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ABSTRACT

KEYWORDS: Superstring, Pure Spinor, Ads S*, Zero Radius Limit

The Maldacena conjecture, also known as the AAS/CFT caynefgmce is one of the
most important results in String Theory. In his paper, Matd® (1998) conjectured a
duality between a string theory in a particular backgroumdl @ conformal field theory
on its boundary. Of particular interest is the duality bedweype IIB superstring in
AdSs x S>andN = 4 SYM in D = 4. An understanding of the quantum theory of
strings moving in this background is necessary for a fullersthnding of this duality. A
promising step in this direction was provided by the Purea8piormalism of Berkovits
(2000). Our goal is to apply this formulation to type IIB sugteing propagating in
AdSs x S? with 16 supersymmetry generators. We will also explicitiyt pack the
radius of theAdS space into the action and analyse the flat space and in partithe
zero radius limit. We will show that, as derived in Berkoy&007) for theAdSs x
S5 case, the action in this limit will reduce to topological Aedel constructed from
fermionic N=2 superfields. This should lead to insights fog #1dS; x S° case and

might be useful in constructing a worldsheet proof for thdddaena conjecture.
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CHAPTER 1

Introduction

Progress in String Theory has been punctuated by two peobufgense research or
as they are popularly referred to, revolutions. The firsbhetion was marked by the
development of Superstring Theory and in particular, thee@fSchwarz mechanism,
which showed the cancellation of quantum anomalies in temedsions and that the
quantum gauge symmetry $#0(32) or Es x Es; the development of heterotic string
theory - a combination of bosonic and superstring theoryt @e discovery of the
role of Calabi-Yau manifolds as candidates for compactdythe six extra dimensions
predicted by superstring and heterotic string theoriess périod of research led to the
development of the five string theories denoted by tyagpe I A, typell B, Es x Ey
heterotic, and5O(32) heterotic, each of which had consistent description in $eofra

perturbation expansion in the coupling constant.

While the first revolution gave us several consistent thesan terms of perturbation
analysis, the second superstring revolution is marked éyliscovery of a remarkable
set of dualities that bring us closer to understanding threperturbative aspects of Su-
perstring Theory. These dualities are known as the S, T anddlities - the S-duality
shows the equivalence between two theories when one of thatra strong coupling
limit and the other is at a weak coupling limit; T-duality st®the equivalence between
a theory compactified on a small volume and a theory compedtifn a large volume.
U-duality is a combination of the above two dualities whitlows the equivalence be-
tween theories when they are both compactified and takentmgsor weak coupling
limit. The discovery of these dualities also led to the disry of the eleven dimen-
sional theory, referred to as M-theory, which in differantits leads to any one of the
five above-mentioned ten dimensional superstring theoAesther important line of
research in this period was the study of a special class oapes known as Dirichlet
p-branes or D-branes. They arise as boundary conditionthéoends of open strings

and are important because they make it possible to studyxttim&ons of the brane



using the renormalizable 2D quantum field theory of the opremgsinstead of the non-
renormalizable world-volume theory of the D-brane its€8chwarz (1997) is a good,
although dated, review of the progress in superstring thepto the time of the second

superstring revolition)

Maldacena’s work in the ADS/CFT correspondence is a proaliutttis burst of re-
search. The AdS/CFT correspondence is one of the most iarga®sults in string
theory and is very relevant to our discussion. In his papeid&taena (1998), conjec-
tured that a superstring theory in a particular backgrognduial to a conformal field
theory on its boundary. Examples of this result that arevegleto us areddS; /C FT4
and AdS;/CFT?2 - which mean that, a type 1IB superstring theory on4its; x S°
background is dual to & = 4 supersymmetric Yang-Mills theory in 4 dimensions and
likewise for AdS; x S® and a two dimensional conformal field theory. A better under-
standing of this duality is still an open problem. This reggione to have a consistent
quantum theory of strings propagating on these backgrouHese, AdSs is the five

dimensional anti-de Sitter space asitlis the five dimensional hypersphere.

After the development of superstring theory and type lIBesgmavity (a low en-
ergy limit of superstring theory), it was realized that dageom R'?, this theory allows
AdS5 x S? and AdSs x S* x M (M is K3 or T*) as maximally supersymmetric vac-
uua. The problem with quantizing the superstring in th&S; x S° arises because
of the presence of the 5-form Ramond-Ramond flux. Some psedrad been made
in constructing a quantizable action iilS; x S° - Metsaev and Tseytlin (1998) had
constructed an action for the type 1B superstring which hddcal xk-symmetry (lo-
cal supersymmetry). The problem with this constructios lie the fact that there is
no kinetic term for the fermions. A similar construction fdriS; x S was given in

Rahmfeld and Rajaraman (1999).

A promising technique for quantizing the superstring, theePSpinor formalism,
was first introduced in Berkovits (2000). It provides a wayessily quantize the su-
perstring as it explicitly breaks the GSsymmetry and contains a kinetic piece for the
fermions. It also gives an explicit construction for phydigertex operators using a
BRST-like operator. In this thesis we will apply the Purergpiformalism to a type

lIB string in an AdS; x S® background with 16 supersymmetry generators. Although



the type IIB superstring imldS; x S? with RR flux has been quantized (Dolan and Wit-
ten (1999), Berkovitet al. (1999)) without the use of the Pure Spinor formalism, it is
possible that results in th&dS; x S? case will lead to useful insights in th&lS; x S°

case.

We will also consider theldS; x S superstring action in different limits. In partic-
ular we will look at the zero radius limit in which the vectamponents of the metric
gap are taken to infinity. Analogous to what Berkovits (2007) thd AdS5 x S5, we
will show that the action reduces to a topological A-modehis limit. These results

might be useful in constructing a worldsheet proof of the déakna conjecture.

