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ABSTRACT

KEYWORDS: Superstring, Pure Spinor, AdS3 × S3, Zero Radius Limit

The Maldacena conjecture, also known as the AdS/CFT correspondence is one of the

most important results in String Theory. In his paper, Maldacena (1998) conjectured a

duality between a string theory in a particular background and a conformal field theory

on its boundary. Of particular interest is the duality between type IIB superstring in

AdS5 × S5 andN = 4 SYM in D = 4. An understanding of the quantum theory of

strings moving in this background is necessary for a full understanding of this duality. A

promising step in this direction was provided by the Pure Spinor formalism of Berkovits

(2000). Our goal is to apply this formulation to type IIB superstring propagating in

AdS3 × S3 with 16 supersymmetry generators. We will also explicitly put back the

radius of theAdS space into the action and analyse the flat space and in particular, the

zero radius limit. We will show that, as derived in Berkovits(2007) for theAdS5 ×
S5 case, the action in this limit will reduce to topological A-model constructed from

fermionic N=2 superfields. This should lead to insights for theAdS5 × S5 case and

might be useful in constructing a worldsheet proof for the Maldacena conjecture.
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CHAPTER 1

Introduction

Progress in String Theory has been punctuated by two periodsof intense research or

as they are popularly referred to, revolutions. The first revolution was marked by the

development of Superstring Theory and in particular, the Green-Schwarz mechanism,

which showed the cancellation of quantum anomalies in ten dimensions and that the

quantum gauge symmetry isSO(32) or E8 × E8; the development of heterotic string

theory - a combination of bosonic and superstring theory; and the discovery of the

role of Calabi-Yau manifolds as candidates for compactifying the six extra dimensions

predicted by superstring and heterotic string theories. This period of research led to the

development of the five string theories denoted by typeI, typeIIA, typeIIB,E8 ×E8

heterotic, andSO(32) heterotic, each of which had consistent description in terms of a

perturbation expansion in the coupling constant.

While the first revolution gave us several consistent theories in terms of perturbation

analysis, the second superstring revolution is marked by the discovery of a remarkable

set of dualities that bring us closer to understanding the non-perturbative aspects of Su-

perstring Theory. These dualities are known as the S, T and U dualities - the S-duality

shows the equivalence between two theories when one of them is at a strong coupling

limit and the other is at a weak coupling limit; T-duality shows the equivalence between

a theory compactified on a small volume and a theory compactified on a large volume.

U-duality is a combination of the above two dualities which shows the equivalence be-

tween theories when they are both compactified and taken in a strong or weak coupling

limit. The discovery of these dualities also led to the discovery of the eleven dimen-

sional theory, referred to as M-theory, which in different limits leads to any one of the

five above-mentioned ten dimensional superstring theories. Another important line of

research in this period was the study of a special class of p-branes known as Dirichlet

p-branes or D-branes. They arise as boundary conditions forthe ends of open strings

and are important because they make it possible to study the excitations of the brane



using the renormalizable 2D quantum field theory of the open string instead of the non-

renormalizable world-volume theory of the D-brane itself.(Schwarz (1997) is a good,

although dated, review of the progress in superstring theory upto the time of the second

superstring revolition)

Maldacena’s work in the AdS/CFT correspondence is a productof this burst of re-

search. The AdS/CFT correspondence is one of the most important results in string

theory and is very relevant to our discussion. In his paper Maldacena (1998), conjec-

tured that a superstring theory in a particular background is dual to a conformal field

theory on its boundary. Examples of this result that are relevant to us areAdS5/CFT4

andAdS3/CFT2 - which mean that, a type IIB superstring theory on anAdS5 × S5

background is dual to aN = 4 supersymmetric Yang-Mills theory in 4 dimensions and

likewise forAdS3 × S3 and a two dimensional conformal field theory. A better under-

standing of this duality is still an open problem. This requires one to have a consistent

quantum theory of strings propagating on these backgrounds. Here,AdS5 is the five

dimensional anti-de Sitter space andS5 is the five dimensional hypersphere.

After the development of superstring theory and type IIB supergravity (a low en-

ergy limit of superstring theory), it was realized that apart from R
1,9, this theory allows

AdS5 × S5 andAdS3 × S3 ×M (M isK3 or T 4) as maximally supersymmetric vac-

uua. The problem with quantizing the superstring in theAdS5 × S5 arises because

of the presence of the 5-form Ramond-Ramond flux. Some progress had been made

in constructing a quantizable action inAdS5 × S5 - Metsaev and Tseytlin (1998) had

constructed an action for the type IIB superstring which hada localκ-symmetry (lo-

cal supersymmetry). The problem with this construction lies in the fact that there is

no kinetic term for the fermions. A similar construction forAdS3 × S3 was given in

Rahmfeld and Rajaraman (1999).

A promising technique for quantizing the superstring, the Pure Spinor formalism,

was first introduced in Berkovits (2000). It provides a way toeasily quantize the su-

perstring as it explicitly breaks the GSκ-symmetry and contains a kinetic piece for the

fermions. It also gives an explicit construction for physical vertex operators using a

BRST-like operator. In this thesis we will apply the Pure Spinor formalism to a type

IIB string in anAdS3 × S3 background with 16 supersymmetry generators. Although
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the type IIB superstring inAdS3×S3 with RR flux has been quantized (Dolan and Wit-

ten (1999), Berkovitset al. (1999)) without the use of the Pure Spinor formalism, it is

possible that results in theAdS3 ×S3 case will lead to useful insights in theAdS5 ×S5

case.

We will also consider theAdS3×S3 superstring action in different limits. In partic-

ular we will look at the zero radius limit in which the vector components of the metric

gab are taken to infinity. Analogous to what Berkovits (2007) didfor AdS5 × S5, we

will show that the action reduces to a topological A-model inthis limit. These results

might be useful in constructing a worldsheet proof of the Maldacena conjecture.

The thesis is organized as follows: We will start by reviewing some of the mathe-

matical concepts of Lie groups, differentiable manifolds,coset spaces and supergroups

that are relevant to string theory in Chapter 2. As examples,we will derive the metrics

of S2 andS5 from their corresponding cosets. We will also briefly introduce supersym-

metry and give examples for superalgebras in this chapter. In Chapter 3, we will review

the concept of the Wess-Zumino model and explain the origin of the Wess-Zumino

term. We will also derive the sigma-model interpretation ofthe Green-Schwarz action

as shown in Henneaux and Mezincescu (1985). In the final chapter, we will review the

Pure Spinor formalism for the superstring. We will first listout the complete commu-

tation relations corresponding to the isometry group ofAdS3 × S3 in the language of

Weyl spinors. After applying the Pure Spinor constraints for d = 6, we will derive the

Pure Spinor action for the type IIB superstring inAdS3 × S3. We will then introduce

the radius ofAdS3 as a scaling on the generators and work out the actions in the flat

space (r → ∞) and zero radius limits. In particular, in the zero radius limit we will

rewrite the action in a simple quadratic form using twistor-like variables and then as a

linear topological A-model using chiral and anti-chiral superfields. In the final chapter

we will discuss directions in which progress could be made.
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CHAPTER 2

Metrics on Homogeneous Spaces

In this section, we will review some of the important concepts in Lie groups, coset

spaces, supergroups and superalgebras. In particular, we will discuss how a homoge-

neous space emerges as the coset of a Lie group with a stabilizer of a particular point in

that group. At the end of this subsection we will derive the metrics for certain homoge-

neous spaces relevant to our discussion (which in our case would be the differentiable

manifoldsSN andAdSN ) from the corresponding Lie groups and stabilizers.

