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ABSTRACT

KEYWORDS: Fluid Mechanics; Gravity; AdS/CFT correspondendé&avier-

Stokes equation; Turbulence; Blackholes; Conformal symmetr

Turbulent dynamics of fluids is a problem that has remainesiwved for centuries.
There have been attempts to explain certain aspects oflémdriusing holography. We
review some well-known aspects of turbulence, and therewethe derivation of fluid
mechanics from gravity using the AdS/CFT correspondenceckBleanes with boosts
and temperatures that vary along the boundary directiambeawith some corrections,
made to solve Einstein’s equations perturbatively, predithe boosts and temperature
fields satisfy the equations of fluid mechanics on the boyndale outline the proof
of this, as presented by Bhattacharyya et al. By finding suctaekldbrane metric,
we are effectively finding a gravity dual for every possibtaibdary fluid flow that is
characterized by a velocity and temperature field thatfssgishe equations of fluid

dynamics.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS [

ABSTRACT i

LIST OF FIGURES| v

ABBREVIATIONS | Vi

NOTATION Vii

1 INTRODUCTION 1

‘2 TURBULENCE: PHENOMENOLOGY AND ANALYTICAL RESULTS ‘ 2
\2.1 Turbulent flow

\2.2 Relativistic hydrodynamics

2.3 Symmetry in fluid mechanics . . . . . . ... ... ... oL

2.3.1 Symmetries of the Navier-Stokes equétion .......... 5
2.3.2 Thetransitiontoturbulence . . . . ... ..........
2.4 Universality inturbulence . . . . . . . . . .. ... ... ... ...
2.5 Analytical results in turbulence . . . . . .. .. 7
3 PREREQUISITES 8
3.1 AdS spacetimés ............................
3.2 Thestress tensor dualto ametric . . . . . . ..ot 0

4 FLUID DYNAMICS FROM GRAVITY 12

4.1 The settin\g

4.2 The perturbative setup

4.3 The perfect fluid fromgravity . . . . . . . oo
4.3.1 Outline




\4.3.2 The metric ten§or ....................... 21

433 ScalarsoBO(3) . . . .. 22
434 VectorsoBO(3) . . . oo 23
4.35 Traceless, symmetric two-tensds ¢f SO(3) . . . . . . . 24
4.3.6 Summary . ... e 25
4.3.7 Covariantized solution with global validity to firsder in derivatives 25
4.3.8 The dual StreSStensor . . . . o v v oo 26
4.4 The Navier-Stokes equation fromgravity . . . . . .. ... ... 27
‘5 FURTHER DIRECTIONS OF RESEARCH‘ 28
A CONFORMAL SYMMETRY 29
A.1 Conformal svmmet*y ......................... 29
A.2 Generators of the conformal grcﬁup .................. 0 3
A.2.1 The Poincaré QroUP « « v v e 30
A2.2 DIAtAatioNS . . . . oo 31
A2.3 Special conformal transformations . . . . . . ... ... .. 13
A.2.4 The Lie algebra of the conformal qrd)up ........... 32
A.2.5 Isomorphism With6O(d,2) . . . . ... ... ... .... 32
B BLACKHOLE SOLUTIONS | 34
B.1 Schwarzschild blackhole . . . . .. ... ... 34

\B.Z Reissner-Nordstrom meﬂric ...................... 35



LIST OF FIGURES

4.1 Cartoon depicting the tube construction . .

4.2 Penrose diagram showing causal EF tubes

4.3 Figure illustrating the perturbative procedlure




ABBREVIATIONS

AdS Anti de-Sitter spacetime

CFT Conformal field theory

EF Eddington-Finkelstein (coordinates)
FG Fefferman-Graham (coordinates)
SO(n) The special orthogonal group of degree

SO(n, m)  The group of space-time rotationsnirspace-like ana» time-like dimensions

Vi



NOTATION

Throughout this thesis, we will use the “mostly plus” sigmatfor the metric tensor
unless explicitly specified otherwise. Greek indiges etc. are assumed to run over
the boundary directions, while upper case Latin indit&s/N etc. are assumed to run
over all spacetime directions, and lower case Latin indicg®tc. are assumed to run
over spatial boundary directions. We will follow Einstesmsmation convention where
an index that appears twice in a term — once as a subscriptraoedas a superscript —
is summed over. However, for lower case Latin indices, wel sitgbpt a summation
convention where repeated indices are summed over irrgpetwhether they appear
as superscripts or subscripts. We shall use boldface tael@neectors

We shall use natural units in whigh= 1 andc = 1. The constant& andc may
later be re-introduced when necessary by dimensional sisaly

In addition, we shall follow the following notation convémts unless explicitly
stated otherwise:

Gn Gravitational constant
ds Elemental proper length
Ts Schwarzschild radius
dQ? Sq_1 part of the metric

r Radial coordinate

ut Four velocity

G Metric tensor

c Speed of light (usually set to 1)

M Usually, mass

0 Polar angle coordinate

0] Azimuthal angle coordinate

t Time coordinate

v Infalling time-like Eddington-Finkelstein coordinate
x Position 4-vector

T Stress-energy tensor

A Velocity 3-vector

n Shear viscosity

P Mass / energy density
nHv Minkowski metric

E,. Einstein tensor

g Determinant of the metric
Yo Induced metric on a hypersurface
v Determinant ofy,,,

r,.~ Christoffel symbols

R, Ricci tensor

vii



Scalar curvature

Radius ofAdS spacetime

3-Gradient

Covariant derivative

Extrinsic curvature

Trace of extrinsic curvature
d-dimensional Lorentzian AdS manifold
d-dimensional de-Sitter manifold
Momentum operator

Generators of special conformal transforms
Generator of dilatation

Generators of spacetime rotations
Derivative with respect to the coordinate

viii



CHAPTER 1

INTRODUCTION

The AdS/CFT correspondence, which provides a dictionarypmgpsolutions of grav-
ity in the bulk of ad-dimensional AdS manifold to conformal field theories in the 1-
dimensional boundary of the manifold, has become an impbttel to explore both

gravity and strongly coupled dynamics in conformal fieldathes.

The AdS/CFT correspondence has opened up new approaches amalysis of
problems in strongly coupled field theory such as quanturorabdynamics, where
perturbative approaches fail. It has also revised our wtaeding of field theory, and

has also made contributions to our understanding of fluidhaeics. (See eg: [4])

Maldacena [14] proposed a duality between type-Il strireptiy in AdSs; x S° and
N = 4 conformal supersymmetric Yang-Mills theory on the bouyd#rAd.Ss.

Fluid mechanics arises as an effective description of atguafield theory at long
length scales. In this project, we restrict ourselves todbarse-grained “fluid dy-
namics” limit of the field theory, and the pure gravity sectdrthe string theory in
AdS5 x S5ﬂ This effectively provides a correspondence between pudtgrin AdSs

and conformal fluid mechanics in four space-time dimensions

The holographic description of fluid dynamics has openedaemues in the study
of turbulence, which is usually considered to be the lasiomansolved problem of

classical physics[11].

