Quantum Dissipation through Path-Integrals

A Project Report

submitted by

ADITYA ARAVIND
EP05B001

in partial fulfilment of the requirements

for the award of the degree of

BACHELOR OF TECHNOLOGY
in
ENGINEERING PHYSICS
Under the guidance of

Dr. Suresh Govindarajan

oF TEc,,,
S Wy

(& ’)

0"“ IN;,/’

Q
AN
¥,
Yayw 12°

7,

=

DEPARTMENT OF PHYSICS
INDIAN INSTITUTE OF TECHNOLOGY MADRAS, CHENNAI

May 2009



THESIS CERTIFICATE

This is to certify that the dissertation titled Quantum Dissipation through Path-Integrals,
submitted by Aditya Aravind (EPO5SB001), to the Indian Institute of Technology Madras,
Chennai in partial fulfillment for the award of the degree of Bachelor of Technology

in Engineering Physics, is a bona fide record of the research work done by him under
the supervision of Dr. Suresh Govindarajan during the academic year 2008-09. The
contents of this dissertation, in full or in parts, have not been submitted to any other

Institute or University for the award of any degree or diploma.

Dr. Suresh Govindarajan
Research Guide

Associate Professor

Dept. of Physics
II'T-Madras, 600 036

Place: Chennai

Date: 12th May 2009



ACKNOWLEDGEMENTS

First and formost, I would like to thank my guide Dr. Suresh Govindarajan for guiding
me thoughtfully and efficiently through this project, giving me an opportunity to work
at my own pace along my own lines, while providing me with very useful directions

whenever necessary.

I would also like to thank my friends Rajendra, Nirmal, Priyanka, Janani and Aashish
for being great sources of motivation and for providing encouragement throughout the

length of this project.

I offer my sincere thanks to all other persons who knowingly or unknowingly helped

me complete this project.



ABSTRACT

In this project, the path-integral formulation of quantum mechanics has been studied
and the time transition amplitudes for the wave functions of some simple systems have
been reproduced. Further, the efficacy of the path-integral approach in dealing with
various dissipative quantum systems has been studied. Effective action has been ob-
tained through path-integration for the Caldeira-Leggett model, interacting harmonic

oscillator model, and also for a black-hole thermalization model.

Apart from these, the technique of partial Legendre transformation has been applied
to the interacting oscillator system and the applicability of the technique in various

situations has been discussed.
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CHAPTER 1

Path Integrals

1.1 Path-Integral Formulation of Quantum Mechanics

Modern quantum mechanics began through two dissimilar, yet mathematically equiv-
alent approaches, the Schroedinger (differential equation) formulation and the Heisen-
berg (matrix algebra) formulation. A third formulation of (non-relativistic) quantum
mechanics, the ‘Space-Time approach’, (also called the Path-Integral formulation), was
described by Richard Feynman in 1948 (1). While being mathematically equivalent to
the two earlier approaches, this formulation provides a new way of looking at quantum

phenomena and also has certain advantages.

In the path-integral approach, the essential idea involved is that for a motion which is
completely specified as a function of time, there exists a specific probability amplitude.
For example, we can consider a quantum particle that moves from point A to point B.
For each specific path that the particle can take to go from A to B, there exists a certain
‘probability amplitude’, which is a complex number. The actual probability amplitude
of the particle going from A to B will be the sum (integral, in the continuum limit) of
probability amplitudes associated with all these paths, by the principle of superposition.
The actual probability will be the square of the modulus of this sum (which is a complex

number).

The approach brings out a difference between the way probabilities are calculated
in classical and quantum mechanics. In the classical case, suppose we make three
successive measurements of a moving particle, A, B and C', and these measurements
yeild results a, bc respectively. Let P,;, be a conditional probability that if A yields a, B
would yield 0. Similarly, P, P,. are corresponding conditional probabilities involving

C yeilding a result c. If P, is the probability of measurement result a leading to result



b leading to result ¢, then we have the following result
Pabc = abpbc .

If A yields result a, and C' yields c, the we expect B to have yielded some value within

the allowed range (classical case). Hence we arrive at the result

Pac:ZPabc'
b

Hence, we get

Pie =Y PuP . (1.1)
b

However, if the corresponding quantum mechanical probability amplitudes are rep-

resented by replacing P with 1), then the relations need to be modified to the form

’lvbac = Zd]ab'@bbc . (12)
b

where P,j, = [1,5|* and so on.

Clearly, we can see that equations (1.1) and (1.2) cannot both be true at the same
time, in general. This is a situation where the classical and quantum approaches lead to
different results. It so happens that when measurements A, B and C are performed, the
classical law (equation 1.1) holds, and when measurement B is not made, the quantum
result (equation 1.2) is true. Hence, any attempt to verify that the particle position has
a particular value at the time of measurement B ensures that it does have a particular
value, whereas when such an attempt is not made, it seems as though this logic doesn’t
hold, and the counter-intuitive quantum mechanical result is true. It is clear that the
very act of measurement modifies the system in such a manner as to make it behave

‘classically’, as opposed to its usual ‘quantum’ behaviour.

As mentioned earlier, 14, V3. and 1,. in the previous equation represent the proba-
bility amplitudes of the particle going from a to b, c etc. It is also clear that between A

and C, we can have an arbitrary number n of measurements By, Bs - - - , B,,, with the



corresponding equation being

’lvbac = Z 'lvbabl'lvbblbg e 'lvbbnc . (13)

b1,b2---bn

This property can be used later to calculate the path integrals for various systems.
Firstly, we have to note that the probability amplitude for a particular path can be calcu-
lated using this property. Considering a one dimensional space (this can be generalized
to n dimensions in a fairly straightforward manner), we can look at a particular path
x(t), with position z expressed as a function of time (¢, < t < t;) going from a at time
t, to b at time t;,. We can now split the time interval into N equal slices of length €, and
let N go to infinity (and hence € goes to 0). Also, let the positions at times t, + je be
denoted as x; forj ranging from 1 to N-1. The path can be said to be completely defined
by the values a, z1, x5, - - - .xx_1, b. The probability amplitude for the path is a function
of all these values, and hence a functional of the position variable. One of Feynman’s
postulates states that the contributions of all the paths are equal in magnitude, but differ
in phase, with the phase being proportional to the classical action for the particular path,

which is a functional of the position variable.

