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ABSTRACT

KEYWORDS: Modular forms, Jacobi forms, Mathieu groups, Conformal field
theory, Elliptic Genus

In 1978, John McKay made a discovery that connected the disparate areas of modular
forms and representation theory of the largest finite group the Monster through the j
function in number theory.. The relation was termed as Monstrous Moonshine. Similar
observations were made by S. Govindarajan for genus-2 Seigel modular forms appear-
ing in N = 4 string theory and by Eguchi, Ooguri and Tachikawa for the elliptic genus
of K3 and the Mathieu group M>,. We review this relation, and its generalizations to
twisted twining genera termed as Generalized Mathieu Moonshine. Finally, we dis-
cuss the representation theory of the smaller Mathieu group M, in relation to M, and

attempt to describe a similar relation for M,.
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CHAPTER 1

Introduction

We will be dealing with two types of mathematical structures and their interconnec-
tions in this thesis. One side of the story is the theory of modular and Jacobi forms.
Modular forms were discovered in the ninetenth century along with the theory of ellip-
tic functions and then generalized to the theory of automorphic forms (functions over
topological groups). Andrew Wiles and others connected these to the vast area of num-
ber theory through the modularity theorem which states that elliptic curves over the field
of rational numbers are related to modular forms. Since their discovery, modular forms
have found applications to diverse areas of mathematics such as number theory, repre-
sentation theory, algebraic geometry and combinatorics. Modular forms are functions
over the space SL(2,7Z)\$, where §) is the upper half complex plane. This space is the
moduli space of elliptic curves over C, and is the etymology for the word "modular”.

The other side of the story is the program for the classification of finite simple groups.
In addition to the three infinite family of groups which are cyclic groups, alternating
groups, or finite groups of Lie type, one has 26 groups that don’t fit into any of the
families and thus called the simple sporadic groups, the largest of which is the Monster,

given by the order

|M| =808,017,424,794, 512,875,886, 459, 904, 961, 710, 757, 005, 754, 368, 000, 000, 000

~ 8 x 10%

The moonshine story originated from McKay’s observations that,

1 =1,196884 = 1 + 196883, 21493760 = 1 + 196883 + 21296876, . . . (1.1)

The right hand side of the above equations are the Fourier co-efficients that appear in

the expansion of the j— function in the theory of elliptic curves in number theory,

3(1) = ¢~ +744+196884¢+21493760¢% +8642999704¢° +20245856256¢" +. . . (1.2)



where ¢ = 2™7

. This object is a modular function of weight zero. The right hand
side have the sum of dimensions of irreducible representations of the Monster group
(to be more precise the coefficients of ¢" are the dimensions of grade—n part of an
infinite-dimensional graded algebra representation of the monster group). This moon-

shine module was constructed by Frenkel, Lepowsky and Meurman (FLM) [8] and

interpreted by Richard Borcherds as a vertex operator algebra

Another example is the work by Eguchi, Ooguri and Tachikawa who observed in
[3] that the first few Fourier coefficients of the elliptic genus of K3 are dimensions of
representations of the largest Mathieu group M. This correspondence is the topic of
this thesis and will be discussed in further detail in Chapter 4. However, a major point
of difference to the Monstrous moonshine case is that an analogous module/VOA has
not been found for Mo, i.e. no CFT exists with automorphism group M, whose elliptic

genus is that of K'3.

Moonshine can be described as the relations between certain algebraic structures
such as representations of finite groups (Monster, Mathieu groups), lattices, affine alge-
bras and modular objects or automorphic forms such as modular forms, Jacobi forms,
mock modular forms etc. The bridge between these two areas of pure mathematics is
the theory of vertex operator algebras(VOA). In physics language, the algebraic objects
come from symmetries of QFTs, and conformal field theory is the link between these

symmetries and modular objects through the partition function.

The automorphic forms arising from moonshine has several surprising connections
to physics. For example, in [9], connections have been made between the degeneracy of
1/4—BPS states in the heterotic string compactified on 7 and Seigel modular forms,
and more recently the connection between mock modular forms and quantum black
hole degeneracies in [10]. Another connection to Physics was made by Witten in [11],
where he has predicted that the CFT dual to pure gravity in three dimensions with

negative cosmological constant is given by the Monster module constructed by FLM.



CHAPTER 2

Modular forms and Representation theory

In this chapter we set up the mathematical objects that are used in this thesis. We define
modular and Jacobi forms and state important theorems on their dimensionality. We
outline in brief the Mathieu groups and their construction, and some important theorems

in the character theory of group representations.

2.1 Modular forms

Modular forms and functions are functions defined on the upper half complex plane

$ = {7 € C|3(7) > 0. The modular group SL(2,R)/Z, acts transitively by the action

ar +b
ct +d

T =7 9(T) =

An equivalent action can be defined by left multiplication on the set of classes {(w;  ws)T |wo #
0, J(wy/ws) > 0}. One can define a "fundamental domain" for this action by S and 7.
A fundamental domain is an open set § C §) such that no two points lie on the same

orbit of I'; = SL(2,7Z), and the closure § has atleast one element from all the orbits on

9.

Theorem 2.1.1. §, = {z € H| |z| > 1, |R(z)| < 3} is a fundamental domain for the

Sfull modular group.

Definition 2.1.2. A modular form of weight k on SL(2,7) is a holomorphic function

on 9, that transforms as

f <Z;j_2> — (cr+d)}f(r)  V(e}) € SL(2,Z) 2.1)

where k is an integer. From the periodicity under T — 7 + 1, one can write a Fourier

expanion

f(r)=> an)g"  (q:=€"") (2.2)

n=0



Holomorphy at the cusps imposes the condition that f(7) is bounded as J(t) — oo.
If the condition is weakened to f(7) = O(q~"), then one gets a fourier expansion with
a(n) = 0 for n < —N. Such functions are called weakly holomorphic modular forms

or modular functions.

Two examples of modular forms are the Eisenstein series, and the discriminant func-

tion, which we describe below.

Example 2.1.3. . The Eisenstein series Esy, for k > 2 is

1 1
E = - — 2.3
2x(7) 2 mzn;Z (mT +n)% 2.3)
(mun)=1

are modular forms of weight 2k. Modularity can be checked by checking it for the
transformation S and T and reparameterizing (m,n) in the sum. The condition
k > 2 is required for absolute convergence. The above definition for k = 1, is
not absolutely convergent but one can still define )y via a formal power series
Ey(t)=1-24)" ., 01(n)q", where

o(n) = Z d. 2.4)

o<d|n

This definition is a natural extension of the Fourier expansion for k > 1, and we
will discuss it below. However, it can be shown that E5 does not transform like a
modular form. A quick computation shows that,

ar +b 6 ¢

avad - BT

d)’E .
(e7 +d) 2( Ter+d

This can be seen by observing that Es is a multiple of the logarithmic deriva-
tive of the discriminant function A(T) to be defined below. Such functions, which
give a polynomial expansion in % on modular transformations are called quasi-
modular forms.

An alternate way to define the Eisenstein series is:

1
Gou(r)= > —— (2.5)

m,nEL (mT + n)Zk
(m,n)#(0,0)

and the two are related by Goy,(T) = 2((2k) Eo(T), where  is the Riemann zeta
function evaluated at k.

2. The discriminant A is a modular form of weight 12.



We denote Mj(I';) the space of modular forms on SL(2, Z) of weight k.

Theorem 2.1.4. The dimension of M (I'y) is O for k < 0 or k odd, and for even k > 0

|k/12) 41 if k # 2 (mod 12)
1k/12]  if k=2 (mod 12)

Proof. See Corollary 1 in [18] ]

Denote M, (I';) the space of all modular forms of integral weights.

Theorem 2.1.5. The ring M.(I'y) is freely generated by the modular forms E, and Fg,

i.e. any modular form of weight k can be written as sum of monomials EZ‘E? with

da+ 606 = k.

If ag = 0 such as in A(7), then the modular form is a cusp form and it can be shown
that M = C- E, @ S and S, = A - My_19, where S}, is the space of cusp forms of
weight k. The definition of modular forms and functions can be extended to subgroups

of SL(2,7Z) of finite index, and in particular to congruence subgroups.

Definition 2.1.6. A congruence subgroup 1" is any subgroup of SL(2,7Z) that contains
['(N) :=ker(SL(2,Z) — SL(2,Z/NZ))

for some positive integer N called the level of T'.

Example 2.1.7. The two most widely used congruence subgroups are,

Lo(N) ={(24) € SL2,Z)[ (¢4) = (51) mod N},

where x stands for any entry. N is called the level of the modular form.

We call P(Q) = Q U {co} the set of cusps. Then it can be proved that the action
defined on P*(Q) by a congruence subgroup I has only a finite number of orbits. When
I' is the full modular group, the action is transitive that is there is just one orbit with

{oo} as the representative element.



Definition 2.1.8. A modular form of integer weight k for a congruence subgroup I is a

weakly modular function f : $ — C that is holomorphic on $* = $ U P1(Q).

Similar to the theorem on the full modular group mention above, one can prove
that the graded vector space of modular forms on a congruence subgroups is finite
dimensional for all integeral and half-integral weights k, and the whole ring of modular

forms is finitely generated as an algebra.

Example 2.1.9. The Dedekind eta function is a modular form with a multiplier system

of weight % and level 1.

