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1. A very useful variant of the Baker-Campbell-Hausdorff formula is the fol-
lowing operator identity. Let A and B be two operators, and λ a scalar.
Then

eλA B e−λA = B+λ [A , B] +
λ2

2!

[
A , [A , B]

]
+

λ3

3!

[
A ,

[
A , [A , B]

] ]
+ · · ·

(a) Verify this identity up to order λ3 by explicitly working out the LHS
up to this order in λ.

(b) Using the formula, show that

eλA eB e−λA = exp

{
B+λ [A , B]+

λ2

2!

[
A , [A , B]

]
+
λ3

3!

[
A ,

[
A , [A , B]

] ]
+· · ·

}
.

2. Consider a one dimensional harmonic oscillator where |φn〉 are the energy
eigenstates. The operator U(k) is defined by:

Û(k) = eikX̂

where k is real.

(a) Is Û(k) unitary?

(b) Show that for all n the matrix elements of Û satisfy:

∑

n′

|〈φn|U(k)|φn′〉|2 = 1

(c) Express U(k) in terms of â and â †. Using the following relation:

eAeB = eA+Be[A,B]/2

where A and B are operators obtain Û(k) in the form of a product of
exponential operators.

(d) Establish the relations:
eλâ|φ0〉 = |φ0〉

〈φn|eλâ
† |φ0〉 =

λn

√
n!

where λ is an arbitrary complex parameter.
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(e) Find: 〈φ0|Û(k)|φn〉

3. The evolution operator Û(t, 0) of a one dimensional harmonic oscillator is
written as:

Û(t, 0) = e−iĤt/~

where Ĥ = ~ω

(
â †â+

1

2

)
.

(a) Consider the operators:

ã(t) = U †(t, 0)aU(t, 0)

ã †(t) = U †(t, 0)a†U(t, 0)

By calculating their action on the eigenkets |φn〉 of Ĥ , find the expres-
sion for ã(t) and ã †(t) in terms of a and a†.

(b) Calculate the operators X̃(t) and P̃ (t) obtained from X and P by the
unitary transformation:

X̃(t) = U †(t, 0)XU(t, 0)

P̃ (t) = U †(t, 0)PU(t, 0)

(c) Show that U(
π

2ω
, 0)|x〉 is an eigenvector of P and determine its eigen-

value. Similarly show that U †(
π

2ω
, 0)|p〉 is an eigenvector of X .

4. Anisotropic HO: In a three dimensional problem, consider a particle of
mass m and of potential energy:

V (X, Y, Z) =
mω2

2

[(
1 +

2λ

3

)
(X2 + Y 2) +

(
1− 4λ

3

)
Z2

]

where ω and λ are constants which satisfy: ω ≥ 0 and 0 ≤ λ < 3/4.

(a) What are the eigenstates of the Hamiltonian and the corresponding
energies?

(b) Discuss for λ = 0, λ = 1/2, the energy eigenvalues and the degenera-
cies of the ground state and the first two excited states. Is Parity a
good quantum number? If so, what happens to Parity as a function
of λ?
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