Denoting the contribution of a particular path by the complex number ¢, we can

write

olx(t)] oc e@MS®) (1.4)
where S[x(t)] = [ L(&(t),x(t))dt is the action for the path x(t).

It has to be noted that if we split a large path into large number of small steps (in
time), the action of the entire path will be equal to sum of actions of these steps. In

other words,

Slz(t)] = Z S(isr, ;) -

Now suppose the particle is allowed to move in a certain region in space-time. The
total probability amplitude for this region will equal the sum of contributions from all
possible paths within the region. Suppose the region R is defined in such a way that

x; 1s allowed to lie between a; and b;. Hence the net probability amplitude for particle



passing through this region would be

¢(R) = 11_{% ¢(5E1> Loy '93N—1)d371d372 coedrnog .

For arbitrarily large time intervals, we can write

Having seen this approach thus far, we need to see how it is equivalent to the
Schroedinger formulation of quantum mechanics. From the path-integral point of view,
the magnitude of the wave function of the particle (at an arbitrary position x), ¢ (z,t)
can be defined to be the total contribution from all the paths reaching (z,t) from the
past. The wave function defined in this way can be shown to obey the Schroedinger’s
equation. Also, given the wave function (as a function of position) at a particular instant
of time, ¥ (xy, t), we can also calculate the wave function at subsequent times, using the

‘sum over paths’.

] .
Y(xpy1,t+€) = 1 /exp[%S(ka,xk)W(xk,t)da:k ) (1.6)

where A is the normalizing constant.

Hence, using this approach, it is possible to find the wave function of a particle,
by calculating the action for a general path and summing over contributions of all the
paths. It is also possible to track the time-evolution of the wave function. The path-
integral approach can be used to study dissipative quantum systems by integrating out
extra degrees of freedom, as shall be done in the later sections of this report. Apart from
this, the approach can also be extended to relativistic quantum mechanics, by treating

time as an additional coordinate of the particle.

1.2 Some simple results

In this section, two simple quantum mechanical systems are studied using Path-Integral

approach. The quantity calculated here is the ‘kernel’ (/). Given the wave function

4



of the system at a particular time (say, ¢’), the kernel allows us to calculate the wave

function at any subsequent time (¢), in the following manner.

V(@ t) = / Ko b2 ¢) (!, )da (1.7)

The systems considered here are the free particle and the harmonic oscillator.

1.2.1 The free particle

The free particle is the simplest system that we consider. The Hamiltonian(/) consists

of just the kinetic energy term, and so does the Lagrangian ().

H — p_,
2m
1
L = §mg‘32. (1.8)

Let us calculate the kernel for a particle starting from x, at time ¢, and going to z;
at a later time ¢;. Firstly, we divide the time-interval ¢, — ¢, into N infinitesimally small

parts of length €, before tring to find the action.
Sta()] = [ Late). (o)
1 Kfzi—x 2
i Si—1
= — — . 1.
2m;( - ) (1.9)

We now use a normalizing factor F (which will serve our purpose well, as becomes

evident in the derivation).

N/2
F=AN? (0 /
2mihe ’



The Kernel can be written as

N 2
. 11
= 11_{)% (QWZHE) eXp|: §mz< ) :|dl’1d332 ~drn_1

=1
(29 — 20)? al
N-—2 J} — X )2 N

m [ (zp — x0)?
= lim /\/ exp{%m( ’ + Z i — Tio1) )}dxk ~drn_q

i=k+1
. 11 —m (zy — 20)?
= lim A3
N exp[zme N
1
2rih 2 im (zp — x4)?
= iy, — t, —.
() ew| 5=
Hence we get our Kernel for the free particle
1
2rih 2 im (zp — x4)?
K(xp, ty; o, ta) = ty — g
(ot ante) = | 22 1) x|

1.2.2 The Harmonic Oscillator

The next system that we calculate the kernel for is the quantum harmonic oscillator.

The Hamiltonian( /') and Lagrangian(L) are given by

1
H = Qp—m + Qmwzﬁ ,
1
L = Qm(a‘ﬂ —w2x2) . (1.10)

The approach that will be followed for calculation of path-integral here is somewhat

different from that for the free particle. To begin with, let us try to calculate the classical



action corresponding to this Lagrangian. Again, we assume that the particle goes from

x, at time ¢, and to x; at time ;. The equation of motion satisfied by the position is

A general solution for this can be written (in terms of fixed parameters A and ) as
z(t) = Asin(wt +0) .
On applying boundary conditions, we get

T, = x(t,) = Asin(wt, +0) ,

ry, = x(tp) = Asin(wt, +0) .

Using this data, we can calculate the action for this classical path

ty 1
S, = / 3 [A%}Q cos®(wt + 0) — A%w? sin®(wt + 0) | dt
¢

a
mw? A?

= /tb cos[2(wt + 0)]dt

2

2
2 A2
- mij sin[2(wt + 0))]

ta

A2
= T fin (2t + 26) — sin(2uty + 26)]

Also defining 7" = t;, — t,, we can simplify this to get the following result.

mw2

Sa(a:5) = 3@

(22 + 27) cos(wT) — 2x,23) - (1.11)

Suppose we name the classical path of the oscillator as Z(¢). Any path z(t) followed

by the particle to go from A(x,, t,) to B(xy, t,) can be written as

z(t) = z(t) + y(t) .

Here, y(t) is some function with constraint that y(t,) = y(¢,) = 0. The Lagrangian and



action for a general path followed by the harmonic oscillator particle can be expressed
as

L) = gml("(0)+y(@) ~ @) +y(0)

ty iy 1
/ L(ZL’, x)dt = Su+ / §m(y2 - W2y2)dt :
ta t

a

The terms in the action integrant which are linear in y(¢) get cancelled due to the
fact that S,; is the action calculated over the classical path (a consequence of the least-
action rule). From this expression for the action, we can calculate the Kernel in the

following manner.