In the section on supergroups and superalgebras we will givea brief introduction to

the supersymmetry and construct supergroups from superalgebras in a way analogous to

ordinary Lie algebras. We will then elaborate on two relevant examples of superalgebras

- the super-Poincaré algebra and the superconformal algebra.

2.1 Lie Groups

A Lie group is a group which is also a differentiable manifold. Formally, (Onishchik

and Gorbatsevich, 1993) a Lie group over a fieldK is a groupG equipped with the

structure of a differentiable manifold overK in such a way that the map,

µ : G×G→ G, (x, y) 7→ xy (2.1)

is differentiable. Lie groups overR are calledreal Lie groups while Lie groups overC

are calledcomplexLie groups.

Examples:

• The circleS1 = {eiα : 0 < α < 2π}

• The group GLn(R) of invertiblen× n matrices overR



• The group of Affine transformations of a vector space V definedas the semidirect
productV ⋊G whereG is a subgroup of GL(V). The Poincaré group, defined as
R1,3 ⋊ SO(1, 3) is an important example.

2.1.1 Lie Algebras

With every Lie GroupG we can identify a Lie algebrag, whose underlying vector

space is the tangent space ofG at its identity element. This completely captures the

local structure of the group.

Given an elementg ∈ G we can define theMaurer-Cartan one-form as

ω = g−1dg (2.2)

(Lie algebras will be discussed in section 2.3.2)

ω takes its values ing. Usingω we can also define the metric on the manifoldM

associated withG as,

ds2 = gijdx
idxj = Tr

[
(g−1dg)(g−1dg)

]
(2.3)

xi are coordinates on the manifoldM .

2.2 Coset Spaces

For a subgroupH of a groupG and an elementg ∈ G we define,

gH = {g ◦ h : h ∈ H} (2.4)

to be the left coset ofH in G. They are denoted byG/H. Similarly, we define,

Hg = {h ◦ g : h ∈ H} (2.5)

to be the right coset ofH in G. They are denoted byH\G.
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2.2.1 Homogeneous Spaces

A homogeneous space on a groupG is any non-empty topological space or manifold

X on whichG acts continuously and transitively. In terms of coset spaces, if H is a

stabilizer of a particular point (the origin) inX then the points of X are given by the left

cosetG/H. In particular, ifG is a Lie group andH is a closed Lie subgroup ofG then

X ∼ G/H is a differentiable manifold.

We will now list out relevant examples forG andH and derive the metric for the

corresponding homogeneous spaces using (2.3).

Examples

• G ∼ SU(2),H ∼ U(1)

Let g ∈ SU(2),

g = eiθnaσa

ds2 = Tr
[(
g−1dg

) (
gdg−1

)]
(2.6)

=
1

2
dθdθ + 2 sin2 θ

2
dnadna + sin θ(dθnadna)

where,σa are the2 × 2 Pauli matrices and

na = (cos φ sinψ, sinφ sinψ, cosψ) (2.7)

In order to gaugeSU(2) with its U(1) subgroup, we introduce a gauge fieldA and

T =



 0 1

−1 0



 such that,

δg = ǫ [T, g]

δA = −dǫ (2.8)

Dg = dg + A [T, g]
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Therefore,

ds′2 = ds2 + Tr
(
A [T, g] dg−1 + Adg

[
T, g−1

]
+ A2 [T, g]

[
T, g−1

])
(2.9)

We choose a parametrization ofg whereψ = π
2
,

g = cos θ12 + i sin θ


 0 e−iφ

eiφ 0


 (2.10)

With this parametrizationds2 is given by,

ds2 =
1

2
dθ2 + 2 sin2 θ

2
dφ2 (2.11)

Takingθ → 2θ,

ds2 =
(
dθ2 + sin2 θdφ2

)
(2.12)

Which corresponds to aG/H ∼ S2 target space metric. We can similarly show that,

SO(3)/SO(2) ∼ S2. In fact, it is possible to show that for anyN ,

SO(N + 1)/SO(N) ∼ SN . We will outline the derivation for theS5 metric in the

next example. This is not as trivial as theSO(3) case as it is difficult to explicitly

write a parametrization for the coset element.

• G ∼ SO(6),H ∼ SO(5)

We follow the method outlined in Hatsuda and Tomizawa (2009). Consider an ele-

mentzA
B of the coset embedded inG. We denote,zA

0 = xA. The orthonormality

condition,ztz = 1, leads to the metric for a 5 dimensional sphere.

(
ztz

)
=

5∑

A=0

(xA)2 = 1 (2.13)

ds2
S5 =

5∑

A=0

(dxA)2 =

5∑

A,B=0

δAB
(
JA

0
)t
JB

0 (2.14)

where,JA
B = (z−1dz)A

B is the left invariant one-form.
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It is convenient to parametrizez as,

z =


 1 0

X 1





 u 0

0 v





 1 Y

0 1


 (2.15)

The Left Invariant one-form is given by,

J = z−1dz =


 Ju JY

JX Jv


 (2.16)





JX = v−1dXu

Ju = u−1du− Y v−1dXu

Jv = v−1dv + v−1dXuY

JY = dY + u−1duY − Y v−1dv − Y v−1dXuY

The sphere metric is generalized to,

ds2 = ‖JX‖2 + ‖Ju‖2 (2.17)

Where we define the norm of a matrixw as,

‖w‖2 =
1

2
Trwtw (2.18)

Both‖JX‖2 and‖Ju‖2 are invariant under H transformations,

z → z′ = z


 1 0

0 h


 , h ∈ H (2.19)

The orthonormal condition ofz gives us,

ztz = 1 ⇒





u2 = [1 + ‖X‖2]−2

vvt = [1 −XX t(1 + ‖X‖2)−1

Y = −uX tv

(2.20)
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Using the above relations we find that,

‖JX‖2 =
‖dX‖2

1 + ‖X‖2
− ‖X tdX‖2

(1 + ‖X‖2)2
(2.21)

‖Ju‖2 = 0

TheS5 metric is thus given by,

ds2
S5 =

dX2

1 +X2
− (X.dX2)

(1 +X2)2 (2.22)

=
dr2

(1 + r2)2 +
r2dΩ2

4

1 + r2

= dθ2 + sin
2θdΩ2

4

In the second line we takeX2 = r2 and in the third,r = tanθ.

• G ∼ SO(N − 1, 2), H ∼ SO(N − 1, 1).

Using a method similar to that shown in the previous example we can show that

G/H ∼ AdSN , theN−dimensional Anti deSitter space which is defined as the

hyperboloid,

X2
−1 +X2

0 −X2
1 − . . .−X2

N−1 = −1 (2.23)

embedded inR2,N−1. TheAdS3 metric is given by,

ds2 = dX2 + dY 2 − dZ2 − dW 2 (2.24)

Defining

X = sinhψ cos φ, Y = sinhψ sinφ (2.25)

Z = coshψ cos θ, W = coshψ sin θ

The metric is then given by,

ds2 = dψ2 + sinh2 ψdφ2 − cosh2 ψdθ2 (2.26)

9



2.3 Supergroups and Superalgebras

The material in this section is based on that presented in Gateset al.(1983) and Sohnius

(1985)

2.3.1 Supersymmetry

Supersymmetry is essentially a symmetry that relates fermions and bosons. This is

achieved by extending ordinary space-time symmetries withN spinorial generatorsQ.