We will review some well-known aspects of turbulence anddfimechanics first,
and then move on to describing some aspects of the AdS/CFéspammdence. We

shall then review the details of the derivation of fluid medha from gravity.

1The S® manifold is not really relevant for our purposes, and canringiple be any compact mani-
fold, such as one of the five-dimensional Sasaki-Einsteinifolds Y}, ,.



CHAPTER 2

TURBULENCE: PHENOMENOLOGY AND
ANALYTICAL RESULTS

2.1 Turbulent flow

Turbulence is a regime of fluid flow characterized by stocbastanges of flow prop-

erties such as velocity.

It is believed that turbulence should be explicable usiregNavier-Stokes equation.

For a non-relativistic, viscous, incompressible fluid, gogiation takes the form
Ov+v-Vv=—-Vp+nViv. (2.1)
This, accompanied with the continuity equation for incoagsible flow,
V.-v=0, (2.2)

along with appropriate boundary conditions, is expectedetermine the flow pattern

for that boundary condition.

One may construct a dimensionless number using the flow Edeas) called the
Reynolds Number
_pVL

Re , (2.3)
1

whereV is a characteristic velocity (eg: the mean flow velocity)d @nis a character-

istic length scale (eg: the diameter of a pipe) in the problem

The flow patterns at low Reynolds number are laminar and argtar@ solutions
of the Navier-Stokes equations. However, the flow at high Rlelanumber is stochas-
tic and very few analytical results characterize it. Onehsanalytical result is the

Kolmogorov four-fifths law, which we shall elaborate on ghorSuch results are valid



in the domain offully developed turbulengevhich is the limit of infinite Reynolds

number, in which we may use the tools of statistical meclsatoi@nalyze the problem.

Turbulence poses many interesting challenges. For insténs not known whether
there exists an invariant distribution of velocities in tmeit of fully developed turbu-
lence in three (spatial) dimensions. Not many of the veyomitrrelation functions have
been analytically calculated in three dimenJ&)n%us, turbulence is a rich field of

open problems.

2.2 Relativistic hydrodynamics

The Navier-Stokes equation mentioned earlier is obtaineddplying Newton’s sec-
ond law to a fluid element. It is essentially a statement oSeovation of energy and
momentum. There are various simplifications of this equatioit as mentioned earlier,
we shall use the description for an incompressible, visdloug with no other external

forces acting on it.

In AdS/CFT, one naturally encounters relativistic fluid dynes. The dynamics of
a relativistic fluid is best described as the conservatian4dimensional stress-energy
tensorl’*,

9,T" =0, (2.4)

and a 4-dimensional current vectot, which is essentially the continuity equation for
fluid flow,
an' =0. (2.5)

The form of the stress tensor is decided by the most generaltteat respects all
symmetries of the problem. Also, we demand that the stresoteobey the “Landau

frame” condition (See e.g. [13, Chap. 15]),

u, " =0 | (2.6)

Two-dimensional turbulent flow has been characterized ¢etely using the methods of conformall
field theory|[15].



In the case of an inviscid, incompressible “perfect” fluics have

™ = (p+p) u'v” — pg""
(2.7)

n* = nut ,
wheren is the number density of particles.

For a viscous fluid, one must add terms involving derivatofes. The stress-energy
tensor7*” is in general, an expansion in derivatives of the tempesatund velocity

fields characterizing the fluid. To first order derivativels3][

TR — (p 4 p) utu” — pght —n (auuu 4+ MY — u”upapu“ — u“upapu”)

5 (2.8)
- (C - §n) Opuf (g — ulu")

v (0] [ (5) - wara, (1)) 29)

Here,x is identified with the thermal conductivity of the fluid, with the temperature,
andn and  are the two coefficients of viscosity — shear and bulk. Oneatztain
the Navier-Stokes equation in the form we wrote earlier iddy taking the non-
relativistic limit (as explained below) of the conservatlaw for the above stress-energy

tensor(2.8), and setting the bulk viscosity and thermataetivity to zero.

A more complicated fluid could have more than just thie@sport coefficients
While the viscous fluid is a good approximation to most fluitig, $tress tensor could
be far more general than that and could contain terms withdnigrder derivatives iw.
Thus, we can in principle add various higher order derieatgrrections to the above
stress tensor to obtain a more general description of fluhdycs. However, any
stress tensor we write must have conformal symmetry. Cordbsymmetry imposes

important constraints on the stress tensor, such as thshiagiof its trace:

gw/le =0. (210)

One would typically like to explain the flow of non-relatitisfluids. It is conceptu-

ally simple to go from a relativistic description to a notateistic description by taking



thenon-relativistic limit which involves re-introducing the speed of ligh{which we
have set to 1 in this thesis) via dimensional analysis anmuttigng the limit ofc — oo,
and removing any mass-energy contributions to the energjyea$ystem. It should be
noted that in the non-relativistic limit, the stress tensono longer symmetric. For
instance, the non-relativistic limits af* and7 are different. (See e.g. [13, Chap.
15]).

2.3 Symmetry in fluid mechanics

2.3.1 Symmetries of the Navier-Stokes equation

The Navier-Stokes equation respects the following symiesefi 1]:

Spatial Translation

Time Translation

Spatial Rotations

Galilean / Lorentz Boosts

Scaling

Special Conformal Transforms [4]

In summary, the Navier-Stokes equation, particularly thlativistic version, re-
spects th&O(4, 2) symmetry that corresponds to the conformal group in 4-dsiceral
space-time. (The Galilean version with no pressure grésliespects a Galilean ver-
sion of this conformal symmetry group.) For more details omformal symmetry, refer
to Appendix A.

2.3.2 The transition to turbulence
While the Navier-Stokes equation respects the conformahsstny SO(4, 2), its solu-
tions need not. This observation is called spontaneous gfmrreaking.

The transition to turbulence happens by a series of bifimeathat break the afore-

mentioned symmetries one after the other. Consider flow paglimder. At low

5



Reynolds number, when the flow is stationary, there is timestedion invariance. As
the Reynolds number is increased (say, by increasing the fttmaspeed), eddies be-
gin to form and the continuous time translation invariarecbroken to a discrete time
translation invariance (a Hopf bifurcation happens). Tieresting case is of fully
developed turbulence, where all of these symmetries arechrmn the flow pattern.
However, in this limit, the symmetries of the system areaest in a statistical sense,
i.e. on the invariant measure of the dynamical system. Témselation functions of
the velocity field are expected to respect these symmet(tese [11, Chapter 1] for

details).

Thus, in the limit of fully developed turbulence, all the syretries of the Navier-
Stokes equation are expected to hold in a statistical sétmeever, it should be noted
that the statistical symmetries hold only away from the lauies and in what is called

theinertial rangeof length scales.

