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ABSTRACT

KEYWORDS: Fluid Mechanics; Gravity; AdS/CFT correspondence; Navier-

Stokes equation; Turbulence; Blackholes; Conformal symmetry.

Turbulent dynamics of fluids is a problem that has remained unsolved for centuries.

There have been attempts to explain certain aspects of turbulence using holography. We

review some well-known aspects of turbulence, and then review the derivation of fluid

mechanics from gravity using the AdS/CFT correspondence. Black branes with boosts

and temperatures that vary along the boundary directions can be, with some corrections,

made to solve Einstein’s equations perturbatively, provided the boosts and temperature

fields satisfy the equations of fluid mechanics on the boundary. We outline the proof

of this, as presented by Bhattacharyya et al. By finding such a black brane metric,

we are effectively finding a gravity dual for every possible boundary fluid flow that is

characterized by a velocity and temperature field that satisfies the equations of fluid

dynamics.
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NOTATION

Throughout this thesis, we will use the “mostly plus” signature for the metric tensor
unless explicitly specified otherwise. Greek indicesµ, ν etc. are assumed to run over
the boundary directions, while upper case Latin indicesM , N etc. are assumed to run
over all spacetime directions, and lower case Latin indicesi, j etc. are assumed to run
over spatial boundary directions. We will follow Einstein summation convention where
an index that appears twice in a term – once as a subscript and once as a superscript –
is summed over. However, for lower case Latin indices, we shall adopt a summation
convention where repeated indices are summed over irrespective of whether they appear
as superscripts or subscripts. We shall use boldface to denote 3-vectors

We shall use natural units in which~ = 1 andc = 1. The constants~ andc may
later be re-introduced when necessary by dimensional analysis.

In addition, we shall follow the following notation conventions unless explicitly
stated otherwise:

GN Gravitational constant
ds Elemental proper length
rs Schwarzschild radius
dΩ2 Sd−1 part of the metric
r Radial coordinate
uµ Four velocity
gµν Metric tensor
c Speed of light (usually set to 1)
M Usually, mass
θ Polar angle coordinate
φ Azimuthal angle coordinate
t Time coordinate
v Infalling time-like Eddington-Finkelstein coordinate
x Position 4-vector
T µν Stress-energy tensor
v Velocity 3-vector
η Shear viscosity
ρ Mass / energy density
ηµν Minkowski metric
Eµν Einstein tensor
g Determinant of the metric
γµν Induced metric on a hypersurface
γ Determinant ofγµν

Γµν
ρ Christoffel symbols

Rµν Ricci tensor
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R Scalar curvature
ℓ Radius ofAdS spacetime
∇ 3-Gradient
∇µ Covariant derivative
Θµν Extrinsic curvature
Θ Trace of extrinsic curvature
AdSd d-dimensional Lorentzian AdS manifold
Sd d-dimensional de-Sitter manifold
P µ Momentum operator
Kµ Generators of special conformal transforms
D Generator of dilatation
Mµν Generators of spacetime rotations
∂µ Derivative with respect to the coordinatexµ
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CHAPTER 1

INTRODUCTION

The AdS/CFT correspondence, which provides a dictionary mapping solutions of grav-

ity in the bulk of ad-dimensional AdS manifold to conformal field theories in thed−1-

dimensional boundary of the manifold, has become an important tool to explore both

gravity and strongly coupled dynamics in conformal field theories.

The AdS/CFT correspondence has opened up new approaches in the analysis of

problems in strongly coupled field theory such as quantum chromodynamics, where

perturbative approaches fail. It has also revised our understanding of field theory, and

has also made contributions to our understanding of fluid mechanics. (See eg: [4])

Maldacena [14] proposed a duality between type-II string theory inAdS5 × S5 and

N = 4 conformal supersymmetric Yang-Mills theory on the boundary of AdS5.

Fluid mechanics arises as an effective description of a quantum field theory at long

length scales. In this project, we restrict ourselves to thecoarse-grained “fluid dy-

namics” limit of the field theory, and the pure gravity sectorof the string theory in

AdS5 × S5.1 This effectively provides a correspondence between pure gravity in AdS5

and conformal fluid mechanics in four space-time dimensions.

The holographic description of fluid dynamics has opened newavenues in the study

of turbulence, which is usually considered to be the last major unsolved problem of

classical physics[11].

We will review some well-known aspects of turbulence and fluid mechanics first,

and then move on to describing some aspects of the AdS/CFT correspondence. We

shall then review the details of the derivation of fluid mechanics from gravity.

1TheS5 manifold is not really relevant for our purposes, and can in principle be any compact mani-
fold, such as one of the five-dimensional Sasaki-Einstein manifoldsYp,q.



CHAPTER 2

TURBULENCE: PHENOMENOLOGY AND

ANALYTICAL RESULTS

2.1 Turbulent flow

Turbulence is a regime of fluid flow characterized by stochastic changes of flow prop-

erties such as velocity.

It is believed that turbulence should be explicable using the Navier-Stokes equation.

For a non-relativistic, viscous, incompressible fluid, theequation takes the form

∂tv + v · ∇v = −∇p + η∇2
v . (2.1)

This, accompanied with the continuity equation for incompressible flow,

∇ · v = 0 , (2.2)

along with appropriate boundary conditions, is expected todetermine the flow pattern

for that boundary condition.

One may construct a dimensionless number using the flow parameters, called the

Reynolds Number,

Re =
ρV L

η
, (2.3)

whereV is a characteristic velocity (eg: the mean flow velocity), and L is a character-

istic length scale (eg: the diameter of a pipe) in the problem.

The flow patterns at low Reynolds number are laminar and are analytical solutions

of the Navier-Stokes equations. However, the flow at high Reynolds number is stochas-

tic and very few analytical results characterize it. One such analytical result is the

Kolmogorov four-fifths law, which we shall elaborate on shortly. Such results are valid



in the domain offully developed turbulence, which is the limit of infinite Reynolds

number, in which we may use the tools of statistical mechanics to analyze the problem.

Turbulence poses many interesting challenges. For instance, it is not known whether

there exists an invariant distribution of velocities in thelimit of fully developed turbu-

lence in three (spatial) dimensions. Not many of the velocity correlation functions have

been analytically calculated in three dimensions1. Thus, turbulence is a rich field of

open problems.

2.2 Relativistic hydrodynamics

The Navier-Stokes equation mentioned earlier is obtained by applying Newton’s sec-

ond law to a fluid element. It is essentially a statement of conservation of energy and

momentum. There are various simplifications of this equation, but as mentioned earlier,

we shall use the description for an incompressible, viscousfluid with no other external

forces acting on it.

In AdS/CFT, one naturally encounters relativistic fluid dynamics. The dynamics of

a relativistic fluid is best described as the conservation ofa 4-dimensional stress-energy

tensorT µν ,

∂µT
µν = 0 , (2.4)

and a 4-dimensional current vectornµ, which is essentially the continuity equation for

fluid flow,

∂µn
µ = 0 . (2.5)

The form of the stress tensor is decided by the most general term that respects all

symmetries of the problem. Also, we demand that the stress tensor obey the “Landau

frame” condition (See e.g. [13, Chap. 15]),

uµT
µν = 0 . (2.6)

1Two-dimensional turbulent flow has been characterized completely using the methods of conformal
field theory [15].
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In the case of an inviscid, incompressible “perfect” fluid, we have

T µν = (p + ρ) uµuν − pgµν ,

nµ = nuµ ,
(2.7)

wheren is the number density of particles.