These operators generate supersymmetry transformations by changing fermionic states

into bosonic ones and vice versa,

Q|fermion〉 = |boson〉 Q|boson〉 = |fermion〉 (2.27)

The anticommutator of two such generators yields a translation generator,{Q,Q} ∼ P .

A theory withN > 1 spinorial generators is said to have an extendedN supersymmetry.

A supersymmetric model which is covariant under general coordinate transforma-

tions is called asupergravitymodel.

Superspace and Superfields

Although supersymmetry can be realized on ordinary fields (functions of space-time) by

the transformations (2.27), a more compact alternative is to extend ordinary space-time

to includeN anticommutingor Grassmann coordinatesθ which are two-component

Weyl spinors.

Superfields are functions defined on this superspace. They can be expanded in a Tay-

lor series with respect to theθ coordinates and because the square of an anticommuting

number vanishes, the Taylor expansion has a finite number of terms. The coefficients

of this expansion are ordinary space-time fields. A general superfield withN fermionic

coordinates can be defined as,

Φαβ...(x, θ) = Aαβ...(x) + θAψAαβ...(x) + θ2Bαβ...(x) (2.28)

10



A, ψ andB are the component fields and the supersymmetry transformations are repre-

sented by translations and rotations in superspace.

2.3.2 Lie Supergroups

Lie Algebras

We will first review the concept of Lie algebras and generalize it to superspace. A Lie

algebra consists of a set of generators{TA}, A = 1, . . . ,M which is closed under an

antisymmetric bilinear operation called a Lie bracket, which we write as a commutator,

[TA, TB] = TATB − TBTA = ifAB
CTC (2.29)

fAB
C are the structure constants of the Lie algebra. The Lie algebra also satisfies the

Jacobi identity,

[[TA, TB] , TC ] + [[TB, TC ] , TA] + [[TC , TA] , TB] = 0 (2.30)

This results in the following constraints on the structure constants,

fAB
DfDC

E + fBC
DfDA

E + fCA
DfDB

E = 0 (2.31)

The generators form a basis for vectors of the form,K = λATA whereλA are coor-

dinates in the Lie algebra which are taken to commute with thegenerators. The Lie

algebra can then be exponentiated into a Lie group with elementsg = eiK .

Lie Superalgebras

For Lie superalgebras we generalize the notion of Lie algebras by considering a set

of generators, some of which have a symmetric Lie bracket. The generators with a

symmetric Lie bracket are fermionic and the rest are bosonic. We write the bracket as a

graded commutator,

[TA, TB} = TATB − (−)ABTBTA (2.32)

11



The generators also obey the super-Jacobi identity,

0 = (−)AC [[TA, TB}, TC} + (−)AB[[TB, TC}, TA} + (−)BC [[TC , TA}, TB} (2.33)

In a similar way to Lie algebras, we can define a vector space inwhich the generators

TA form a basis; however in this case, the coordinatesλA take values in the superspace

defined in the previous subsection such that thλ’s associated with the fermionic genera-

tors are Grassmann numbers which anticommute with the fermionic generators as well.

Since, Grassmann parameters commute with ordinary numbersand bosonic generators,

K = λATA is ensured to be bosonic. Just as in the case for ordinary Lie algebras, Lie

supergroups are obtained by exponentiating the superalgebras.

Examples: In what follows, we will list two important examples of superalgebras which

will be extensively used in this thesis. The examples are based on those presented in

Sohnius (1985).

• Super-Poincaré Algebra

The Poincaré group is the group of isometries of ordinary Minkowski space-time.

Poincaré symmetry includes space-time translations, rotations and boosts. The super-

Poincaré algebra in d-dimensions is a supersymmetric extension of the Poincaré al-

gebra that includes, along with the bosonic(Pµ,Mµν) generators,2⌊
d
2
⌋ fermionic

generators,QA. The bosonic part of the algebra is identical to the ordinaryPoincaré

algebra,

[Pµ, Pν] = 0

[Pµ,Mνσ] = ηµνPσ − ηµσPν

[Mµν ,Mρσ] = ηνρMµσ − ηνσMµρ − (µ ↔ ν)

(2.34)

12



The fermionic part of the algebra is,

{QA, QB} = (ΓµC)ABPµ

[QA, Pµ] = 0

[QA,Mµν ] =
1

2
(Γµν)A

BQB

(2.35)

(Γµ)A
B are the gamma matrices that satisfy the d-dimensional Clifford algebra,

{Γµ,Γν} = ηµν
1 (2.36)

andΓµν is an antisymmetrization of two of them. C is the charge conjugation matrix

which is used to raise and lower theA andB indices. In general, superspace is

identified with the coset, super-Poincaré/SO(d− 1, 1) for d− 1 space and one time

dimension just as Minkowski space is identified with the coset, Poincaré/Lorentz.

• Superconformal Algebra

The conformal group is the group of isometries that preservethe light-cone struc-

ture i.e., the symmetry of massless field theories. The superconformal algebra is

the generalization to superspace of the ordinary conformalalgebra. Apart from the

generators of the super-Poincaré group, the superconformal group consists of the di-

latation generatorD and the generator of special conformal transformations,Kµ in

the bosonic part; the supersymmetry generatorsSA; R andTi
j , the generators of,

respectively, theU(1) andSU(N) R-symmetry between the different supercharges.

TheSA correspond toD andK in the same way as the generatorsQA correspond to

P andM . As part of this example, we will discuss theN = 1 superconformal algebra

in 3 + 1 dimensions. In this case theTi
j generators are absent andA = 1, . . . , 4.

13



The bosonic part of the algebra consists of (apart from the super-Poincaré algebra),

[Kµ,Mρσ] = i(ηµρKσ − ηµσKσ)

[D,Mµν ] = [Kµ, Kν ] = 0

[Pµ, D] = iPµ; [Kµ, D] = −iKµ

[Pµ, Kν ] = 2i(ηµνD −Mµν)

(2.37)

The fermionic part of the algebra is,

[SA,Mµν ] =
1

2
(Γµν)A

BSB; [SA, Pµ] = (Γµ)A
BSB

[QA, D] =
1

2
iQA; [SA, D] = −1

2
iSA

[QA, Kµ] = (Γµ)A
BSB; [SA, Kµ] = 0; [SA, Pµ] = (Γµ)A

BQB;

{QA, QB} = (ΓµC)ABPµ {SA, SB} = (ΓµC)ABKµ

[QA, R] = i(Γ5)A
BQB; [SA, R] = −i(Γ5)A

BSB

{SA, QB} = 2iδABD + (ΓµνC)ABMµν + 3i(Γ5C)ABR

(2.38)

where,Γµ are the four-dimensional4 × 4 Dirac matrices andΓ5 = Γ0Γ1Γ2Γ3. Just

as in the super-Poincaré cased dimensional superspace can be generated by the coset

G/H whereG is the superconformal group andH is the subgroup consisting ofMµν ,

D andKµ.
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CHAPTER 3

The Wess-Zumino Model

In this section we will review the concept of the Wess-Zuminosigma model. This is

especially relevant to our discussion because, in the next chapter, the action for the

superstring inAdS3 × S3 will be of this form. We will first define a general sigma

model action and the Wess-Zumino term. In the last section ofthis chapter we will

briefly review the Green-Schwarz action for a superstring and show that it is equivalent

to a Wess-Zumino action.

3.1 Sigma Model Action

The Wess-Zumino-Novikov-Witten model is an example of a two-dimensional confor-

mal field theory whose field variable is a mapping from a Riemann surfaceΣ to a target

manifoldM . For our purposes, It can be thought of as describing the movement of a

string on a group manifoldG = M . BothΣ andM are equipped with metric structures.