K(b,a) = /R exp{% /: %m((;’ﬁ)—wzxz)dt}Das(ﬂ
_ exp(%scl) / lexp[% /0 ' %m((yz)—uﬂyz)dt}Dy(t).

Here, Dx(t) and Dy(t) indicate the corresponding path-differential elements. To
get the second equation, we made use of the fact that L is not explicitly dependent
on time, hence changing the limits of the integral within the exponent. Also, R is the
region containing all paths that go from A(x,,t,) to B(xy,t,) whereas R’ is the region
containing all paths that go from A’(0,0) to B’(0,7"). What is left is to evaluate the

y(t)-path-integral. For this, we can resort to taking the Fourier series expansion of y(t).

y(t) = ;an sm<”7”t) .

From this, we can write the various terms in the integral in the following manner-

t T nm\?
-2 2
d = = —

X 2;(T)

T

T
/ vdt = EZai. (1.12)
0 n

Using these relations, the integral portion in equation (1.13) can be written in the fol-



lowing manner (with .J being the Jacobian)

IS IS N . 2
F(T) = JA™Y exp{Z%{(%) —wz}ai}daldaguda]\/
—oo —o0 n=1
il
n=1
N oo N1 N W\ 2112
- 10(7) 10 (5|
B sin(wT) 12
_ C{ — } . (1.13)

where C' is independent of w. From this, knowing the free particle result in the limit of

w going to 0, we can write the value of F'(T') as

P - )

Substituting, we get the kernel for the quantum harmonic oscillator.

1/2 :
mw 1mw
K(ba) = 4" B N /O P T) - 2z,
(b,a) {2m’hsin(wT)} eXp{thin(wT) (@ + @) cos(wT) = 24,)
(1.14)



CHAPTER 2

Quantum Dissipation

2.1 Coupled Systems

Dissipation of energy from a system or an object is a very common classical phe-
nomenon. In the case of transfer of heat, the ultimate objective is establishment of
thermodynamic equilibrium. In situations involving moving systems, the objective is to

eliminate relative motion.

Friction is a very common manifestation of dissipation in the classical world, which
leads to gradual dissipation of kinetic energy from systems under consideration. The
modelling of this phenomenon is normally done by adding a certain ‘dissipative’ term
to the Hamiltonian of the system under consideration, as seen in the Langevin equation.
This takes care of the non-conservative nature of the systems involved, and depend-
ing on the accuracy of the dissipative term gives a sufficiently accurate picture of the

dynamics of the system.

However, when we deal with quantum systems, this approach cannot be used. One
of the ways in which dissipation is handled in quantum systems is the system-plus-
reservoir approach. In this approach, we begin with a global system, consisting of the
system that we are interested in and an interacting environmental system. The interac-
tion between the system and the environment leads to transfer of energy from the system
to the environment, thus leading to the ‘dissipative effect’. The reason why this is dif-
ferent from normal exchange of energy between two systems is that the ‘environment’
is normally designed in a way to hinder back-transfer of energy. The energy which is
once transferred from the system into the environment dissipates into the environment
and does not return to the system in any physically relevent period of time. Hence, as
far as the system is considered, there is only loss of energy, and not a back-and-forth

exchange.



Since our objective is to study the effect of friction on the system alone, we need to
develop a mechanism by which the ‘environment’ component of the global system is
separated from the system component. Our ultimate aim is to completely eliminate the
environment-variables and deal with the system-variables alone, with possibly a set of
boundary conditions coming from the initial state of the environment. This procedure is
known as ‘integrating out’ the environmental variables. In this context, we shall discuss

the concepts of density matrix and mixed state.

2.2 Density Operator

The ‘state’ of a system refers to a complete description of the system and all its param-
eters. In the case of a quantum system, the wave function gives a complete description
of its state, from which the values of all the observables of the system can be calculated,
using the corresponding operators. The states which can be described using their wave
function are known as pure states. However, it is also possible to have systems where
we do not have sufficient information to write a wave function. This is often true in the
case of systems dealt with in the earlier section, which interact with the environment
leading to dissipative effects. Such systems exist in a statistical mixture of various pure

states, and not in any single pure state. Such states are called mixed states.

It is clear that we cannot write wave functions for systems that exist in mixed states.
In-order to handle such systems, we require some form of description of their states
from which information about the systems can be extracted. Such a description is pro-
vided by the density matrix. The density matrix can be defined for both pure and mixed
states, and can be used to calculate the expectation values of various observables of the

system.

Suppose |a) represents the wave function of a pure state. Also, consider a mixed

state which contains many such pure states |a’) with probabilities w;. The density

11



matrices (or equivalently, ‘density operators’) for these states can be represented as-

ppure = |a){a].

Pmized = sz|a2><al‘
1

Given the density operator for a system, it is quite straighforward to calculate the expec-
tation value of various operators for the system. Suppose we need to find the ensemble
average for a certain operator ‘A’, for a system described by the density operator p . The
quantity can be calculated as

[A] = tr(pA) . 2.1)

It has to be noted that the density matrix does not uniquely define the state, i.e. there
can be more than one states which yield the same density matrix. However, given the
density matrix, it is possible to find out whether the state is pure or mixed. For a pure

state alone, the following relation holds

p=0p.

Having seen the efficacy of the density-matrix representation in describing mixed states,
let us return to the (dissipative) system coupled with its environment. Let us assume
that to begin with, the system and the environment did not interact with each other and
both existed in pure states. Let us also assume that the interaction was switched on at
time ¢ = (. If the density operators for system, environment and global system are

represented by pg, pr and pg respectively, we can write

pc(0) = ps(0) ® pp(0).
Here, the ‘0’ within parenthesis refers to the initial time, when interaction is switched
on.

