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Motivation

• Summing up closed-string instantons Mor-

rison – Plesser summed up closed-string in-

stantons in the A-twisted topological ver-

sion of the gauged linear sigma model(GLSM).

Can one carry over these methods to the

open-string case?

Issues: Need to construct a GLSM for A-

branes first.

• Extended Mirror Symmetry Mirror symme-

try in its extended form includes D-branes

on both sides. For the closed string case

– the contributions of closed-string instan-

tons is naturally summed up in the mirror

where the classical computation is exact.

The instanton expansion then arises from

the change of variables called the closed

string mirror map.

Is there an analogous open-string mirror

map?
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• Open-Closed Duality Gopakumar – Vafa

proposed a duality between SU(N)k Chern-

Simons gauge theory on S3 [obtained as

the worldvolume (topological) theory of N

D3-branes wrapping S3 of the deformed

conifold] and the closed topological string

on the resolved conifold. One can show

that the CS partition function can be writ-

ten as in the large-N ’t Hooft expansion

gs = 2πi/(k+N) and t = 2πiN/(k+N)

ZCS(S
3) = exp




∞∑

g=0

g2g−2
s Fg(t)




Fg(t) – the g-loop string amplitude on the

resolved conifold with Kähler modulus t.

F0(t) = P3(t) +
∞∑

n=1

qn

n3
, q = e−t
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Ooguri – Vafa generalised this correspondence

for knot invariants.
N D3−branes

wrapping S3

another sL intersecting

S  in a loop 

γ
γ3

The CS partition function can be rewritten

exp


∑

g,h

(gs)
2g−2+hFg,h(s, t)




s is the holonomy of the gauge field on sL

and Fg,h is the string amplitude on the resolved

conifold. In particular,

Fdisc = F0,1 =
∞∑

n=1

∑

m,k

dk,m

n2
qnksmn
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There are strong integrality conditions on the

dk,m.



M

S2

holomorphic maps

L

D

winding number 
m

holomorphic maps

instanton number k

instanton number k

5



DOUBLING

COMPACTIFICATION

GETTING CLOSED OBJECTS FROM A DISC

S

S

S

2

2

3

ONE−POINT

CIRCLE FIBRATION
(Aganagic−Vafa; Mayr)

(SG−Jayaraman−Sarkar)

(Katz−Liu)

M−theory lift
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Plan

• Motivation

• A-branes in Cn and non-compact Calabi-

Yau threefolds

• A gauged linear sigma model (GLSM) with

boundary for A-branes

• The topological A-model and the open-

string instanton moduli space

• Finding the open-string mirror map and the

superpotential

• Conclusion and Outlook
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Special Lagrangian submanifolds of Cn

Harvey-Lawson; Aganagic-Vafa

ω ≡ i
∑

i

dzi ∧ dz̄i
︸ ︷︷ ︸

Kahler form

and Ω = dz1 ∧ dz2 ∧ · · · ∧ dzn︸ ︷︷ ︸
hol. (n,0) form

Consider the submanifold L given by

n∑

i=1

qαi |φi|2 = cα α = 1, . . . , r

n∑

i=1

viβθi = 0 β = 1, . . . , (n− r)

L is Lagrangian (ω|L = 0) if
∑

i

qαi v
i
β = 0

and special Lagrangian (ImΩ|L or ReΩ|L = 0)

when one of the angle conditions is
∑
i θi = 0

which implies
∑

i

qαi = 0

.
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A-branes in C2

Consider the submanifold L given by

|φ1|2 − |φ2|2 = c1 and θ1 + θ2 = 0 .

1. When c1 6= 0, L is a non-compact manifold

with boundary – it is the circle of radius√
c1 when φ2 = 0. The boundary can be

removed by doubling i.e., by including θ1+

θ2 = π. The topology of L is R × S1.

