of the issues

related to inflation, reheating, and the CMB studied in this thesis.

Generating features in the primordial spectrum in tachyonic inflationary models

As we have repeatedly mentioned, while a power law inflationary perturbation spectrum

fits the recent CMB data quite well, there exist a few data points which lie outside the cosmic

variance. While the outlier at the quadrupole (ℓ = 2) has cornered most of the attention,

there exist (at least) two more outliers near ℓ = 22 and 40, which have not been studied in

equal measure [128, 162]. It will be interesting to construct examples of inflationary models

involving non-canonical scalar fields (such as, say, a tachyon, or the DBI field) that result in

features in the primordial spectrum and can possibly provide a better fit to the CMB data at

the low multipoles.

Deviations from slow roll inflation and non-Gaussianities

It is well known that models of inflation driven by single, slowly rolling, canonical scalar

fields generically predict a negligible amount of primordial non-Gaussianity (see, for in-

stance, Ref. [248]). On the other hand, a re-analysis of the WMAP 3-year data seems to

indicate a fairly large amount of non-Gaussianity [249]. A recent analysis of the WMAP 5-

year data has also provided seemingly strong evidence for large non-Gaussianity [250, 251].
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It has been noticed that periods of deviation from slow roll inflation that lead to features

in the perturbation spectrum (so as to fit the CMB outliers) can also result in sufficiently

large non-Gaussianities [252]. With more accurate measurements of the CMB anisotropies

by forthcoming missions, such as PLANCK [197], non-Gaussianity will soon become a pow-

erful tool to constrain inflationary models. In such a situation, it becomes important to con-

struct better motivated and more natural inflationary potentials (both in canonical and non-

canonical models of scalar fields) that generate features in the primordial spectrum while at

the same time lead to larger non-Gaussianities.

Effects of reheating on curvature perturbations in warm inflationary scenarios

Warm inflationary scenarios consist of situations wherein the inflaton decays into radiation

even during the inflationary epoch (see, for example, Ref. [253]). Such an effect is typically

produced by explicitly coupling the inflaton to radiation as is done, for example, in achiev-

ing reheating in the cold inflationary scenario. It will be interesting to examine whether

there can be a non-trivial evolution of the super-Hubble perturbations in warm inflationary

scenarios, in particular, in the strong dissipative regime [254, 255].

Primordial black hole formation

While the scalar power spectrum is well constrained on cosmological scales by observations

of the CMB anisotropies, the power spectrum at small scales can only be constrained by the-

oretical arguments essentially involving the formation and evaporation of primordial black

holes (see, for example, Refs. [256]). Since a nearly scale invariant power spectrum fits the

CMB data fairly well, inflation needs to be of the slow roll type when the cosmological scales

leave the Hubble radius. However, there can be later periods of deviation from slow roll in-

flation, which can affect the extent of formation of primordial black holes. It will be worth-

while to systematically examine the effects of such deviations from slow roll inflation on the

abundance of primordial black holes and the asymptotic, small scale, index of the pertur-

bation spectrum [219]. In particular, it will be interesting to study the non-Gaussian effects

due to the higher order interactions on the abundance of the primordial black holes [221].

We intend to study these issues in the near future.
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