[e.9]

n(r) = A(r)* =g [T - ")

n=1

n(7) transforms like a modular form under SL(2,7Z) transformations but upto a

phase. The transformation under the S and 7" generators is

W+ 1) =efiinn)  a(—) = V=im(r) @6

2.1.1 Fourier expansion of Eisenstein series

Theorem 2.1.10. The Eisenstein series Gy has the following Fourier expansion:

2(27i) 2k 0
GQk(Z) = 2C(Qk) + % 2 ; JQk,l(a) : q”, (27)

where o is the same as in equation (2.4).

Proof. One can get two representations of cot(z) as follows. One is from the Taylor

expansion of sin and cos, which after division gives,

21
e2iz _ 1

cot(z) =i+ (2.8)

Another representation can be obtained from the "Sine product formula", that can be

derived from the Weirstrass product rule for the gamma function,

o0 2
sin(z) = z H (1 — njﬁ) : (2.9)
n=1

6



Taking the derivative of the logarithm of this formula, one gets,

0 2

zcot(z):1+zz ©

n=1

(2.10)

22 —n2p?’

Substituting z — 7z into equations (2.10) and (2.8)), one gets an identity whose (k —1)-

th derivative yields,

1 _ k—1 n
Z(n+z)k = (k—l —27i) Zn 2.11)

neL

Turning our attention back to the Eisenstein series given by equation (2.5)), we break
down the series into a sum for m = 0 which yields the Riemann zeta function, and

m # 0. We this use the fact that (m,n) ~ (—m, —m) in the sum. Thus,

Gai(7)
¢(2k) +2ZZ:Z (nT +m)k
€
~ 2(2h) + 2;1”1 , zz g

27rz >
2
= 2((2k) + 2k=1)1 Z o1
This can be expressed in terms of the Bernoulli numbers as,

Gon(T) = 2¢(2k) (1 — é—k > a%_l(a)qn> (2.12)

2.1.2 Elliptic curves

One of the most important connections between modular forms and number theory is

through the theory of elliptic curves. An elliptic curve over the complex numbers is



defined by the equation
Y2 =4X3— g, X — g3, (2.13)

where ¢, g3 are constants. An important number attached to every elliptic curve is
the discriminant A = g3 — 2742, this should be non-zero for the curve to be non-
singular. Every elliptic curve is doubly periodic, the period of which can be defined by
a lattice A. Hence elliptic curves can be naturally defined to be functions on the torus
C'/A. As stated in the introduction the moduli space of elliptic curves is isomorphic to
SL(2,7)/%, and is parameterized by the j-invariant modular function. The j-invariant
is surjective, and provides a bijection between the complex plane and the isomorphism
class of elliptic curves. The j-invariant for an elliptic curve with discriminant A =
g5 — 27g3 is given by,

3

. 9o
=1 == .
J(7) 728A (2.14)

Conversely, if we define the constants go(7) = 4L34E4(T) = 60G4(7) and g3(7) =
82i76E6(7') = 160G¢(7), then it can be shown that the lattice generated by 7 corresponds

to the elliptic curve Y2 = 4X3 — g, X — g¢s.

An analogous relation between elliptic curves and modular forms is through the
modularity theorem or the Taniyama-Shimura-Weil conjecture, which states that ev-
ery elliptic curve over the field of rational number is a modular curve was proved by
Andrew Wiles. This is an example of a set of relations proposed by the Langlands pro-
gram - which are far-reaching connections between automorphic forms and objects in

arithmetic algebraic geometry.

2.2 Jacobi forms

Jacobi forms are holomorphic functions of two complex variables 7 and 2, and can
be thought to be modular functions in 7 and elliptic functions in z. The Jacobi group

['(Z) = SL(2,7) x Z? defines a discrete group action given by the composition law

(M, [ev, B]) o (M, [, v]) = (MM, o, BIM" + [pa, v])



Consider a holomorphic function on the upper half place that transforms as follows

under the Jacobi group I'/(Z) ,

2rimez?

CL7'——|—b L = ke=ertd ab
¢(CT+d’CT+d> = (er +d)fe e+ o(r, 2) V(¢g) € SL(2,Z) (2.15)

O(T, 2+ AT+ p) = e 2ImANTH2A) g (7 7) V\neZ (2.16)

These equations are periodic with period 1 in both 7 and 2, and hence one can write a

Fourier expansion:
o(rz) =) clnr)d'y (4= y =) (2.17)

The "elliptic condition" of translations imposes a periodicity property on the co-efficients

2
7”/ —T2

. A /!
Cny = Cpt g7 if r=r mod2m,n =n+ 1
m

The second condition above implies that the number 4mn — 7> = A is an invariant
in the n,r and this is called the discriminant of the Jacobi form. For the series to be

convergent A > 0, i.e. ¢(n,r) = 0 for 4mn < r?.

Definition 2.2.1. If c(n,7) = 0 for 4mn < r% ¢(7, 2) is called a holomorphic Jacobi
form. If c(n,r) = 0 for 4mn < 12, ¢(7, 2) is called a Jacobi cusp form. If c(n,r) = 0

forn <0, then it is called a weak Jacobi form.

2.2.1 Theta expansion

Considering (2.2)) we got due to the ellipticity, one can write ¢(7, z) in the following

form after making a substitution for the dummy variable n,



Qb(T? Z) = Z C(n’ r) 'y
= 3T (A1) ¢ gy

€7 A
2
= Z qim hi(7)y! leZ/2mZ
IEZ
= ) (r) (7, 2)
1€Z/2m7Z
where we have defined
h(r) =Y C(A gt (I€Z/2m) (2.18)
A
2 (1 2mn)2 mn
,l9m7l(7—, Z) = Z qT /4m yT‘ — Zq +4m ) yl+2 (219)
reZ,r=Ilmod 2m nez

The functions h;(7)’s are modular forms of weight k& — % and hence h transforms like
a vector-value modular form. This is called the theta expansion of Jacobi forms. It can
be shown that (See [[19]), weak Jacobi forms of index 1 and weight < 0 are two unique
Jacobi forms are we denote them by ¢_5; and ¢ ;. These are given in terms of the

Dedekind eta function and the Jacobi theta functions as follows:

V2 (1, 2
¢ 91(7,2) = nég, 23 (2.20)
_, (V3(72) | 03(T2) | YE(T.2)
¢0.1(T, 2) 4(?9%(77 ) +ﬁ§(77 0) - 20 0>) (2.21)

Theorem 2.2.2. ¢_o; and ¢, generate the ring of weak Jacobi forms of even weight

freely over the ring of modular forms of level 1, i.e.

Tietk = @D My (SL(2,Z))¢" 518077 (k even) (2.22)
j=0
Proof. Refer Chapter 3 of [19] O

10



2.3 Group theory and characters

2.3.1 A flavor of sporadic groups

As mentioned in the introduction in addition to the three infinite family of groups
which are cyclic groups, alternating groups, or finite groups of Lie type, one has 26
groups that don’t fit into any of the families and thus called the simple sporadic groups.
These can be further divided into 3 related series, and 6 so-called pariah groups. In
this thesis we will mostly be dealing with the Mathieu groups - a series of 5 groups

Mlla M12, MQQ, M23, M24 discovered by E. Mathieu in 1861.

Definition 2.3.1. The action G — () is n-transitive, if any n different points Py, ..., P,
can be transformed to n- arbitrary points through the group action. The action is called

sharp if there is a unique n-tuple (g1, . . ., gn) for this transition.

Among the Mathieu groups, M7, and M, are obtained from Ag or Sg. Sg is the
only symmetric group with an outer automorphism, with Out(Sg) = Zs and hence
Out(Ag) = Zo X Zs. Hence in addition to the natural extension of Ag = PSL4(9) to
Se and PG Ly(9), Ag also extends to a third group via the semi-direct product called
M. It can be shown that M, admits an augmentation to two simple groups My, and
Mi,. These are sharp four-transitive on 11 objects, and five-transitive on 12 objects
respectively. This extension can be used to construct permutation representations of
My, and M5 on 11 and 12 objects respectively. The orders of M;; and M, can be
deduced from their four transitive and five transitive properties. Refer to [20] for this

construction.

The rest of the Mathieu groups are obtained in a similar manner starting from
GL4(2) =2 Ag and PSL3(4). We start by defining M,; = Ag which has a 2-transitive
action on 21 objects. M, has natural extensions to the groups Moo, Mys, My, that are

3-,4- and 5-transitive respectively.

Another construction of the Mathieu groups exists using combinatorial objects called

the "Steiner system". This approach has been used in [21]].

11



2.3.2 Character theory

We state here some basic results for the representation theory of groups for the sake of

completeness.

Definition 2.3.2. Let G be a finite group and V' a n-dimensional vector space over C.
A representation p(g) of G on V' is a homomorphism p : G — GL(V'). The character
X of p is defined by x(g) := tr(p(g)). The hermitian inner product on characters is

defined by (x, X') = 5 22, X(9)X'(9)-

Theorem 2.3.3. (a) The character is constant on conjugacy classes i.e. it is a class
function.

(b) The character of a direct sum p & p' is the sum x + x'.

(c) The irreducible characters of G are orthonormal and form an orthonormal basis
of the space of class functions.

(d) The number of isomorphism classes of irreducible representations is equal to the
number of conjugacy classes in the group.

(e) If p1, ..., prarethe isomorphism classes of irreducible representations, and 1, . .
the characters, the dimension d; of py divides the order |G|, and |G| = d3+. . .+d?