2. When c1 = 0, there is no boundary and the

topology of L is R+ × S1.
φ =0

φ =0

2

1

Doublingrequired

Doubling not

required
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Non-compact CY3s in the GLSM

Ingredients:

• (n− 3) U(1) Vector Multiplets:

Va = (vaµ, σ
a, σ̄a, λa±, λ̄

a
±, D

a)

The field strengths are part of twisted chi-

ral multiplets:

Σa = (σa, λa±, D
a + iva01)

• n Chiral Multiplets with charges Qai :

Φi = (φi, ψ±, ψ̄±, Fi)

• The “Calabi-Yau condition”:
∑
iQ

a
i = 0
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The bosonic potential is

U =
1

2

∑

a

(Da)2

e2
+
∑

i

|Fi|2

+2
∑

a,b

σaσb
∑

i

QaiQ
b
i |φi|2

We will consider examples where there is no

superpotential and thus Fi = 0.

Further, let us assume that the F.I. parameters

ra are such that σa = 0 at the minimum of the

potential.

Thus, the ground state is given by φi subject

to the D-term condition(s)
∑

i

Qai |φi|2 = ra

modulo the gauge invariances. Equivalently,

the space of ground states is given by the

Kähler quotient : Cn/(C∗)n−3
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Two examples of non-compact CY3’s

1. Consider four fields with charges (1,1,−1,−1).

The D-term constraint is

|φ1|2 + |φ2|2 − |φ3|2 − |φ4|2 = r

For r > 0, the fields φ3 and φ4 with nega-

tive U(1) charge become (sections of) line

bundles O(−1) on a P1. The minimal P1 is

given by φ3 = φ4 = 0. The toric skeleton

is

minimal P1

φ =0
3

4φ =0

φ =0
φ =0

1
2
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2. Consider four fields with charges (1,1,1,−3).

The D-term constraint is

|φ1|2 + |φ2|2 + |φ3|2 − 3|φ4|2 = r

For r > 0, the field φ4 with negative U(1)

charge become a (section of a) line bundle

O(−3) on a P2. The minimal P2 is given

by φ4 = 0. The toric skeleton is

φ = 0

φ = 0

φ = 0

φ = 01

4

2

3
shaded area =

minimal P2





sL submanifolds for non-compact CY3s

• First, construct sL for Cn. Compatibility

with the Kähler quotient implies that we

must choose (n − 3) of the conditions to

be the D-term constraints.

• The U(1) invariance of the conditions on

phases (given by vβ) is
∑
iQ

a
i v
i
β = 0. This

is the same as the Lagrangian condition!

• The CY condition
∑
iQ

a
i = 0 is identical to

the sL condition.
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Consider the second example: O(−3) on P2 –

Consider the following sL submanfolds:

q1 = (1,0,0,−1) |φ1|2 − |φ4|2 = c1

q2 = (0,1,0,−1) |φ2|2 − |φ4|2 = c2

v = (1,1,1,1)
∑

i

θi = 0

For generic values of c1 and c2, one needs

to double to obtain an sL without boundary.

However, there are three phases where no dou-

bling is necessary and the topology of the sL

is C × S1.

Phase I c2 = 0 0 < c1 < r

Phase II c1 = 0 0 < c2 < r

Phase III c1 = c2 c1 < 0

c1 is the area of a minimal disc whose bound-

ary ends on the sL in phase I.
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φ = 0

φ = 0

φ = 0

φ = 01

4

2

3

Phase I
Phase II

Phase III

minimal disc



The sL as b.c.’s in the GLSM w/ boundary

We work on a worldsheet with coordinates (x0, x1)
and boundary (at x1 = 0) preserving A-type
supersymmetry. The boundary superspace has
coordinates: (x0, θ, θ̄) with D̄ = −∂/∂θ̄+ iθ∂0.

We add complex boundary multiplets

Uα = uα + θυα − θ̄ξα + θθ̄(D′
α + iRα)

subject to a gauge-invariance

Uα → Uα + Lα

Im logΦ′
i → Im logΦ′

i + qαi

(
Lα + L̄α

2

)
.

where Lα are chiral superfields(D̄Lα = 0).
This gauge-invariance identifies Re (uα) with
the ‘angle’ conjugate to the b.c. given by qα.
Rα transforms like a gauge field.

The gauge-invariant ‘field-strength’ is given by
a fermi multiplet

Ξα ≡ D̄Uα = ξα + θ[D′
α + i(Rα + ∂0uα)]
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The boundary action is given by the sum of

three terms: S1 – the boundary-bulk interac-

tion, S2 – the boundary K.E. and S3 – the

boundary F.I. term.