For a viscous fluid, one must add terms involving derivativesof v. The stress-energy

tensorT µν is in general, an expansion in derivatives of the temperature and velocity

fields characterizing the fluid. To first order derivatives, [13]

T µν = (p + ρ) uµuν − pgµν − η (∂νuµ + ∂µuν − uνuρ∂ρu
µ − uµuρ∂ρu

ν)

−
(

ζ − 2

3
η

)
∂ρu

ρ(gµν − uµuν) ,
(2.8)

nµ = nuµ + κ

(
nT

ρ

)2 [
∂µ
(µ

T

)
− uµuρ∂ρ

(µ

T

)]
. (2.9)

Here,κ is identified with the thermal conductivity of the fluid,T with the temperature,

and η and ζ are the two coefficients of viscosity – shear and bulk. One canobtain

the Navier-Stokes equation in the form we wrote earlier in (2.1) by taking the non-

relativistic limit (as explained below) of the conservation law for the above stress-energy

tensor (2.8), and setting the bulk viscosity and thermal conductivity to zero.

A more complicated fluid could have more than just threetransport coefficients.

While the viscous fluid is a good approximation to most fluids, the stress tensor could

be far more general than that and could contain terms with higher order derivatives inv.

Thus, we can in principle add various higher order derivative corrections to the above

stress tensor to obtain a more general description of fluid dynamics. However, any

stress tensor we write must have conformal symmetry. Conformal symmetry imposes

important constraints on the stress tensor, such as the vanishing of its trace:

gµνT
µν = 0 . (2.10)

One would typically like to explain the flow of non-relativistic fluids. It is conceptu-

ally simple to go from a relativistic description to a non-relativistic description by taking

4



thenon-relativistic limit, which involves re-introducing the speed of lightc (which we

have set to 1 in this thesis) via dimensional analysis and then taking the limit ofc → ∞,

and removing any mass-energy contributions to the energy ofthe system. It should be

noted that in the non-relativistic limit, the stress tensoris no longer symmetric. For

instance, the non-relativistic limits ofT 0i andT i0 are different. (See e.g. [13, Chap.

15]).

2.3 Symmetry in fluid mechanics

2.3.1 Symmetries of the Navier-Stokes equation

The Navier-Stokes equation respects the following symmetries [11]:

• Spatial Translation

• Time Translation

• Spatial Rotations

• Galilean / Lorentz Boosts

• Scaling

• Special Conformal Transforms [4]

In summary, the Navier-Stokes equation, particularly the relativistic version, re-

spects theSO(4, 2) symmetry that corresponds to the conformal group in 4-dimensional

space-time. (The Galilean version with no pressure gradients respects a Galilean ver-

sion of this conformal symmetry group.) For more details on conformal symmetry, refer

to Appendix A.

2.3.2 The transition to turbulence

While the Navier-Stokes equation respects the conformal symmetrySO(4, 2), its solu-

tions need not. This observation is called spontaneous symmetry breaking.

The transition to turbulence happens by a series of bifurcations that break the afore-

mentioned symmetries one after the other. Consider flow past acylinder. At low

5



Reynolds number, when the flow is stationary, there is time translation invariance. As

the Reynolds number is increased (say, by increasing the meanflow speed), eddies be-

gin to form and the continuous time translation invariance is broken to a discrete time

translation invariance (a Hopf bifurcation happens). The interesting case is of fully

developed turbulence, where all of these symmetries are broken in the flow pattern.

However, in this limit, the symmetries of the system are restored in a statistical sense,

i.e. on the invariant measure of the dynamical system. Thus,correlation functions of

the velocity field are expected to respect these symmetries.(See [11, Chapter 1] for

details).

Thus, in the limit of fully developed turbulence, all the symmetries of the Navier-

Stokes equation are expected to hold in a statistical sense.However, it should be noted

that the statistical symmetries hold only away from the boundaries and in what is called

the inertial rangeof length scales.

2.4 Universality in turbulence

Consider the non-relativistic Navier-Stokes equation:

∂tv + v · ∇v = −∇p + η∇2
v . (2.11)

The terms∇p andη∇2
v depend on the given fluid system. However, the so-called

advection term, v · ∇v, is universal. The flow away from boundaries, at length scales

that are much smaller than boundary dimensions, and length scales that are much larger

than those at which viscosity operates, is pretty much identical irrespective of the sit-

uation, in the limit of fully developed turbulence. (The viscosity term, which contains

∇2 operates where there are sharp gradients, i.e. at small length scales). This range of

length scales is called theinertial range, because the flow is governed by the inertial

terms of the Navier-Stokes equation.

Thus turbulent phenomena in the inertial range, in the limitof fully developed tur-

bulence is universal, which makes this the regime of analytical results.

6



2.5 Analytical results in turbulence

For a fluid flowing through a pipe, it is observed that the Reynolds number at which

turbulence sets in is greatly dependent on how stable the flowis at the inlet [7, §1.3].

This insinuates a model for turbulence as an error in the boundary / initial conditions.

Another alternate way of modelling such systems is to introduce a stochastic ‘noise’

field in the equation. This allows for a statistical model.

Since turbulence can be modelled statistically, the objects of interest are correlation

functions of the velocity field. An important class of correlation functions are the lon-

gitudinal structure functions. The longitudinal structure function of orderp is defined

as:

Sp(ℓ) ≡
〈[

(v(r + ℓ) − v(r)) · ℓ

ℓ

]p〉
. (2.12)

In a famous paper in 1941, A. N. Kolmogorov showed that the third-order structure

is given by [11, Chap. 6].

S3(ℓ) = −4

5
ǫℓ , (2.13)

whereǫ is the mean energy dissipation per unit mass andℓ ≪ L. The traditional

derivation of this result is available in [11, Chap. 6], for example. Simplified derivations

that do not require the picture of an energy cascade2 are provided in [9].

Recently, Falkovich, Fouxon and Oz [9] have derived an expression for a velocity-

pressure correlation function.

However, such analytical results in turbulence are rare, and one hopes that the

AdS/CFT correspondence might be able to say something more about it.

2Typically, to sustain turbulence, there is a stirring forceapplied at large length scales. The viscous
dissipation operates at small length scales. In-between, in the inertial range, there is a cascade of energy
leading from the large length scales to the small length scales called theRichardson cascade. See [11,
§7.3].
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CHAPTER 3

PREREQUISITES

In this chapter, we shall develop some of the pre-requisitesrequired to derive fluid

mechanics from gravity. These include results from the AdS/CFT framework which we

will later use in the derivation.