The classical action for the WZNW model is given by

Scl =
k

8π

∫

Σ

√
hhijtr

(
g−1∂igg

−1∂jg
)

(3.1)

whereg : Σ → G is an element of the compact, simply-connected Lie groupG with an

algebrag andh is the metric onΣ.

3.2 The Wess-Zumino Term

The quantization of a model with an actionScl leads to a theory without conformal

invariance. It was shown in Witten (1983) that it is possibleto restore conformal invari-



ance by adding a topological term toScl. This term is given by,

SWZ =
1

12π

∫

B

Tr
[
g−1dg ∧ g−1dg ∧ g−1dg

]
(3.2)

B is a three-manifold which hasΣ as a boundary and g is extended to a map,g : B → G.

3.3 The Green-Schwarz Sigma Model

The Green-Schwarz action, first proposed in Green and Schwarz (1984), is a manifestly

covariant superstring action which can be quantized in the light-cone gauge. In the

light-cone gauge the GS action reduces to an action that describes, in 10 dimensions, a

supersymmetric quantum theory free from tachyons. The action consists of two parts

(α andβ are worldsheet indices): A manifestly supersymmetric (local) and covariant

piece,

S1 =
1

2π

∫
d2σ

√
hhαβΠαΠβ, (3.3)

where,

Πµ
α = ∂αX

µ − iθ
A
Γµ∂αθ

A, (3.4)

And a piece that is manifestly covariant but not manifestly supersymmetric,

S2 =
1

π

∫
d2σ[−iǫαβ∂αX

µ(θ
1
Γµ∂βθ

1 − θ
2
Γµ∂βθ

2)

+ǫαβθ
1
Γµ∂αθ

1 θ
2
Γµ∂βθ

2]

(3.5)

It was shown in Henneaux and Mezincescu (1985) that the GS action can be interpreted

as aσ-model which maps a a two-dimensional space-time,Σ parametrized byσ andτ

to SUSY(N=2)/SO(9, 1). Πµ
α → Σ is the field variable of the model.S1 is the kinetic

term andS2 is interpreted as the Wess-Zumino term.

We denote the integrand in (3.5) by the two-formΩ2. We can rewriteΩ2 as,

Ω2 = −idXµ ∧ [(θ
1
Γµdθ

1) − (θ
2
Γµdθ

2)] + (θ
1
Γµdθ

1) ∧ (θ
2
Γµdθ

2) (3.6)
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We can then define the three formΩ3,

Ω3 = i[ωµ ∧ dθ1
Γµ ∧ dθ1 − ωµ ∧ dθ2

Γµ ∧ dθ2] (3.7)

where,

ωµ = dXµ − iθ
A
ΓµdθA

It is easy to see thatΩ3 is both closed(dΩ3 = 0) and exact(Ω3 = dΩ2). UsingΩ3 we

can define a term similar to (3.2),

SWZ =
i

π

∫
dσ3ǫαβγ

[
Πµ

α∂βθ
1
Γµ∂γθ

1 − Πµ
α∂βθ

2
Γ̃µ∂γθ

2
]

(3.8)
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CHAPTER 4

Strings on Group Manifolds

4.1 The Pure Spinor Formalism

The Pure Spinor formalism applied to string theory was first introduced in Berkovits

(2000). In this formalism, in addition to the supersymmetric space-time variables of

the GS formalism (xm, θα;m = 0, . . . , 9;α = 1, . . . 32) we introduce additional ghost

degrees of freedom,λα which are bosonic target space spinors. They satisfy the Pure

Spinor constraints,

λαγm
αβλ

β = 0 (4.1)

Whereγαβ are the32×32 Pauli matrices in ten dimensions. There is another definition

of Pure Spinors in even dimension,d = 2n, due to Cartan and Chevalley,

λαγ
m1...mj

αβ λβ = 0 j < n (4.2)

The Pure Spinor bilinear reads,

λαλβ =
1

n!2n
γαβ

m1...mn
(λσγm1...mn

στ λτ ) j < n (4.3)

The conjugate momenta toλα are bosonic target space complex Weyl spinors denoted

by ωα. The Pure Spinor constraints (4.1) imply thatωα are defined upto the gauge

transformation,

δωα = Λm(γmλ)α (4.4)

One of the most appealing aspects of the Pure Spinor formalism is that physical states

can be defined as elements in the cohomology of the BRST-like operator,

Q =

∮
dzλαdα (4.5)



wheredα is the generator of supersymmetric derivatives,Dα. The Pure Spinor con-

straint along with the OPE ,dα(y)dα(z) → 2(y−z)−1Πm(z)γm
αβ implies the nilpotence

of Q, i.eQ2 = 0.

4.2 Strings on AdS3×S3

String theory on AdS3× S3 can be described by the WZNW model whose target space is

the supercoset manifold SU(1,1|2)2

SO(1,2)×SO(3)
with 16 supersymmetry generators. The bosonic

part of this manifold is,SO(2,2)×SO(4)
SO(1,2)×SO(3)

. We denote an element of the coset byG.

4.2.1 Notation

Throughout the rest of this section we will use the followingnotation for the indices,

a, b, c = 0, 1, 2 so(2, 1) vector indices (AdS3 tangent space)

a′, b′, c′ = 3, 4, 5 so(3) vector indices (S3 tangent space)

A,B,C = 0, . . . , 5 combinedd = 6 vector indices

α, β, γ, δ = 1, . . . , 4 left moving MW spinor indices

α̂, β̂, γ̂, δ̂ = 1, . . . , 4 right moving MW spinor indices

I, J, . . . = 1, 2 SU(2) outer automorphism indices

We will also use[CD] , [a′b′] to labelSO(2, 1)× SO(3) Lorentz indices.

The generators ofso(2, 1) andso(3) clifford algebras areγa andγ′a,

γ(aγb) = ηab
14, γ(a′

γb′) = δa′b′
14

where,ηab = diag(−1, 1, 1). γA are the4 × 4 antisymmetric “Pauli Matrices” which

are off-diagonal blocks in the six dimensional8 × 8 ΓA matrices in the Weyl repre-

sentation. TheΓ matrices will be discussed in Appendix A.

The worldsheet fields will be denoted by

◦ x, y, z - Worldsheet space-time fields

◦ θα
I - Doublet of four component Weyl spinors
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◦ pI
α - Conjugate momenta toθα

I

We also define the components of theSU(1, 1|2)2 metric,

η[ab][cd] = ηa[bηc]d, η[a′b′][c′d′] = −ηa′[b′ηc′]d′ , ηαbα = Cαbα (4.6)

ηαbα will be used to raise and lower theα andα̂ indices.C is the charge conjugation

matrix in the Weyl representation. It will be defined in Appendix A

4.2.2 Commutation Relations

TheSU(1, 1|2)2 algebra was first given by Rahmfeld and Rajaraman (1999). Thenota-

tion used consisted of spinors in the Dirac representation which led to a bispinor index

for the supersymmetry generators(Qαα′ , Qαα′). In this section we adapt the above al-

gebra to the Weyl representation which is more amenable for use in the Pure Spinor

formalism. The generators of the supergroup areTA = (Pc, Pc′, Jcd, Jc′d′ , Q
I
α, Q

I
bα).