2.4 Universality in turbulence

Consider the non-relativistic Navier-Stokes equation:
Ov+v-Vv=—-Vp+nVi. (2.11)

The termsVp andnV?v depend on the given fluid system. However, the so-called
advection termv - Vv, is universal. The flow away from boundaries, at length scale
that are much smaller than boundary dimensions, and lengtassthat are much larger
than those at which viscosity operates, is pretty much idanirrespective of the sit-
uation, in the limit of fully developed turbulence. (The sasity term, which contains
V? operates where there are sharp gradients, i.e. at smaihlengles). This range of
length scales is called thrertial range because the flow is governed by the inertial

terms of the Navier-Stokes equation.

Thus turbulent phenomena in the inertial range, in the lohiully developed tur-

bulence is universal, which makes this the regime of araytesults.



2.5 Analytical results in turbulence

For a fluid flowing through a pipe, it is observed that the Regiaalumber at which
turbulence sets in is greatly dependent on how stable theiflawthe inlet [7, 81.3].
This insinuates a model for turbulence as an error in the dayy initial conditions.
Another alternate way of modelling such systems is to intoeda stochastic ‘noise’

field in the equation. This allows for a statistical model.

Since turbulence can be modelled statistically, the objetinterest are correlation
functions of the velocity field. An important class of coatbn functions are the lon-
gitudinal structure functions. The longitudinal struetdanction of ordemp is defined

as:
12

p
Sp(l) = < {(V(I’ +£) —v(r)) - Z} > : (2.12)
In a famous paper in 1941, A. N. Kolmogorov showed that theltbrder structure
is given by [11, Chap. 6].
S3(0) = —%eﬁ ) (2.13)

wheree is the mean energy dissipation per unit mass ang. L. The traditional
derivation of this result is available in [11, Chap. 6], forexple. Simplified derivations

that do not require the picture of an energy casE:ade provided in [9].

Recently, Falkovich, Fouxon and Oz [9] have derived an ewador a velocity-

pressure correlation function.

However, such analytical results in turbulence are rare, @me hopes that the

AdS/CFT correspondence might be able to say something more @b

2Typically, to sustain turbulence, there is a stirring foapplied at large length scales. The viscous
dissipation operates at small length scales. In-betwedhgiinertial range, there is a cascade of energy
leading from the large length scales to the small lengthescedlled theRichardson cascadeSee [11,
87.3].



CHAPTER 3

PREREQUISITES

In this chapter, we shall develop some of the pre-requisiesired to derive fluid
mechanics from gravity. These include results from the &S/ framework which we

will later use in the derivation.

3.1 AdS spacetimes

AdS,, the d-dimensionalanti de-Sitter spacetimas a spacetime with constant nega-
tive scalar curvature and maximal isometr§dS;, when embedded 912, is the
hypersurface of a hyperboloid. Thus, one can derive4t§,; metric by looking at the

induced metric on a hyperboloid R¢—2, The metric inRY—12 is,
ds® = —(dX™1)? = (dX°)? + ) (dX")?, (3.1)

wheredX° anddX —! are the time-like coordinates, adX* are the space-like coordi-

nates ofR?~12. Now, the equation of a hyperboloid of raditiss,
ST (X2 (X2 =2 (3.2)
We may now use coordinate transformations such as,

X1 = ¢cosh ! cosh?
X% = /¢cosh'siné? ,
X! = ¢sinh 6' sin 63 cos 6* |
(3.3)
X? = (sinh 6" sin 62 sin 6* |
X3 = (sinh @' cos 6> cos 6° |

X* = (sinh 6" cos 6> sin #°



for AdSs, and treat as a constant so as to obtain théS,; metric, which solves Ein-
stein’s equations with a negative cosmological constéaig.called the “radius” of the
AdS, spacetime. More frequently used, are Bancaré coordinateswhich are ob-

tained by making the coordinate transformations, [14, Aipd

U= (xX"+x%,

V=(X"-X, (3.4)
Xl
Lo = )
U

with « taking values front) to d — 1 in the ambient spacetime, and then imposing the
constraint that the poirtX ~!, X, ..., X%) lies on the surface of the hyperboloid (3.2),

2 2
to obtainV = xg—ZU + % Thus, theAdS,; metric in global Poincaré coordinates is
2 U2 1\2 0\2 2dU2
ds® = 7 Z(daj) = (da")? | + 0. (3.5)

Theboundaryof AdS,; spacetime, in these coordinates, i$/at-> oco. By performing
. (> o . : .
a change of coordinateg] — —, the AdS,; spacetime is divided into two Poincaré
z

patches — one with > 0, and another with < 0 — with the metric,

2

as? = & (d=* +da?) | (3.6)

22

wheredz? = " (dz")? — (dz°)? . The metric is singular at = 0, which is the location

of the boundary. These are called Poincaré patch coordinate

We will be particularly interested ildSs;. AdSs spacetime is a solution to Ein-

stein’s Equations with a cosmological constamrogi:

4
Eyn +Agun = Run + 73 JMN = 0. (3.7)

AdSs has anSO(4, 2) isometry, as is clear from embedding it



3.2 The stress tensor dual to a metric

As mentioned earlier in 81, we will be concerning ourselvaly aith a coarse-grained
version of the ADS/CFT correspondence, that relates pukétgia the bulk of AdSs

to conformal fluid dynamics on the boundary.

Thus, for the purposes of this project, it suffices to knowyame aspect of the
AdS/CFT dictionary[16], which connects up properties of @f€T with properties of
the gravity theory, namely the computation of the stressdedual to a given metric.
We will be interested only in metrics on ahlS background. For this section, we will
follow the approach described by Balasubramanian and KiqudNe will denote by
M the AdS,; manifold. Letx* (i taking values fron® to d — 2) be coordinates span-
ning a time-like hypersurface oidS, and letr be the remaining coordinate. Denote
by OM,, the hypersurface at fixed We will choose the coordinate such that the
boundary of theAdS, space lies at = oco. Now, the ambient spacetime metrig y

induces a metric on the hypersurfazé1,, which we shall denote by, .

It is unnatural to assign a local stress-tensor in genecalariant theory, because
expressions dependent on the metric and its first derivsatevanish at a given point
in locally flat coordinates. Instead, Brown and York [5] defméquasilocal stress
tensor” associated with a space-time region, that is locdéhe boundary of that space-
time region. They treat the gravitational action for thecgptime.S,,., as a functional

of the boundary metric and then define the quasilocal stezs®t to be

2 0Sgav

T = .
V=7

(3.8)
If one takes the boundary to infinity, this stress tensorcigity diverges. (We will
describe how to circumvent this shortly)

However, the AdS/CFT duality equates the gravitationabadih the bulk, thought
of as a functional of boundary data, to the quantum effeeintmn of the corresponding

CFT on the boundary. Thus, (3.8) may be interpreted as an siprefor the expecta-

10



tion value of the stress tensor for the CFT:

(rvy = 2 % (3.9)

B vV 5'7“1/ '
We shall now use this to construct the boundary stress tdnmor the gravitational

action, following [1].