3.1 AdS spacetimes

AdSd, thed-dimensionalanti de-Sitter spacetime, is a spacetime with constant nega-

tive scalar curvature and maximal isometry.AdSd, when embedded inRd−1,2, is the

hypersurface of a hyperboloid. Thus, one can derive theAdSd metric by looking at the

induced metric on a hyperboloid inRd−1,2. The metric inRd−1,2 is,

ds2 = −(dX−1)2 − (dX0)2 +
∑

i

(dX i)2 , (3.1)

wheredX0 anddX−1 are the time-like coordinates, anddX i are the space-like coordi-

nates ofRd−1,2. Now, the equation of a hyperboloid of radiusℓ is,

−(X−1)2 − (X0)2 +
∑

i

(X i)2 = ℓ2 . (3.2)

We may now use coordinate transformations such as,

X−1 = ℓ cosh θ1 cos θ2 ,

X0 = ℓ cosh θ1 sin θ2 ,

X1 = ℓ sinh θ1 sin θ3 cos θ4 ,

X2 = ℓ sinh θ1 sin θ3 sin θ4 ,

X3 = ℓ sinh θ1 cos θ3 cos θ5 ,

X4 = ℓ sinh θ1 cos θ3 sin θ5

(3.3)



for AdS5, and treatℓ as a constant so as to obtain theAdSd metric, which solves Ein-

stein’s equations with a negative cosmological constant.ℓ is called the “radius” of the

AdSd spacetime. More frequently used, are thePoincaré coordinates, which are ob-

tained by making the coordinate transformations, [14, Appendix]

U = (X−1 + Xd) ,

V = (X−1 − Xd) ,

xα =
Xαℓ

U
,

(3.4)

with α taking values from0 to d − 1 in the ambient spacetime, and then imposing the

constraint that the point(X−1, X0, ..., Xd) lies on the surface of the hyperboloid (3.2),

to obtainV =
x2U

ℓ2
+

ℓ2

U
. Thus, theAdSd metric in global Poincaré coordinates is

ds2 =
U2

ℓ2

(
∑

i

(dxi)2 − (dx0)2

)
+ ℓ2dU2

U2
. (3.5)

Theboundaryof AdSd spacetime, in these coordinates, is atU → ∞. By performing

a change of coordinates,U → ℓ2

z
, theAdSd spacetime is divided into two Poincaré

patches – one withz > 0, and another withz < 0 – with the metric,

ds2 =
ℓ2

z2

(
dz2 + dx2

)
, (3.6)

wheredx2 =
∑

i(dxi)2 − (dx0)2 . The metric is singular atz = 0, which is the location

of the boundary. These are called Poincaré patch coordinates.

We will be particularly interested inAdS5. AdS5 spacetime is a solution to Ein-

stein’s Equations with a cosmological constant of− 6

ℓ2
:

EMN + Λ gMN = RMN +
4

ℓ2
gMN = 0. (3.7)

AdS5 has anSO(4, 2) isometry, as is clear from embedding it inR
4,2

9



3.2 The stress tensor dual to a metric

As mentioned earlier in §1, we will be concerning ourselves only with a coarse-grained

version of the AdS/CFT correspondence, that relates pure gravity in the bulk ofAdS5

to conformal fluid dynamics on the boundary.

Thus, for the purposes of this project, it suffices to know only one aspect of the

AdS/CFT dictionary[16], which connects up properties of theCFT with properties of

the gravity theory, namely the computation of the stress tensor dual to a given metric.

We will be interested only in metrics on anAdS background. For this section, we will

follow the approach described by Balasubramanian and Kraus [1]. We will denote by

M theAdSd manifold. Letxµ (µ taking values from0 to d − 2) be coordinates span-

ning a time-like hypersurface ofAdSd and letr be the remaining coordinate. Denote

by ∂Mr, the hypersurface at fixedr. We will choose the coordinater such that the

boundary of theAdSd space lies atr = ∞. Now, the ambient spacetime metricgMN

induces a metric on the hypersurface∂Mr, which we shall denote byγµν .

It is unnatural to assign a local stress-tensor in generallycovariant theory, because

expressions dependent on the metric and its first derivatives will vanish at a given point

in locally flat coordinates. Instead, Brown and York [5] definea “quasilocal stress

tensor” associated with a space-time region, that is local on the boundary of that space-

time region. They treat the gravitational action for the space-timeSgrav as a functional

of the boundary metric and then define the quasilocal stress tensor to be

T µν =
2√−γ

δSgrav

δγµν

. (3.8)

If one takes the boundary to infinity, this stress tensor typically diverges. (We will

describe how to circumvent this shortly)

However, the AdS/CFT duality equates the gravitational action in the bulk, thought

of as a functional of boundary data, to the quantum effectiveaction of the corresponding

CFT on the boundary. Thus, (3.8) may be interpreted as an expression for the expecta-

10



tion value of the stress tensor for the CFT:

〈T µν〉 =
2√−γ

δSeff

δγµν

. (3.9)

We shall now use this to construct the boundary stress tensorfrom the gravitational

action, following [1].

We shall start with the definition of the stress tensor in (3.8). However, as we have

already stated, such a stress tensor is divergent at the boundary (which is related to the

ultraviolet divergence in the conformal field theory dual tothe gravity theory we are

considering). Thus, we need to add certain counter terms to the action to suppress the

divergences. Thus, we replace the actionSgrav by an effective actionSgrav + Sct. Then,

the stress tensor takes the form,

T µν =
1

8πGN

[
Θµν − Θ γµν +

2√−γ

δSct

δγµν

]
, (3.10)

whereΘµν is the extrinsic curvature of∂Mr, defined by,

Θµν = −1

2
(∇µn̂ν + ∇νn̂µ), (3.11)

andΘ = Θµνγµν is its trace. HerênM denotes the outward normal to∂Mr
1, which is

normalized to unity,

n̂M n̂NgMN = 1. (3.12)

Sct is the counter-term action, which will be used to suppress the divergences. Bal-

asubramanian and Kraus [1, (10)] present the counter terms for metrics withAdSd

backgrounds ford = 3, 4, 5.

1Note that whilênµ, the boundary components ofn̂, are typically zero, the second term in its covariant
derivative∇µn̂ν = ∂µn̂ν + gµNΓNP

ν n̂P is not necessarily zero.
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CHAPTER 4

FLUID DYNAMICS FROM GRAVITY

As mentioned earlier, we will be looking at deriving fluid mechanics from gravity. We

will set up a certain metric in anAdS5 background which, when constrained to solve

Einstein’s equations, gives the equations of fluid mechanics. This section is a reproduc-

tion of the results of [2].

4.1 The setting

First consider the Schwarzschild blackhole inAdS5 spacetime of radiusl = 1, whose

metric is given by

ds2 = −2dvdr − r2f(br)dv2 + r2dxidxi , (4.1)

with

f(r) = 1 − 1

r4
. (4.2)

Here, we are using the ingoing Eddington-Finkelstein coordinates1. The parameterb is

related to the mass of the blackhole, and consequently to itstemperature.b is roughly

like the inverse temperature of the blackhole. The boundaryof theAdS5 spacetime is

at r → ∞.

xµ with x0 = v andµ running from0 to 3 will be called the “boundary coordinates”

or the “field-theory coordinates” and the whole set of coordinates, i.e.(r, v, xi) will be

referred to as the “bulk coordinates”. As mentioned earlier, Greek indicesµ, ν etc. will

run over the boundary coordinates, and upper case Latin indicesM , N etc. run over

the bulk coordinates. Also, we will use lower case Latin indicesi, j etc. to denote the

spatial directions in the boundary.