At later times, due to entanglement of the system and environment states, it is no
longer possible to separate out the system and environment density operators and write

the total operator as a product. Instead, we ‘trace-out’ the environment variables from

12



the overall density operator to get the reduced density operator for the system. We

define

ps = trg(pa] - (2.2)

For studying the time-evolution of the density operator and performing the tracing-out
operation, we can make use of the path-integral approach explained in the previous
chapter. Firstly, for a system whose density operator at time ¢ = 0 is given (with action
denoted as ‘S’), the density operator at later times (¢) can be written as
1
plar, 5 t) = / dg;ddq;p(qi, 4, 0) / DqDq exp [;.L[S () =S (Q’)]} : (2.3)
We use this relation to obtain the density operator of the global system at some arbi-

trary time ¢. For convenience, let us consider a single system-variable, ¢, and a single

environment-variable x. The action for the global system can be written as

Sa(q,z) = Ss(q) + Se(x) + Si(q, ) .

Here, S} stands for the component of action that comes from interaction of the system

and environment variables. Hence, we proceed in the following manner

palqr, xp; g, o t) = / dgidg;dz;dz; / DqDq¢ Dx D' [pa(qi,xi;qé,xés())

wexp 318l ) = Sala'a]) | @4

The reduced density operator for the system is given by

ps(ay, dy.t) = /dxfdx/pr(Qf>$f§CI},$/f§t) : (2.5)

The density operator obtained in this manner by integrating out the bath-variables in
general corresponds to a mixed state. However, the expectation values for all the vari-
ables corresponding to the system can be calculated from this density operator, using
equation (2.1). Hence, we now have the description of a quantum system that has been

subject to dissipative effects.

13



2.3 Bath of Oscillators

In the previous two sections, we saw some of the basic features of interaction-model
for quantum dissipation. We also saw the way in which path-integral approach could be
used to study time-evolution and perform tracing-out operation in such models. In this

section, we deal with a special kind of interaction model - the oscillator bath model.

This model is a special case of a coupled system; one in which the environment
consists of a large number of harmonic oscillators. The bath-approach is used widely
in study of quantum dissipation. The simplest case is when we have a large number
(N — o00) of harmonic oscillators which do not interact with each other but couple
linearly with the position coordinate of the system under consideration. If the system
and bath variables are denoted by ¢ and X (= (z1,2, -+ ,z;, -+ ,xx)) respectively

(where ¢ : 1 — N), then we can write the Lagrangian for the coupled system as
Lo(q, X) = Ls(q) + Le(X) +q ) cia; . (2.6)

Here, subscript ‘B’ stands for ‘bath’.

The Caldierra-Leggett model, which is studied in the next chapter, is an example of

a model involving this kind of interaction.

2.4 Non-Local Actions

While studying quantum dissipative systems, we often come across systems (or rather,
sub-systems of the global system) for which the Lagrangian is not a straightforward
function L(q, ¢,t) but instead contains either higher time-derivatives of ¢ or integrals

involving q and ¢ over different time periods.

For the purpose of finding the equations of motion, performing Lagendre transforms
and various other operations on such systems, we require a formalism to handle the non-
locality of these systems. Such a formalism has been described by J Llosa and J Vives

in 1994 (4). In this section, we shall discuss some basic results in this formalism which

14



shall be used in the following sections.

To begin with, let us consider a non-local Lagrangian of the form

L0 = 500 = 560 + Jatt) [ ava(e)e 1. ex)

As it turns out, we will see a similar Lagrangian in the Caldeira-Leggett model described

in the next chapter.

Now let us consider the least-action principle, based on which classical path is cal-

culated.

55 = 5/ L(t)dt =0. (2.8)
R

We shall now define a functional derivative (E) of L in the following manner

OL(t)
E(t,t = . 2.9
l( P [QD aql(t/) ( )
The action principle can, hence, be rewritten using this functional derivative as-
/ GE (L [g]) = 0. (2.10)
R

Since we are dealing with non-local Lagrangian (of the n'* order, in general), which
depend on higher powers of q, we can rewrite the functional derivative in the following

manner.

L(t) = L(q(t),4(1),4(t)--- " (1))

[ oL
E(t,t;[q]) = [—m} ot —t') . 2.11)
7;) g™ ] )

From this, we get our modified equation of motion as -

= d\"[ OL
S8 Tl

m=0

For the Lagrangian given in equation (2.7), we can write the equation of motion using

15



this procedure.

E(t.1'[a)) = d()3(t 1) — q(0)a(t — 1) + ] {au — ) /Rdt'qwe—t—ﬂ
+q(t)e—t—t’]

= EOM = —(t) —q(t) + g / dt'q(t)e 11 = 0. (2.13)
R

We have thus obtained a method by which non-local actions can be treated to get
equations of motion. This shall be applied in later chapters while dealing with various

dissipative systems.
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CHAPTER 3

Path-Integrals in Dissipative Systems

3.1 The Caldiera-Leggett Model

In this section, we shall deal with the Caldeira-Leggett model of quantum dissipation.
The model was described in the paper submitted by Amir Caldiera and Anthony Leggett
in 1981 (3). It involves a system (for example, a particle) interacting with a bath of os-
cillators. The mode of interaction is linear, and proportional to the coordinate (position)
of the system (particle) and the positions of the individual harmonic oscillators. There

1S no interaction between the harmonic oscillators.

The Euclidean Lagrangian (obtained after performing the Wick rotation, or trans-
forming the time coordinate ¢ — 4t ) for the system can be written in the following

manner
Li(q, X) = 1mq‘2 +V(g) + 1 > mail + 1 > mawlzl +q) cata . (31)
’ 2 2 & “ 2L ata -

Here, X = (z1, 29, -, - -) The last term in the RHS of the equation denotes inter-
action of each of the individual harmonic oscillators in the bath with the particle. The
Caldeira-Leggett result involves computing the wave function of the global system as a
function of time, by calculating the path integral for the transition amplitude (K) for the
global system, making use of the action obtained from the Euclidean Lagrangian given

in (3.1). This is calculated as follows

a(t)=qy X(r)=Xy
K(qi,q5 Xi, Xp57) = / Dq(t)/ H[Dxa(t)
q

(0)=q: X(0)=X; ",

Xexp{ —/OT LE{q(t),X(t)}dt/hH G2

The reduced transition amplitude involving the system alone is obtained from this as



Rlgnasim) = / (()) Dy(t) exp [ - seff<{q<t>}>/h] , (33)
Ssttaten) = [ [gmitvi| - [ [ avirat - o)
+Const (3.4)
alt—t) = % Ooo J(w) exp{—wl|t — £[}dw
= > (2 /Amewa) exp{—walt — |} . (3.5)

67

As part of this project, it was attempted to rework these calculations to obtain this
result. The working, which is given below, has provided a similar result, but with minor
differences. For this purpose, we begin with the quantum harmonic oscillator. We shall
use the result from equation (1.16) for the quantum mechanical transition amplitude.
Henceforth, the subscript HO stands for ‘Harmonic Oscillator’, while the quantities

without subscript stand for a forced harmonic oscillator, which we deal with shortly.