The thesis is organized as follows: We will start by reviegvdome of the mathe-
matical concepts of Lie groups, differentiable manifoltsset spaces and supergroups
that are relevant to string theory in Chapter 2. As exammesyill derive the metrics
of S% andS?® from their corresponding cosets. We will also briefly intnod supersym-
metry and give examples for superalgebras in this chapt€hhpter 3, we will review
the concept of the Wess-Zumino model and explain the ori§ithe Wess-Zumino
term. We will also derive the sigma-model interpretationhe Green-Schwarz action
as shown in Henneaux and Mezincescu (1985). In the final ehape will review the
Pure Spinor formalism for the superstring. We will first lostt the complete commu-
tation relations corresponding to the isometry groupidf; x S in the language of
Weyl spinors. After applying the Pure Spinor constraintsdfe= 6, we will derive the
Pure Spinor action for the type 1B superstringA.S; x S®. We will then introduce
the radius ofAdS; as a scaling on the generators and work out the actions inahe fl
space { — oo) and zero radius limits. In particular, in the zero radiusitiwe will
rewrite the action in a simple quadratic form using twidtke-variables and then as a
linear topological A-model using chiral and anti-chirapstfields. In the final chapter

we will discuss directions in which progress could be made.



CHAPTER 2

Metrics on Homogeneous Spaces

In this section, we will review some of the important consept Lie groups, coset
spaces, supergroups and superalgebras. In particularjlivdisguss how a homoge-
neous space emerges as the coset of a Lie group with a stalilia particular pointin
that group. At the end of this subsection we will derive theros for certain homoge-
neous spaces relevant to our discussion (which in our cas&ee the differentiable

manifoldsSY and AdSy) from the corresponding Lie groups and stabilizers.

In the section on supergroups and superalgebras we willegireef introduction to
the supersymmetry and construct supergroups from sugéralgin a way analogous to
ordinary Lie algebras. We will then elaborate on two reléexamples of superalgebras

- the super-Poincaré algebra and the superconformal agebr

2.1 Lie Groups

A Lie group is a group which is also a differentiable manifokbrmally, (Onishchik
and Gorbatsevich, 1993) a Lie group over a fiéldis a groupG equipped with the

structure of a differentiable manifold ovér in such a way that the map,

pw:GxG— G, (z,y) — xy (2.2)
is differentiable. Lie groups ovék are calledeal Lie groups while Lie groups ovet
are calleccomplexLie groups.

Examples

e ThecircleS! = {¢"*: 0 < a < 27}

e The group GL,(R) of invertiblen x n matrices ovelR



e The group of Affine transformations of a vector space V defaethe semidirect
productV x G where(G is a subgroup of GL(V). The Poincaré group, defined as
R'3 x SO(1,3) is an important example.

2.1.1 Lie Algebras

With every Lie GroupG we can identify a Lie algebrg, whose underlying vector
space is the tangent space@®fat its identity element. This completely captures the

local structure of the group.

Given an elemeng € G we can define th#aurer-Cartan one-form as
w=g 'dg (2.2)

(Lie algebras will be discussed in section 2.3.2)

w takes its values ig. Usingw we can also define the metric on the maniféid

associated witld: as,
ds? = gijdxidxj =Tr [(g_ldg)(g_ldg)] (2.3)

2" are coordinates on the manifold.

2.2 Coset Spaces
For a subgroug? of a groupG and an element € GG we define,
gH ={goh:he H} (2.4)
to be the left coset off in G. They are denoted b§// H. Similarly, we define,
Hg={hog:he H} (2.5)

to be the right coset off in G. They are denoted b¥f\G.



2.2.1 Homogeneous Spaces

A homogeneous space on a gradpgs any non-empty topological space or manifold
X on whichG acts continuously and transitively. In terms of coset spaidef! is a
stabilizer of a particular point (the origin) i then the points of X are given by the left
cosetGG/H. In particular, ifG is a Lie group and{ is a closed Lie subgroup @f then

X ~ G/ H is a differentiable manifold.

We will now list out relevant examples fa@r and H and derive the metric for the
corresponding homogeneous spaces using (2.3).
Examples

o G~ SU©2),H~U(1)
Letg € SU(2),

On*c?

g=e
ds®> =Tr [(g_ldg) (gdg_l)} (2.6)

= %d@d@ + 2sin? gdnadna + sin 6(dOn"dn®)
where,o® are the2 x 2 Pauli matrices and
n® = (cos ¢ sin 1, sin ¢ sin 1, cos 1)) (2.7)
In order to gauge&U (2) with its U(1) subgroup, we introduce a gauge fieldand

0 1
T = such that,
-1 0

6g = €[T, g]
SA = —de (2.8)
Dg =dg+ A[T, g]



Therefore,
ds” =ds* + Tr (A[T, gldg~" + Adg [T, 97| + A* [T\ g} [T,g7"])  (29)

We choose a parametrization pfvherey = 7,

0 e
g =cosfly + isinf 4 (2.10)
e’ 0
With this parametrizatiords? is given by,
2 1 2 2 9 2
ds® = §d6’ + 2sin §d¢ (2.11)
Takingd — 26,
ds® = (d92 + sin® 9d¢2) (2.12)

Which corresponds to@/H ~ S? target space metric. We can similarly show that,
S0O(3)/S0(2) ~ S2. In fact, it is possible to show that for ary,

SO(N +1)/SO(N) ~ SN. We will outline the derivation for th&> metric in the
next example. This is not as trivial as th& (3) case as it is difficult to explicitly

write a parametrization for the coset element.

e G~ SO(6),H~ SOb)
We follow the method outlined in Hatsuda and Tomizawa (20@)nsider an ele-
mentz4” of the coset embedded . We denotez,° = x4. The orthonormality

condition,z'z = 1, leads to the metric for a 5 dimensional sphere.

(2'2) = Z (z4)’ =1 (2.13)
A=0
dsgs = (dwa)’ = > 64 (1.°)" Jp° (2.14)
A=0 A,B=0

where,J,® = (27'dz) , P is the left invariant one-form.