1See [6, Chap. 7] for a discussion on Eddington-Finkelstein coordinates



We now boost the blackhole by a constant four-velocityuµ,2 by applying a Lorentz

boost point-by-point, i.e. by switching to coordinatesx′ andt′ such that,

dx′
‖ = cosh φ (dx‖ + βdt) , (4.3)

dt′ = cosh φ (dt + β · dx) , (4.4)

dx
′
⊥ = dx⊥ . (4.5)

Here, β is the three-velocity vector corresponding to the four-velocity uµ,3 β is its

magnitude, andφ is the rapidity corresponding toβ, given byβ = tanh φ. By plugging

in the above into the metric (4.1), one obtains the boostedAdS5 blackhole [2],

ds2 = −2uµ dxµdr − r2f(br) uµuν dxµdxν + r2Pµν dxµdxν , (4.6)

where,

Pµν = uµuν + ηµν , (4.7)

is the projection along spatial directions4.

If we replace the constant velocitiesβi and the constant (inverse) temperatureb by

slowly varying smooth functionsβi(xµ) and b(xµ) of the boundary coordinates, the

resulting metric is,

ds2 = −2uµ(xρ) dxµdr − r2f(b(xρ)r) uµ(xρ) uν(x
ρ) dxµdxν + r2Pµν(x

ρ) dxµdxν .

(4.8)

Let us denote the above metric asg(0) (βi(x
ρ), b(xρ)). Note that, because we have used

Eddington-Finkelstein coordinates, the metricg(0)5 is non-singular everywhere other

than atr = 0.

Generically, such a metric need not solve Einstein’s equations (3.7). However, if

we choose a distinguished pointyµ on the boundary, and construct a “tube” involving

2Boundary indices will be raised and lowered using the Minkowski metric

3 ui =
βi

√
1 − β2

andu0 =
1√

1 − β2

4Recall that we are using the mostly positive metric signature,(−, +, +, +)
5We will avoid writing its dependence onβi(x

ρ) andb(xρ) explicitly. It is to be understood thatg(0)

is always a function of these.
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a small neighbourhood ofyµ on the boundary, extended in ther direction, it seems

plausible that the metric might approximate a solution of Einstein’s equations within

the tube. Thus, it intuitively seems plausible that we may beable to perturbatively add

Figure 4.1: A cartoon depicting anAdS5 space showing two out of four boundary di-
rections. The direction perpendicular to the boundary is that of r and the
boundary lies atr = ∞. We wish to perturbatively solve Einstein’s equa-
tions in a small neighbourhood of a distinguished pointyµ in the boundary,
which extends as a tube in ther direction.

corrections to the metricg(0) so as to make it solve Einstien’s Equations to any required

order in the neighbourhood ofyµ.

It is important that we use infalling Eddington-Finkelstein (EF) coordinates here

for a number of reasons, and we will now make a digression to briefly explain them,

closely following the explanation given in [3, §3.2]. Othercoordinate systems such as

Fefferman-Graham (FG) coordinates have a few issues. Firstly, it is not guaranteed that

the metric with varying boosts analogous to (4.8), when written in FG coordinates, has

a regular event horizon. We will be interested only in regular solutions to Einstein’s

equations which have all future singularities shielded from the boundary by regular

event horizons. The second issue has to do with causality. Suppose we perturb the fluid

flow on the boundary by applying a force at some space-time coordinateyµ, only those

space-time points on the boundary that lie in the causal future ofyµ under the fluid flow

14



evolution are affected by this perturbation. Let us denote this region of the boundary by

C(yµ). C(yµ) naturally lies in the future boundary light-cone ofyµ. Now, with the tube

construction, all those points in the bulkB(yµ), which are part of tubes constructed from

C(yµ) are also influenced by this perturbation. Thus, they must liein the future bulk

light-cone ofyµ, because those regions are affected by the perturbation atyµ. According

to [3], this requirement is not met if the tubes run alongxµ = constant in Schwarzschild

/ FG coordinates. However, if we use tubes that run along infalling null geodesics, this

requirement is met rather naturally, since gravitational disturbances propagate along

null geodesics. For the metric of (4.8) (which is in infalling EF coordinates), thexµ =

constant lines are infalling null geodesics, and hence infalling EF coordinates meet our

requirements.

Eddington-Finkelstein Tube

Fefferman-Graham Tube

Boundary of AdS

Future Horizon

Past Horizon

Future Singularity

Past Singularity

Bifurcation Point

Figure 4.2: Penrose diagram depicting the nature of the tubes constructed around curves
of constantxµ in FG and infalling EF coordinates [3]. The FG tubes clearly
violate causality, while the EF tubes run along infalling null geodesics, thus
preserving causality.

It turns out that while some of Einstein’s equations constrain the forms of the higher

15



order perturbative corrections added tog(0), others require thatb andβi
6 satisfy the

equations of fluid mechanics.

We shall now explain the perturbative set up used to solve theproblem.

4.2 The perturbative setup

The perturbative setup that is explained in this section lies at the heart of the duality

between fluid dynamics on the boundary and gravity in the bulkof AdS5.

As we have mentioned already,g(0) need not satisfy Einstein’s equations whenb and

βi are functions ofxρ. Thus, we need to add corrections tog(0) in order that the metric

solve Einstein’s equations to some required order in the neighbourhood of the pointyµ.

Thus, we shall write7,

g = g(0)(βi, b) + εg(1)(βi, b) + ε2g(2)(βi, b) + O(ε3) . (4.9)

As explained earlier, Einstein’s equations ong will also impose constraints onβi andb,

so it would be best to expand them perturbatively. First, we would like to makeβi and

b into functions ofεxµ instead of justxµ, so that derivatives with respect toxµ of b and

βi produce powers ofε. Thus, roughly speaking, a higher order correction would make

the solution work better in a larger neighbourhood ofyµ. We would then write,

βi = β
(0)
i (εxρ) + εβ

(1)
i (εxρ) + ε2β

(2)
i (εxρ) + O(ε3) , (4.10)

b = b(0)(εxρ) + εb(1)(εxρ) + ε2b(2)(εxρ) + O(ε3) . (4.11)

Now, our aim is to solve perturbatively forg(n) for eachn. In the process, we will

obtain the conservation of the fluid dynamical stress tensorat one lower order from the

constraint equations,∂µT
µν

(n−1) = 0, and thenth order fluid dynamical stress tensorT µν

(n)

by using the procedure of §3.2. Figure 4.3 shows how the perturbative setup works.

6We will supress thexρ dependence ofb(xρ) andβ(xρ) for the sake of brevity.
7We shall frequently absorb theεn power intog(n) implicitly. Henceforth, whenever we writeg(n),

we assume that it comes with the factor ofεn unless explicitly mentioned
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Einstein’s equations at
order n

Constraint Equations

Constrain the functions
β
(n−1)
i and b(n−1)

Equations of Fluid Mechanics
at (n− 1)th order
∂µT

µν
(n−1)

= 0

Dynamical Equations

Solve for the
metric perturbation g(n)

AdS/CFT dictionary

Fluid dynamical stress tensor
T
µν
(n)

dual to g(n)

n → n+ 1

Figure 4.3: Figure illustrating the perturbative procedure used to construct the gravity
system dual to a given fluid. See text for the details of the perturbative setup.