S1 =

∫
dx0d2θ


∑

i

qαi Φ̄
′
iΦ

′
i


×

×


(
Uα + Ūα

2

)
−
∑

j

q̃jαIm logΦ′
j




S2 = − 1

2e2b

∫
dx0d2θ Ξ̄αΞα

S3 = −Re

(
wα

∫
dx0dθ Ξα

)

= −
∫
dx0

(
cαD′

α − θα

2π
(Rα + ∂0uα)

)

where wα = cα + iθ
α

2π is a complex parameter.

D′
α is an auxiliary field and its eqn. of motion

is

−D
′
α

e2b
=
∑

i

qαi |φi|2 − cα

16



The topological GLSM w/ boundary

We Wick rotate the worldsheet to an Euclidean

one: x0 → −ix2, R → iR. The worldsheet is

now topologically a disc D with its boundary

∂D a circle.

The bulk theta term in the non-linear sigma

model is related to the B-field. The complex

combination ta = ra − iθ/2π is thus related to

the complexification of the Kähler class.

The boundary theta term also complexifies cα

(the size of a minimal disc) in a similar fashion

to wα = cα − iθα/2π. In the non-linear sigma

model, it is related to Wilson lines on compact

one-cycles of the sL.

The integers na ≡ − ∫
D d

2x va12/2π and

mα ≡ − ∫
∂D dx2(Rα + ∂2uα) are the first Chern

class of the bulk gauge field and the winding

number of the boundary gauge field Rα respec-

tively.
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The localisation eqns for the bulk fields are:

(D1 + iD2)φi = 0

Da + va12 = 0

σa = 0

The localisation eqns for the bdry fields are:

D′
α + (Rα + ∂2uα) = 0

ξα = 0

The path-integral of the topological theory re-

duces to a finite-dimensional integral over the

moduli space of solutions of the above equa-

tions modulo gauge invariances – bulk and bound-

ary.

In nice (stable) situations, this moduli space

is equivalent to the moduli space of the eqn.

(D1 + iD2)φi = 0 modulo complexified gauge

transformations for the bulk D-terms and scal-

ings for the boundary D-terms.
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The Instanton moduli space

Closed-string case

The localisation equations imply that φi are

holomorphic sections of O(ni ≡
∑
aQ

a
ina). This

implies that whenever ni < 0, φi = 0 since

line bundles of negative degree do not admit

holomorphic solutions. Holomorphic line bun-

dles of positive degree ni can be written as

(z = x1 + ix2)

φi(z) =
ni∑

j=0

φi,jz
j

Thus, the moduli space is the space of φi,j
modulo complex gauge transformations.

In the two examples that we considered, when

the F.I. parameter r � 0, then one requires

n ≥ 0 and for r � 0, n ≤ 0.
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Open-string case

When the disc is very large, one can treat

it as the complex plane. Stability imposes

some conditions on how this is done. The

only changes one needs to do is to let ni =
∑
aQ

a
ina+

∑
α q

α
i mα. The instanton moduli space

is now the φi,j modulo complex gauge transfor-

mations for the bulk D-terms and real scalings

for the boundary D-terms.

In the n = m = 0 sector, the moduli space is

the sL manifold (as expected).

It looks as if we can treat the boundary and

the bulk conditions on a equal footing in the

topological theory.

The next step would be to compute the parti-

tion function on the disc. But ...
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The closed-string mirror map

The genus-zero partition function F0(t) can be

computed in the topological GLSM by sum-

ming up the contributions from all instanton

sectors.

F0(t) =
∑

n
(· · ·)e−nt

where (· · ·) refers to the result from the cor-

relation function in the sector with instanton

number n.

However, these are not the coordinates for which

one has integrality predictions. The change of

variable is the closed-string mirror map. It in-

cludes the relevant quantum corrections and

takes the form

t̂ = t+ constant + instanton corrections
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The GKZ differential equation

The closed string mirror map as well as the par-

tition function are obtained from solutions (pe-

riods) of the following differential equations,

the GKZ system:

LQa π̃(a) = 0

LQa =
∏

Qai>0

(
∂

∂ai

)Qai
−

∏

Qai<0

(
∂

∂ai

)−Qai

There are too many variables in the above

equation. Instead let the periods be functions

of the variables (algebraic coordinates)

za =
∏

i

(ai)
Qai .