It is convenient to parametrizeas,

1 0
X 1

The Left Invariant one-form is given by,

Ju S
J=z"tdz = Y
Ix Jyp
(

Jx = v ldXu

J, = utdu—YvdXu

J, = v ldv+ v tdXuY

Jy = dY +utduY —Yvldv — Yo ldXuY

The sphere metric is generalized to,

ds® = ||Jx[* + || Ju]”

Where we define the norm of a matrixas,

1
Hw||2 = iTrwtw

Both || Jx||* and||J,||* are invariant under H transformations,

The orthonormal condition of gives us,

(

\

u2

(XY

Y

t

1 0
,he H
0 h
= [T+ X7~

=[1 - XX"(1+ | x]%)

= —uXt

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



Using the above relations we find that,

, lax|E xtdx?
= — 2.21
17507 = T e ~ X (221)

17l =0

The S5 metric is thus given by,

dx? (X.dX?)
ds%s = - 2.22
TIEX? T (14 X2 (222
dr? +7’2dQZ
(172> 1472

= df* + sin®*0d)]

In the second line we tak&? = 2 and in the thirdy = tanf.

e G~ SO(N —1,2),H~SO(N —1,1).
Using a method similar to that shown in the previous exampecan show that
G/H ~ AdSy, the N—dimensional Anti deSitter space which is defined as the

hyperboloid,
X2+ X-X - -X3 =1 (2.23)

embedded ilR?"~!, The AdS; metric is given by,
ds* = dX? +dY? — dZ* — dW? (2.24)
Defining

X =sinh ¢ cos ¢, Y = sinh ¢ sin ¢ (2.25)
Z = cosh) cos @, W = cosh ¢ sin 6

The metric is then given by,

ds? = dip? + sinh® ¥d¢? — cosh? 1pd6? (2.26)



2.3 Supergroups and Superalgebras

The material in this section is based on that presented iesgtal. (1983) and Sohnius
(1985)

2.3.1 Supersymmetry

Supersymmetry is essentially a symmetry that relates tersnand bosons. This is
achieved by extending ordinary space-time symmetries Wigpinorial generator§.
These operators generate supersymmetry transformatyactsanging fermionic states

into bosonic ones and vice versa,
Q|fermion) = |boson Q|boson = |fermion) (2.27)

The anticommutator of two such generators yields a traoslgenerator{ Q, Q} ~ P.

Atheory with N > 1 spinorial generators is said to have an extendlesipersymmetry.

A supersymmetric model which is covariant under generataioate transforma-

tions is called aupergravitynodel.

Superspace and Superfields

Although supersymmetry can be realized on ordinary fielaisgtions of space-time) by
the transformations (2.27), a more compact alternative extend ordinary space-time
to include N anticommutingor Grassmann coordinat@swhich are two-component

Weyl spinors.

Superfields are functions defined on this superspace. Tindyscaxpanded in a Tay-
lor series with respect to thecoordinates and because the square of an anticommuting
number vanishes, the Taylor expansion has a finite numbermist The coefficients
of this expansion are ordinary space-time fields. A geneadield with/NV fermionic

coordinates can be defined as,

Dop. (1,0) = Aup.. () + 0P paas. (1) + 0°Bas. (2) (2.28)

10



A, 1 andB are the component fields and the supersymmetry transfansadire repre-
sented by translations and rotations in superspace.

2.3.2 Lie Supergroups

Lie Algebras

We will first review the concept of Lie algebras and genegalizo superspace. A Lie

algebra consists of a set of generatffs}, A = 1,..., M which is closed under an

antisymmetric bilinear operation called a Lie bracket,athive write as a commutator,
[T, Ts) = TaTs — TeTa = i fasTc (2.29)

fas® are the structure constants of the Lie algebra. The Lie adgalso satisfies the

Jacobi identity,
HTA, TB] ,Tc] + [[TB, TC] ,TA] + HTC, TA] ,TB] =0 (230)
This results in the following constraints on the structurastants,

fas® foc® + fec® foa® + foaP fop® =0 (2.31)

The generators form a basis for vectors of the fofn= \47T, where), are coor-
dinates in the Lie algebra which are taken to commute withgéeerators. The Lie

algebra can then be exponentiated into a Lie group with aisge= ¢/~

Lie Superalgebras

For Lie superalgebras we generalize the notion of Lie akgelwy considering a set
of generators, some of which have a symmetric Lie brackete génerators with a
symmetric Lie bracket are fermionic and the rest are bosk&write the bracket as a
graded commutator,

[T, Tp} = TaTp — (—)*PTTx (2.32)

11



The generators also obey the super-Jacobi identity,
0= (_)ACHTAv TB}v TC} + (_)ABHTBv TC}v TA} + (_)BCHTCv TA}v TB} (233)

In a similar way to Lie algebras, we can define a vector spageéhioh the generators
T, form a basis; however in this case, the coordinatesake values in the superspace
defined in the previous subsection such that'stassociated with the fermionic genera-
tors are Grassmann numbers which anticommute with the derimgenerators as well.
Since, Grassmann parameters commute with ordinary nurahdrisosonic generators,
K = M\T, is ensured to be bosonic. Just as in the case for ordinarylgédeas, Lie

supergroups are obtained by exponentiating the superalgeb

Examples In what follows, we will list two important examples of supdyebras which
will be extensively used in this thesis. The examples aredas those presented in
Sohnius (1985).

e Super-Poincaré Algebra

The Poincaré group is the group of isometries of ordinaryKdvmski space-time.
Poincaré symmetry includes space-time translationgjoosand boosts. The super-
Poincaré algebra in d-dimensions is a supersymmetric sixteof the Poincaré al-
gebra that includes, along with the bosoiie,, /) generatorszlgJ fermionic
generators() ,. The bosonic part of the algebra is identical to the ordifgwincaré

algebra,

[P/m P,,] =0
[P/m MVO’] = nuupa - /r/MO'Pl/ (234)

[Mul/a Mpa] = nupM;w - nVJMup - (:u - V)

12



The fermionic part of the algebra is,

{Qa, Qp} = (I"C)aph,

[Qa,P,] =0 (2.35)

[QAv M/W] = %(FW)ABQB

(I'») 4B are the gamma matrices that satisfy the d-dimensionalo@ifilgebra,
{TH T} =n"1 (2.36)

andI'* is an antisymmetrization of two of them. C is the charge cgafion matrix
which is used to raise and lower the and B indices. In general, superspace is
identified with the coset, super-Poincafé)(d — 1, 1) for d — 1 space and one time

dimension just as Minkowski space is identified with the toBeincaréLorentz.

e Superconformal Algebra

The conformal group is the group of isometries that presdredight-cone struc-
ture i.e., the symmetry of massless field theories. The sop&rmal algebra is
the generalization to superspace of the ordinary confoaiggbra. Apart from the
generators of the super-Poincaré group, the superconifgnmap consists of the di-
latation generatop) and the generator of special conformal transformatiéfsin

the bosonic part; the supersymmetry generattyys R and 7}/, the generators of,
respectively, thé/(1) and SU(N) R-symmetry between the different supercharges.
The S, correspond td and K in the same way as the generat@rs correspond to
PandM. As part of this example, we will discuss the= 1 superconformal algebra

in 3 + 1 dimensions. In this case th&’ generators are absent add= 1, . .., 4.