Lyo = §m[x —w?r?,

mw? 5 9
SHO(Classical) - QST(WT,) (l’a + xb) COS(C{)T) - 2.1‘[1]3(, )
mw 1/2 1Mmw
Kyo(b = — ——_[(2? 2 T) — 2x,
no(b;a) (QWihsin(wT)) eXp[2hsin(wT) (@ + ) cos(wT) — 2w x"]} ’
1
jHO(t) = m |:.Z’b Sll’l{u)(t - ta)} + z, Sin{u)(tb - t)}:| . (36)

Here, Z(t) represents the classical path.

Now let us consider a forced harmonic oscillator, where the Lagrangian includes a

forcing function f(t).

L = %m[xz—wx]—i-f()
Sae) = [ [gmia -+ siom
#1) = Znolt) +u(t). 3.7)

While calculating the transition amplitude, we again use the argument that we had
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applied for the harmonic oscillator, where the amplitude was written as a product of a
function of the time difference and the exponential of the classical action, i.e.

K(a,b) = F(T) exp [%Scl} : (3.8)

Here we have invoked the earlier notation 7' = t;, — t,. We shall borrow the F'(7T')
from the quantum harmonic oscillator case, assuming the presence of the small per-
turbative factor f(¢) would not change the coefficient-factor by a large extent. Also,
the functional form of the exponent is not seriously affected even if the coefficient is

different.

The next requirement is to calculate the action for the classical path, for the forced
harmonic oscillator. For performing this, we separate the Z(¢) and y(¢) dependence. It
has to be noted that the y(¢) dependent terms must vanish while calculating the action,

owing to the fact that z(t) is the classical path. Hence we can write

Scl = SHO(clas / f t)dt+/tbf(t>y(t)dt

— e[ et o) -2

Ty b .
+ Sn(wT) / f(t)sin{w(t — t,)}dt
+ o wT / F(#) sinfw(ty — 1)}t

+ /t F(Oyt)dt . (3.9)

The second and third terms are directly proportional to the boundary conditions.
Since we are going to deal with the bath of oscillators (the forced harmonic oscillator
dealt with here turns out to be an individual oscillator in the bath of oscillators interact-
ing with the particle), and integrate over the full range of possible initial conditions, we
can neglect these terms. This is not a rigorous justification but serves to let us focus on

the final term in equation (3.9), which is to be dealt with now.

We now need to calculate the integral involving y(¢). For this, we observe the
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following

i) =19 ).

Taking Fourier transform on both sides

1

— WY () = EF(wt)—uJQY(wt)
= Y(w) = % (3.10)

Now applying Fourier transform, inverse Fourier transform and their related properties

in the last term of the sum in equation (3.9)

/: f@)y(t)dt = /: [{F(wo — Wt)Y(wt)dwt}eintdwo} di
/: {{F(wo Wt)%dwt}ewotdw } dt

[{gzip 1o o

X eiwotdwtdwodt ) (3.11)

The integral over w leads to a factor proportional to §(¢ — 7). Hence, we can also
remove the 7 integral and replace 7 everywhere with t. Thus we get the following

result.

/tbf(t)y(t)dt:—% t{/ L det}f(s)f(t)dsdt. (3.12)

2 _
w* — wi

Here, the w; integral within {} can be treated as a contour integral over the complex
wy plane, going from —oo to +o0o over the real axis. It so happens that in this case,
the contour itself contains the two poles (+w) and hence the integral would have to be
calculated by circumventing these points. It is possible, by choosing appropriate path

and closing over the upper or lower half plane, to obtain a result of the following form

/t:bf(t)y(t) e / [ st
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Hence, the overall classical action can be expressed in the following form.

1 ty [e%e) )
Set = SHO(clas.) — %/ / f(s)f(t)e—lwls—tl ' (3.13)
ta —00

Now taking equations (3.8) and (3.13) combined, we get the following result.

K(a,b) = F(T)exp |:h{SHO(clas Qmw/ / f(s _i“_”dsdt}].

(3.14)

Having calculated the classical action for the forced harmonic oscillator, we shall
now connect this result to the Caldeira-Leggett system. Firstly, we shall perform a
Wick-rotation on the forced harmonic oscillator solution. We then obtain the following

form

Scl - SHO(clas + / / f _w‘s_tIdet . (315)
Now let us consider the Caldeira-Leggett Lagrangian -

1

Lp(q,X) = §mq + Vg Zmax + = Zmaw +chaxa

1 1 1
= Z {ﬁmaii + §mawixi + qcaa:a} + §mq’2 + V(q)

«

= Z |:LE(HO) + C]Caifa} + LE(Sys) (Q) . (316)

«

Clearly, this is like the sum of a large number of forced harmonic oscillator La-
grangians, all of which are forced by a term proportional to ¢(¢). Suppose we perform
path-integration over each of these =, coordinates. The result would be similar to mul-
tiplying K (a,b) from equation (3.14) a large number of times (after performing the
appropriate Wick-rotation). The harmonic oscillator classical action term in the expo-
nential will add up to give a constant. The second term in the exponential, now with
q(s) and ¢(t) instead of f(s) and f(t¢), will add to the action term that comes from

Lg(sys)(q) in equation (3.16).

Thus, we can obtain an effective action similar to the one obtained by Caldeira-

Leggett by proceeding in the following manner. Firstly, the time-interval is changed -
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(ta,tp) — (0, 7). Next, we (name the pre-exponential constant factor as some C'r and)

add all the factors in the exponential, to get the following result.