Suppose we already have already solved the perturbation theory to (n − 1)th order,

i.e. we have computedg(m) for m ≤ n − 1 and have computedβ(m)
i and b(m) for

m ≤ n − 2. We would now like to solve thenth order equations. First, we would

like to determine thenth order correction to the metricg(n), i.e. we would like to solve

Einstein’s equations atnth order to obtaing(n). Sinceg(n) is already of orderεn, the Ein-

stein’s equations constrainingg(n) must contain linear differential operators that depend

only ong(0)(β
(0)
i , b(0)) since other terms come with powers ofε. Moreover, the differ-

ential operators cannot be derivatives in the field theory directions, since those produce

powers ofε. Thus, the differential operator in Einstein’s equation, which we shall de-

note byH, is a second order, linear differential operator in ther direction, that depends

only ong(0)(β
(0)
i (yµ), b(0)(yµ)). Thus, as is checked by plugging the expansion (4.10)

into Einstein’s equations (3.7) and extracting the coefficient ofεn, we obtain linearized

equations of the form,

H
[
g(0)

(
β

(0)
i , b(0)

)]
g(n)(xµ) = sn . (4.12)

The source termssn should be local terms of orderεn. Thus, the source termssn can

comprise of(n−k)th-order boundary derivatives ofβ
(k)
i andb(k), evaluated atyµ. Note,

however, that despite being of orderεn, the termsβ(n)
i (yµ) andb(n)(yµ) do not appear
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in sn, since constant shifts ofβi andb solve Einstein’s equations. Note once again, that

H is ultralocal in the field-theory directions and local inr direction.

The equations in (4.12) are a set of
5 × 6

2
= 15 equations owing toEMN being a

5-dimensional symmetric tensor. However, it turns out that4 of these equations do not

involve the unknown functiong(n), but instead constrain the functionsβi andb by relat-

ing derivatives ofβ(m)
i andb(m) atyµ, for m ≤ n − 1. We shall refer to these equations

as “constraint” equations. The remaining11 equations have one redundancy, leaving10

equations that actually solve forg(n), which we shall call “dynamical” equations.

Whenever we have a perturbative ansatz for the metric, there is some amount of

gauge freedom, i.e. there exist terms in the perturbing metric that remain unconstrained

by Einstein’s equations. It will be useful to fix this gauge freedom, and we will use the

‘background field’ gauge to do so:

grr = 0, grµ ∝ uµ, Tr
[
(g(0))−1g(n)

]
= 0 ∀ n > 0 . (4.13)

The constraint equations at ordern are obtained by dottingEMN with the vector

dual to the one-formdr, i.e. with vM = (g(0))M,r, and setting it to zero. Four of

these five equations – those given byvMEMν = 0 – are identical with the equations of

energy-momentum conservation in the boundary. At orderεn, they reduce to,

∂µT
µν

(n−1) = 0 , (4.14)

whereT µν

(n−1) is the boundary stress tensor, dual to the metric expanded toO(ε(n−1)).8

Note that the stress tensorT µν

(n−1) must respect conformal invariance, to preserve the

isometry of the metric9. Thus, it is a ‘fluid dynamical’ stress tensor with up to(n − 1)

derivatives, i.e. the most general conformally invariant stress-energy tensor, written as

a function ofuµ and temperature.

Typically, we shall solve the equations (4.14) only around the distinguished point

8To be explicit,Tµν

(0) is the stress tensor corresponding to a perfect fluid, andT
µν

(1) corresponds to a
fluid with viscosity and thermal conductivity.

9Recall that the conformal group in 4-dimensional flat spacetime is the same as the isometry ofAdS5,
i.e. SO(4, 2)
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yµ to some desired order, rather than attempting to solve them globally. When we move

on to the higher order computation, for instance fromnth order to(n + 1)th order, we

will only need to correct this stress tensorT µν

(n−1) with O(εn) corrections (as suggested

from the procedure outlined in §3.2) to obtain the stress tensor T µν

(n). Then, to solve

the equations∂µT
µν

(n) = 0, one needs to correct the solutions to∂µT
µν

(n−1) = 0 to one

extra order in the neighbourhood ofyµ, and then solve for the conservation of the extra

corrections added in going fromT µν

(n−1) to T µν

(n).

The remaining constraintErr = 0 and the dynamical equationsEµν = 0 solve for

the unknown tensorg(n).

To solve the equations (4.12), we note that the blackhole metric hasSO(3) isome-

try10 and shall exploit this by decomposing the set of equations into scalars, vectors and

traceless symmetric two-tensors (5) of SO(3). Thus, theSO(3) scalar sector consists

of the constraints,vMEMr = 0, Err = 0 andvMEMv = 0, and the dynamical equation

Evv = 0; theSO(3) vector sector consists of constraintsvMEMi = 0 and the dynami-

cal equationsEri = 0 andEvi = 0; and theSO(3) 5 sector consists of the dynamical

equationsEij = 0.

To complete the perturbative procedure atnth order, we compute the stress tensor

T µν

(n) dual to the metric atnth order using the procedure outlined in §3.2.

4.3 The perfect fluid from gravity

4.3.1 Outline

We shall first outline the derivation of the conservation of the perfect fluid stress tensor

from the gravity dual.

Firstly, we recall that we wish to solve Einstein’s equations for g = g(0) + g(1) +

O(ε2) to orderε around the distinguished pointyµ. Of these, the constraint equations

force the velocity and temperature fields nearyµ to conserve the perfect fluid stress

10While the isometry ofAdS5 is SO(4, 2), the presence of the blackhole breaks this down toSO(3).
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tensor, i.e.

∂µT
µν

(0) = 0 , (4.15)

where up to an overall constant,

T µν

(0) =
1

(b(0))4

(
ηµν + 4uµ

(0)u
ν
(0)

)
. (4.16)

Although it is not easy to find the solution of these equationsthroughout the boundary,

in order to implement the perturbative procedure, it is sufficient to find the solutions

of these equations to first order around the pointyµ. The equations will relate the

derivatives ofb(0) andβ
(0)
i at yµ. Thus, the Taylor expansion ofb andβi to first order

aroundyµ are related, which is sufficient to fix the form ofg(1). Taylor expanding∂µT
µν

(0)

to first order indeed lays down the same constraints onb(0) andβ
(0)
i as the constraint

equations ong do!

The dynamical equations determine the form ofg(1). In order to findg(1), we first

need to plug in an ansatz forg(1). While doing this, we shall decomposeg(1)
MN under

SO(3) as mentioned earlier and solve Einstein’s equations in eachsector separately.