13



The bosonic part of the algebra consists of (apart from thersBoincaré algebra),

[Kuv Mpa] = i(nupKa - nuaKa)

[D> M/w] = [K;n Kl/] =0

(2.37)
[P, D] =iP,; [K,, D]=—iK,
[Puv KV] = %(nuuD - M;w)
The fermionic part of the algebra is,
1
[SAv MW] = §(FW)ABSB§ [SAv Pu] = (FM)ABSB
1. 1.

[Qa, D] = §ZQA§ [Sa, D] = —525,4
(Qa, K] = (Tu)a"Sp: [Sa, Kl =05 [Sa, Pu] = (T)4"Qs, (2.38)

{Qa,Qp} = (T*C)apP, {54,558} = T"C)apK,
[Qa, Rl =i(I°)4"Qp;  [Sa, R] = —i(I")4"Sp
{S4,Qp} = 2i6a5D + ("™ C) ap M, + 3i(T°C) apR
where,I'* are the four-dimensiona! x 4 Dirac matrices and™® = I'°T"'I"?I"3. Just
as in the super-Poincaré casdimensional superspace can be generated by the coset

G/ H whereG'is the superconformal group ariflis the subgroup consisting 81,
D andK,,.

14



CHAPTER 3

The Wess-Zumino Model

In this section we will review the concept of the Wess-Zuméigma model. This is
especially relevant to our discussion because, in the rtesgdter, the action for the
superstring inAdS; x S3 will be of this form. We will first define a general sigma
model action and the Wess-Zumino term. In the last sectiothiefchapter we will
briefly review the Green-Schwarz action for a superstrirdygrow that it is equivalent

to a Wess-Zumino action.

3.1 Sigma Model Action

The Wess-Zumino-Novikov-Witten model is an example of a-tlimensional confor-
mal field theory whose field variable is a mapping from a RiemsurfaceX to a target
manifold M. For our purposes, It can be thought of as describing the mewmeof a

string on a group manifold = M. BothX and M are equipped with metric structures.

The classical action for the WZNW model is given by
k 1] -1 -1
Sy = 3 Vhhitr (g 0199 @-g) (3.1)
b

whereg : > — G is an element of the compact, simply-connected Lie giGwpith an

algebrag and#h is the metric or.

3.2 The Wess-Zumino Term

The quantization of a model with an acticgf), leads to a theory without conformal

invariance. It was shown in Witten (1983) that it is possibleestore conformal invari-



ance by adding a topological term $g. This term is given by,

1
SWZ — Tom Tr [g_ldg A g tdg A g_ldg} (3.2
T JB

B is a three-manifold which hasas a boundary and g is extended to a mapB — G.

3.3 The Green-Schwarz Sigma Model

The Green-Schwarz action, first proposed in Green and Sel{(d@84), is a manifestly
covariant superstring action which can be quantized in iffg-cone gauge. In the
light-cone gauge the GS action reduces to an action thatidescin 10 dimensions, a
supersymmetric quantum theory free from tachyons. Themaawnsists of two parts
(o and 3 are worldsheet indices): A manifestly supersymmetricglpand covariant
piece,

[ / o/ TP, (3.3)

- 2
where,

" = 9, X" — 0 T"9,0%, (3.4)
And a piece that is manifestly covariant but not manifestiyessymmetric,

5=+ / Ao [—ie 9, X"(@ T,050" — 0°T,040°)
T

(3.5)
€70 T40,0" 0T 4,067

It was shown in Henneaux and Mezincescu (1985) that the G&axdn be interpreted
as as-model which maps a a two-dimensional space-tim@arametrized by andr
to SUSY(N=2)Y50(9,1). II* — X is the field variable of the modek; is the kinetic

term ands; is interpreted as the Wess-Zumino term.

We denote the integrand in (3.5) by the two-fafl;n We can rewritef), as,

Oy = —idX" A[(0'T,d0") — (0°T,d6%)] + (0'T,do") A (0°T,d6%)  (3.6)
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We can then define the three fofm,
Q3 = ifw" AdO' T, Ad* —wh A dBT, Adb? (3.7)

where,

W = dX* — i T deA

It is easy to see thdk; is both closedd(); = 0) and exact); = df2,). Using; we

can define a term similar to (3.2),

gwz _ 1 / o [958 ' T,,0,0" — TT4050°T ,0,6°] (3.8)

™
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CHAPTER 4

Strings on Group Manifolds

4.1 The Pure Spinor Formalism

The Pure Spinor formalism applied to string theory was fimstoiduced in Berkovits
(2000). In this formalism, in addition to the supersymntegpace-time variables of
the GS formalismA™,0% m = 0,...,9;a = 1,...32) we introduce additional ghost
degrees of freedom\* which are bosonic target space spinors. They satisfy the Pur
Spinor constraints,

AN =0 (4.1)

Where, s are the32 x 32 Pauli matrices in ten dimensions. There is another defmitio
of Pure Spinors in even dimensiah;= 2n, due to Cartan and Chevalley,

X N =0 j<n (4.2)

The Pure Spinor bilinear reads,

a 1 fo O Mmi..Mn \T .
A )‘5 = Wrymfmn <)\ fycm-lm "A ) J <n (43)

The conjugate momenta t¢* are bosonic target space complex Weyl spinors denoted
by w,. The Pure Spinor constraints (4.1) imply that are defined upto the gauge
transformation,

dwa = A" (YmA) (4.4)

One of the most appealing aspects of the Pure Spinor formadishat physical states

can be defined as elements in the cohomology of the BRST-likeator,

Q:fwv% (4.5)



whered,, is the generator of supersymmetric derivatives, The Pure Spinor con-
straint along with the OPEd,, (y)d.(z) — 2(y — z)~'IL,(2)7}; implies the nilpotence
of Q,i.e Q? = 0.