- a(r)=qy 1 1,
K(qi,qp;7) = CT/ DCI(t)eXP[——{/ (—mq +V(Q))
q(0)=g¢; hilJo \2

_%:(27;%% /:b /_Z f(S)f(t)e‘“‘t'dsdt) H . (3.17)

This result is similar to the Caldeira-Leggett result, but differs by a constant factor.

This result is very important in many ways. The quantity J(w) in equation (3.5)

defines the exact nature of the bath.

Jw)=Cr Y =2 5w —w,) . (3.18)

where C; is some proportionality constant.

Hence, the bath can be modified by changing the coupling coefficient of the various
oscillators. Suppose we define J(w) = nw (in-order to realize this we may have to take
the continuum limit, when « is no longer a discrete index but a continuous one). By

performing some simple algebra, we get the result

urtat) = [ [t e vl 2 [ [l apye -0}

(3.19)
The equation of motion obtained from this action is the following
v i
mi(t) = ~250  [ata(e ) (a0 - )
q 0
1 [~ /
at—t) = — [ dwJ(w)e -t (3.20)
21 J,

For Ohmic dissipation (J(w) = nw'), and memoryless (Markovian) baths, where
a(t — t') is proportional to a delta-function of the time difference ¢ — ¢/, we get the

following equation of motion.



This is the classical equation for friction. Hence, the Caldeira-Leggett model can be
said to be successful in modelling friction in quantum mechanical systems, since it
gives correct results in the classical limit. In the following sections, when we deal with
various systems that involve different kinds of interactions, we shall use the Caldeira-

Leggett result in various derivations.

3.2 Ladder-operator model

In this section, we shall deal with another kind of system, where again, interaction
takes place between two subsystems within the global system. The form of coupling
considered here is somewhat different from the Caldeira-Leggett system, and for conve-
nience, it has been named the ‘Ladder Operator model’. The specific Hamiltonian that
is dealt with here is a simplified version of the Hamiltonian in reference (5), obtained

by removing the nonlinear term.

We begin with the following Hamiltonian
H = wa'a + web'b + g(a'd +bla) . (3.21)

Clearly, what we have here is a pair of interacting harmonic oscillators (A and B), with
their interaction represented by the last term in the Hamiltonian proportional to g. a,
a', b, bl are, of course, the lowering and raising operators for A and B respectively,
according to convention. Since we are about to follow the path-integral approach, it
is clearly more convenient to write the Hamiltonian in terms of the position and mo-

mentum vectors of the particle.For doing this, we begin with the following relations

a = %(I’a _'_Zpa) i

1
b= %(xb +ipy) . (3.22)
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Substituting in the given Hamiltonian, we can rewrite it in the following manner.

1 1
H = Swlzg+p; = h] + Swole + pj — bl + glwas + paps)
w w h
= E[xz +p2] + ?O[xg + 03] + glTamy + Paps] — §(w +wp) . (3.23)

In the following calculations of path-integrals, we shall drop the last term in the
Hamiltonian, which is constant and does not play a significant role in any of the calcu-

lations.

Our next major task is to obtain a Lagrangian from this given Hamiltonian. This
is normally done using the Legendre transformation. Here, we shall try two different

approaches.

1. Perform a complete Legendre transformation of the given Hamiltonian / to ob-
tain a complete Lagrangian L; Perform path-integral to integrate out one of the
coordinates to obtain an effective Lagrangian, from which (possibly) we can ob-
tain an effective Hamiltonian.

2. Perform a partial Legendre transformation of the Hamiltonian to get a Routhian
F’; then integrate out the coordinate which has been transformed in this manner
to (directly) get an effective Hamiltonian for the other coordinate.

Hence, while we perform the task of integrating out one of the coordinates, we are
also performing another task- verifying whether the partial Legendre transformation
method will work and give the same result as the proper Legendre transformation. If
it does work, then it also means we can apply the partial transform to other systems,
where, say, the Hamiltonian is linear in one of the coordinates and non-linear in the
other and hence, a partial Legendre transform for the linear coordinates may make the

problem much more easy to approach.

3.2.1 Full Legendre Transformation

In this sub-section, we shall follow the conventional approach to calculate the La-

grangian for the given Hamiltonian.

w W
H = 3 [asi - pi} + ?O {xi + pz] +g [asaxb + papb] - (3.24)
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OH

Opa

oH .

Ty = 0= WPy gPa (3.25)
Py

:fta:wpa_}_gpb?

From these, we obtain the following relations

1 . .
Pa = 2 |iW0xa - gxb:| s
Wwy — g
1

P o= ——s { — g+ woib} . (3.26)
wWwo — g

Substituting for these in the Hamiltonian and performing simplifications, we get

g . .
—Tqlyp .

_ w
Hpy = —£E + —Oxz + 24 iy + 9Tz — e

QG“ 2G

Here, for convenience, we have introduced G' = wwq — ¢°.

Now performing the final step of Legendre transformation, we get

Liqi = pala+pety — H
wo .o w ;2 W o Wo 9
b T, — Ty — g |XeTp +

1. .
%% + ﬁ 5 —xaxb} . (3.27)

G

It has to be noted that the interaction term now involves two terms; one involving prod-
uct of positions and the other involving product of velocities. Our requirement is to
convert this into an effective Lagrangian in terms of just one of these coordinates. Here,
we intend to integrate out the coordinate A from this action. Let us try to write the
Lagrangian in the same form as the forced harmonic oscillator Lagrangian. Defining
the following

wo

Me = —

G

(CUG) 1/2
Weg = | — s
wo

Now we can rewrite the Lagrangian in equation (3.26) as

..
Ly = Lamoy+ Ly —g [%xb + é%xb] :
w . wWo
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We shall now write the corresponding action and simplify it.

t
Sg = Sa(HO) —/ dt {(—gmb)xa—{%ib}a}a} +/dtLb
0

t
= Sa(HO) +/ dt |:{g$b_ %Z’b}l’a] +/dtLb
0

o [ [ () (41 )

xei““t_t/} + / dtLy . (3.28)

Here, in the second step, we have neglected the boundary term proportional to x, 7,
that comes from the integration by parts, and in the last step, we have made use of the

Caldeira-Leggett result.