Proof. Refer to Chapter 10 of [22]. ]

Example 2.3.4. We construct below the character table of Sy as a demonstration of
the above theorems. Sy has 5 conjugacy classes 1A = {1},2A = (12)(34),3A =
(123),2B = (12),4A = (1234) with sizes 1,3,8,6,6 respectively. Applying the
above theorem, there are 5 irreducible representations. Every finite group has 2 one-
dimensional representations - the trivial representation 1 and the alternating represen-
tation Xo. Another representation for the symmetric groups is the permutation repre-
sentation V. The character associated to'V, xv(g) is the number of elements fixed by g
(See Exercise 2.5, [4)]). Thus xv(Ss) = (4,1,1,2,0) This is however not an irreducible
representation. An irreducible representation can be obtained as x4(g9) = xv(g) — 1
which can be checked by showing the norm is 1. Another irreducible representation is
obtained by taking the tensor product of two representations xs = X2 - X4. 1he final
irrep x4 can be obtained by using orthogonality of characters. Another method for ob-
taining Sy is starting with S < Sy and building the other characters through tensor
products and orthogonality. (See [4] for this approach). Thus we obtain the complete
character table of S, shown below in equation (2.23),

12
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Character Table of S,
Label 14 24 34 2 44

x1 1

x2 1 1 1 —1-1

X3 2 2-10 0 (2.23)
Xa 3 -1 0 1 -1

x5 3 -1 0-1 1

13



CHAPTER 3

Conformal field theory

String theory can be described by a perturbative series over higher genus Riemann sur-
faces where CFTs on a the complex plane correspond to the tree-level contributions.
The one loop contributions to this series are described by the CFTs on a torus. In this
chapter, we will compute the partition functions of the free boson and fermion, and dis-
cuss CFTs on orbifolds. The generators of the isometry of the torus implies the partition
functions should be modular invariant. We will also see how the partition function is

related to the characters of the Virasoro algebra.

Definition 3.0.1. The character of an irreducible representation |h;) where h; denotes

the highest weight is defined as

Xi(T) = trag, (gh0 ), (3.1)

H; being the Hilbert space built on |h;).

3.1 CFT on a torus

A torus can be obtained geometrically by taking the infinite cylinder and identifying the
ends of a finite section. Consider the usual map between the co-ordinates of a cylinder
w = 2° + iz! and C given by

z=e" 3.2)

3.1.1 The modular group

One can obtain a torus from the plane, by make making the following identification

w ~ W+ mayg + nas, m,n €72 a,ay € C 3.3)



The smallest cell spanned by (o, ap) is called the fundamental domain, and the shape
of the torus is encoded in the modular parameter 7 = £t. The isometry group of the
torus (transformations which leave the torus invariant) is the familiar modular group,

and it’s action is given by

at +b
— ab)e SL(2,2)]Z 3.4
ro T (¢h) € SLR,D)/L, (3.4
The generators of the modular group are
1
T:7T—71+1 ST — —— 3.5
T
and satisfy the presentation relations,
S2=1 (ST)*=1 (3.6)

The CFT partition function (in Euclidean space) is defined by
Z(11,7g) = try (e 22l 2P (3.7)

We will chose the space and time directions to be the real and imaginary parts of w
respectively. An inversion of the convention and can be obtained by making a S trans-
formation on all the formulas. As L+ Ly are the generators of dilatations and rotations

respectively on the complex plane, due to radial quantization

Hcyl - (Lcyl)O + (Lcyl)oy Pcyl =1 ((Lcyl)o - (Lcyl)o) .

The result can also be obtained using Ly = —0d,,. Thus the partition functions takes the
form

Z(11,7) = try(¢hosighos), (3.8)

3.1.2 The free boson

Consider the field theory for a bosonic field X with the action,
1 _
S=_— /8X8X. (3.9)
2T

15



The raising and lowering operators are given by the fourier modes j, of the current

Jj=10X =3 j,2z7"! and satisfy the algebra,
Lims ] = mbm,—n.- (3.10)
The states in the Hilbert space can be constructed from the vacuum as,
|ni,no,ns,...) =74"14"%...10) n; >0. (3.11)
Using the two equations above one obtains the action of L,

Lo|ny,na .. .) :ank |ni,ng...) (3.12)

k>1

Using the Taylor expansion of the operator ¢~°, and the equation above one obtains

tr(g"o2r)

n1=0n2=0

. 0o 00 1 oo 1
=q 24HZq k_q 24H1_qk.
k=1np=0 k=1
Using the definition of the eta function in Chapter 2, one can write this as
1
Zl/)os (T7 77—) = .
In(7)[?

However, as discussed before, the eta function is not exactly modular invariant. Hence
to make the partition function modular invariant one needs to multiply by the phase

appearing in the S— transformation,

11
Zbason(Ta T) - EW7 (313)

is the modular invariant partition function for the free boson.
More interesting is the case for the partition function for a boson on a circle i.e. we

make the identification,
X(2,2) ~X(2,2) +2rRn m € Z.
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Integrating the equation for the current, and imposing the equivalence relation above,
we get the relation,

jo — jo = Rn, ncZ.

Hence the action of j, and jj is different to the non-compactified case and given by,
j0|A,7’L> :A|A,7’L>7 ]})‘A,TI) = (A_Rn)’A7n>7

where A is the charge which will be determined by imposing modular invariance. Tak-
ing the trace over all states, one obtains a similiar result but with an extra factor for the

Jo action,

Zeire(T,T) = Z/(1,7) Z(A n|q2]0q 2j0°|A, n)

1A2 —7A Rn)

Modular invariance under the 7' transformation gives the relation,

m Rn

A=l
R

Finally, we get the following result for the partition function,

ZCZTC(T T |2 Zq _5(%_%)2. (314)

Invariance under the 7" transformation can be checked by applying the ‘Poisson re-
summation formula‘ to the holomorphic and anti-holomorphic parts respectively. The

‘Poisson re-summation formula“ states,

Zexp(—mm +bn) = \/_Zexp ——(k+ i)2) (3.15)

21
nez kcZ

This can be proved by integrating the left hand side of the above equation with a *Dirac

comb’, and using it’s discrete Fourier transform,

Z d(x—n)= Z e?mike

ne’ keZ
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3.1.3 The free fermion

Another canonical example is the example of the free fermionic field ¢ given by the

action,

1

S = . /dxodxl (¢5¢ + @0¢) ;

with mode expansion in the Neveu-Schwarz sector given by,

= > 2R

rEZ-‘r%

The mode expansion corresponds to imposing anti-periodic boundary conditions on
both the time and space directions, and we introduce the following box notation to

describe the partition functions.

Al =« ] (3.16)

Al )= g wtra(gh), (3.17)
A

where the A denotes anti-periodic boundary conditions in the space direction (i.e the
Neveu-Schwarz sector). The Hilbert space H is obtained by the action of the creation

operators on vacuuin,

The Clifford algebra {1, 15} = ¢, _s along with the mode expansion Ly = > .~ 1 s_s1),

2

gives the action,

o0
L0|n%,n%,...> :Z,snsm%,n%,...).
1

Hence the partition function (3.17) can be computed,

Al:]—q48zz - (). . (3.18)
n1 =0 n3
_1 st 1 193(7)
= g 18 1+¢"72) = . 3.19
q g< =0 (3.19)

Here v3(7) is the familiar theta function defined in the Jacobi forms section of Chapter

2. We have used the ’Jacobi identity” which interpolates between a sum and a product
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definition of the theta functions.

I5(7) = n(r)g = [+ ¢ +2) (1 +¢F2) =Y g%, (3.20)
r=0 nez

We write below the general Jacobi triple identity (See chapter 14, [16] or chatper 4,[17]]

) in CFT convention. The equation above can be obtained by setting w = 1,

1 2
o [[0+ g+ g i) = 53 gb et G2
>0 T](T) NeZ

The goal is to construct a modular invariant partition function like the bosonic case.

21

The T' transformation ¢ — e

T — o & *%m1—’“+%:*% (7). 3.22
) R | R R e 52

This differs from A[ | by a phase and a sign, and can be formulated using the fermion
A

number operator (—1)7. This operator anti-commutes with all the fermion operators,

q gives another term of the full partition function,

{(_1)f7 ¢f} = 0.