The algebra consists of two parts,

The bosonic part,

[Pc, Pd] = Jcd, [Pc′, Pd′ ] = −Jc′d′

[Pc, Jde] = ηcdPe − ηcePd, [Pc′, Jd′e′ ] = δc′d′Pe′ − δc′e′Pd′

[Jcd, Jef ] = ηdeJcf −ηdfJce−(c↔ d), [Jc′d′ , Je′f ′] = δd′e′Jc′f ′−δd′f ′Jc′e′−(c′ ↔ d′)

The fermionic part,

{QI
α, Q

J
β} = 2ǫIJ(−iγc

αβPc + γc′

αβPc′)

{QI
bα, Q

J
bβ
} = 2ǫIJ(−iγc

bαbβ
Pc + γc′

bαbβ
Pc′)

{QI
α, Q

J
bβ
} = δIJ

(
(γcd)

αbβ
Jcd − (γc′d′)

αbβ
Jc′d′

)

[QI
α, Pc] = − i

2
ǫIJ(γc)α

bβQbβJ
, [QI

bα, Pc] = − i

2
ǫIJ (γc)bα

βQβJ

[QI
α, Pc′] =

1

2
ǫIJ(γc′)α

bβQbβJ
, [QI

bα, Pc′] =
1

2
ǫIJ(γc′)bα

βQβJ

[Jcd, Q
I
α] =

1

2
(γcd)α

βQI
β , [Jcd, Q

I
bα] =

1

2
(γcd)bα

bβQI
bβ
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[Jc′d′ , Q
I
α] =

1

2
(γc′d′)α

βQI
β , [Jc′d′ , Q

I
bα] =

1

2
(γc′d′)bα

bβQI
bβ

Whereγab is an antisymmetrization ofγa andγb. The structure constants are fixed using

the graded Jacobi identities forSU(1, 1|2)2.

4.2.3 Pure Spinor Constraints

The Pure Spinor constraints ind = 6 are not the same as those in (4.1). It was shown in

Grassi and Wyllard (2005) that are instead given by,

ǫIJλIγ
mλJ = 0 ǫIJ λ̂Iγ

mλ̂J = 0 (4.7)

The Pure Spinors,λα
I , λ̂

bα
I (I = 1, 2) are Weyl spinors which are doublets with respect

to the auxiliarySU(2).

Because of the antisymmetry of theγm
αβ matrices, the naive supersymmetry algebra

{Qα, Qβ} = γC
αβPC does not make sense in six dimensions. We have to introduce two

superchargesQI
α in the 4 of SO(6) with an outerSU(2) automorphism. The super-

charges are defined as,

QI
α =

∂

∂θα
I

− ǫIJ(γCθJ )α

∂

∂xC
(4.8)

Which satisfy the supersymmetry algebra,

{QI
α, Q

J
β} = −2ǫIJγC

αβPC (4.9)

TheγC matrices will be defined in appendix A. In order to solve the pure-spinor con-

straints ind = 6, we have to temporarily break the manifestlySO(6) (Wick-rotated)

lorentz invariance to aU(3) ⋍ SU(3) × U(1) invariance. In this subgroup the Pure

Spinorsλα
I simplify to, (λ+

I , λ
a
I), (a = 1, 2, 3) and the Pure Spinor conditions simplify

to,

ǫIJλ+
I λ

a
I = 0, ǫabcǫ

IJλa
Iλ

b
I = 0 (4.10)
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An explicit solution to these equations is,

λa
2 =

λ+
2

λ+
1

λa
1 (4.11)

From the above equations we can see that the Pure Spinor constraints eliminate 3 com-

ponents fromλα
I . Using similar arguments forλbα

I we can show that ind = 6 a total of

6 components of the pure-spinors are eliminated1.

Similar to thed = 10 case, we can define a BRST-like operator ind = 6. The

natural guess this operator (analogous to that shown in (4.5)) was defined in Grassi and

Wyllard (2005) to be,

Q =

∮
dz(λα

I d
I
α + λ̂bα

I d̂
I
bα) (4.12)

dI
α is the generator of the supersymmetric derivatives,DI

α which are defined as,

DI
α =

∂

∂θα
I

+ ǫIJ(γCθJ )α

∂

∂xC
(4.13)

They satisfy the algebra,

{DI
α, D

I
β} = 2ǫIJγC

αβPC (4.14)

and a similar relation for the right moving components.

4.2.4 Superstring Action

Flat Space Action

We denote the conjugate momenta to the Pure Spinor variablesby wI
α and ŵI

bα. The

Pure Spinor constraint implies that the conjugate momenta are defined upto a gauge

transformation,

δwI
α = ΛCǫ

IJγCλβ
J δŵI

bα = Λ̂Cǫ
IJγC λ̂

bβ
J (4.15)

whereΛC andΛ̂C are infinitesimal parameters. Hence the Pure Spinor part of the ac-

tion only consists of pieces invariant under the above action. The complete worldsheet

action for a type II string in a flatd = 6 background in conformal gauge is (Berkovits

1In fact, it can be shown that, ford = 2n, the Pure Spinor constraints eliminaten components from
λα.
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(2000), Grassi and Wyllard (2005)),

S =

∫
d2z

(1

2
∂xm∂xm + pI

α∂θ
α
I + p̂I

bα∂θ̂
bα
I + wI

α∂λ
α
I + ŵI

bα∂λ̂
bα
I

)
(4.16)

Action in AdS3 × S
3

In order to construct the action in AdS3× S3 we define the left-invariant currents,

JA = (G−1∂G)A J
A

= (G−1∂G)A (4.17)

Jα
I = (G−1∂G)α

I J
α

I = (G−1∂G)α
I

whereG takes values in SU(1,1|2)2

SO(1,2)×SO(3)
andA in (a, [ab], a′, [a′b′]). These currents are

similar to those presented in Metsaev and Tseytlin (1998) for theAdS5 × S5 super-

string save for the extraI index on the fermionic currents. We similarly define right

moving fermionic currents,J bα
I andJ

bα

I . G is defined upto a localSO(2, 1) × SO(3)

right multiplication parametrized byΩ[CD](x, θ, θ̂),

δG = G(Ω[CD]T[CD]) (4.18)

T[CD] are theSO(2, 1)× SO(3) generators (SO(2, 1) for C,D = 0, 1, 2 andSO(3) for

C,D = 3, 4, 5). Under these gauge transformations, the Pure Spinors are defined to

transform covariantly as,

δλα
I = −1

2
Ω[CD](γ[CD]λI)

α δwα
I = −1

2
w[CD](γ[CD]wI)

α

δλ̂bα
I = −1

2
Ω[CD](γ[CD]λ̂I)

bα δŵbα
I = −1

2
Ω[CD](γ[CD]ŵI)

bα

(4.19)

The sigma model action in AdS3× S3 is given by,

S =
1

Λ

∫
d2z

[1

2
η[CD][EF ](J

[CD] −A[CD])(J
[EF ] −A[EF ]

) +
1

2
ηcdJ

cJ
d

+
1

4
η

αbβ
δIJ(J

bβIJ
αJ

+ J
bβI
JαJ ) + B + wI

α(∂λ +
1

2
A[ab]

γ[ab]λ)α
I

+ŵI
bα(∂λ̂+

1

2
A[ab]γ[ab]λ̂)bα

I

]
(4.20)
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whereA[ab] andA[ab]
are worldsheetSO(2, 1)×SO(3) gauge fields andB is the Wess-

Zumino term which has the form,

B =
1

2
η

αbβ
δIJ(J

bβIJ
αJ − J

bβI
JαJ) (4.21)

We can integrate over the auxiliary fieldsA[ab] andA[ab]
to obtain the action,

S =
1

Λ

∫
d2z

[1

2
ηcdJ

cJ
d

+ η
αbβ
δIJ(

3

4
J

bβIJ
αJ − 1

4
J

bβI
JαJ)