We shall start with the definition of the stress tensor in)(3tBwever, as we have
already stated, such a stress tensor is divergent at thelagufwhich is related to the
ultraviolet divergence in the conformal field theory dualtiie gravity theory we are
considering). Thus, we need to add certain counter terntsetadtion to suppress the
divergences. Thus, we replace the actign, by an effective actiotb,,., + S... Then,

the stress tensor takes the form,

1 2 S
™ = oW —e " + —— , 3.10
8GN ! V= 0V ( )
where©*” is the extrinsic curvature @M, defined by,
oM = —%(V“ﬁ” + V'nH), (3.11)

and® = /vy, is its trace. Heré" denotes the outward normaltfb\/lH, which is
normalized to unity,

AMaN gy = 1. (3.12)

Se 1S the counter-term action, which will be used to suppressdiiergences. Bal-
asubramanian and Kraus [1, (10)] present the counter teommétrics with AdS,
backgrounds fod = 3, 4, 5.

INote that whilea*, the boundary components®fare typically zero, the second term in its covariant
derivativeV*n» = otna? + g*NT v p¥nF is not necessarily zero.

11



CHAPTER 4

FLUID DYNAMICS FROM GRAVITY

As mentioned earlier, we will be looking at deriving fluid nh@nics from gravity. We
will set up a certain metric in addS; background which, when constrained to solve
Einstein’s equations, gives the equations of fluid meclsariibis section is a reproduc-

tion of the results of [2].

4.1 The setting

First consider the Schwarzschild blackhole4nS; spacetime of radius= 1, whose

metric is given by

ds® = —2dvdr — 7‘2f(b7‘)dv2 + ridx;dr’ (4.1)
with
1
flr)=1--—. (4.2)

Here, we are using the ingoing Eddington-Finkelstein c'mrmdag. The parametel is
related to the mass of the blackhole, and consequently teritperatureb is roughly
like the inverse temperature of the blackhole. The boundéatiie AdS5 spacetime is

atr — oo.

x# with z° = v andy running from0 to 3 will be called the “boundary coordinates”
or the “field-theory coordinates” and the whole set of cooatks, i.e(r, v, %) will be
referred to as the “bulk coordinates”. As mentioned ear(ieeek indices:, v etc. will
run over the boundary coordinates, and upper case Latingadi, N etc. run over
the bulk coordinates. Also, we will use lower case Latin aedi;, j etc. to denote the

spatial directions in the boundary.

1See [6, Chap. 7] for a discussion on Eddington-Finkelsteardinates



We now boost the blackhole by a constant four-velouit@ by applying a Lorentz

boost point-by-point, i.e. by switching to coordinatésnd¢’ such that,

dr| = cosh¢ (dr)+ fBdt), (4.3)
dt' = cosh¢ (dt + 3 -dx) , (4.4)
dx|, = dx, . (4.5)

Here, 3 is the three-velocity vector corresponding to the foueedly u“E G is its
magnitude, and is the rapidity corresponding 1@, given by = tanh ¢. By plugging
in the above into the metric (4.1), one obtains the boodiés blackhole [2],

ds® = —2u,, dz"dr — r* f(br) w,u, datdx” + r* P, dztdz” | (4.6)

where,

P,w/ = UyUy + Nuv 5 (47)
is the projection along spatial directigns

If we replace the constant velociti®é and the constant (inverse) temperatigy
slowly varying smooth functiong(z*) and b(z*) of the boundary coordinates, the

resulting metric is,

ds® = —2u,(x”) dzdr — r? f(b(z”)r) u,u(2”) u, (2°) dxtdx” + r* P, (2°) dx"dx” .
(4.8)
Let us denote the above metric@® (3;(x*), b(z*)). Note that, because we have used
Eddington-Finkelstein coordinates, the meTgF@Q is non-singular everywhere other

than atr = 0.

Generically, such a metric need not solve Einstein’s eqnat{3.7). However, if

we choose a distinguished poigit on the boundary, and construct a “tube” involving

2Boundary indices will be raised and lowered using the Minkimetric
3 . ﬁz 0 1
U = ———— andu’ =
V1-p? V11— 32
4Recall that we are using the mostly positive metric sigreatus, +, +, +)
SWe will avoid writing its dependence of (z) andb(z*) explicitly. It is to be understood thgt?)

is always a function of these.

13



a small neighbourhood af* on the boundary, extended in thedirection, it seems
plausible that the metric might approximate a solution ofgigin’s equations within

the tube. Thus, it intuitively seems plausible that we maglble to perturbatively add

Tube T
\;\V

(7 X

Boundary&

Figure 4.1: A cartoon depicting afAdSs space showing two out of four boundary di-
rections. The direction perpendicular to the boundary & & and the
boundary lies at = oco. We wish to perturbatively solve Einstein’s equa-
tions in a small neighbourhood of a distinguished pgthin the boundary,
which extends as a tube in thealirection.

corrections to the metrig®) so as to make it solve Einstien’s Equations to any required

order in the neighbourhood gf'.

It is important that we use infalling Eddington-Finkelst€EF) coordinates here
for a number of reasons, and we will now make a digressioniaglprexplain them,
closely following the explanation given in [3, 83.2]. Otlmordinate systems such as
Fefferman-Graham (FG) coordinates have a few issueslyfitss not guaranteed that
the metric with varying boosts analogous|/to (4.8), whentemiin FG coordinates, has
a regular event horizon. We will be interested only in regslalutions to Einstein’s
equations which have all future singularities shieldedrfrithe boundary by regular
event horizons. The second issue has to do with causalipp&e we perturb the fluid
flow on the boundary by applying a force at some space-timedawatey”, only those

space-time points on the boundary that lie in the causatdudty” under the fluid flow
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evolution are affected by this perturbation. Let us denieregion of the boundary by
C(y*). C(y*) naturally lies in the future boundary light-coneydf. Now, with the tube
construction, all those points in the buliy* ), which are part of tubes constructed from
C(y*) are also influenced by this perturbation. Thus, they mushlide future bulk
light-cone ofy*, because those regions are affected by the perturbatig¢mn Atcording

to [3], this requirement is not met if the tubes run alafig= constant in Schwarzschild

| FG coordinates. However, if we use tubes that run alondlimfanull geodesics, this
requirement is met rather naturally, since gravitationatwlbances propagate along
null geodesics. For the metric of (4.8) (which is in infafiEF coordinates), the* =
constant lines are infalling null geodesics, and hence infalling BBrcinates meet our

requirements.

Future Singularity

on-Finkelstein Tube

Bifurcation Point

of AdS

Past Singularity

Figure 4.2: Penrose diagram depicting the nature of thestatsestructed around curves
of constant:* in FG and infalling EF coordinates [3]. The FG tubes clearly
violate causality, while the EF tubes run along infallindl igeodesics, thus
preserving causality.

It turns out that while some of Einstein’s equations comstitae forms of the higher
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order perturbative corrections addedq®, others require thai and @E satisfy the

equations of fluid mechanics.

We shall now explain the perturbative set up used to solvertblelem.