Hence, the T'— transformation of A| ]is the trace with an operator insertion, and cor-
A
responds to changing the boundary conditions for the space direction. We denote it as

follows,

P[] = q 5 Try((—1)!g") = %- (3.23)
A

We also define two other partition functions,

—i*ﬁ Loi ioo ny _ ﬁ
AD—ﬂq Trp(q )ﬂq H(1+q)—\/; (3.24)

P n=0

1 1
_ —— _ET —]_ f LO — . '2

The first box is the partition function for the Ramond sector (periodic boundary condi-

tions), as is obtained by the S— transformation on A[ | We summarize the S— and
P
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T'— transformations below,

T (A I:]) —emp[ | T (p |:]) —e A ], T (A |:]) — eBA[ ] (3.26)
A A A A P P

S(AI:]):AI:], S{al ]| =pr[ ]} S(PI:]):AI:] (3.27)
A A P A A P
Hence, the total modular invariant free fermion partition function is,
_ 1 /93 Iy Uy
Zterm(T,7) = = (|— +|—|+|—= (3.28)
perm(r,7) = 5 (1514 10+ 1

The partition function can also be expressed in terms of the characters of the ¢ = % Vira-
soro algebra Yy, X1, XL, where the subscripts denote the respective conformal weights

h (See chapter 6, [12]),

Zferm(T,T) = XoXo + X (3.29)

3.2 Orbifolds

String theory posits a relationship between the CFT on a worldsheet and the background
geometry it is moving in, such as the relation between superconformal field theories
and Calabi-Yau manifolds. A simpler example of such a relationship is how the CFT
partition function is changed when the target manifold is modified. An orbifold is a
quotient manifold by a discrete group action i.e. if M is a manifold, with a group
action by a discrete group G, then one can define an equivalence relation z ~ gz, the
quotient space of which is denoted by M /G. From an algebraic viewpoint, orbifolding
a modular invariant CFT means taking the quotient of the Hilbert space (Vertex operator
algebra) with a discrete symmetry group (G, which makes the theory G — invariant. Such
a theory is obtained by an averaging procedure over the boundary conditions as will be
outlined below. From an algebraic perspective, we want a decomposition of the Hilbert

space into twisted sectors,

Ve =pver, (3.30)
h

where V" are called the h— twisted sectors. We do this by taking a projection over

GG — invariant states by averaging over boundary conditions ¢(z + 7) = gi(z), denoted
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by the box g[ | The averaged partition function after averaging over G is given by,
1

1
a2k

However, this is not modular invariant, as the modular transformation = — g;:s gives
the following transformation,
g = gn ] (3.31)
h gchd

The total modular invariant partition function is obtained by summing over the h—

twisted sectors, i.e. averaging over boundary conditions in the space direction as well,

Zrie= é > g|;]. (3.32)

e
One should impose the condition gh = hg for the group action to be consistent. For
the abelian case, as this condition is true for all elements, one can see that the algebraic
interpretation in terms of equation as the decomposition of the hilbert space in
terms of h— twisted sectors given by a projection into G— invariant states is immedi-
ate. For non-abelian groups, one considers twisted sectors parameterized by conjugacy

classes and sum over elements of only the normalizer of that conjugacy class,

Zre=Y ﬁ ¥ qm| (3.33)

tgen; i

IG]

where ¢ indexes the conjugacy classes {C;} and we have used the relation | V;| = TeA

3.3 Elliptic Genus

The N' = 1 superconformal algebra is the smallest extension of the supersymmetry
algebra that contains the Virasoro algebra as a subalgebra. It has the usual Virasoro
generators L,, and a set of 'fermionic’ operators GG,.. The algebra is defined by the

commutation and anti-commutation relations
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C ., 3

Ly, Liy) = (m —n)Lpyn + E(m — M) 0ptm,0 (3.34)
(G,, G} = 2L, ., (3.35)
L,,G,] = = 2r G (3.36)

Mathematically the superconformal algebra is the algebra of derivations of the 1-dimensional
central extension of the super loop algebra, Der(C[t, ¢!, 6], 6), where C[t, ™', 0] is (as-
sociative) algebra of Laurent polynomials in a single Grassman variable. The algebra
has two types of representations called the Ramond and Nevue-Schwarz sectors de-
pending onif r;s € Zorr,s € Z + % respectively. These correspond to periodic and
anti-periodic boundary conditions in the superfield formalism. The Ramond ground

state is defined by,
L,|R)=0=G,|R)=0 n,r>0. (3.37)

Ly|r) = 0 follows from the condition Gy|R) = 0 using the relation G = Ly. One

defines the Witten index for such a theory,
Zw (1) = trp (1) ™). (3.38)

The insertion of the fermion operator means only the ramond ground states contribute,
and hence the Witten index is a graded sum of ground states independent of 7. It can
also be interpreted as the graded dimension of the cohomology of G, and the "index"
of an operator (See [[14]]), and hence is invariant under continuous deformations of the
moduli space (i.e. the target manifold) and gives a topological invariant called the Eu-
ler characteristic (see [14]]). The Witten index can also be given a natural path integral
representation using the statistical mechanics partition function - path integral corre-

spondence. We generalize this to the A/ = 2 superconformal algebra (SCA).

The N' = 2 SCA, has two fermionic operators G*, and U(1) current .J,,. The J,
along with L, form a Cartan subalgebra and hence the representations are classified by

the eigenvalues of Jy, Ly. In addition to the Virasoro commutation relation one has the
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following commutation and anti-commutation relations,

C

[y Jn] = §m5m+n,0 (3.39)
(Lo, Joa] = =11 T (3.40)
(L., GH] = <g - 7’) Gt (3.41)
[T, GF) = £GE,, (3.42)
(G767} = 2Lt (= o+ & ( - i) Swo. (343)

The ground state is again defined as annihilation by all operators with positive index
and also G?ﬂR) = 0. A natural generalization of the Witten index is the elliptic genus

obtained by inserting the exponent of .J, as well,
Z(1,2) = trgp((=1) " Pyghomsighoan) (g = &), (3.44)

where RR stands for the Ramond holomorphic and anti-holomorphic sectors. Here the
fermion number is replaced by Jj as it as U(1) current and anti-commutes with all the

fermionic fields.

The most important property of the elliptic genus that will be used in this thesis is
that the elliptic genus of a A/ = (2,2) SCFT with central charge ¢ = 6t is a weight
zero, index ¢ weak Jacobi form. We sketch a proof of this modularity property. See [13]]
for further details. The important aspect of ' = 2 SCFT’s that makes this possible, is
the property of spectral flows. The A/ = 2 SCA has a non-trivial inner automorphism

(isomorphic to the group Z x Zs) given by the spectral flow,

L — Ly +1J, + n2§5n,0 (3.45)
Ty = Ty + ngan,o (3.46)
G¥ = GE,, (3.47)

and 7 can be an integer or half-integer. When it is an integer it leaves each of the
Ramond and Neveu-Schwarz sectors invariant but exchanges the two when it is an half

integer. The only operator that is invariant under these transformations is %cLO — JZ.
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Hence the elliptic genus which measures the graded dimension of a L, J, eigenspace

should be a function of this operator,

2
z — ta(Zen — 12 4
(r.2)= > d"va(Gen =), (3.48)
n,1>0
for some co-effecient a. Comparing this to the Fourier expansion in the definition of a

Jacobi form, the result follows.

The elliptic genus can be defined in a purely geometric way as a character-valued
Euler characteristic of a vector bundle that vanishes on manifolds which are projec-
tive spaces of the form CP (&) for £ an even-dimensional complex vector bundle (See
[15]). For non-linear sigma models with A/ = (2,2) superconformal symmetry, the
target manifold is Calabi Yau and and the elliptic genus can be used to find topological
information of the manifold. For example, the ¢° term of the Fourier expansion i.e.
Z(z,100) gives the Hirzebruch x,-genus, a generating function for a "Dolbeault’-type
elliptic operator. In addition substituting z = %, z=0,z= 1% in the Fourier expan-
sion gives the Hirzebruch signature, Euler characteristic and fl-genus respectively. See
[38]] for the geometric definition and more details on links to Jacobi and Seigel modular
forms. Using the correspond ¢ = 3d¢(M) for SCFTs, where dc(M) is the complex
dimension of the target manifold, one gets that the elliptic genus of a complex manifold
of complex dimension d¢(M) is a Jacobi form of weight 0 and index dc(M)/2. This

can be used to find the elliptic genus of K.

As mentioned before, the space of Jacobi forms is generated by the first two Eisen-
stein series { F4(7), E¢(7)}, and the index 1 Jacobi forms {¢_2 1, ¢0.1 }. Thus, the space
of Jacobi forms of weight 0 and index 1 is just one-dimensional and given by ¢ ;. Us-
ing the fact that xx, = 24 = Z(7,z = 0) one gets Zg, (7, z2) = 2¢01. Thus, the full
expression for the elliptic genus of K is,

v3(r.2) | Ui(r,2) Y

2
4
B(r.0)  B(ro) B

(7 z)) . (3.49)

Zr,(1,2) =2¢p1 =8 ( .0)

Going to complex dimension 4, the Jacobi forms of index 2 are spanned by gbg’l and

¢2_271E4(7'). Thus every elliptic genus of a 4 dimensional complex manifold is a linear
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combination of these forms and the constants can be fixed by comparing it with known
topological invariants such as the Euler characteristic. For example, /K5 X K3 has Euler

characteristic 324, and hence the elliptic genus can be shown to be,

9 3
ZKBXKs (T> Z) = Z¢g,1 + Z¢2—2,1' (3.50)
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CHAPTER 4

Generalized )5, moonshine

Connections between the Mathieu group M, and modular forms first appeared in [1]],
where the twisted partition function of heterotic string theory compactified on 7 have
been computed by S. Govindarajan and K.G. Krishna by making use of the fact that
all K3 symplectic automorphisms are embedded in Ms3, a maximal subgroup of My,.
These links between K3 surfaces and the Mathieu groups through the elliptic genus
were further explored in [3] and [2]. We first review Eguchi, Ooguri, Tachikawa’s
(EOT) observation in [3]], and its generalization to the twining genera that give the
McKay-Thompson series. The second section describes a generalization of thw twining
genera by Gaberdiel, Persson and Volpato and reviews the group cohomology technique

used by them to solve the problem.