+ wI
α(∇λ)α

I + ŵI
bα(∇λ̂)bα

I − 1

2
η[ab][cd](w

Iγ[ab]λI)(ŵ
Iγ[cd]λ̂I)

]

(4.22)

where,

(∇λ)α
I = ∂λα

I +
1

2
J

[ab]
(γ[ab]λ)α

I (∇λ̂)bα
I = ∂λ̂bα

I +
1

2
J

[ab]
(γ[ab]λ̂)bα

I (4.23)

4.2.5 Flat Space and Zero Radius Limits

Flat Space Limit

A naive scaling in ther → ∞ limit can be obtained by simply takingΛ → 0 in

(4.22). This limit would preserve theSU(1, 1|2)2 invariance instead of leading to aN =

2, d = 6 super-Poincaré invariance as desired. It was shown in Metsaev and Tseytlin

(1998) that we can take the flat space limit by rescaling the generators asP → RP ,

J → J , QI →
√
RQI and takingR → ∞. We apply the above transformation to the

commutation relations as listed in section 4.2.2 and find that the following commutators

vanish,

[PC , PD] = 0

{QI
α, Q

J
β} = 0 {QI

bα, Q
J
bβ
} = 0 {QI

α, Q
J
bβ
} = 0

The metricgAB in this limit should satisfy the property thatfAB
CgCD is graded

antisymmetric under permutations of[ABD], wherefAB
C are the structure constants
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of the superalgebra. This implies that we must rescaleg
αbβ

andg[ab][cd] to,

g
αbβ

= rη
αbβ

g[ab][cd] = r2η[ab][cd] (4.24)

Sinceg
αbβ

blows up in ther → ∞ limit, it is convenient to write the2nd order

fermionic piece in (4.22) in first order form using the auxiliary fieldsdα andd̂bα,

S =
1

Λ

∫
d2z rη

αbβ
δIJ

(3

4
J

bβIJ
αJ − 1

4
J

bβI
JαJ

)

=
1

Λ

∫
d2z rη

αbβ
δIJ

(1

2
J

bβIJ
αJ

+
1

4
J

bβI ∧ JαJ
)

(4.25)

=
1

Λ

∫
d2z

[
J

α

I d
I
α + J bα

I d̂
I
bα + 2r−1ηαbβδIJd

I
αd̂

J
bα +

1

4
rη

αbβ
δIJ

∫
dσ3d(J

bβI ∧ JαJ)
]

=
1

Λ

∫
d2z

[
J

α

I d
I
α + J bα

I d̂
I
bα + 2r−1ηαbβδIJd

I
αd̂

J
bβ

]
+ SWZ

where,

SWZ =
1

4
rη

αbβ
δIJ

∫
d2zdσ3(γcαβJ

c ∧ JαI ∧ JβJ − γ
cbαbβ
Jc ∧ J bαI ∧ J bβJ)

Here, the two-form,J bβI ∧ JαJ = J
bβIJ

αJ − J
bβI
JαJ has been used to define a Wess-

Zumino three-form similar to the one in (3.8), using the Maurer-Cartan equations,

dJ
bβI = r−1γcαβη

β bβJc ∧ JαI , dJβI = r−1γ
cbαbβ
ηβ bβJc ∧ J bαI (4.26)

In ther → ∞ limit, the left invariant currents reduce to,

Jc = Πc = ∂xc + ǫIJ (θIγ
c∂θJ + θ̂Iγ

c∂θ̂J )

Jα
I = ∂θα

I J bα
I = ∂θ̂bα

I

J [cd] = 0 J [c′d′] = 0

(4.27)

Using the result of (4.25) and substituting the above in (4.22), we obtain the action,

S0 =
1

Λ

∫
d2z

[1

2
ηcdΠ

cΠ
d
+ dI

α∂θ
α
I + d̂I

bα∂θ̂
bα
I + wI

α∂λ
α
I + ŵI

bα∂λ̂
bα
I

]
+ SWZ

0

SWZ
0 =

1

4
rη

αbβ
δIJ

∫
d2zdσ3(γcαβΠc ∧ ∂θαI ∧ ∂θβJ − γ

cbαbβ
Πc ∧ ∂θbαI ∧ ∂θbβJ)

(4.28)
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We then define the conjugate momenta to be,

pI
α = dI

α − ǫIJ(γcθJ)α∂x
c − 1

2
ǫIJ(γcθJ)αǫ

KL(θKγ
c∂θL) − 1

2
ǫIJ (γcθJ)αǫ

KL(θ̂Kγ
c∂θ̂L)

p̂I
bα = d̂I

bα − ǫIJ(γcθ̂J)bα∂x
c − 1

2
ǫIJ(γcθ̂J)bαǫ

KL(θ̂Kγ
c∂θ̂L) − 1

2
ǫIJ (γcθ̂J)bαǫ

KL(θKγ
c∂θL)

(4.29)

Upon the substitution of the above momenta, (4.28) reduces to the quadratic flat space

action defined in (4.16). The structure constantsfAB
C are proportional to the super-

space torsions,TAB
C . The rescaling of the commutation relations thus implies that,

Tαβ
dηcd

Tαc
bβη

β bβ

= r (4.30)

The flat space limit can then be interpreted as a supergravitybackground whereTαc
bβ →

0.

Zero Radius Limit

This limit was first discussed for the case of a type IIB superstring propagating in

AdS5 × S5 by Berkovits (2007). Our goal is to find the same limit for AdS3× S3

and reduce the action to a simple quadratic form using twistor-like variables for the

pure-spinor and bosonic parts. In terms of the superspace torsions, from (4.30), the

r → 0 is equivalent to theTαβ
c → 0 limit. Since supergravity backgrounds are de-

fined such thatTαβ
c = γc

αβ (Howe and West (1984)), this limit cannot be identified

with a conventional supergravity background. In this limitthe anticommutators of the

supersymmetry generators are all rescaled by,2.

{QI
α, Q

J
β} = 2rǫIJ(−iγc

αβPc + γc′

αβPc′)

{QI
bα, Q

J
bβ
} = 2rǫIJ(−iγc

bαbβ
Pc + γc′

bαbβ
Pc′) (4.31)

{QI
α, Q

J
bβ
} = rδIJ

(
(γcd)α

γδ
γ bβ
Jcd − (γc′d′)α

γδ
γ bβ
Jc′d′

)

2This redefinition can be achieved by rescaling the generators as,Q → r−1/2Q, P → P , andJ → J
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To preserve the graded antisymmetry offAB
CgCD under permutations of[ABD], we

need to rescale the components of the metric as,

gAB = r−1ηAB, g[ab][cd] = r−1η[ab][cd] (4.32)

We can see from (4.31) that whenr → 0, the 16 fermionic isometries become abelian.

In this limit the SU(1,1|2)2

SO(2,1)×SO(3)
coset splits into a bosonic cosetHr

r′ that parametrizes

AdS3, a bosonic coset̃Hj
j′ that parametrizesS3 and 4 fermionic matricesθrjI andθjrI

(for I = 1, 2). Herer, r′ = 1, 2 and j, j′ = 1, 2. r′ labels a spinor representation

of SO(2, 1) and j′ labels a spinor representation ofSO(3). We also defineǫr
′s′, an

SU(1, 1) invariant tensor which will be used to raise and lowerr′ indices andǫj
′k′

, an

SU(2) invariant tensor which will be used to raise and lowerj′ indices. Under the 16

global fermionic isometries,

δθrjI = αrjI, δθjrI = αjrI , Hr
r′ = 0, δH̃j

j′ = 0 (4.33)

αrjI andαjrI are constant Grassmann parameters.