4.2 Strings on AdSx S’

String theory on Ad$Sx S? can be described by the WZNW model whose target space is
the supercoset manifo S((1],(21)i|62‘)02(3) with 16 supersymmetry generators. The bosonic

50(2’2“50(‘%. We denote an element of the coset®y

part of this manifold isg5 75 555

4.2.1 Notation

Throughout the rest of this section we will use the followimgfation for the indices,
a,b,c=0,1,2 so(2,1) vector indices {ld.S; tangent space)
a b, =3,4,5 so(3) vector indices §* tangent space)
A, B,C=0,...,5 combinedd = 6 vector indices
a,B,v,0=1,...,4 left moving MW spinor indices
a, E, ?,3: 1,...,4 right moving MW spinor indices

I, J,...=1,2 SU(2) outer automorphism indices

We will also usgC'D] , [a'b'] to labelSO(2,1) x SO(3) Lorentz indices.

The generators ofo(2, 1) andso(3) clifford algebras are, and~/,
,y(a,yb) — 7,](lb147 v(a/’yb/) _ 6(1/[)/14

where,n® = diag(—1,1,1). ¥4 are the4 x 4 antisymmetric “Pauli Matrices” which
are off-diagonal blocks in the six dimensiorsak 8 I'4 matrices in the Weyl repre-

sentation. Thé&" matrices will be discussed in Appendix A.
The worldsheet fields will be denoted by

o x,y, z - Worldsheet space-time fields

o 6% - Doublet of four component Weyl spinors
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o p! - Conjugate momenta ti§
We also define the components of th€ (1, 1|2)? metric,

Nablied) = Napdds  Mawled] = —Naplela, 00 = C® (4.6)

n°® will be used to raise and lower theanda indices. C is the charge conjugation

matrix in the Weyl representation. It will be defined in AppdéenA

4.2.2 Commutation Relations

TheSU(1,1|2)? algebra was first given by Rahmfeld and Rajaraman (1999) notee

tion used consisted of spinors in the Dirac representatioiciwlied to a bispinor index

for the supersymmetry generatdrg,.., @), )- In this section we adapt the above al-
gebra to the Weyl representation which is more amenablederiuthe Pure Spinor
formalism. The generators of the supergroup®re= (P., Py, Jea, Joa, QL, QL).

The algebra consists of two parts,

The bosonic part,
[Pcapd] = ch7 [Pc’apd’] = _Jc’d’

[Pca Jde] = nche - ncePda [Pc’a Jd’e’] - 6c’d’Pe’ - 6c’e’Pd’
(Jeds Jef] = Naedef —NapJee — (¢ = d),  [Joar, Jeorp] = Sarer Jerpr — Oy prJwer — (¢ = ')

The fermionic part,
{Qn, Qp) = 26" (—ives P+ 755 F)

{QF, Qf} = 26" (—ing5Pe + 755 F)

{QL, Q3 = 67 (1) 3t — (1) e

1 2 7
QL P =~ 56 (0., QL P =~ (105" Qus
1 A 1
[ éa Pc’] = §€IJ(70’)a6QBJ7 [ éa Pc’] = 5611](70’)&6@&]

et Q) = L)@y e Q) = £ ()@Y
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1 1 A
[Jc’d’v Qé] = 5(70’(?)0/8@,%7 [Jc’d’v Qé] = §(Vc’d’)aﬁQé

Wherey,;, is an antisymmetrization of, and~,. The structure constants are fixed using
the graded Jacobi identities f6/(1, 1]2)2.

4.2.3 Pure Spinor Constraints

The Pure Spinor constraintsdin= 6 are not the same as those in (4.1). It was shown in

Grassi and Wyllard (2005) that are instead given by,
EIJ)\[’}/m)\J =0 EIJ/):[’}/m/)\\J =0 (47)

The Pure Spinors\¢, X?(I = 1,2) are Weyl spinors which are doublets with respect

to the auxiliarySU (2).

Because of the antisymmetry of thg, matrices, the naive supersymmetry algebra
{Qa, Qs} = %%Pc does not make sense in six dimensions. We have to introduxe tw
supercharge®) in the 4 of SO(6) with an outerSU(2) automorphism. The super-

charges are defined as,

0 3}
I _ _1J/.C
Qa - 88? € (ry GJ)Q 9xC (48)
Which satisfy the supersymmetry algebra,
{Q1, Q3 = =265 Pe (4.9)

The~“ matrices will be defined in appendix A. In order to solve thesgspinor con-
straints ind = 6, we have to temporarily break the manifesti (6) (Wick-rotated)
lorentz invariance to &/ (3) « SU(3) x U(1) invariance. In this subgroup the Pure
SpinorsA¢ simplify to, (Af, \9), (a = 1,2, 3) and the Pure Spinor conditions simplify
to,

TN =0, €abc€ T AINS =0 (4.10)
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An explicit solution to these equations is,

)\-i—
A= 2

_ 72 ya (4.11)
AT

From the above equations we can see that the Pure Spinoraiatstliminate 3 com-
ponents from\¢. Using similar arguments fox¢ we can show that id = 6 a total of

6 components of the pure-spinors are eliminated

Similar to thed = 10 case, we can define a BRST-like operatorlia= 6. The
natural guess this operator (analogous to that shown i) (@d&s defined in Grassi and
Wyllard (2005) to be,

Q= ]{ dz(\odL + \0dL) (4.12)

d? is the generator of the supersymmetric derivativéswhich are defined as,

0 3}
I _ 1J/.C
D, = 07 + e (y GJ)Q—ﬁxC (4.13)
They satisfy the algebra,
{D.,D}} = 26""~y$,Po (4.14)

and a similar relation for the right moving components.