Using the solution from the constraint equations, one may write the source termss1 as

functions of first derivatives of velocity fields only. The dynamical equations can be

easily integrated to obtain solutions for the ansatz functions and henceg(1). The “con-

stants” of integration can be arbitrary functions on the boundary, since the differential

operatorH has no field-theory derivatives. Thus, the general solutionfor g(1) will have

the form,

g(1) = g
(1)
P + ε (fb(x

ρ)gb + fi(x
ρ)gi) , (4.17)

whereg
(1)
P is a particular solution,gb andgi are zero modes of the operatorH, andfb

andfi are arbitrary functions of the boundary coordinates. Now, the metric to first order

turns out to be,

g = g(0) + g
(1)
P + ε

(
(fb + b(1))gb + (fi + β

(1)
i )gi

)
. (4.18)

Thus, we may reabsorbfb andfi into a redifintion ofβi andb. Therefore, we need to

fix a choice forβi andb, which we will do by going to the “Landau frame” [13, Chapter
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15]. Note that the stress tensor at first order,T µν

(1) (dual to the metricg(1)), which we

will later compute using the procedure of §3.2, will depend explicitly on the functions

fb andfi through the metricg(1). Since ambiguity in what part ofg(1) we call asg(1)
P

allows for arbitrary shifts offb andfi, there is a resulting ambiguity in the first order

part of the stress tensorT µν

(1) . This ambiguity will be fixed by using the Landau frame

condition,

u(0)µT
µν

(1) = 0 . (4.19)

Once we fix this condition, we shall also setfi andfb to zero, and thusg(1) = g
(1)
P .

4.3.2 The metric tensor

For simplicity, we shall choose our distinguished pointyµ to be at the origin of the

boundary coordinates. We will then make a coordinate transform such that the four-

velocity at the pointyµ = 0 has the form(uµ) = (1, 0, 0, 0), and rescale the coordinates

so thatb(0) = 1. Then, the metric (4.8) expanded to first order around the origin takes

the form,

ds2
(0) = 2dvdr − r2f(r)dv2 + r2dxidxi

− 2xµ∂µβ
(0)
i dxidr − 2xµ∂µβ

(0)
i r2 (1 − f(r)) dxidv − 4

xµ∂µb
(0)

r2
dv2 .

(4.20)

But as we have discussed earlier, this need not solve Einstein’s equations. Thus, we add

a corrective metricg(1) to (4.20), which is of orderε, to ensure that Einstein’s equations

are solved to first order aboutyµ = 0.

With this choice of coordinates, the constraint equations take a simple form. To

find the constraint equations, we should dotEMN with vM = gMr. When (uµ) =

(1, 0, 0, 0), the only non-zero components ofg(0) Mr areg(0) rr = r2 f(r) andg(0) vr =

1. Thus, the constraint equations have the form,

r2 f(r) ErM + EvM = 0 . (4.21)

The background black-hole metric, which is essentially comprised of the first three
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(orderε0) terms in (4.20) has a spatialSO(3) isometry. Since the differential operator

in H depends only on the background metric, as we have stated earlier, we may solve

for the variousSO(3) sectors separately.

4.3.3 Scalars ofSO(3)

First, we must parametrize the scalar components ofg(1):

g
(1)
ii (r) = 3 r2 h1(r) ,

g(1)
vv (r) =

k1(r)

r2
,

g(1)
vr (r) = −3

2
h1(r) .

(4.22)

g
(1)
ii andg

(1)
vv are related by the gauge conditionTr

(
(g(0))−1g(1)

)
= 0.

The first scalar constraint equation,

r2 f(r) Evr + Evv = 0 , (4.23)

evaluates to11

∂vb
(0) =

1

3
∂iβ

(0)
i . (4.24)

The second scalar constraint,

r2 f(r) Err + Evr = 0 , (4.25)

evaluates to

12r3h1(r) + (3r4 − 1)h′
1(r) − k′

1(r) = −2r2∂iβ
(0)
i . (4.26)

We now need one dynamical equation in addition to these, to solve for the unknown

functionsh1(r) andk1(r) of the scalar sector. The simplest dynamical equation happens

to beErr = 0, which reduces to

5h′
1(r) + rh′′

1(r) = 0 . (4.27)

11These computations were verified using Mathematica.
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The general solution forh1(r) andk1(r) is then, given by,

h1(r) = s +
t

r4
, k1(r) =

2

3
r3 ∂iβ

(0)
i + 3r4 s − t

r4
+ u , (4.28)

wheres, t andu are arbitrary “constants” in the variabler, which can in general be

functions ofxµ. s multiplies a non-normalizable solution of the equations, and hence,

we must sets = 0. A linear combination of terms involving the pieces multiplied byt

andu is generated by a change of coordinates of the formr′ = r(1 +
a

r4
) and thus,t

can be set to zero.u = 0 by the Landau frame conditionu(0)
µ T µν = 0. Thus, the scalar

part ofg(1), which we shall denote byg(1)
S , is of the form,

(
g

(1)
S

)
αβ

dxαdxβ =
2

3
r∂iβ

(0)
i dv2 . (4.29)

4.3.4 Vectors ofSO(3)

The constraint equation in the vector sector,

r2f(r)Eri + Evi = 0 , (4.30)

evaluates to

∂ib
(0) = ∂vβ

(0)
i . (4.31)

The vector part ofg(1) can be written in terms of unknown functionsj
(1)
i (r) as,

(
g

(1)
V

)
αβ

dxαdxβ = 2r2(1 − f(r))j
(1)
i (r)dvdxi . (4.32)

The dynamical equationEri = 0 constrains these functions to solve the differential

equations,
d

dr

[
1

r3

d

dr
j
(1)
i (r)

]
= − 3

r2
∂vβ

(0)
i , (4.33)

the general solution of which takes the form,

j
(1)
i (r) = ∂vβ

(0)
i r3 + ai r

4 + ci , (4.34)
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whereai andci are arbitrary “constants”.ai is forced to zero by boundary conditions,

while ci is set to zero by theuµT
µν = 0 condition. Thus, the restriction ofg(1) to the

vector sector,g(1)
V is given by,

(
g

(1)
V

)
αβ

dxαdxβ = 2 r ∂vβ
(0)
i dvdxi . (4.35)

4.3.5 Traceless, symmetric two-tensors (5) of SO(3)

This sector has no constraint equations. We parametrizeg
(1)
T , the restriction ofg(1) to

the symmetric, traceless two-tensor sector ofSO(3), as

(
g

(1)
T

)
αβ

dxαdxβ = r2α
(1)
ij (r)dxidxj , (4.36)

whereαij is traceless and symmetric.

Einstein’s equations in this sector,Eij = 0, evaluate to

d

dr

(
r5f(r)

d

dr
α

(1)
ij

)
= −6r2σ

(0)
ij , (4.37)

whereσ
(0)
ij , a traceless, symmetric matrix, is given by

σ
(0)
ij = ∂(iβ

(0)
j) − 1

3
δij∂mβ(0)

m . (4.38)

We may integrate this equation, which is of first order inα
(1)
ij

′
(r), for an arbitrary

source termssij(r) as follows,

α
(1)
ij (r) = −

∫ ∞

r

dx

f(x) x5

∫ x

1

sij(y) dy . (4.39)

The lower limit of the second integration is chosen to be1, so that the second integral

vanishes atx = 1, thus making the integral regular for allx 6= 0 including atx = 1,

where
1

f(x)
blows up.
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For the source term of (4.38), (4.39) gives us,

(
g

(1)
T

)
ij

= 2 r2 F (r) σ
(0)
ij , (4.40)

with

F (r) =

∫ ∞

r

dx
x2 + x + 1

x(x + 1)(x2 + 1)

=
1

4

[
log

(
(1 + r)2 (1 + r2)

r4

)
− 2arctan(r) + π

]
.