Analogous to the calculations for deriving the flat space limit shown in (4.25) we see

that in the zero radius limit, the bosonic parts of the metricgCD andg[CD][EF ] blow up.

Hence, we write kinetic term for the bosons in first order formusing the corresponding

auxiliary fields as,

S =
1

2Λ

∫
d2zr−1

[
η[CD][EF ](J

[CD] −A[CD])(J
[EF ] −A[EF ]

) + ηCDJ
CJ

D]

=
1

Λ

∫
d2z

[
(J [CD] −A[CD])P [CD] + (J

[CD] −A[CD]
)P[CD] + JCPC + J

C
PC

+ 2r(η[CD][EF ]P[CD]P [EF ] + ηCDPCPD)
]

(4.34)

where(P [CD], P
[CD]

, PC, P
D
) are auxiliary fields. On substituting the above expression

in the AdS3× S3 action (4.20) and taking ther → 0 limit we get,

S =
1

Λ

∫
d2z

[
(J [CD]−A[CD])P [CD] +(J

[CD]−A[CD]
)P[CD] +J

CPC +J
C
PC (4.35)
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+
1

4
η

αbβ
δIJ(J

bβIJ
αJ

+J
bβI
JαJ)+B +wI

α(∂λ+
1

2
A[ab]

γ[ab]λ)α
I +ŵI

bα(∂λ̂+
1

2
A[ab]γ[ab]λ̂)bα

I

]

whereB is the Wess-Zumino term defined in (4.25). As shown in Berkovits (2007),

since
∫
d2zB = 1

4
rη

αbβ
δIJ

∫
d2z

∫
dσ3(γcαβJ

c ∧ JαI ∧ JβJ − γ
cbαbβ
Jc ∧ J bαI ∧ J bβJ), we

can eliminate it by shiftingPC andPC .

Whenr → 0, the bosonic currentsJC andJ [CD] simplify to,

Jc = (H−1∂H)s′

r′(T
c)r′

s′ , J [cd] = (H−1∂H)s′

r′(T
[cd])r′

s′

Jc′ = (H̃−1∂H̃)k′

j′ (T̃
c′)j′

k′, J [c′d′] = (H̃−1∂H̃)k′

j′ (T̃
[c′d′])j′

k′

(4.36)

whereT 0c andT cd are the generators of theSU(1, 1) × SU(1, 1) algebra and̃T 0c and

T̃ cd are the generators of theSU(2) × SU(2) algebra. They are defined using two sets

of 2 × 2 Pauli matrices,σc andσ̃,

T 0 = σ1 + σ̃1, T 1 = σ2 − σ̃2, T 2 = σ3 + σ̃3 (4.37)

T [01] = σ3 − σ̃3, T [12] = σ1 − σ̃1, T [21] = σ2 + σ̃2

and,

T̃ 3 = i(σ1 + σ̃1), T̃ 4 = i(σ2 − σ̃2), T̃ 5 = i(σ3 + σ̃3) (4.38)

T̃ [34] = σ3 − σ̃3, T̃ [45] = σ1 − σ̃1, T̃ [53] = σ2 − σ̃2

Next, we express theSO(5, 1) spinors in terms ofSO(2, 1) × SO(3) spinors -

Jα
I = Jr′j′

I , Ĵ bα
I = Ĵr′j′

I

Jr′j′

I = (H−1)r
r′(H̃

−1)j
j′∂θ

rj
I + ǫr

′s′ǫj
′k′

Hr
s′H̃

j
k′∂θjrI (4.39)

Ĵr′j′

I = (H−1)r
r′(H̃

−1)j
j′∂θ

rj
I − ǫr

′s′ǫj
′k′

Hr
s′H̃

j
k′∂θjrI

With the above redefinitions, the action (4.35) simplifies to,

S =
1

Λ

∫
d2z

[
(J [CD]−A[CD])P [CD] +(J

[CD]−A[CD]
)P[CD] +J

CPC +J
C
PC (4.40)

∂θ
I

jr∂θ
rjI + wI

α(∂λ+
1

2
A[ab]

γ[ab]λ)α
I + ŵI

bα(∂λ̂ +
1

2
A[ab]γ[ab]λ̂)bα

I

]
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Twistor-like Variables

In this section we will use the results of the previous section along with the definition

of twistor-like variables to obtain a simple quadratic action for the zero radius limit. We

first express the Pure Spinors in terms ofSO(2, 1) × SO(3) spinors -λα
I = λr′j′

I and

λ̂bα
I = λ̂r′j′

I . Now, we define the variablesZrj
I andZ

I

jr as,

Zrj
I = Hr

r′H̃
j
j′λ

r′j′

I , Z
I

jr = (H−1)r′

r (H̃−1)j′

j λ̂
I
r′j′ (4.41)

These variables are twistor-like because they transform covariantly under the global

(SU(1, 1) × SU(2))2 isometries and since they are constructed out of the Pure Spinors

and the sixx’s parametrized byH andH̃ cosets. We can similarly define conjugate

twistor variables,

Y I
jr = (H−1)r′

r (H̃−1)j′

j w
I
j′r′ , Y

rj

I = Hr
r′H̃

j
j′ŵ

r′j′

I (4.42)

wherewI
j′r′ and ŵr′j′

I are the conjugate Pure Spinors inSO(2, 1) × SO(3) notation.

Now, we define the “kinetic” term for the twistor-like variables,

Y I
jr∂Z

jr
I = wI

α∂λ
α
I + (H−1∂H)r′

s′w
I
j′r′λ

s′j′

I + (H̃−1∂H̃)j′

k′w
I
j′r′λ

r′k′

I (4.43)

Using the simplified bosonic currents defined in (4.36) we write,

wI
α∂λ

α
I = Y I

jr∂Z
jr
I − (wITCλI)J

C − 1

2
(wIT[CD]λI)J

[CD]
(4.44)

where,

(wITcλI) = wI
j′r′(Tc)

r′

s′λ
s′j′

I , (wIT[cd]λI) = wI
j′r′(T[cd)

r′

s′λ
s′j′

I

(wITc′λI) = wI
j′r′(Tc′)

j′

k′λ
r′k′

I , (wIT[c′d′]λI) = wI
j′r′(T[c′d′)

j′

k′λ
r′k′

I

Similarly we write,

ŵI
bα∂λ̂

bα
I = Y

I

jr∂Z
jr

I − (ŵITC λ̂I)J
C − 1

2
(ŵIT[CD]λ̂I)J

[CD] (4.45)
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We now define the shifted auxiliary variables as,

P ′C = PC − (wITCλI), P
′C

= PC − (ŵITC λ̂I) (4.46)

P ′CD = PCD − 1

2
(wIT [CD]λI), P

′CD
= PCD − 1

2
(ŵIT [CD]λ̂I)

Using the above definition we can rewrite the action of (4.40)as,

S =
1

Λ

∫
d2z

[
(J [CD]−A[CD])P

′

[CD] +(J
[CD]−A[CD]

)P ′
[CD] +J

CP
′

C +J
C
P ′

C (4.47)

∂θ
I

jr∂θ
rjI + Y I

jr∂Z
rj
I + Y

rj

I ∂Z
I

jr

]

From the shifted auxiliary variables (4.46) and the Pure Spinor gauge transforma-

tions of (4.15) we can see that,

δP ′
C = ΛCǫ

IJǫr′s′ǫj′k′λr′j′

I λs′k′

J = ǫIJΛC(λIγ
012λJ) (4.48)