4.2.4 Superstring Action
Flat Space Action

We denote the conjugate momenta to the Pure Spinor varilgles, and@wZ. The
Pure Spinor constraint implies that the conjugate momergalefined upto a gauge
transformation,

Swl = AceACNS 6L = Apel74CN0 (4.15)

whereA¢ andA¢ are infinitesimal parameters. Hence the Pure Spinor paheoat-
tion only consists of pieces invariant under the above acfidhe complete worldsheet

action for a type Il string in a flaf = 6 background in conformal gauge is (Berkovits

n fact, it can be shown that, fat = 2n, the Pure Spinor constraints eliminateomponents from
A%,
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(2000), Grassi and Wyllard (2005)),

]_ —_ —_ S~ —_ AN~
S = / dzz(§8xm8xm 4 plDee + PLOGE + wldAe + @éax?) (4.16)

Action in AdS; x S3

In order to construct the action in AgS S® we define the left-invariant currents,

JA=(Ge)r T =(GaG)A (4.17)

(67

J = (G71OG)} J; = (G71oG)%

whereG takes values i e o250 and A in (a, [ab], o, [a'}]). These currents are

similar to those presented in Metsaev and Tseytlin (1998)He AdS; x S°® super-
string save for the extra index on the fermionic currents. We similarly define right
moving fermionic currents/]¢ andf. G is defined upto a locabO(2,1) x SO(3)

right multiplication parametrized bQIC2)(z, 6, ),
6G = G(Q“P'Tiop) (4.18)

Ticp) are theSO(2,1) x SO(3) generators{O(2,1) for C, D = 0,1,2 andSO(3) for
C,D = 3,4,5). Under these gauge transformations, the Pure Spinorsedireed to

transform covariantly as,

1 1
OAT = —§Q[CD}(7[CDM1)“ duf = —5w P (yeppr)®

= M = . (@19)
0N = =50 P yop A 8 = —5 QP (qycpyn)®

The sigma model action in AdS S? is given by,

1 1 —[EF] —[EF 1 —d
5= [ @ [Gnenien(77 — AT T 1 00T

1 2—ad  —f _ 1—r
+ 40501071 LTI 4 B4 wh(OX + 5,4[ Dy N)e (4.20)

e~ 1 ~a
+ WL (0N + §A[a%[ab]A)?
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whereAl“! and A" are worldshee§O(2, 1) x SO(3) gauge fields and is the Wess-

Zumino term which has the form,

1 1= —3
B = n,500(J7"T T e (4.21)

We can integrate over the auxiliary fieldg®! andA™ to obtain the action,

_ l 2 1 74 ~ § grsod 1— o
S_A/dz[deJJ 0 (TP = ST )
W(VA)F + BEVNF — San (05 01) (@53
(4.22)
where,

[ab] —[ab]

(V)] =0X7 + 5 13 (YVian \)§ (wn—aAw 13 (Y NF  (4.23)

4.2.5 Flat Space and Zero Radius Limits
Flat Space Limit

A naive scaling in the- — oo limit can be obtained by simply taking — 0 in
(4.22). This limit would preserve th&l/ (1, 1|2)? invariance instead of leading to\a =

2, d = 6 super-Poincaré invariance as desired. It was shown in Metsad Tseytlin
(1998) that we can take the flat space limit by rescaling threeggors as® — RP,

J — J,Q; — vRQ; and takingR — oco. We apply the above transformation to the
commutation relations as listed in section 4.2.2 and fintttieafollowing commutators
vanish,

[Pe, Pp] =0
{Qa.Q7} =0  {QLQ =0 {QnQ5}=0

The metricg,p in this limit should satisfy the property that s gcp is graded

antisymmetric under permutations pf BD], where f45¢ are the structure constants
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of the superalgebra. This implies that we must resggleand g, cq) to,

90f = "ap Jlablled) = T Njab][cd] (4.24)

Sincegag blows up in ther — oo limit, it is convenient to write the™? order

fermionic piece in (4.22) in first order form using the awili fieldsd,, andds,

_ X [ s (3 rged LB
S_A/dzrna 5,J<4J 7 =37 )

I e T N A LA A

_A/dzrna 51J<2J T I ) (4.25)

1 —a ~ 5 ~ 1 ~
= /dQZ[JIdi + JpdL + 20 6y dld + 17 ap017 / dosd(J7T N J)]

1 —a % - ~
-2 / P2 [T5d] + JPd, + 20~ P51l 0] + 5™

where,

1 N .
sw2 47’7)a351J/d2zd03(%a5J0 N TN T = 250 N TN TP

Here, the two-formJ7I A o/ — jBrj*" _ 7% jaJ has been used to define a Wess-

Zumino three-form similar to the one in (3.8), using the MauCartan equations,

A7 =1 eI N T AT =y e (4.26)

In ther — oo limit, the left invariant currents reduce to,

J¢ =T11° = 9a° + €7 (6,400, + 6;7°00,)

Je =000 JT =067 (4.27)

J[cd} -0 J[c’d’} =0

Using the result of (4.25) and substituting the above inZ%.@e obtain the action,

A (4.28)

1 o c a 3
S0 = {1 / d*2dog(easTl” A OO N OO — ,5511° N OO™ 1 007

So=y [ @[yl + di05 + B0 +wlDN; + @oXT] + 512
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We then define the conjugate momenta to be,

pl = dl — €7 (70,)a0x°

1 1 ~ ~
— §EIJ(709J)QGKL(9K7689L) — ielj(VCHJ)aeKL(GchaﬁL)
N 1 . . . 1 .
ﬁé = O/Z\é - e”(%G’J)anC - §€IJ(’YCQJ)QEKL(9K7089L) — 56“(%6{])@6]{%9;{#0&)

(4.29)

Upon the substitution of the above momenta, (4.28) reduc#dsetquadratic flat space
action defined in (4.16). The structure constafig® are proportional to the super-

space torsions],5¢. The rescaling of the commutation relations thus impliex,th

Ta 6} d Ned

Tac®n5g

— (4.30)

The flat space limit can then be interpreted as a supergiaadiyground Wher@aca —
0.