(4.41)

At larger, r2 F (r) has the form

(
1 − 1

4 r2

)
. This will be useful while finding the

boundary stress tensor.

4.3.6 Summary

We have thus obtainedg(0) + g(1), expanded to first order around the pointyµ = 0, as

ds2 = 2dvdr − r2f(r) + r2dxidxi

− 2xµ∂µβ
(0)
i − 2xµ∂µβ

(0)
i r2 (1 − f(r)) dvdxi − 4

r2
xµ∂µb

(0) dv2

+ 2r2 F (r) σ
(0)
ij dxidxj +

2

3
r ∂iβ

(0)
i dv2 + 2r∂vβ

(0)
i dvdxi .

(4.42)

This metric satisfies Einstein’s equations to first order about xµ = 0 provided the func-

tionsb(0) andβ
(0)
i satisfy the constraints,

∂vb
(0) =

1

3
∂iβ

(0)
i ,

∂ib
(0) = ∂vβ

(0)
i .

(4.43)

4.3.7 Covariantized solution with global validity to first order in

derivatives

So far, we have derived the metricg(1) about the pointyµ = 0 to first order, assuming

that we have chosen coordinates such thatb(0)(0) = 1 andβ
(0)
i (0) = 0. However, we

could do this at any arbitrary point, and since the perturbative procedure is ultralocal in
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the field theory derivatives, it should carry over in the samemanner to any other point

on the boundary. Thus, we have enough information to write out the metricg(1) about

any pointxµ. To do this, we write a covariant12 form of the metric in (4.42) as a function

of uµ andb, which reduces to (4.42) when we setb(0) = 1 andβ
(0)
i = 0. It is easily

verified that

ds2 = −2uµ dxµdr − r2f(br) uµuν dxµdxν + r2Pµν dxµdxν

+ 2r2 F (br) σµν dxµdxν +
2

3
r (∂λu

λ) uµuν dxµdxν − r uλ∂λ(uµuν) dxµdxν ,

(4.44)

with σµν given by

σµν = P µαP νβ ∂(αuβ) −
1

3
P µν∂αuα , (4.45)

works up to first order in derivatives. Furthermore, this is the unique choice that respects

the required symmetries up to first order in derivatives. Thus, it follows that (4.44) is

the metricg(0) + g(1).

Now, we turn to the constraint equations (4.43). It is easy toverify in a similar

fashion, that (4.15) with the stress tensor (4.16) is the covariantization of (4.43). Thus,

these equations refer to the conservation of boundary stress-energy. One should note

that the equations (4.43) are an expansion of (4.15) only to first order aboutyµ = 0.

When we go to the next order in the perturbative expansion, we must take care to correct

these equations to second order in field-theory derivatives.

4.3.8 The dual stress tensor

We now wish to construct the stress tensorT µν

(1) dual to the metricg(1). Using the

procedure of §3.2 to obtain the stress-tensor dual to a metric, it can be shown that,

T µν =
1

b4
(4uµuν + ηµν) − 2

b3
σµν . (4.46)

12By covariant, it is to be understood that we mean covariant onthe boundary, since we will always be
interested in a specific coordinatization of ther direction of the bulk.
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This stress-tensor gives the famousη/s ratio of
1

4π
, wheres refers to the entropy den-

sity. This stress tensor is correct only up to first derivatives in temperature and velocity.

4.4 The Navier-Stokes equation from gravity

One may carry out a similar (but more tedious) computation tosecond order as outlined

in [2, §5], and in this case, the constraint equations resultin the relativistic Navier-

Stokes equation∂µT
µν

(1) = 0. The dynamical equations solve for the second order cor-

rections to the metric,g(2), and the stress tensorT µν

(2) dual to that will contain second

order derivatives of the velocity and temperature fields.

Note that to do this, one must first correct our solutions of zeroth order fluid mechan-

ics (4.15) to second order in field theory derivatives, i.e. we must satisfy the constraints,

∂λ∂µT
µν

(0)(y
ρ) = 0 . (4.47)

This will ensure that we have satisfied zeroth order fluid mechanics in the second order

neighbourhood of the distinguished pointyµ. Next, we must expand the metricg(0)+g(1)

to orderε2. We then must add to this the correction metric at second order g(2), plug in

an ansatz forg(2) in each sector ofSO(3) as we did forg(1). The rest of the procedure

follows the first order computation closely.
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CHAPTER 5

FURTHER DIRECTIONS OF RESEARCH

This project has so far laid down some of the foundations required to study hydro-

dynamics from a holographic perspective. In this thesis, wehave reviewed certain

well-known aspects of turbulence, and have explained the derivation of perfect fluid

mechanics from a dual gravitational system as done in [2].

Further directions of study should include an understanding of how to obtain the

Navier-Stokes equations from gravity following [2]. Fouxon and Oz [10] derive exact

scaling relations for relativistic turbulence without having to use the picture of an energy

cascade from longer length scales to shorter length scales.Eling, Fouxon and Oz [8]

lay some foundations for the study of turbulence from a holographic point of view. The

next objectives of our study would be to understand these andthen try to see what we

can say about turbulence from a holographic perspective.



APPENDIX A

CONFORMAL SYMMETRY

A.1 Conformal symmetry

In AdS/CFT, conformal symmetry takes an important role. The field theory that is dual

to the gravity system respects conformal symmetry.

Conformal transforms keep angles between any two vectors invariant. Thus, a con-

formal transformation keeps the metric of the underlying space-time invariant upto an

overall scale factor. That is, under conformal transforms,the metric of a spacetime

transforms as:

g′
µν(x) = Ω(x) gµν(x) . (A.1)

Typically, we requireΩ(x) to be a positive definite function (in order to preserve sig-

nature), owing to whichΩ(x) is typically written asexp(φ(x)). However,Ω(x) cannot

be just any function, becausegµν must transform as a(0, 2) tensor. Thus, the function

Ω(x) must satisfy the differential equations,

Ω(x)gµν =
∂xρ

∂x′µ

∂xσ

∂x′ν
gρσ . (A.2)

In d > 2 dimensions, the set of conformal transforms is [12]:

• The Poincaré group, which is the set of space-time translations and rotations:

xµ → x′µ = xµ + aµ , (A.3)

xµ → x′µ = Λµ
ν xν . (A.4)

Here,aµ is an arbitrary vector ofd dimensions andΛ is aSO(d−1, 1) matrix. For
these transformations, the metric remains the same, and thus, these haveΩ = 1.

• Dilatations (which are essentially uniform scaling):

xµ → x′µ = λ xµ . (A.5)



For these transformations, the metric picks up a scaling given byΩ(x) = λ−2, a
constant.

• Special Conformal Transforms:
Also allowed are a set of non-trivial transformations that are parametrized by a
constantbµ,

xµ → x′µ =
xµ + bµx2

1 + 2b · x + b2x2
. (A.6)

It is reasonably straightforward to show that this corresponds to a spacetime-
dependent scaling factor ofΩ(x) = (1 + 2b · x + b2x2)

2.

Thus, ind-dimensional space-time, the conformal group hasd+ 1
2
d(d−1)+1+d =

1
2
(d + 1)(d + 2) parameters. Notice that the number of parameters is the sameas that

for SO(d + 2).