4.1 Review of Mathieu moonshine

In [3], Eguchi, Ooguri and Tachikawa showed that the elliptic genus of K5 (which can
be defined as the partition function of a A" = 4 SCFT with ¢ = 6) has a decomposition
in terms of the characters of the N = 4 superconformal algebra with co-effecients that
agree with the dimensions of representations of the Mathieu group M. The elliptic
genus in this case is defined in an analogous manner to the N' = 2 case except that the
insertion is 4”0 where J3 is the zero mode of the last of the 3 generators of the affine
su(2) subalgebra. The elliptic genus is nothing but 2¢ ; i.e. a multiply of one of the

generators of the ring of weak Jacobi forms.
Zr,(z,7) =20 chf:%’lzo(zm) — chf:il:%(z, T) + z;A(n) Chg:m—i,l:%(z’ 7).
4.1)

The first two terms in the above equation are the characters of the BPS or short rep-

resentations of the superconformal algebra, and the third term gives the sum over the



massive representations. The expressions for the respective characters in terms of ¢/
functions can be found in [28]. EOT observed that the first few co-efficients A,, are

related to the dimensions of irreducible representations of My,
%A(n) = 45,231,770, 2277,5796, . .. (4.2)
Following the notation used in [29]] we rewrite the above formula as,
Ziy(2,7) = aClz,7) + ¢ 3X(1)B(z,7), (4.3)

where C and B are the massless and massive characters respectively, and
S(r) = -2+ Y _ A(n)q". (4.4)
n=1

Note that the second term in equation (4.1)) has been absorbed in the second term in the
above equation. Following the McKay-Thompson proposal for the above moonshine, a
series of Jacobi forms attached to each conjugacy classes of My, were proposed in [28]]
with the constants A (n) given by the characters of a graded M54 module instead of it’s

dimensions i.e.

ZP(z,T) = ZtFRh,Z(P)Cth(T, ), p € Conj. Class(May) 4.5)
(1)
= o’ C(z,7) + ¢ 5 $°(7) B(z, 1), (4.6)

where p labels the conjugacy classes of Ms,, and we have dropped the subscript K.
The constants o are nothing but the Witten index x, = Z,(0,7) as can be seen by
setting z = 0 in the above equation. o is the sum of the first two rows of the character
table and is given by a” = 1 + x23(p). It can be shown that o” vanishes if and only if
the conjugacy class has no fixed point in the permutation representation. These twisted
twining genera are Jacobi forms of index 1 and weight O for I'y(|g|) with multipliers,

where |g| indicates the order of the representative element of the conjugacy class p,

Theorem 4.1.1. Z°(7, ) are Jacobi forms of index 1 and weight O for the congruence

subgroup Uy(|g|). Thus, it transforms as follows under a modular transformation,

b 2mic 7”'622
ZP (aTj:d7 id> =e |9‘hdezc7_+d ZP(T7 Z) ((Z S) c SL(27Z> (4.7)
CT CT
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Proof. See [30]]. O]

The first few terms of the My, McKay-Thompson series in terms of characters of

M, are,

YP(1) = =2+ [xa5 + X359 + [X231 + X55114° + [X770 + X700 + - - - 4.8)

The proposition that these McKay-Thompson series actually correspond to a My-

module was proved by Gannon in [24].

Theorem 4.1.2 (Gannon). There is a graded My module K = €, _, K,,q" for which

n>0
the above equation is true. K,, are honest representations and can be written as a direct

sum of an irreducible representation and its complex conjugate.

This theorem implies that the co-efficients A”(n) in|5.9|are class functions, and can
be written as a linear combination over Zx of irreducible characters of M. A com-

plete classification of the twining genera by making use of their modularity properties

has been done in [28]] and [30].

The relation of these functions satisfying the specified modularity properties to
Physics is not yet clear. It is natural to think that the twining genera are elliptic gen-
era of a non-linear sigma model on K3 with a Ms, symmetry group. The modularity
properties would follow has shown in Chapter 3. However, it has been shown in [5] that
this cannot be the case, where the authors classify all possible symmetry groups of such
non-linear sigma models. More general non-linear sigma models have been studied in
[7], where the authors argue that N' = 4 SCFTS with ¢ = 6 with fields that could give
such elliptic genera are non-linear sigma models on a torus, with elliptic genus identi-
cally zero. Thus, the problem to find a physical CFT for M5, moonshine still remains

open.

4.2 Twisted Twining Genera and Group cohomology

In (section 2, Chapter 3) we saw that each element 2~ € H induces an automorphism

between two twisted sectors by conjugation i.e. p(h) : Hy — Hpgn-1. Hence if h €
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Cg(g) we get a representation of the centralizer. We define twisted twining genera

motivated by the discussion on orbifolds in Chapter 3, in the following way,
Zyn = trag, (p(h) (=) ylghomsighsn) (¢ 1= ), (4.9)

where h € Cg(g) and p(h) : Ce(g) — End(H), denotes the action on the g twisted
sector as described before. However, in all generality we allow p to be a projective rep-

resentation instead of a true representation i.e. it is linear upto phases ¢(gs, g2) classified

by the group H%(G,U(1)),

p(9192) = (g2, 92)p(91)p(92)-

The following modularity and group theoretical properties are satisfied by the twisted

twining elliptic genera,

aT + b z 2micz?
Z4n < ) = Xgn (25)eertd Zape ghhd V(ab)e SL(2,Z) (4.10)

cr+d cz+d
Zon(T, 2+ AT+ p) = e ZTANTER) G2 ) YA u e Z 4.11)
Zgn(T,2) = Egn (k) Zp-1gk 10k (T, 2), ke My (4.12)

Here x,, : SL(2,Z) — U(1) and {, (k) are phases/multipliers inserted to allow for
projective representations. To summarize Z, , is a weak Jacobi form of weight 0 and
index 1 with multiplier x5 under a subgroup I', , and invariant under conjugation upto
a phase. We also assume that these functions admit a character decomposition in terms
of the characters of the unitary representations of the N' = 4 superconformal algebra
with co-efficients given by characters of finite-dimensional projective representations

of the centralizer,

Zop(1,2) = Z tngerhh:%Jrr’l(T,z). (4.13)

rENg+Z/N
r>0

As the characters are unitary [ = O or [ = % when h = % and [ = % otherwise. This
expansion is used to fix the normalization of the twisted twining genera. As stated,

the representations p,, can be projective with phases ¢,(hq, ho) satisfying a cocycle
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condition and thus classified by H?(Cyy,,(9), U(1)),

Cg(hl,hg)cg(hlhg,hg) = Cg(hl,h2h3)cg(h27h3) Vhl,hg,hg S OM24(g). (414)

We impose the consistency condition that for g = e the twisted twining genera repro-

duces the twining genera as considered in [28] and [30]].

The structure of the phases described by H?(C)y,,(g), U(1)) are inherited from the
more complicated structure H3(Myy, U(1)). It was proposed in [27] and [26]], that the
twisted twining characters of a homolorphic CFT are described by a unique 3-cocyle «
in H3(G = My, U(1)). Here cisamap o : G x G x G — U(1) satisfying the cocycle
condition,

alg, h,k)a(g, hk,la(h, k1) = a(gh, k,D)a(g, h, kl). (4.15)
The relation to the phases c,(g1, g2) is given by the expression,

a(h, g1, g2)a(g1, 92, (9192) " 1(g192))
a(gla h7 h7192h>

ch(g1, 92) = (4.16)

This lead Gabberdiel, Persson, D and Volpato to propose in [36] that the multipliers
Xg,h- the phases £, and the 2-cocycles c, can be completely obtained in terms of a
unique 3-cocycle . This was proved in [36]] with the condition (4.13) checked for the

first 500 representations.

Theorem 4.2.1. There exists a unique set of functions and a unique class [o] € H?(May, U(1))
that satisfy the modularity and group theoretical properties above and determine the

multipliers X g p, the phases &, , and the 2-cocycles c,.

We give below a sketch of the proof in [36]. Refer to [36] for further details.

Proof. The third cohomology H?3(Ma,, U(1)) ~ Z;, was computed in [37]. We have
also verified this using the Homological Algebra Package (HAP) package in GAP. The
unique class [a] can be found out by imposing the condition that it reproduces the

multiplier phases for the twining genera,

27icd

Xen (25) = 0, (21) € To(o(h). @17
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This has been done in [36], by chosing a representation for a 3-cocycle found in [27]
and checking it explicitly for each generator of the congruence subgroup. One the 3-

cocycle is known the multipliers and phases can be easily determined.

The second task to classify all the twisted twining genera. Not all of these are
independent due to the modularity and the conjugacy condition. Inequivalent twisted
twining genera are given by the orbits of P/(SL(2,Z) x M) where P = ((g,h) €
Msy x May|gh = gh). There are 55 such orbits, out of which 21 are the known twining
genera, and hence the task is to find the remaining 34 functions. Moreoever, most
of these are zero due to consistency conditions imposed by cohomological arguments.

Such cohomological obstructions are of two types,

1. For three pairwise commuting elements g, h, k, due to the conjugation condition,

Zgn(T,2) = Egn(k) Zgn(T, 2). (4.18)
Hence the twisted twining genera vanishes if the phase is not 1.

2. Suppose g, h commute and there exists a k such that k~'g~'k = gand k= h 1k =
h, the modularity conditions give,

Zon(T,—2) = Xgn (0" %) g1 (B) Zg (T, 2). (4.19)

However the evenness of characters, chy, ;(7, —2) = chy, (7, z) means that Z, (7, —2) =
Z, 1(7, z). Thus if the net phase in equation (4.19) is not 1, then Z, , must vanish.