Zero Radius Limit

This limit was first discussed for the case of a type IIB superg propagating in
AdSs x S® by Berkovits (2007). Our goal is to find the same limit for AdSS?
and reduce the action to a simple quadratic form using twigte variables for the
pure-spinor and bosonic parts. In terms of the superspasmns, from (4.30), the
r — 0 is equivalent to th€ 3¢ — 0 limit. Since supergravity backgrounds are de-
fined such thatl,,;° = 7, (Howe and West (1984)), this limit cannot be identified
with a conventional supergravity background. In this lithi¢ anticommutators of the

supersymmetry generators are all rescaled by,

{in Qé} = 2T€IJ(_i7;ﬁpc + V;IQPC’)
{QF Q%) = 2r (—ine5P. + 755F) (4.31)
[QL, @5} = 16" (776 3 — (1/")a"0 3

2This redefinition can be achieved by rescaling the genesat€) — r—/2Q, P — P, andJ — J
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To preserve the graded antisymmetryfaf;“ gop under permutations dfA B D], we

need to rescale the components of the metric as,

gap =1""NaB, Glabljed) =T ' Mab][cd] (4.32)

We can see from (4.31) that when— 0, the 16 fermionic isometries become abelian.
In this limit the % coset splits into a bosonic cos&t, that parametrizes
AdSs, a bosonic coseﬁj, that parametrize§?® and 4 fermionic matrice§™/! and@-r I
(for I = 1,2). Herer,7’ = 1,2 andj,j’ = 1,2. ' labels a spinor representation
of SO(2,1) and ;' labels a spinor representation §0(3). We also define™’, an
SU(1, 1) invariant tensor which will be used to raise and loweindices and?'*', an
SU(2) invariant tensor which will be used to raise and loweindices. Under the 16

global fermionic isometries,
00" = o 80, =qy, HL =0, 6HI, =0 (4.33)

o™ anday,; are constant Grassmann parameters.

Analogous to the calculations for deriving the flat spacétlamown in (4.25) we see
that in the zero radius limit, the bosonic parts of the mejfrig andgcpzr) blow up.
Hence, we write kinetic term for the bosons in first order farsing the corresponding

auxiliary fields as,

!
- 2A
1

= —=[CD —[CD - —=C
= = /dzz[(J[CDl — ACPNP oy + (T = A Pepy + JOPe + T Pe

EF]  —[EF]

S A

- — —D
d2er [epyer(JC — AP (T ) +1ep T ]

+ QT(H[CD} [EF]P[C’D]F[EF} + nCDPC’FD)}
(4.34)

where( PIP], P pe P”) are auxiliary fields. On substituting the above expression
in the AdS x S action (4.20) and taking the— 0 limit we get,

1 _ _ _ _ —
S=+ / &2z [(JOP = ACPNP oy + (T — AP Py + TP+ T Pe (4.35)
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[ab]

1 o~ 1 .
4naA5U(JﬁfJ 47 "1 4B 4w (0A+ 7 Vi )G +wg(aA+§A[ably[ab]Am

whereB is the Wess-Zumino term defined in (4.25). As shown in Bertso{@007),

since [ d*zB = imagtsufd%fdag(%agf A J A JBT — Vean T A Jo A JBJ), we

can eliminate it by shifting?- and P.

Whenr — 0, the bosonic current$® and.J(¢?! simplify to,

JO = (H'OH (T,  J = (H'0H )3 (T!*
( ) (T°) (H™ o) (T);, (4.36)

/

J¢ = (HOH)Y(T),,  Je = (H o )5 (T,

whereT andT are the generators of th#/(1,1) x SU(1,1) algebra and™ and
T4 are the generators of th#/(2) x SU(2) algebra. They are defined using two sets

of 2 x 2 Pauli matricesg® ando,

T =o' +5t, T'=0>-5% T?*=0+35° (4.37)

and,

T? =i(c' +5Y), T'=i(0>—-3%), T°=i(o®+3? (4.38)

f[34] B 53’ f[45] — ol — 51’ f[s:&] — g2 _5

Next, we express théO(5, 1) spinors in terms ofSO(2,1) x SO(3) spinors -
Jp =07 0 =0y

T = (Y (Y, 007 + &' &' HYH], 0001 (4.39)
Ti7 = (HY (HY,007 — & &' Y H), 00,1

T

With the above redefinitions, the action (4.35) simplifies to

CD] CD]

1 _ _ _ _
S=1 / dQZ[(J[CD}—A[CD])P[CDPL(J[ iy VPop+ J°Pe+J° P (4.40)

[ab]

~ 1 ~
ae 00"l (DX + A Vi N)§ + WE(ON + §A[“bly[ab]>\)?}

28



Twistor-like Variables

In this section we will use the results of the previous secéitong with the definition
of twistor-like variables to obtain a simple quadratic antfor the zero radius limit. We
first express the Pure Spinors in termsSg?(2, 1) x SO(3) spinors -\¢ = )G’j/ and

2§ = 217", Now, we define the variableg’ andZ;, as,

ri r ~i \plil —7 _ » ~ g~

Zy = HLHI N7, Zj = (H O (H AL (4.41)
These variables are twistor-like because they transforvar@ntly under the global
(SU(1,1) x SU(2))? isometries and since they are constructed out of the Pure&pi
and the sixz’s parametrized by and H cosets. We can similarly define conjugate

twistor variables,

Vi = (H Y (H ™ w! Yy = Hy @) (4.42)

r G Wjrer

wherew?,, and @77 are the conjugate Pure Spinors$id(2,1) x SO(3) notation.

Now, we define the “kinetic” term for the twistor-like variais,
Y19z) = wloNy + (H9H)w!, N7+ (H9H) wh, A (4.43)

Using the simplified bosonic currents defined in (4.36) weeyri

_ _ _ 1 _
Wl =Y DZI — (w'ToA) T — §(wIT[CD})\I)J[CD} (4.44)
where,
(W' ToAr) = wh (T)UA] (W' TieaAr) = W) (Tica) u AT
(wITc,)\I) = ’LUJI.,T, (TC,)-Z;,)\;/IC’7 (wIT[c’d’})‘I) = w‘]l.,r, (Ij[cldl)‘]il/)\?k/

Similarly we write,

e —ir o~ 1 -
TLONG =Y, 077 — (@' Toh;)JC - §(wIT[CD})\1)J[CD] (4.45)
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We now define the shifted auxiliary variables as,

PC = PC — (w'T)), P =P° —(@'TC),)  (4.46)
1 _ 1 -
pIcD _ pCD _ §<wlT[CD})\I)7 PP _ pep _ 5(&)\1T[0D])\1)

Using the above definition we can rewrite the action of (4aK))

1 — _[
S=x / &2 [(JIOP = ACPHP oy + (T

cp] _ —lcD]

AN Pl + JCPL+ TPl (4.47)

ol April Iaori | a7l
90,007 + Y, 0Z7 +Y [ 0Z,,]