A.2 Generators of the conformal group

We shall now present the generators and the Lie algebra for the conformal group in flat

spacetime.

A.2.1 The Poincaré group

The Poincaré group, as mentioned earlier, is the group of space-time translations and

rotations. The subgroup of rotations isSO(d − 1, 1) (which is the Lorentz group when

d = 4), and the generators for these space-time rotations, usually denoted byMµν , can

be represented as:

Mµν = −i(xµ∂ν − xν∂µ) . (A.7)

The translations are generated by momentaP µ, represented by:

P µ = −i∂µ , (A.8)
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These generators obey the commutation relations:

[P µ, P ν ] = 0 , (A.9)

[P σ,Mµν ] = −i(gσµP ν − gσνP µ) , (A.10)
[
Mµν ,Mαβ

]
= −i(gµαM νβ − gναMµβ − gµβM να + gνβMµα) . (A.11)

A.2.2 Dilatations

The generator for dilatations,D, is represented by:

D = −ixρ∂ρ . (A.12)

The eigenvalue of the dilatation generator for a particularobject is the scale dimension

of that object under the dilatation transformation.

The dilatation generatorD obeys the commutation relations:

[D,Mµν ] = 0 , (A.13)

[D,P µ] = iP µ . (A.14)

A.2.3 Special conformal transformations

By considering infinitesimal special conformal transformations,

Ω = (1 + 4 b · x) + O(b2) , (A.15)

one can obtain the generatorsKν for special conformal transformations,

Kνx
µ = −i

(
x2∂ν − 2xνx

ρ∂ρ

)
xµ . (A.16)
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The generatorsKµ obey the commutation relations:

[Kµ, Kν ] = 0 , (A.17)

[Mµν , Kσ] = −i(gσνKµ − gσµKν) , (A.18)

[Kµ, D] = iKµ , (A.19)

[P µ, Kν ] = −2i (Mµν − gµνD) . (A.20)

A.2.4 The Lie algebra of the conformal group

Here, we summarize the Lie algebra of the conformal group which we have already

detailed earlier. As we have explained above, there are1
2
(d + 1)(d + 2) generators –

Kµ, Pµ, Mµν , andD, which obey the algebra:

[P µ, P ν ] = 0 ,

[P σ,Mµν ] = −i(gσµP ν − gσνP µ) ,

[
Mµν ,Mαβ

]
= −i(gµαM νβ − gναMµβ − gµβM να + gνβMµα) ,

[Kµ, Kν ] = 0 ,

[Mµν , Kσ] = −i(gσνKµ − gσµKν) ,

[P µ, Kν ] = −2i (Mµν − gµνD) ,

[Kµ, D] = iKµ ,

[P µ, D] = −iP µ ,

[Mµν , D] = 0 .

(A.21)

A.2.5 Isomorphism with SO(d, 2)

We will now outline a justification that shows that the conformal group ind-dimensional

flat space-time (with one spatial dimension) is isomorphic to SO(d, 2).

The Lie algebra ofSO(d, 2) is generated bỹM [µν] which obey the commutation

relations:

[
M̃MN , M̃AB

]
= −i( gMAM̃NB − gNAM̃MB − gMBM̃NA + gNBM̃MA ) . (A.22)
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Hereg is a flat metric inRd,2. We will adopt a convention where indices−1 and0 refer

to the time-like directions inRd,2, and the remaining indices1 throughd denote spatial

directions. For this section, we will use notation where Greek indices run over values

from 0 to d − 1 (d − 1 spatial and1 time-like directions), and Latin indices run over

values from−1 to d.

Firstly, if we identify M̃µν = Mµν , we see that the commutation relations match.

Thus, we now need to identifỹMd,N and1 M̃−1,µ of SO(d, 2) with appropriate gener-

ators of the conformal group ind dimensions to establish the isomorphism. One can

check that the following identifications work:

D = M̃−1,d ,

P µ = M̃µ,−1 + M̃µ,d ,

Kµ = M̃µ,−1 − M̃µ,d .

(A.23)

1Recall thatM̃MN is antisymmetric in the indices
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APPENDIX B

BLACKHOLE SOLUTIONS

Blackhole solutions are important in the study of AdS/CFT as they arise naturally as

the duals of conformal field theories at finite temperatures.The temperature of the

blackhole is identified with the temperature of the CFT (See [17])

Blackhole solutions are obtained by solving Einstein’s equations with appropriate

stress tensors / cosmological constants. They are characterized completely by charges,

such as mass, electric charge, and angular momentum. We willdiscuss blackholes

with no electromagnetic charge or angular momentum (Schwarzschild blackholes), and

ones with electromagnetic charge(s) but no angular momentum (Reissner-Nordström

blackholes).

B.1 Schwarzschild blackhole

In this section, we will present the Schwarzschild blackhole in 4-dimensional space-

time. The metric, in Schwarzschild coordinates, has the form

ds2 = −
(
1 − rs

r

)
dt2 +

(
1 − rs

r

)−1

dr2 + r2dθ2 + r2 sin2(θ)dφ2 . (B.1)

The event horizon is located atr = rs, wherers, theSchwarzschild radius, is related to

the mass of the blackhole by

rs = 2GNM . (B.2)

The metric is singular atr = rs, but this is a coordinate singularity, which can be

removed by a change of coordinates, for instance, to theingoing Eddington-Finkelstein

coordinates:

ds2 = −
(

1 − 2GNM

r

)
dv2 + 2dvdr + r2dΩ2 . (B.3)



The Schwarzschild metric solves Einstein’s equations in vacuum, which take the

form Rµν = 0, everywhere except atr = 0, where there is a curvature singularity.

Unlike the solution presented here, theAdS Schwarzschild blackhole of §4 is a

solution that asymptotes toAdS5 space, and not flat space. It is again a spherically

symmetric blackhole, carrying only mass, and solves the vacuum Einstein’s equations

with a negative cosmological constant and asymptotes toAdS5.

B.2 Reissner-Nordström metric

The Reissner-Nordström metric describes the spacetime around a blackhole carrying

electric charge:

ds2 = −
(

1 − rs

r
+

Q2
e

2r2

)
dt2 +

(
1 − rs

r
+

Q2
e

2r2

)−1

dr2 + r2dΩ2 . (B.4)

The Reissner-Nordström blackhole can have upto two event horizons, given by:

r± =
1

2

(
rs ±

√
r2
s − 2Q2

e

)
. (B.5)

When both of the above roots are real and distinct, there are two event horizons. When

the roots are coincident, there is only one event horizon andthe blackhole is said to

be anextremal blackhole. When the roots are imaginary, we have a naked singularity

(which is conjectured to not exist). Again, the singularities atr = r± are coordinate

singularities.

The Reissner-Nordström metric is a solution to the Einstein’s equations with elec-

tromagnetic energy density as a source, and Maxwell’s equations in vacuum:

Eµν = 8πGNTµν , (B.6)

∂µF
µν = 0 , (B.7)

Tµν = FµαFα
ν +

1

4
gµνF

αβFαβ . (B.8)
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These are essentially the Euler-Lagrange equations for theEinstein-Maxwell action:

S =

∫ √−g d4x

[
R − 1

4
F µνFµν

]
. (B.9)
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