The first term in the effective action, from the perspective of coordinate zy, is a
constant, and shall not be considered while writing the effective action. The second
term, which signifies the interaction between the two coordinates is somewhat similar
to the Caldeira-Leggett result, except for the presence of & terms. Hence, the effective

Lagrangian for the system B can be written as

2 . 00 . ,
Leyy = %xi - %xbz - mgw [xbc(;) — ZL’b(t>:| / dt’(xbg) — xb(t’))ei“’““_t'| .

—0o0

This action is clearly non-local. However, we can find the equation of motion by using

the method described in chapter(2). For that, we obtain

Bt [m]) = Zand(t —t)) — worsd(t — ')

G
2 00 (4!
. g l AN oy " xb(t ) _ " iwa|t—t"|
mawa(G(s(t ) — o(t t)) /_Oodt < -t ))e
2 - oo oY "
B g ﬂ . " §(t —t ) o T/ twe|t—t"|
— {G xb] /_OO dt <7G ot —t ))e :
(3.29)

From this, the equation of motion can be written as

w .. 2 ° x t/ iwn lt—t!
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3.2.2 Partial Legendre Transformation

Now we shall consider the method of taking partial Legendre transformation. Hence,
we begin with the Hamiltonian (H) and obtain a quantity that is partially transformed-
the ‘A’ component of the Hamiltonian has been transformed to the form of Lagrangian,
while the ‘B’ component of the Hamiltonian remains more or less like a Hamiltonian.
Let us call this quantity as F'. The effective Hamiltonian obtained by this method will
be identified by a ‘tilde’ (ﬁ eff)-

w W
H = Jlwg+pi) + 5 [ + ] + glramy + pops]
— H, 4+ Hy+ Hy .
. BH
o= 5 = wpatgps
P
1
= Pa = —Tq — gpb . (331)
w w

Now changing the variables and the taking partial Legendre transformation (and using

the subscript p for ‘partial’), we get

_ 1 W 2

Hy — — 2492 . _ 9 2.
PoT g T g T gTay = o 0P T
:>F = pajja_[r[P
1 _
= —Zkg—gpbi"a—HP
w
1 W 2
= — 29 gpa+ Lo H,. (3.32)
2w 2w

Now let us compute the ‘action’ from this quantity F'. The term involving p? has to
be retained since we finally intend to go to xy, p, coordinates and do not wish to neglect

any factor involving these. We shall again proceed as previously, trying to match this
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with a forced harmonic oscillator with coordinate z,,.

V = /th

2
1 ., w

. 9
= /{%xa — — 22 — graTy + %pg — Hb} dt

1., w,y g . g’
= dt | —i? — =12 — Zpyia — 974 dt|=—p; — H
/ [wa“ 2% wpbx gx xb] +/ {prb b

1 ! 2
= /dt — % — fasz + gﬁb — 9%y | Ta| + gpbﬂ?a + /dt g_pg — Hy| .
2w 2 w w 0 2w

(3.33)
Now defining the new ‘mass’ and ‘frequency’
1
mp = ; 5
w, = w. (3.34)

We now use these definitions and apply the Caldeira-Leggett result again to the above
calculation of V. Here too, we neglect the boundary term involving pyx,. The integral

of the terms involving x; and p, are retained as earlier.

92 t & 1 1
V = Sumoy — 2 / at’ / dt" [(;pb(t’) _ xb(t')> (;pb(t”) _ xb(t”))
p*p JO —0o0

t 2
X exp{iw,|t’ — t”\}} + / dt’ {(g—)pg — Hb} : (3.35)
0 2w

The effective reduced Hamiltonian can be obtained by removing the first integral over

dt'. The first term involving only A can be set aside as a constant, while the last term
involving only B can be expanded. There is a negative sign produced while taking
the partial Legendre transformation, and this is also rectified. Hence, we obtain the

following Hamiltonian
2 . o) . /
77 p Po(l .
g == Lt (2 ) [~ ar (P ) extivyle - )

G 5 wo o 9> (D /OO p(t')
= — — — — dt’ — (¢
2wpb * 2 o Mpwp \ W o o w ()

X exp{iwp|t — t'\}} : (3.36)
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Thus, we have obtained the effective Hamiltonian using the partial Legendre transform
method. Our next task is to compare the results of the normal method and partial Legen-
dre transform method. For this purpose, let us look at the effective reduced Lagrangian
from equation (3.29) and reduced Hamiltonian from equation (3.36). In the basic struc-
ture, these equations show remarkable similarity. If we replace the p; in equation (3.36)

with W;”_gQ 1 and perform a Legendre transform, the equation (3.36) is converted to an

L which almost looks like the L. in equation (3.29), except for the fact that m,,, w,

are replaced with m,,, wy,.

Now we shall summarize the observations. the partial transform has provided a
result which is very close to the correct result, but not exactly the same. Also, to perform
the actual Legendre transform, while changing variables from p;, to 2, it is necessary to
do more than what is suggested in the previous paragraph, since Hamilton’s equations
have to be satisfied. Due to the presence of the non-local term, this cannot be done

easily.

It is, therefore, clear that the partial Legendre transform method cannot be used
in general to obtain the correct result. However, it has to be noted that when the in-
teraction coefficient g is set to 0, m,, w, become same as m,,w,, and hence, the two
methods seem to give the same result. The basic reason for the divergence in results in
these two methods is the presence of the gp,py (or the gz,%;) term in the Hamiltonian
(Lagrangian), due to which the question of whether or not p; has been substituted in
terms of x;, (which is done in the full Legendre but not in the partial Legendre) becomes
relevent. Hence, in systems where there is no p — p coupling, the partial Legendre could

give correct results.