From the shifted auxiliary variables (4.46) and the Puren@pgauge transforma-

tions of (4.15) we can see that,

0P = Mo engep i ATY = e Ac(Ar"2Ay) (4.48)

v e ~ o~
SPL = Acers€ ¥ &M AL AL = ergAa(AA"2N)

where we used the definition gf'* = 1) 5 as shown in section 4.2.1. We can use this
gauge invariance to fie’ = P = 0. The auxiliary equations far[°?l and A"’
can be used to show th&. andF/[CD] = 0. The final action in the zero radius limit
in the quadratic form is given by,
1 I = N R

S = 1 / d*z[00,,00"" + Y0z + Y, 07}, (4.49)
An interesting observation at this point is that, the abastea contains 8 left moving
and 8 right moving unconstrained bosonic spinors as oppiosie six space-time and
10 Pure Spinors. This corresponds to a removal of the PureoSponstraints. To see

why this is so, we have to note that the zero radius limit cpoads tonﬁ = 0. The

unintegrated BRST operator is given Igy,= \¢ D! with,
Q% = NNJ{DL, DI} = e N TS, Po (4.50)

Wheanﬁ = %(55, the Pure Spinor condition is required for the nilpotencthefBRST
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operator, while in the zero radius limit, the nilpotenceslnet require this constraint.

N=(2,2) Topological A-Model

It was shown for theddSs; x S° case in Berkovits (2007) that the action (4.49) has
the structure of a twisted = (2, 2) supersymmetry and can be interpreted as a topo-
logical A-model. We can define a similar A-modeldn= 2, N = (2,2) superspace
by combining the component fields in the zero radius actiom @hiral and antichiral

superfields,

@);j — 9? + er;j + Ii_?;j + /<L+I<L_f;j (4.51)

—I =1 _ _ —=I _ _ —=I
@jr = ejr + K-i‘Y;{“ + K—er + K’+K’—fjr

where, (k,,%;) and (k_,%_) are the left and right moving N=(2,2) Grassmann pa-
rameters an((f}‘j,fj.T) are auxiliary fields. The action (4.49) in terms of the above

superfields and Grassmann parameters is,
1 2 4 L ~rj
S = I dz | d'k ©,,0] (4.52)

In addition to the globalSU(1, 1) x SU(2))? isometries, the above action has an extra

U(1) symmetry. These symmetries act on the superfields as,
507 = iAl OF 40 QU +ix OF, 50, = -0, A —iQt 6, —i%n 0, (4.53)

A" parametrizes the glob&lU (1, 1), Q) parametrizes the global/ (2)? andy parametrizes
the U(1) isometries. The fermionic identities of (4.33) lead to tbHdiwing transfor-

mations for the superfields,

507 =t 50, =al (4.54)

Jr Jr
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CHAPTER 5

Summary and Conclusion

In this thesis, we gave an explicit derivation of the metficen their corresponding
coset spaces using the Maurer-Cartan one-form which gas@mes geometrical insight
into the Wess-Zumino sigma model. We have also applied tihe 8pinor formalism
to type IIB superstrings propagating in alS; x S background by building on the
work of Berkovits (2000) and Grassi and Wyllard (2005). Tiekground was found
to be interesting because the presence of the extra indeXitapthe two different
kind of Weyl spinors gave a Pure Spinor constraint that wakegiifferent from the
one ind = 10. In the zero radius limit, we transformed the bosonic pathefcoset
and the Pure Spinors to twistor-like variables and saw treaattion reduces to a simple
guadratic form in these variables. Furthermore, we sawttiiaction has the form of a
topological A-model and we constructed the explicit actio?V = (2, 2) by combining

the spinors and twistor-like variables into chiral and airal superfields.

The above construction was based on the work of Berkovit® {R0This paper
was followed by two others (Berkovits (2009), and Berkoy2610)). In the first, a
topological version of theldSs; x S° action with the same worldsheet variables and
BRST operator as before was constructed by gauge-fixing go@hGipal chiral model
whereG = PSU(2,2/4), the global isometry of theldS; x S° superstring. The next
step would be to construct the non-linear topological A-elaslhich in a particular
limit would give the above linear model. We would then haveest the one-loop
conformal invariance of this model. We would also like to gd¢be open string sector
of this A-model describes a SYM in a way similar to that in théS5 x S° background.

It is very likely that this is the case and this should help ndarstand the quantization

of this model in the Pure Spinor formalism better.



APPENDIX A

d = 6 Dirac Matrices

We first define th@ x 2 Pauli matrices,
ol = o? = _ o3 = (A.1)

Thed = 6 Gamma matrices in the Dirac representation are defined as,

flzial®03®03, f2202®03®03, f3:12®01®a3

(A.2)
=1,®0’® o3, M=1,®0, [%=1,®0?

wherel,, is then x n identity matrix. They satisfy the six dimensional Cliffaathebra,

{T#, T} = 29" 15 (A.3)

We then define,
[ =Tireesrerere (A.4)

The charge conjugation matrix is given by,

C=c’®0c' @0 (A.5)

C andI” satisfies the properties,

CrHC = —()7 (A.6)
CUITHTY)C = —(I7T' T (A.7)

We define the projectors for the Weyl basis,

1 ~ 1 ~
Po=5(1s+ 17 Po=(1—17) (A8)



which satisfy,

P2 =p,, P:=pP (A.9)
P,P.=0 (A.10)
Now, we define the matrix,

100 0 0O0O00O0
00 00O0T1TO0®O0
000O0O0OO0T1O

S:OOOIOOOO (A11)
00 001O0O0®O0
01000000
00100000
00 00O0O0O01

which transforms thé& and chorge conjugation matrices into the Weyl represamtati

. 1, 0 _ 0 1.
7= st = | * . C=S5075 = Tap (A.12)
0o -1, T]Ba 0°
where,

00 0 —1

00 -1 0
Moy = (A.13)

01 0 0

10 0 0

The antisymmetric “Pauli” matrices are defined as,

W=-0*®c? Y=L +F=0c*®1, (A.14)

3 2 3 4 _ -1 2 5 2 1
Y ==—0"®Q0o, v =10 Qo°, YV =0 Q0
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such that,

"

rec— |7
0
4

rc = 7
0
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(A.15)
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