4.2 The perturbative setup

The perturbative setup that is explained in this sectios diethe heart of the duality

between fluid dynamics on the boundary and gravity in the btilkdS.

As we have mentioned already?) need not satisfy Einstein’s equations whemnd
3; are functions of:”. Thus, we need to add correctionsgt® in order that the metric
solve Einstein’s eTJations to some required order in thghtmurhood of the poinj”.

&

Thus, we shall wri
g = 9(0) (ﬁlv b) + Eg(l)(ﬁlﬁ b) + 629(2) (ﬁ“ b) =+ 0(63) . (49)

As explained earlier, Einstein’s equationsg@will also impose constraints gi andb,
so it would be best to expand them perturbatively. First, weld like to makes; and
b into functions of=x* instead of just:, so that derivatives with respect ¢ of b and
(; produce powers of. Thus, roughly speaking, a higher order correction woulétena

the solution work better in a larger neighbourhood,/6f We would then write,

G = B(exr) +efM (ex?) + 287 (ea?) + O(?) (4.10)
b = bO(ear) 4+ bW (ea?) + 2P (e2?) + O(?) . (4.112)

Now, our aim is to solve perturbatively fg(n) for eachn. In the process, we will
obtain the conservation of the fluid dynamical stress teasone lower order from the
constraint equation@,uT(’;[ y =0, and then™ order fluid dynamical stress tenSB(i;”)

by using the procedure of §3.2. Figure 4.3 shows how the petive setup works.

5We will supress the” dependence df(z”) and3(x*) for the sake of brevity.
"We shall frequently absorb th& power intog(™ implicitly. Henceforth, whenever we writg"),
we assume that it comes with the factor8funless explicitly mentioned
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Einstein’s equations at_

<

order n
Constraint Equations Dynamical Equations
Equations of Fluid Mechanics Solve for the
at (n — 1)th order metric perturbation g™

W
Ty =0

Consztra%l the functions
n— _
B"" " and p("-D AdS/CFT|dictionary

Fluid dynamical stress tensor
T(‘;‘)) dual to g™

n—->n+1

Figure 4.3: Figure illustrating the perturbative procedused to construct the gravity
system dual to a given fluid. See text for the details of theupleative setup.

Suppose we already have already solved the perturbationyth@(n — 1) order,
i.e. we have computegd™ for m < n — 1 and have computed™ and ™ for
m < n — 2. We would now like to solve the!" order equations. First, we would
like to determine the" order correction to the metrig™, i.e. we would like to solve
Einstein’s equations at" order to obtairy™. Sinceg™ is already of ordet™, the Ein-
stein’s equations constrainin§” must contain linear differential operators that depend
only ong©@ (8, b©) since other terms come with powerszofMoreover, the differ-
ential operators cannot be derivatives in the field theamations, since those produce
powers ofz. Thus, the differential operator in Einstein’s equatiomjethh we shall de-
note byH, is a second order, linear differential operator intlirection, that depends
only ong©@ (3 (y), b (y#)). Thus, as is checked by plugging the expansion (4.10)

into Einstein’s equations (3.7) and extracting the coeffitbfs", we obtain linearized

equations of the form,

H [g@) (550% b<0>)} g () = s, . (4.12)

The source terms,, should be local terms of ordef. Thus, the source ternis can
comprise oftn — k)"-order boundary derivatives of”’ andb(*), evaluated aj”. Note,

however, that despite being of order, the terms@i(”) (y*) andb™ (y*) do not appear
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in s, since constant shifts @f; andb solve Einstein’s equations. Note once again, that

H is ultralocal in the field-theory directions and local-iglirection.

The equations in (4.12) are a set-5ef2<—6 = 15 equations owing tdv,,y being a
5-dimensional symmetric tensor. However, it turns out that these equations do not
involve the unknown functiop™, but instead constrain the functiofisandb by relat-
ing derivatives oﬁi(m) andb™ aty*, form < n — 1. We shall refer to these equations
as “constraint” equations. The remainihgequations have one redundancy, leavifig

equations that actually solve o, which we shall call “dynamical” equations.

Whenever we have a perturbative ansatz for the metric, tlseserne amount of
gauge freedom, i.e. there exist terms in the perturbingiostat remain unconstrained
by Einstein’s equations. It will be useful to fix this gaugeddom, and we will use the

‘background field’ gauge to do so:

9rr =0, Grp OC Uy, Tr [(g(o))_lg(”)} =0 Vn>0. (4.13)

The constraint equations at orderare obtained by dottind’,,; y with the vector
dual to the one-formir, i.e. with v = (¢(»)Mr and setting it to zero. Four of
these five equations — those givenddy E£,,, = 0 — are identical with the equations of
energy-momentum conservation in the boundary. At ottethey reduce to,

0, T" . =0, (4.14)

BT (n—1)

whereT{” | is the boundary stress tensor, dual to the metric expandélﬂst@*l))@
Note that the stressﬁtens@ﬁi 3 must respect conformal invariance, to preserve the
isometry of the metrit Thus, it is a ‘fluid dynamical’ stress tensor with up(io— 1)
derivatives, i.e. the most general conformally invaridréss-energy tensor, written as

a function ofu* and temperature.

Typically, we shall solve the equations (4.14) only arounel distinguished point

8To be explicit, T}, is the stress tensor corresponding to a perfect quid,]é{‘(‘l;dcorresponds toa
fluid with viscosity and thermal conductivity.
9Recall that the conformal group in 4-dimensional flat spawets the same as the isometry4dSs,

i.e.SO(4, 2)
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y* to some desired order, rather than attempting to solve thebally. When we move
on to the higher order computation, for instance frothorder to(n + 1) order, we
will only need to correct this stress tenéZCg‘f_l) with O(e™) corrections (as suggested
from the procedure outlined in §3.2) to obtain the stresscteiﬁ(’jl’; . Then, to solve
the equations), 77,7 = 0, one needs to correct the solutionsad7,” ,, = 0 to one
extra order in the neighbourhood gf, and then solve for the conservation of the extra

corrections added in going froﬂ’fjlil) to T(’jl).

The remaining constraint,, = 0 and the dynamical equatioits,, = 0 solve for

the unknown tensay™.

To solve the equations (4.12), we note that the blackholeiertesSO(3) isome-
try@ and shall exploit this by decomposing the set of equatiotasscalars, vectors and
traceless symmetric two-tenso#s) Of SO(3). Thus, theSO(3) scalar sector consists
of the constraintsy E,,, = 0, E,, = 0 andv™ E,;, = 0, and the dynamical equation
E,, = 0; the SO(3) vector sector consists of constraint$ £, = 0 and the dynami-
cal equationds,; = 0 andE,; = 0; and theSO(3) 5 sector consists of the dynamical

equationsy;; = 0.

To complete the perturbative procedurentorder, we compute the stress tensor

T(’j]”) dual to the metric at™ order using the procedure outlined in §3.2.

4.3 The perfect fluid from gravity

4.3.1 Outline

We shall first outline the derivation of the conservationt@ perfect fluid stress tensor

from the gravity dual.