These are to be identified with e−ta. This

leads to a system of differential equations sat-

isfied by the periods associated with three-

cycles on the mirror.
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The solutions of interest near z → 0 are

1. The non-singular solution – π0(z)

2. Those with logarithmic behaviour as z → 0

– π1(z).

3. Those that behave as (log z)2 as z → 0 –

π2(t).

The closed string mirror map is given by the

identification

t̂ = π1/π0

and the free-energy is given by

∂t̂F0 = π2/π0 .
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For the case of O(−3) on P2, one has

z = a1a2a3/(a4)
3 and the differential equation

(θz = z∂z)
[
Θ3
z + z(3Θz + 2)(3Θz + 1)3Θz

]
π = 0

The basic solutions are

π0 = 1

π1 = log z +
∞∑

n=1

(−)n
3n!

(n!)3
zn

n

π2 =
1

2
π2
1 + C2

+
∞∑

n=1

(−)n
3n!

(n!)3


−1

n
+

3n∑

j=n+1

1

j


 z

n

n

where C =
∑∞
n=1(−)n 3n!

(n!)3
zn

n .

The closed-string mirror map is [q = exp(−t̂)]

z = q + 6q2 + 9q3 + 56q4 − 300q5 + · · ·
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The GKZ diff eqn for open-string moduli

We saw that it made sense to think of the

boundary and bulk D-terms on par. This sug-

gests adding the following differential opera-

tors to the bulk GKZ system:

Lqα =
∏

qαi >0

(
∂

∂ai

)qαi
−

∏

qαi <0

(
∂

∂αi

)−qαi

The open-string moduli are then given by

sα =
∏

i

(ai)
qαi .

For instance, in phase I for the O(−3) on P2

example, the GKZ equation becomes

Θ2

z(Θz + Θs) + z
2∏

i=0

(3Θz + Θs + i)


π = 0

[(Θz + Θs) + s(3Θz + Θs)] π = 0
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Identifying the solutions of interest

Following Aganagic, Klemm and Vafa, we choose

a solution with the property

ŵ = log s+ ∆(~z)

for the open-string mirror map i.e., the quan-

tum corrections are only functions of close-

string moduli.

The above ansatz is not compatible with Lq
since ∆ is not a function of s.

Require that it be a solution of LQ – the ex-

tension of the bulk GKZ by the open-string

moduli.

26



The solution associated with the superpoten-

tial is obtained by an ansatz of the form

∂ŵW (ŵ) =
∑

~k,m

a(~k,m) z
~ksm

such that

• the zero instanton contribution vanish i.e.,

a(0,0) = 0

• The only non-zero contributions come from

sectors with allowed instanton and winding

numbers.

• It should solve the full set of boundary GKZ

differential equations.
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Does this method work?

For phase I of O(−3) on P2, the open-string

mirror map is

s = −ŝ(1+2q−q2+20q3−177q4+1980q5+· · ·)

where ŝ = e−ŵ; s = e−w and q = e−t̂.

The superpotential is given by The solution is

given by

∂ŵW =
∞∑

k=0

∞∑

m=−k

(−1)k+mΓ(3k+m)

Γ(k+m+ 1)Γ(k+ 1)2
zksm

One needs to implement the change of vari-

ables (z, s) → (q, ŝ) to verify the integrality

properties.
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One has

∂ŵW =
∑

k,m,n

m

n
dk,m

(
qkŝm

)n
.

The folowing table lists the degeneracies dk,m
of disc instantons.

m\k 0 1 2 3 4 5

−5 0 0 0 0 0 5
−4 0 0 0 0 −2 28
−3 0 0 0 1 −10 102
−2 0 0 −1 4 −32 326
−1 0 1 −2 12 −104 1085
1 1 −1 5 −40 399 −4524
2 0 −1 7 −61 648 −7661
3 0 −1 9 −93 1070 −13257
4 0 −1 12 −140 1750 −22955
5 0 −1 15 −206 2821 −39315
6 0 −1 19 −296 4450 −66213
7 0 −1 23 −416 6868 −109367

This agrees with the results of Aganagic, Klemm

and Vafa.
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