3.3 Black-Hole Thermalization

Here, we shall deal with a certain interactive-Hamiltonian considered in (6). Here, we
are given fields that form a Hermitian Matrix X;;(¢) and a complex vector ¢;(t) with

corresponding conjugate momenta labelled II and 7 respectively. To begin with, we
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have the relations

(X, ] = i0udjk ,

The Hamiltonian for this system is given to be
1 2
H = STr(I) + %TT(X2) 4T (1 4 gX/ M) + M26H (1 + gX/M)é .(3.38)
On simplifying this by separating the X and the ¢ terms, we obtain the following
L2y o ™ 2y | 24t 1 9 (rt t
H = 5Tr(H )+7T’I’(X )+ 7T+ Mg ¢+M(7r X+ ¢'Xo). (3.39)

It has to be noted that the interaction here is different from both the Caldeira-Leggett
model and the Ladder operator model. Here, the position coordinate (X)) of one of
the subsystems interacts with both the position and momentum coordinates of the other
subsystem. On expanding in terms of the various indices of X and ¢, we can write the

Hamiltonian as

2

1 m 9, . #
H = §(Hz‘jﬂjz’) + T(Xz'ijz') + |m|? + M?|g]* + M(% Xijmj + ¢; Xij;)
1 m? g, . .
= 5 [iylLa) + - (X Xja) + 7 (mim + 615) Xy + Ho (3.40)

Here, it has to be noted that the repeated indices in each term are summed over.

Owing to the fact that the momenta of the X-coordinates are not present in the
interaction term, we can proceed with the partial Legendre transformation to integrate
out the X -coordinates, in-order to obtain an effective Hamiltonian in terms of the ¢

coordinates. We can proceed as follows

OH
=11, . (3.41)

F=T1,X; - H
L. y m2 g * *
= 5 (X Xgi) = 5 (XyXji) = 7 (mimy + 679) Xy — Hy . (3.42)
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Now we can proceed by our usual method by comparing this with the forced har-

monic oscillator. We need to substitute

mg =1,

Wy =M.

Now applying the Caldeira-Leggett result for forced oscillator, we get

V:/th

= SxHo) —

2
g / / /|:( * * ) < * * im|t—t'|
dt [ dt' || mimj + ¢, ) | mimi + o) e
mM? j i) j i),

+ / Hydt . (3.43)

From this, we obtain our effective Hamiltonian in terms of the ¢ coordinate as-

gy = nf? 4 040 + 2 0m 0 + i 000 [ ar{mittrm0)

+¢:(t’)¢j(t’)}eimt—t’| . (3.44)

In this case, performing the full Legendre transformation is a much harder problem,

while partial Legendre transformation is much easier to perform.
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4.1

1.

4.2

CHAPTER 4

Notable observations

Positive features of path-integral approach

The Caldeira-Leggett result has been the most important one discussed in this re-
port. The approach followed and the result obtained have great historical signifi-
cance due to the fact that classical phenomena such as friction could be accurately
modelled using quantum mechanical interactions. In addition to this, it also gives
an insight into the source of the various common classical phenomena, which can
be traced back to quantum interactions.

. The path-integral formulation of quantum mechanics, while being mathemati-

cally correct, provides a better physical insight into the quantum phenomena it-
self, at-least from the perspective of beginners.

. It is also clear that in addition to the Caldeira-Leggett, various different models

of quantum dissipation and interacting systems can be modelled and calculations
performed using the path-integral approach (though there are indeed certain lim-
itations, which will be dealt with in the next section).

The partial Legendre transformation method has been attempted for certain sys-
tems. Though it may not give the correct result in some cases, it is still of great use
in situations where the mode of interaction permits the use of this method. When
applicable, this method can make calculations much simpler than otherwise.

Limitations of Path-Integrals

. The calculations involving path-integrals can often be rather involved. When

other methods of calculation are possible, the path-integral mode is often much
harder and hence not advisable. For example, the calculation of the kernel for
the quantum harmonic oscillator is somewhat lengthy, while the problem of time
evolution can be much more easily studied by the Schroedinger and Heisenberg
approaches.



2. When the Lagrangian of a system involves third or higher order terms in z or z,
the path-integral can be extremely difficult to calculate. Hence, we cannot expect
to apply this approach to any and every problem. In general, the approach is prac-
tical only for a small subset of all the problems that can be considered.

3. Even when following the partial Legendre transformation method, the path in-
tegral calculations are somewhat hard to perform. In addition, the partial trans-
formation does not work in situations where the coupling involves a product of
both the momenta (or velocities), where the longer full Legendre transformation
method needs to be followed.
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CHAPTER 5

Conclusion

In this project, the path integral approach to quantum mechanics has been applied to
obtain time evolution of certain simple systems. The utility of this approach in dealing
with quantum dissipative systems (and in general, interacting quantum systems) has

also been studied and some such results have been obtained.

The approach itself has helped provide an insight into quantum mechanics by con-
necting it to certain classical concepts, something that is absent in Schroedinger and
Heisenberg pictures. However, while it has been successful in dealing with various
problems in non-relativistic quantum mechanics, including (as seen here) dissipation, it
also has the disadvantage of being somewhat tedious while dealing with simple prob-

lems.

Apart from this, the project has provided exposure in dealing with non-local actions
and obtaining equations of motion from Lagrangians which are functions of higher
time-derivatives of velocity. It has also provided a window to (understand and) apply
the idea of partial Legendre transformation, which could be used to simplify problems
considerably. Also, an insight has been gained into the limitations of this approach and

the situations in which it can be applied.

Apart from these basic ideas, the project has also provided the exposure to some
of the ideas which are related to, and hence used in modelling quantum dissipation,
including density operator, the harmonic-oscillator bath, coupled systems etc. Also,
some valuable experience has been gained regarding the nature of various interacting
systems, which is not directly related to dissipation but provides a better overall view

of various quantum systems, which could be useful when working in other areas.

To conclude, the work on this project has indicated the need for a more extensive

study of quantum dissipative systems in-order to develop a deeper understanding of the



concepts involved and for gaining familiarity over a wider range of problems that can be
handled by the path-integral approach. Also, it is required to develop a more systematic
approach towards dealing with path-integral problems, in-order to minimize possibility

of erroneous results and increase the chances of obtaining solutions.
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