Finally, for cases when Z;, doesn’t vanish, Z, ;, is a weak Jacobi form of weight 0

and index 1 under I'y ;, upto a multiplier, where

Tyn={(2%) € SL(2,Z)|3k € Moy, (g*h¢, g"h%) = (k™' gk, k™' hk) or (k'¢ 'k, k™'h™'k)}
(4.20)

The space of such Jacobi forms are either zero- or one-dimensional, and the normal-

ization is fixed using N' = 4 decomposition. Thus one obtains a complete list of the

twisted twining genera and their multiplier systems. [
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CHAPTER 5

M1, moonshine

5.1 Some group theory

We begin the chapter by outlining some basic facts in group theory, and then how char-
acter tables behave under semi-direct product. Most of the basic group and represen-
tation theory facts in this chapter have been proved in [25]. The representation theory
of Symmetric groups S, is well understood. An example is Sz which has a represen-
tation defined by an action on 6 points. Only S among the symmetric groups has a
non-trivial outer automorphism which describes a Z, action i.e. Out(Sg) = Z,. Hence
the automorphism group of Sg is nothing but the semi-direct product Sg X Zs. Sim-
ilarly, the Mathieu group M, has a representation acting on a set of 12 points, and

Aut(Mlg) = M12 X ZQ.

If H is a subgroup of G, we are interested in how characters of H, are related to G.

The characters of H are obtained by restriction of the characters of G,

xu () = xa(grus(s))

where the map fus maps conjugacy classes of H to conjugacy classes of G,

! !

fus : (C},Ch, ..., C) = (Cy,Cy,y ..., Ch)

These fusion maps are in general not unique. The PossibleClassFusions( subtbl, tblf,
options] ) command in GAP gives the list of possible class fusions for particular char-
acter tables of (G and its subgroup H. The class fusion maps are unique in the case
of S¢ — S¢ : 2 and M5 — M, : 2. The problem of finding class fusions is sim-
ple for symmetric groups. Every conjugacy class of a symmetric group S, is labelled
by a partition of n. Every partition of n gives rise to a cycle type a;“as? ... such that
>, ain; = n, where n; are the number of cycles of length a; in the permutation repre-

sentation. This is a necessary condition for finding class fusions H — G, where both



H and G have permutation representations. Another necessary condition is that for
h € H, Cy(h)|Cgs(h). Using this one can obtain fusion maps such as the one in Table
(5.2). We also give below the fusion map for Mo — M, : 2.

Conjugacy Class of M5 : 2 1A | 2A | 2B |3A | 3B | 4A | 4A
Conjugacy Class of M, 1A|2A | 2B | 3A | 3B | 4A | 4B
Conjugacy Class of M5 : 2 SA | 6A | 6B | 8A | 8A | 10A] 11A 11A
Conjugacy Class of M, SA | 6A | 6B | 8A| 8B | 10A 11A 11B

Table 5.1: Map between conjugacy classes of M, : 2 and M,

5.2 Character tables of semi-direct product groups

The general problem of finding the character table of a group G := N x H can be solved
by Clifford theory, by finding a set of orbit representatives of the action of H on N and
finding their stabilizers A, for a particular irreducible character . The representations
of N x H are then classified by classes in H?(A,, C*). (See [23] for a category theory
treatment) In the special case when H is Zy, A, is either trivial or Z, and hence the
irreducible representations of GG can directly be obtained by considering the action of
Zy on G. The action is described by the outer automorphism and exchanges the char-
acter table entries for conjugacy classes related by the outer automorphism ¢. Let x¥
denote the irreducible character obtained by the action of Z,. Irreducible characters of
N which lie in an orbit of length 2 extend to characters of GG given by x + x¥ on G
and vanishing entries outside G. On the other hand if the orbit is of length 1, every
irreducible representation of N gives 2 reps of GG given by x and Ay, where X is the
character of GG with kernel N and rest of the entries —1. We demonstrate this with ex-

amples of Sg and M.

521 Sg

Table (5.1)) and (5.2) show the character tables for S¢ and Sg : 2 respectively. Sg : 2

can constructed in GAP either as the automorphism group of Ss through the command
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AutomorphismGroup(SymmetricGroup(6)) or as a maximal subgroup of M5 through

the command AtlasSubgroup("M12", 3 ).

Label 1A 24 2B 2C 3A 6A 3B 4A 4B ©5A 6B
Cycle shape 16 2114 2212 23 3113 312111 32 4112 412! 5111 ¢!
X1 1 -1 1 -1 1 -1 1 -1 1 1 -1
X2 5 -3 11 2 0o -1 -1 -1 0 1
X3 9 -3 1 -3 0 0 0o 1 1 -1 0
X4 5 -1 13 -1 -1 2 1 -1 0 0
X5 0 -2 -2 2 1 1 1 0 0 0 -1 (5.1)
X6 16 0 0 0 -2 0 -2 0 0 1 0
X7 5 1 1 -3 -1 1 2 -1 -1 0 0
X8 0 2 -2 -2 1 -1 1 0 0 0o 1
X9 9 3 1 3 0 0 0o -1 1 -1 0
X10 5 3 1 -1 2 0o -1 1 -1 0 -1
X11 1 1 1 1 1 1 1 1 1 1 1
Label 14 24 5A 104 2B 4A 4B 4C 8A 8B 20 3A 64
Cycle shape 112 1424 1252 21102 1424 1442 1442 2242 122181 122181 26 1333 1121316!
X1 1 1 1 1 1 1 1 1 1 1 1 1 1
X2 1 -1 1 -1 1 -1 1 1 -1 -1 1 1 1
X3 1 -1 1 -1 1 1 -1 1 -1 1 -1 1 -1
X4 1 1 1 1 1 -1 -1 1 1 -1 -1 1 -1
X5 9 -1 -1 -1 1 -1 1 1 1 1 -3 0 0
X6 9 -1 -1 -1 1 1 -1 1 1 -1 3 0 0
X7 9 1 -1 1 1 -1 -1 1 -1 1 3 0 0
X8 9 1 -1 1 1 1 1 1 -1 -1 =3 0 0
X9 10 0 0 0 2 0 2 -2 0 0 2 1 -1
X10 10 0 0 0 2 0 -2 -2 0 0 -2 1 1
X11 16 —4 1 1 0 0 0 0 0 0 0 -2 0
X12 16 4 1 -1 0 0 0 0 0 0 0 -2 0
X13 20 0 0 0 -4 0 0 0 0 0 0 2 0
(5.2)

Characters of the first type which are of orbit 2 are 10, X4, X2, X7, X5 and x7. The
outer automorphism takes 2A to 2C', 3A to 3B and 6 A to 6 B. Hence action of Z, gives
3 orbits X190, X4, X2, X7 and X5, x7. These characters combine to form the characters
X9, X10 and 13 in the Sg : 2 table respectively. The rest of the characters lie in orbits of

length 1, and their extensions give rest of the characters of Sg : 2.
Note: The ATLAS conjugacy classes are labelled according to the order of their ele-
ments. So 2ABC have order 2, 6AB have order 6 etc. The cycle shapes of 2B/C' are

142,23, 3A/B are 133,3? and 6A/6B are 1' 2! 3! and 6 respectively.

Going from conjugacy classes of Sg to Sg : 2 Representative elements of the semi-direct

product group would either be of the form (g, €) or (g, ¢). Elements of the form (g, e)
in G := N x Zs, would have the same order as the order of g in NV, and these classes
would extend to G. Elements of the form (g, ¢) can have only even orders, and one can

expect new conjugacy classes with even numbered labels.
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In going from Sg to Sg : 2, 3A(1°3') and 3B(3%) combine to give a single class
3A(133%) in S : 2. Similarly, 6A(1'223') and 6B(6') combine to give a single class
6A(11223161) in S : 2. 4C,8A, 8A, 10 A cannot be obtained as such combinations, and
their powers yields elements of lower order of known cycle shapes. The character table
entries for all classes except 2C' extend directly to Sg : 2. 2C acts as a new conjugacy
class of Sg : 2 of the type (g, ). This is expected as the fifth powers of elements of

10A would give elements of order 2.

We find here some of the entries of the character tables of Sg : 2 using theorems in
character theory that make use of the order of elements stated below. We also use the
Frobenius-Schur theorem to find the order of the remaining conjugacy classes, which

helps complete the table.
Lemma 5.2.1. If x(g) € Z and p is a prime, then x(g*) = x(g) mod p in Z

Lemma 5.2.2. |x(g)| < x(1), and if equality holds p(g) € Z(p(g)), where Z is the

center of p(G).

The squares of elements of the class 10A gives elements of order 5, and lemma
2.1 can be used to determine these elements. Similarly, using the fact that 2C" are
fifth powers of elements of 10A and using lemma 2.2 one can determine entries for
2C'. Orthogonality relations help eliminate entries where more than one possibility is

obtained from the congruence relation.
Definition 5.2.3. Let ¢ is a class function, define

1
V() = @l > ogh) (5.3)

geG

vy, 1s called the kth Frobenius-Schur indicator.