Firstly, we recall that we wish to solve Einstein’s equasidar g = ¢(© + ¢ +
O(e?) to ordere around the distinguished poipt. Of these, the constraint equations

force the velocity and temperature fields ngérto conserve the perfect fluid stress

Owhile the isometry ofddSs is SO(4, 2), the presence of the blackhole breaks this dowsi@g3).
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tensor, i.e.

0.Tl =0, (4.15)
where up to an overall constant,
o At (4.16)
© = oyt \ U)o ) - :

Although it is not easy to find the solution of these equatihinsughout the boundary,
in order to implement the perturbative procedure, it is sigfit to find the solutions
of these equations to first order around the pegtht The equations will relate the
derivatives of(® and 6}0) aty*. Thus, the Taylor expansion éfand ; to first order
aroundy* are related, which is sufficient to fix the formgf). Taylor expandin@HT(’g’)’
to first order indeed lays down the same constraints‘@rand ﬁfo) as the constraint

equations org do!

The dynamical equations determine the formy@t. In order to findg™", we first
need to plug in an ansatz fgf"). While doing this, we shall decompogé}])N under
SO(3) as mentioned earlier and solve Einstein’s equations in sactor separately.
Using the solution from the constraint equations, one matewne source terms, as
functions of first derivatives of velocity fields only. Thermical equations can be
easily integrated to obtain solutions for the ansatz famstiand hence!). The “con-
stants” of integration can be arbitrary functions on thermtary, since the differential
operatorH has no field-theory derivatives. Thus, the general soliftion™ will have

the form,
gV = gi) + e (fo(2)gs + fila")gi) (4.17)

Wheregg) is a particular solutiong, andg; are zero modes of the operatht, and f,
andf; are arbitrary functions of the boundary coordinates. Nbenetric to first order

turns out to be,

g=99 440 ¢ ((fb + bW gy + (fi + ﬁ§1)>gi) : (4.18)

Thus, we may reabsorfy and f; into a redifintion of3; andb. Therefore, we need to

fix a choice for3; andb, which we will do by going to the “Landau frame” [13, Chapter
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15]. Note that the stress tensor at first ordgf) (dual to the metrigy")), which we
will later compute using the procedure of 83.2, will deperglieitly on the functions
f» and f; through the metrig/("). Since ambiguity in what part af) we call asg!,’
allows for arbitrary shifts off, and f;, there is a resulting ambiguity in the first order
part of the stress tensﬁﬁ(‘ﬁ. This ambiguity will be fixed by using the Landau frame
condition,

U(O);LT(IS =0. (419)

Once we fix this condition, we shall also setand f, to zero, and thug") = g§3>.

4.3.2 The metric tensor

For simplicity, we shall choose our distinguished pajfitto be at the origin of the
boundary coordinates. We will then make a coordinate tcansisuch that the four-
velocity at the poing* = 0 has the form(u*) = (1,0, 0, 0), and rescale the coordinates
so thath®) = 1. Then, the metric (4!8) expanded to first order around trgirotakes

the form,

ds%o) = 2dvdr — r* f(r)dv? + r*dx;da’

240,40 (4.20)

r2

— 2x“8uﬁi(o)dxidr — 2$"8ﬂﬁ£0)r2 (1— f(r))dz'dv — 4 dv? .

But as we have discussed earlier, this need not solve Eifsségjonations. Thus, we add
a corrective metrig? to (4.20), which is of order, to ensure that Einstein’s equations

are solved to first order aboyt = 0.

With this choice of coordinates, the constraint equati@h® ta simple form. To
find the constraint equations, we should dofy with v = ¢, When (u*) =
(1, 0, 0, 0), the only non-zero components gf) V" areg©) ™ = 2 f(r) andg® V" =

1. Thus, the constraint equations have the form,

r? f(r) Evpe + Eoy = 0. (4.21)
The background black-hole metric, which is essentially posed of the first three
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(ordere?) terms in[(4.20) has a spatiélD(3) isometry. Since the differential operator
in H depends only on the background metric, as we have statedreast may solve

for the variousSO(3) sectors separately.

4.3.3 Scalars ofSO(3)
First, we must parametrize the scalar componentg'tf

9y (r) =3 ha(r)
o ]{?1 (’I“

~—

1
g0 (r) = =35~ (4.22)
3
g5 (r) = —3 ha(r) .

g} andgly are related by the gauge conditi@n ((¢©)~'¢(") = 0.

The first scalar constraint equation,
12 f(r) By + By =0, (4.23)

evaluates g
1
0,00 = 3 .89 . (4.24)

The second scalar constraint,
P fr)E., +E, =0, (4.25)

evaluates to
12730 (r) + (37 — DA, (r) — K (r) = —2r°0,8" . (4.26)

We now need one dynamical equation in addition to these, lt@ $or the unknown
functionsh, (r) andk; (r) of the scalar sector. The simplest dynamical equation hegppe

to beE,.,. = 0, which reduces to

5Ri(r) +rhi(r) =0. (4.27)

1These computations were verified using Mathematica.
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The general solution fdi; () andk; (r) is then, given by,
2 3 (0) 4 t
ki(r) = 3" 0,8, +3r"s — p} +u, (4.28)

wheres, t andu are arbitrary “constants” in the variabte which can in general be
functions ofz*. s multiplies a non-normalizable solution of the equatioms] hence,
we must set = 0. A linear combination of terms involving the pieces mulgpl by ¢
andu is generated by a change of coordinates of the form (1 + %) and thusy
can be set to zera: = 0 by the Landau frame conditiomLO)TW = 0. Thus, the scalar

part of g(), which we shall denote by, is of the form,

2
<gg)> ; dz®da’ = graiﬁi(o)dqﬂ . (4.29)

4.3.4 \Vectors ofSO(3)

The constraint equation in the vector sector,
7’2f<T)Em‘ -+ Evi =0 s (430)

evaluates to
8:p” = 9,5 . (4.31)

The vector part of(") can be written in terms of unknown functiojfé)(r) as,
<g€/l)> ﬁdaso‘dxﬁ = 2r%(1 — f(r))ji(l)(r)dvd:vi . (4.32)

The dynamical equatioy,; = 0 constrains these functions to solve the differential

equations,

e [TS 7 (T)} = =500 (4.33)
the general solution of which takes the form,

i) = 0,80 1% a4y, (4.34)
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wherea; andc; are arbitrary “constants’s; is forced to zero by boundary conditions,

while ¢; is set to zero by the, T#” = 0 condition. Thus, the restriction gf!) to the

vector sectorg‘(}) is given by,

(g‘(/l)> y de®dx® = 2r &)ﬁi(o) dvdzx’ . (4.35)

4.3.5 Traceless, symmetric two-tensorsj of SO(3)

This sector has no constraint equations. We paramej,ﬁiethe restriction ofy") to

the symmetric, traceless two-tensor sectof6f(3), as
(g(Tl)) ﬁdl’adlﬁ = rzozg;)(r)d:vidxj , (4.36)

whereq;; is traceless and symmetric.