δP ′
C = ΛCǫIJǫ

r′s′ǫj
′k′

λ̂I
r′j′λ̂

J
s′k′ = ǫIJ Λ̂C(λ̂Iγ012λ̂J)

where we used the definition ofγ012 = η
αbβ

as shown in section 4.2.1. We can use this

gauge invariance to fixP ′C = P
′C

= 0. The auxiliary equations forA[CD] andA[CD]

can be used to show thatP ′
[CD] andP

′

[CD] = 0. The final action in the zero radius limit

in the quadratic form is given by,

S =
1

Λ

∫
d2z

[
∂θ

I

jr∂θ
rjI + Y I

jr∂Z
rj
I + Y

rj

I ∂Z
I

jr

]
(4.49)

An interesting observation at this point is that, the above action contains 8 left moving

and 8 right moving unconstrained bosonic spinors as opposedto the six space-time and

10 Pure Spinors. This corresponds to a removal of the Pure Spinor constraints. To see

why this is so, we have to note that the zero radius limit corresponds to,TC
αβ = 0. The

unintegrated BRST operator is given by,Q = λα
ID

I
α with,

Q2 = λα
I λ

β
J{DI

α, D
J
β} = λα

I λ
β
Jǫ

IJTC
αβPC (4.50)

WhenTC
αβ = γC

αβ, the Pure Spinor condition is required for the nilpotence ofthe BRST
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operator, while in the zero radius limit, the nilpotence does not require this constraint.

N=(2,2) Topological A-Model

It was shown for theAdS5 × S5 case in Berkovits (2007) that the action (4.49) has

the structure of a twistedN = (2, 2) supersymmetry and can be interpreted as a topo-

logical A-model. We can define a similar A-model ind = 2, N = (2, 2) superspace

by combining the component fields in the zero radius action into chiral and antichiral

superfields,

Θrj
I = θrj

I + κ+Z
rj
I + κ−Y

rj

I + κ+κ−f
rj
I (4.51)

Θ
I

jr = θ
I

jr + κ+Y
I
jr + κ−Z

I

jr + κ+κ−f
I

jr

where,(κ+, κ+) and (κ−, κ−) are the left and right moving N=(2,2) Grassmann pa-

rameters and(f rj
I , f

I

jr) are auxiliary fields. The action (4.49) in terms of the above

superfields and Grassmann parameters is,

S =
1

Λ

∫
d2z

∫
d4κ Θ

I

jrΘ
rj
I (4.52)

In addition to the global(SU(1, 1)× SU(2))2 isometries, the above action has an extra

U(1) symmetry. These symmetries act on the superfields as,

δΘrj
I = iΛr

s Θsj
I + iΘrk

I Ωj
k + iΣ Θrj

I , δΘ
I

jr = −Θ
I

js Λs
r − iΩk

j Θ
I

kr − iΣ Θ
I

jr (4.53)

Λr
s parametrizes the globalSU(1, 1)2, Ωj

k parametrizes the globalSU(2)2 andΣ parametrizes

theU(1) isometries. The fermionic identities of (4.33) lead to the following transfor-

mations for the superfields,

δΘrj
I = αrj

I , δΘ
I

jr = αI
jr (4.54)
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CHAPTER 5

Summary and Conclusion

In this thesis, we gave an explicit derivation of the metricsfrom their corresponding

coset spaces using the Maurer-Cartan one-form which gave ussome geometrical insight

into the Wess-Zumino sigma model. We have also applied the Pure Spinor formalism

to type IIB superstrings propagating in anAdS3 × S3 background by building on the

work of Berkovits (2000) and Grassi and Wyllard (2005). Thisbackground was found

to be interesting because the presence of the extra index labelling the two different

kind of Weyl spinors gave a Pure Spinor constraint that was quite different from the

one ind = 10. In the zero radius limit, we transformed the bosonic part ofthe coset

and the Pure Spinors to twistor-like variables and saw that the action reduces to a simple

quadratic form in these variables. Furthermore, we saw thatthis action has the form of a

topological A-model and we constructed the explicit actioninN = (2, 2) by combining

the spinors and twistor-like variables into chiral and anti-chiral superfields.

The above construction was based on the work of Berkovits (2007). This paper

was followed by two others (Berkovits (2009), and Berkovits(2010)). In the first, a

topological version of theAdS5 × S5 action with the same worldsheet variables and

BRST operator as before was constructed by gauge-fixing a G/Gprincipal chiral model

whereG = PSU(2, 2|4), the global isometry of theAdS5 × S5 superstring. The next

step would be to construct the non-linear topological A-model which in a particular

limit would give the above linear model. We would then have totest the one-loop

conformal invariance of this model. We would also like to seeif the open string sector

of this A-model describes a SYM in a way similar to that in theAdS5×S5 background.

It is very likely that this is the case and this should help us understand the quantization

of this model in the Pure Spinor formalism better.



APPENDIX A

d = 6 Dirac Matrices

We first define the2 × 2 Pauli matrices,

σ1 =



 0 1

1 0



 σ2 =



 0 −i
i 0



 σ3 =



 1 0

0 −1



 (A.1)

Thed = 6 Gamma matrices in the Dirac representation are defined as,

Γ̃1 = iσ1 ⊗ σ3 ⊗ σ3, Γ̃2 = σ2 ⊗ σ3 ⊗ σ3, Γ̃3 = 12 ⊗ σ1 ⊗ σ3

Γ̃4 = 12 ⊗ σ2 ⊗ σ3, Γ̃5 = 14 ⊗ σ1, Γ̃6 = 14 ⊗ σ2
(A.2)

where1n is then×n identity matrix. They satisfy the six dimensional Cliffordalgebra,

{Γ̃µ, Γ̃ν} = 2ηµν
18 (A.3)

We then define,

Γ̃7 = Γ̃1Γ̃2Γ̃3Γ̃4Γ̃5Γ̃6 (A.4)

The charge conjugation matrix is given by,

C̃ = σ2 ⊗ σ1 ⊗ σ2 (A.5)

C̃ andΓ̃7 satisfies the properties,

C̃−1Γ̃µC̃ = −(Γ̃µ)T (A.6)

C̃−1(Γ̃7Γ̃µΓ̃ν)C̃ = −(Γ̃7Γ̃νΓ̃µ)T (A.7)

We define the projectors for the Weyl basis,

P+ =
1

2
(18 + Γ̃7); P− =

1

2
(18 − Γ̃7) (A.8)



which satisfy,

P 2
+ =P+, P 2

− = P− (A.9)

P+P− = 0 (A.10)

Now, we define the matrix,

S =




1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1




(A.11)

which transforms thẽΓ and chorge conjugation matrices into the Weyl representation,

Γ7 = SΓ̃7S =



 14 0

0 −14



 ; C = SC̃7S =



 0 ηαβ̂

ηβ̂α 0‘



 (A.12)

where,

ηαβ̂ =




0 0 0 −1

0 0 −1 0

0 1 0 0

1 0 0 0




(A.13)

The antisymmetric “Pauli” matrices are defined as,

γ0 = −σ3 ⊗ σ2, γ1 = 12 ⊗ σ2, γ2 = σ2 ⊗ 12 (A.14)

γ3 = −σ2 ⊗ σ3, γ4 = iσ1 ⊗ σ2, γ5 = σ2 ⊗ σ1
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such that,

ΓµC =


γ

µ 0

0 γµ


 , µ = 0, 1, 2, 3, 5

Γ4C =



γ
4 0

0 −γ4



 ,

(A.15)
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