Lemma 5.2.4. Define 0,.(g) = {x € G|a* = g} for g € G. Then 0 is a class function

and

b= ulx (5.4)

x€lrr(G)

Corollary 5.2.5. If G has t involutions (elements of order 2,

L+t =Y m(x)x(1) (5.5)
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The size of conjugacy classes can be found using GAP, and it is found that elements
of order 2 and the identity equals > . x(1). This gives all the Frobenius Schur
indices as 1. Using lemma (5.2.4), it can be seen that 44 has 4 square-roots in Sg : 2,

Se:2|

and 2B has 2 square roots. Hence we get 4'|T elements of order 8, distributed over 2
conjugacy classes and 4.152] clements of order 4 that don’t lie in Sg. This is the class

32
4C.

5.2.2 My,

(5.6) and (5.7) shown below are the Character tables of M, and M, : 2 respectively
obtained by GAP.

o
b
o
S
o
Sy
©
b

Label 1A 2A 2B 3A 3B 4A 4B 8B 10A 11A 11B

Cycleshape 112 26 24 33 34 2242 42 52 g2 213161 418! 218! 21101 11! 11!
X1 1 1 1 1 1 1 1 1 1 1 1 1 1 11
X2 1 -1 3 2 -1 -1 3 1 -1 0 -1 1 -1 0 0
X3 1/ -1 3 2 -1 3 -1 1 -1 0 1 -1 -1 0 o0
X4 6 4 0 -2 1 0 0 1 1 0 0 0 -1 a o
X5 6 4 0 -2 1 0 0 1 1 0 0 0 -1 o «a
X6 45 5 -3 0 3 1 1 0 -1 0 -1 -1 0o 1 1
7 54 6 6 0 0 2 2 -1 0 0 0 0 1 -1 -1 (5.6)
X8 55 -5 7 1 1 -1 -1 0 1 1 -1 -1 0 0 0
Xo 5 -5 -1 1 1 3 -1 0 1 -1 -1 1 0 0 0
X10 5. =5 -1 1 1 -1 3 0 1 -1 1 -1 0 0 0
X11 66 6 2 3 0 -2 -2 1 0 -1 0 0 1 0 0
X12 9 -1 3 0 3 -1 -1 -1 -1 0 1 1 -1 0 o0
X13 20 0 -8 3 0 0 0 0 0 1 0 0 0 -1 -1
X14 144 4 0 0 -3 0 0 -1 1 0 0 0o -1 1 1
X15 176 -4 0 —4 -1 0 0 1 -1 0 0 0 1 0 0

where o« = —% + 7,‘/7171.
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X1
X2
X3
X4
X5
X6
X7
Xs
X9
X10
X11
X12
X13
X14
X15
X16
X17
X18
X19
X20

Label 1A 2A 2B 3A 3B 4A 5A 6A 6B 8A 10A 11A 2C 4B 4C 6C 10B 10C 124
Cycleshape 124 212 28 36 38 9244 54 g4 923262 214182 22102 112 212 2444 46 64 22102 22102 122
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 11 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1
2 -2 6 4 -2 2 2 -2 0 0 -2 0 0 0 0 0 0 0 0
32 8 0 —4 2 0 2 2 0 0 -2 -1 0 0 0 0 0 0 0
45 5 -3 0 3 1 0 -1 0 -1 0 1 5 -3 1 -1 0 0 1
45 5 -3 0 3 1 0 -1 0 -1 0 1 =5 3 -1 1 0 0 -1
54 6 6 0 0 2 -1 0 0 0 1 -1 0 0 0 0 V5 —/5 0
5. 6 6 0 0 2 -1 0 0 0 1 -1 0 0 0 0 —/5 5 0
5 —5 7 1 1 -1 0 1 1 -1 0o 0 5 1 -1 -1 0 0 -1
5 -5 7 1 1 -1 0 1 1 -1 0 0 -5 -1 1 1 0 0 1
110 —=10 =2 2 2 2 0 2 =2 0 0 0 0 0 0 0 0 0 0
66 6 2 3 0 -2 1 0 -1 0 1 0 6 2 0 0 1 1 0
66 6 2 3 0 -2 1 0 -1 0 1 0 -6 -2 0 0 -1 -1 0
99 -1 3 0 3 -1 -1 -1 0 1 -1 0 1 -3 -1 1 1 1 -1
9 -1 3 0 3 -1 -1 -1 0 1 -1 0 -1 3 1 -1 -1 -1 1
120 0 -8 3 0 0 0 O 1 0 0 -1 0 0 0 0 0 0 0
120 0 -8 3 0 0 0 © 1 0 0 -1 0 0 0 0 0 0 0
14 4 0 0 -3 0 -1 1 0 0 -1 1 4 0o 2 1 -1 -1 -1
144 4 0 0 -3 0 -1 1 0 0 -1 1 -4 0 -2 -1 1 1 1
176 -4 0 —4 -1 0 1 -1 0 0 1 0 4 0o -2 1 -1 -1 1
176 -4 0 —4 -1 0 1 -1 0 0 1 0 -4 0 2 -1 1 1

X21

~1
(5.7)

Similar to the case of Sg for characters lying in the orbits of length 2, characters
related by outer automorphism add up for the conjugacy classes of M, extending to

M, : 2 and vanish for conjugacy classes of M, : 2 outside Mpy. Thus Y3 + X3,

X2 + X5, Xo + X10 of M5 give X3, X4, X11 of M : 2 respectively.

12B
2141

61121 61121
1

-1

—_—OoO O OO0 0O0

| I
— O =

|
oooo%%oo»a
o) @

Going from conjugacy classes of M, to M, : 2 From the viewpoint of conjugacy classes,

the classes 8 B and 4B of M, : 2 are obtained from the union of classes related by outer
automorphisms 8a U 8B and 4A U 4B respectively. In terms of cycle shapes, this can
be written as 2'4'81 = (418') U (2!8'), and 224* = 224% U 42. M, : 2 have additional
classes 2C,4C,6C,10B,10C,12A,12B, 12C that are not obtained as a union of con-
jugacy classes of Mis. Elements of the new 2C, 4C, 6C can be understood as powers

or elements of 124/B/C.

5.3 Character decomposition of twisted elliptic genera

We decompose the Fourier co-efficients A,(n) of ¥?(7) for Mathieu moonshine in
terms of characters of My, : 2. Table (5.2) shows map between conjugacy classes
of My, and My, : 2 obtained by restriction. Note that the same conjugacy class of Moy
maps to several classes of M5 : 2 in some cases owing to the same cycle shape. These

classes are denoted by writing all the labels together in the second row.

37

12C
2141

HOOOOOOL»—!

| |
[

oooo%&oo»—t




Conjugacy Class of Moy IA|2A | 2B |3A | 3B | 4A | 4B | 4C
Conjugacy Class of Mo : 2 1A | 2B | 2AQ 3A | 3B | 4B | 4A | 4C
Conjugacy Class of Moy SA | 6A | 6B | 8A | 10A 11A 12A | 12B
Conjugacy Class of M5 : 2 SA | 6B | 6AC 8A | 10ABC| 11A 12BC 12A

Table 5.2: Map between conjugacy classes of My and My : 2

Using the orthogonality relation of characters, one obtains the following formula

for the multiplicities:
1
cr(n) =Y _ @yg Ay(n). (5.8)
g9

Table (5.3)) shows the multiplicity of the irreps representations of M, : 2 in the charac-

ter decomposition until order 10.

n X1 X2 X3 X4 X5 X6 Xr X8 Xo Xio X1 X12 X13 X14 X15 X16 X1 X18 X19 X20 X21
! o0 0 0 0 2 0O O O 0O o0 0O o o0 o0 0 0 0 0 o0 o0 o0
2 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0
30 0 0 0 O 0O O O O O O 2 O 0 O 2 2 2 2 2 0
4 0 0 O O O 2 2 2 2 4 4 0 2 4 2 2 2 2 4 4 4
5.0 0 0 4 6 2 4 4 2 0 6 6 2 6 4 8 8 10 8 12 10
6 0 0 6 2 2 6 8 8 8 12 18 8 12 14 16 16 16 20 22 24 28
7 0 0 4 14 20 16 16 16 18 12 34 26 20 32 32 42 42 48 44 58 54
8 0 2 18 20 24 32 38 38 40 46 78 38 48 70 70 78 78 94 102 122 126
9 2 0 28 46 72 60 76 76 74 66 150 100 88 136 132 174 174 212 200 246 238
10 2 4 66 8 112 126 148 148 154 170 308 170 188 274 278 322 322 386 394 478 492
Table 5.3: Multiplicities of irreps of M, : 2in Ay(n)
Remarks

1. The multiplicities of x7, xs and X1¢, Y17 are equal to each other respectively. This
is because of irrational entries appearing in the character tables, which should

cancel with each other to give an integer answer.

2. All the multiplicities are even.

5.4 A remark on the parity of co-efficients

The Mathieu McKay-Thompson series was determined by Gaberdiel, Hohenegger, Vol-
pato in [30] and is given by

S =24 ) A’(n)g". (5.9)
n=1

38




Theorem 5.4.1 (Gannon). There is a graded Ms, module K = P K,q" for which

n>0
the above equation is true. K,, are honest representations and can be written as a direct

sum of an irreducible representation and its complex conjugate.

This theorem implies that the co-efficients A”(n) in are class functions, and
can be written as a linear combination over Zx of irreducible characters of My,. For
conjugacy classes p that restrict to Mo : 2, we consider the induced M5 : 2 module,
and write such a character decomposition with cr(n) denoting the multiplicity of the

representation R at level n:

=24 > K(p)er(n)q". (5.10)
R

Theorem 5.4.2 (S. Govindarajan). The co-efficients A?(n) appearing in the McKay-

Thompson series for My, : 2 are even i.e.
Z)NCR(ﬁ)CR(”) =0 (mod 2)
R
for all n.