Einstein’s equations in this sectdf;; = 0, evaluate to

d d ) 0)
e <T5f(r)%aij ) = —6r20ij , (4.37)

wheres?

. » atraceless, symmetric matrix, is given by

1
o) = 9,8 ~ 2000m 5 (4.38)

We may integrate this equation, which is of first ordeuéljm)/(r), for an arbitrary

source terms;;(r) as follows,

oV = [ [T |
Vo == w5 [ s (4.39)

The lower limit of the second integration is chosen tolbeo that the second integral
vanishes at = 1, thus making the integral regular for all## 0 including atz = 1,

1
where—— blows up.

f(x)
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For the source term of (4.38), (4.39) gives us,

(g(Tl)>¢j =272 F(r) oV (4.40)

ij

with

o 224+r+1
o= [ e

[1og ((1 )2 (1 +12)

rd

(4.41)

) — 2arctan(r) + 7

S

Atlarger, r? F(r) has the form(l - %) . This will be useful while finding the

2
”
boundary stress tensor.

4.3.6 Summary
We have thus obtained” + ¢(!), expanded to first order around the pajtt= 0, as

ds* = 2dvdr — r* f(r) + r’dx;dz’
.4
- Qx“(?uﬁi(o) — Zx“aﬂﬁi(o) r? (1 — f(r)) dvdz" — ﬁx“aub@ dv? (4.42)
+ 2r% F(r) ai(]Q) dx'dx’ + 37 @ﬂi(o) dv? + 27’81)@-(0) dvdz® .

This metric satisfies Einstein’s equations to first ordenab6 = 0 provided the func-

tionsb® andB satisfy the constraints,

81)6(0) - 1 161(0) )
3 (4.43)
8;p® = 5,89 .

4.3.7 Covariantized solution with global validity to first order in

derivatives

So far, we have derived the metg€ about the poing* = 0 to first order, assuming
that we have chosen coordinates such #at0) = 1 and3{” (0) = 0. However, we

could do this at any arbitrary point, and since the pertivbatrocedure is ultralocal in
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the field theory derivatives, it should carry over in the sananer to any other point
on the boundary. Thus, we have enough information to writetoeimetricg") about
any pointz#. To do this, we write a covariatitform of the metric in/(4.42) as a function
of u* andb, which reduces to (4.42) when we $6¥ = 1 and3” = 0. It is easily

verified that

ds® = —2u,, da"dr — r* f (br) u,u, de"dz” + 1r* P, dztdx”
2
+ 2r* F(br) 0, dz"dz” + 3" (Onu) wyu, da*dz” — ruo\(u,u,) datds”

(4.44)

with o, given by
1
o = PrPP 9 qug) — S P00 (4.45)

works up to first order in derivatives. Furthermore, thit©isanique choice that respects
the required symmetries up to first order in derivatives. sThiufollows that (4.44) is

the metricg® + ¢\,

Now, we turn to the constraint equations (4.43). It is easyeawfy in a similar
fashion, that (4.15) with the stress tensor (4.16) is thedantization of (4.43). Thus,
these equations refer to the conservation of boundaryssénesrgy. One should note
that the equations (4.43) are an expansion of (4.15) onlysodrder abouy” = 0.
When we go to the next order in the perturbative expansion, ust take care to correct

these equations to second order in field-theory derivatives

4.3.8 The dual stress tensor

We now wish to construct the stress tengig‘lr‘)’ dual to the metricg™"). Using the
procedure of/83.2 to obtain the stress-tensor dual to aenétdan be shown that,
T = E (dufu” + ") — 2 lojad (4.46)
G TR '

12By covariant, it is to be understood that we mean covariathemoundary, since we will always be
interested in a specific coordinatization of thdirection of the bulk.
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. . . 1
This stress-tensor gives the famoys ratio of o wheres refers to the entropy den-
m

sity. This stress tensor is correct only up to first derivediin temperature and velocity.

4.4 The Navier-Stokes equation from gravity

One may carry out a similar (but more tedious) computatisetmnd order as outlined

in [2, 85], and in this case, the constraint equations rasulbe relativistic Navier-
Stokes equatio@MT(’i’)’ = 0. The dynamical equations solve for the second order cor-
rections to the metricg®, and the stress tens@{g dual to that will contain second

order derivatives of the velocity and temperature fields.

Note that to do this, one must first correct our solutions odtteorder fluid mechan-

ics (4.15) to second order in field theory derivatives, i.e.must satisfy the constraints,

0Ty (y") =0 . (4.47)

This will ensure that we have satisfied zeroth order fluid raads in the second order
neighbourhood of the distinguished poitit Next, we must expand the metgi®) + ¢
to orders2. We then must add to this the correction metric at second gfdle plug in
an ansatz foy® in each sector 080(3) as we did forg™"). The rest of the procedure

follows the first order computation closely.
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CHAPTER 5

FURTHER DIRECTIONS OF RESEARCH

This project has so far laid down some of the foundationsireduo study hydro-
dynamics from a holographic perspective. In this thesis,haee reviewed certain
well-known aspects of turbulence, and have explained thead®n of perfect fluid

mechanics from a dual gravitational system as done in [2].

Further directions of study should include an understapdinhow to obtain the
Navier-Stokes equations from gravity following [2]. Fouxand Oz [10] derive exact
scaling relations for relativistic turbulence without iryto use the picture of an energy
cascade from longer length scales to shorter length scBlesy, Fouxon and Oz [8]
lay some foundations for the study of turbulence from a h@lpgic point of view. The
next objectives of our study would be to understand thesdlamtry to see what we

can say about turbulence from a holographic perspective.



APPENDIX A

CONFORMAL SYMMETRY

A.1 Conformal symmetry

In AdS/CFT, conformal symmetry takes an important role. Taklfiheory that is dual

to the gravity system respects conformal symmetry.

Conformal transforms keep angles between any two vectoasiant. Thus, a con-
formal transformation keeps the metric of the underlyingcgstime invariant upto an
overall scale factor. That is, under conformal transforthe, metric of a spacetime

transforms as:

G () = Q) g (2) - (A.1)
Typically, we require)(z) to be a positive definite function (in order to preserve sig-
nature), owing to whiclf)(x) is typically written asxp(¢(x)). HoweverQ(z) cannot

be just any function, becaugg, must transform as €, 2) tensor. Thus, the function

Q(x) must satisfy the differential equations,

oxP 0z°

Q(IL’)QW = 9k Dl Gpo -

(A.2)

In d > 2 dimensions, the set of conformal transforms is [12]:

e The Poincaré group which is the set of space-time translations and rotations:

o — " =2+ ad (A.3)

o — a2t =AM . (A.4)

Here,a* is an arbitrary vector af dimensions and is aSO(d—1, 1) matrix. For
these transformations, the metric remains the same, asdttiase hav@ = 1.

¢ Dilatations (which are essentially uniform scaling):

at — o = \at . (A.5)



For these transformations, the metric picks up a scalingrgbyQ(x) = A7%, a
constant.

e Special Conformal Transforms:
Also allowed are a set of non-trivial transformations thag parametrized by a
constanb”,
ot — P = 7+ ta? .
14 2b-x + b2z?
It is reasonably straightforward to show that this corresjsoto a spacetime-
dependent scaling factor 6f(z) = (1 + 2b - z + b222)°.

(A.6)

Thus, ind-dimensional space-time, the conformal groupdas d(d—1)+1+d =
+(d + 1)(d + 2) parameters. Notice that the number of parameters is the aarthet
for SO(d + 2).

A.2 Generators of the conformal group

We shall now present the generators and the Lie algebradardhformal group in flat

spacetime.

A.2.1 The Poincaré group

The Poincaré group, as mentioned earlier, is the group afespae translations and
rotations. The subgroup of rotations9®)(d — 1, 1) (which is the Lorentz group when
d = 4), and the generators for these space-time rotations, lysledoted by)M/#, can
be represented as:

M" = —i(a"8” — 2" . (A.7)

The translations are generated by moménitarepresented by:

Pt = —io" (A.8)
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These generators obey the commutation relations:

[P'u, Pl/] — 0 , (Ag)
[P7,M"] = —i(g"*P" —g""P"), (A.10)
(M M) = —i(gh MY — g MM — g MY+ g M) (A1)

A.2.2 Dilatations

The generator for dilatationg), is represented by:
D = —iz”0, . (A.12)

The eigenvalue of the dilatation generator for a particalgect is the scale dimension

of that object under the dilatation transformation.

The dilatation generatdd obeys the commutation relations:
[D,M"™] = 0, (A.13)

[D,PY] = iP". (A.14)

A.2.3 Special conformal transformations

By considering infinitesimal special conformal transforioias,
Q= (1+4b-z2)+ 0O, (A.15)
one can obtain the generatdss for special conformal transformations,

K, oz! = —i (mQay — 2x,,xp8p) xh . (A.16)
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The generator#, obey the commutation relations:

K", K] = 0, (A.17)
(M™ K°] = —i(¢""K" — ¢°"K"), (A.18)
[K*.D] = iK", (A.19)
[P* KY] = —2i(M"™ — g"D) . (A.20)

A.2.4 The Lie algebra of the conformal group

Here, we summarize the Lie algebra of the conformal grougcivinie have already
detailed earlier. As we have explained above, therelédet 1)(d + 2) generators —

K,, P,, M"*, andD, which obey the algebra:

[P, P =0,
[P?, M) = ~i(g™P” — g P")
[MW7 Maﬁ} — _Z'(guaMVB _ gvaMuﬂ _ g“ﬁM”a + QVﬂMw) 7
(K", K"] =0,
[M*,K°| = —i(¢°" K" — g K") (A.21)

[P, K] = =20 (M — ¢ D) |

[K*, D] =iK"
[P, D] = —iP*
[M" D] =0.

A.2.5 Isomorphism with SO(d, 2)

We will now outline a justification that shows that the comfal group ind-dimensional

flat space-time (with one spatial dimension) is isomorpbi€®(d, 2).

The Lie algebra ofSO(d, 2) is generated by\/**) which obey the commutation

relations:
[MMN’ MAB] _ _Z-<gMAMNB _ gNAMMB _ gMBMNA + gNB]T/[/MA> . (A.22)
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Hereg is a flat metric inR%2. We will adopt a convention where indiced ando refer

to the time-like directions ifR%?, and the remaining indicesthroughd denote spatial
directions. For this section, we will use notation wheredBrandices run over values
from0tod — 1 (d — 1 spatial andl time-like directions), and Latin indices run over

values from—1tod.

Firstly, if we identify Mm = M* we see that the commutation relations match.
Thus, we now need to identivad’N an(m M~1# of SO(d, 2) with appropriate gener-
ators of the conformal group i#h dimensions to establish the isomorphism. One can

check that the following identifications work:

D =M
Pro= ML A (A.23)

K = N1 3

1Recall thatM M is antisymmetric in the indices
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APPENDIX B

BLACKHOLE SOLUTIONS

Blackhole solutions are important in the study of AdAS/CFT &y tarise naturally as
the duals of conformal field theories at finite temperaturéhe temperature of the
blackhole is identified with the temperature of the CFT (S68)[1

Blackhole solutions are obtained by solving Einstein’s égua with appropriate
stress tensors / cosmological constants. They are characteompletely by charges,
such as mass, electric charge, and angular momentum. Waeliggliss blackholes
with no electromagnetic charge or angular moment8ch{varzschild blackholgsand
ones with electromagnetic charge(s) but no angular momeifiReissner-Nordstréom
blackhole$.

B.1 Schwarzschild blackhole

In this section, we will present the Schwarzschild blackhl 4-dimensional space-

time. The metric, in Schwarzschild coordinates, has thefor

-1
ds? = — (1 - E) dt? + (1 . E) dr? + r2d6? + 12 sin?(0)d¢? . (B.1)
T T
The event horizon is located at= r,, wherer,, the Schwarzschild radiyss related to
the mass of the blackhole by

Trs = QGNM . (BZ)

The metric is singular at = r,, but this is a coordinate singularity, which can be
removed by a change of coordinates, for instance, tonp@ng Eddington-Finkelstein

coordinates

r

2GNM
ds? = — (1 _ %G ) dv® + 2dvdr + r2dQ? . (B.3)



The Schwarzschild metric solves Einstein’s equations cuuan, which take the

form R* = 0, everywhere except at= 0, where there is a curvature singularity.

Unlike the solution presented here, tHeS Schwarzschild blackhole of 84 is a
solution that asymptotes tddS5 space, and not flat space. It is again a spherically
symmetric blackhole, carrying only mass, and solves thewacEinstein’s equations

with a negative cosmological constant and asymptotesits.

B.2 Reissner-Nordstrém metric

The Reissner-Nordstrom metric describes the spacetimandrallackhole carrying

electric charge:

ds?® = (1 - 24 QQ) dt? + ( 2622) dr? 4+ r2dQ? . (B.4)

The Reissner-Nordstrom blackhole can have upto two eveitdns, given by:

Ty =

(rs +./r7 2@3) . (B.5)

[\DI»—t

When both of the above roots are real and distinct, there arewent horizons. When
the roots are coincident, there is only one event horizontaadlackhole is said to
be anextremal blackhole When the roots are imaginary, we have a naked singularity
(which is conjectured to not exist). Again, the singulastatr = r,. are coordinate

singularities.

The Reissner-Nordstrom metric is a solution to the Einsdedgiuations with elec-

tromagnetic energy density as a source, and Maxwell’'s engain vacuum:

E/uz = 871-C:N IT28) (B6)

O F"™ = 0, (B.7)
1

T, = FMQFZ?—I—ZgWFO‘ﬁFaﬂ. (B.8)
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These are essentially the Euler-Lagrange equations fdittstein-Maxwell action

S = /\/—_gd4x [R— iF"”Fw} . (B.9)
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