Proof. Let { pa} be the conjugacy classes of M4 that are invariant under the outer
automorphism, and {pp} the classes not invariant under the outer automorphism, and
pc the classes of M, : 2 which don’t intersect with M. Let { R4} denote the irreps
of Mjs : 2 that upon restriction give irreps of M, with a 2-to-1 map. Let { R} denote

the irreps which are obtained as a sum x + ¢(yg) of Mj,. Then

=3 Xra(Pera() + Y Xra(P)ery(n) (5.11)

{Ra} {Rs}
We first prove the result for conjugacy classes of M, : 2 that restrict to M;5. For

p = pa, the above equation reduces to

A(n) =Y 2%ma(Pa)era(n) + Y Xy (Pa)ers () + Ryt (P4)Cri (1)

{Ra} {RB}
= Z 2>ACRA (laA)CRA (n) + Z QXRB (ﬁA)CRB (n)
{Ra} {RB}

where the prime indicates sum over irreps of distinct dimensions. Hence the formula
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(5.11)) holds for p4 For p = pp, we use the relation

Xrs(9(PB)) = Xo(Rrp)(PB)

in the second sum to obtain,

AP(n) = Y 2Xa(P)cra(n) + ) Xno(PB)rs (1) + Rty (P4)Cris (1)

{Ra} {RB}
= 2na(pa)era(n) + Y Xig(P8)Cry (1) + Xip (6(55))Crg (n)
{Ra} {RB}

By observation it can be seen that Y, (p5)Cr,(n) + Xr,(¢(pp)) = 0 (mod 2) and
thus the result is proved for {pp}. In the case of j¢, it is clear that the second sum is
zero, as there entries are zero in the character table. Note that the orders of all elements
in {pc} = {2C,4C,6C,10B,10C,12A,12B,12C'} are even, and the squares of their
respective representation element, lie in {/4}. By studying the cycle shapes it can be
seen that squaring gives the following map. Here 2C? indicates the conjugacy class of

an element of the form g2, where g € 2C and so on
20% € 1A,4C% € 2A,6C* € 3B,10BC? € 5A,12A% € 6A,12BC? € 6B

From lemma [5.2.1}, it follows that Y, (pc) = X(pa) where p% C pa Hence the first

sum reduces to a sum over characters on {4} mod 2. Thus

Ape (n) = Z )ACRA (pAA)CRA (n) (mOd 2)
{Ra}

=0 (mod 2).

]

This is consistent with Theorem 1.2 in [6], as {TAB,14AB,15AB, 23AB} are ex-
actly those conjugacy classes of M, that disappear on restriction to Mis : 2. In ad-
dition to the co-efficients themselves being even, from the table of multiplicities (5.3),
it is apparent that the multiplicities are themselves even. We give a short proof of this

observation using a theorem by Gannon (Theorem 2, [24].)
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Theorem 5.4.3. A”(n) is a linear combination over Z of

{2x1,2x2, X3 + X4, X5 + X6, 2X7, 2Xs, 2X9, X10 + X11, X12 + X135

2X14, X15 T X165 2X17, 2X18, 2X195 2X 205 2X 215 2X 22, 2X 23, 2X 24, 2X 25, 2X26}

Theorem 5.4.4. The multiplicities cg(n) =0 (mod 2) for all n and R.

Proof. First, we note that complex irreps of Ms, have non-real entries only for con-
jugacy classes TAB,14AB,23AB and 21 AB. Hence a complex irrep of My, and its
complex conjugate restrict to the same irrep in Mo : 2. The evenness of multiplicities

then follows trivially from theorem 2 in [24]]. O]

5.5 A proposed moonshine for M,

As discussed before all co-efficients of the massive character M5, moonshine are even
because they are either the sum of a complex irrep and its complex conjugate, or due
to real irreps all of which have even multiplicity. However, it should be noted that
expansion co-efficients of the massless character given by o’ = 1 + x23p are not even,
and hence one cannot directly divide the entire expression by half. This leads us (as
discussed by S. Govindarajan in [29]) to propose a moonshine for M;5 which could
be attributed as arising from the elliptic genus of the Enriques surface which is half of
the elliptic genus of K3. We denote p for the conjugacy classes of My, and p for the
conjugacy classes of Mj5. We are looking for twisted genera (Jacobi forms of weight

0 and index 1 ) corresponding to each conjugacy class of M5 in a manner similar to

equation (4.5)),

A 1 A

ZP(1) =& C(z,7) +q 5 (1) B(z, 7). (5.12)

We make use of the My, decomposition and propose that,

af = &P + @@ (5.13)

YP(1) = XP(1) + X°(7). (5.14)

It is easy to obtain ) by decomposing the characters of Ms, into characters of Mo

using the orthogonality relations and the fusion map discussed in section 1 and 4 =
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14 X2(p). The multiplicity of an M, irrep X, in a May irrep x g is such a decomposition
is given by,

1 )
=Y FMEJxRﬁhMg»xAgL (5.15)

geEMi2
where fus is the fusion map discussed in section 1. Such a decomposition has been done

in [29] and we give below the first two terms of the series,
$P(7) = 1+ Xoq + [Xs + Xisld” + - (5.16)
The proposal (5.13)) means that we have the following relation for the twining genera,
Z2°(1,2) = ZP(1, 2) + 2°0)(71, 2). (5.17)

Hence, for all conjugacy classes p which are invariant under the outer automorphism ¢,
we get the relation,

ZP(1,2) = %Z’f’(r, 2). (5.18)

For classes that are not invariant under outer automorphisms (in particular 44/4B,8A /8B
and 11A/11B), the sum is determined but it is not possible to find the twining genera

for each.
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CHAPTER 6

Conclusion and Outlook

In this thesis we have described the Mathieu moonshine for M5, and its generalization
by considering twisted twining genera and their classification through group cohomol-
ogy. We then described the relationship between M;, and M, and their character
theory, and a theorem on the parity of their co-effecients and outlined a moonshine
proposal for M, in an attempt to find Jacobi forms (twining genera) corresponding to
their conjugacy classes. However, the issue still remains unresolved for the conjugacy
classes related by an outer automorphism. We haven’t talked about the relation to Seigel
modular forms and BKM Lie super-algebras which could shed light on this issue. These

connections have been discussed by S. Govindarajan in detail in [29].

EOT’s observation for My, has kicked off a huge program called Umbral moonshine
relating conjugacy classes of a series of finite groups to mock modular forms, the com-
ponents of which are related to Ramanujan’s mock theta functions with M, as a special
case. In [31]] Cheng, Duncan, and Harvey attached a family of finite groups with each
of the 23 Niemeier lattices (unimodular positive-definite lattices of rank 24 with non-
trivial root systems) as quotients of automorphism groups of the lattices with the A3
root system yielding the M54 moonshine. This ’Umbral moonshine’ conjecture was

later proved rigorously by Duncan, Griffin and Ono in [32].

In addition EOT’s observations established further the link between sporadic groups
and geometry of K3 surfaces. Such a link was first established by Mukai who showed
finite symplectic automorphisms (symmetries preserving the hyper-Kahler structure of
a CFT) is embedded in M>3. However, as mentioned in Chapter 4, a full understanding
of the physical aspects of Mathieu moonshine has still not been achieved. It is also
natural to ask the physical meaning of the Umbral moonshine and its connections to
geometry of K3 surfaces or to elliptic genera of complex manifolds. Some progress
relating umbral moonshine and string compactifications has been done in [33]] and [34]]

and connections to the enumerative geometry of K3 surfaces have been developed in



[35].

From a purely mathematical point of view, the study of moonshine has shed light on a
whole new set of mathematical objects such as mock modular and vector-valued mod-

ular forms, Vertex operator algebras, affine lie algebras.

Thus since McKay’s observation for the monster, unimaginable connections have been
made between very disparate fields of mathematics and physics and it has also led to a
more detailed study of older areas of Mathematics. As Mary Oliver puts it, it has taught

us to

Keep some room in your heart for the unimaginable.- Mary Oliver
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APPENDIX A

Some useful GAP commands

. CharacterTable( G ): Creates character table of group G.

. GroupHomology(G,k): Inputs a group G and integer k. The group G should ei-
ther be finite or else lie in one of a range of classes of infinite groups (such as
nilpotent, crystallographic, Artin etc.). The function returns the list of abelian
invariants of H*(G,Z).

The isomorphism Hs(May, Z) ~ H?(Mo,4, U(1)) was used along with the Arlas-
Rep package was used to make group cohomological computations of My, My, :
2 and Moyy.

. FusionConjugacyClasses( tbll, tbl2 ): Takes two character table or two groups as
inputs. The first argument should be a subgroup or the character table of a sub-
group with respect to the second argument and outputs map between conjugacy
classes.

. ClassFunction( tbl, values ). Takes a character table and a list of values as a
function of conjugacy classes as input, and creates an object of "Class Function"

type.

. ScalarProduct( [tbl, |chi, psi ) : Takes as input two class function objects or lists
and returns the orthogonal scalar product of the chi and psi, which belong to the
same character table tbl. If chi and psi are created as class function objects, the
argument tbl is optional, but tbl is necessary if at least one of chi, psi is just a
plain list.

Refer to the online GAP reference manual [39] for further help.
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