A perturbative study of the Leigh-Strassler
deformations of N/ = 4 supersymmetric

Yang-Mills theory

A THESIS

submatted by

MADHU K.
for the award of the degree
of

DOCTOR OF PHILOSOPHY

DEPARTMENT OF PHYSICS
INDIAN INSTITUTE OF TECHNOLOGY, MADRAS.

July 2007



THESIS CERTIFICATE

This is to certify that the thesis titled A perturbative study of the Leigh-
Strassler deformations of N/ = 4 supersymmetric Yang-Mills theory,
submitted by Madhu K. to the Indian Institute of Technology Madras for the
award of the degree of Doctor of Philosophy, is a bona fide record of the research
work done by him under our supervision. The contents of this thesis, in full or in
part, have not been submitted to any other Institute or University for the award

of any degree or diploma.

Suresh Govindarajan
Research Guide

Associate Professor
Department of Physics
IIT Madras

V. Balakrishnan
Research Guide

Professor Emeritus
Department of Physics
IIT Madras

Place: Chennai

Date:



ACKNOWLEDGEMENTS

I thank my advisor Dr. Suresh Govindarajan for his guidance that has made this
thesis possible. Suresh devoted lot of his time from his busy schedule for the
thesis and the research work that lead to it. I am him indebted to him for actively
writing and rewriting the manuscripts and condoning the sloppiness in my work.
I thank my co-advisor Prof.V.Balakrishnan for his support and interest he showed
in my work and the lectures that he offered during my course work. I am grateful
to Dr. Prasanta Tripathy and Prof. Lakshmi Bala for reading the manuscripts
and suggesting improvements. I am grateful to Prof. Neelima Gupte for promptly
aiding the submission of Synopsis. I have obtained innumerable helps from the
past and present students in Physics department at II'T Madras, especially in

Theoretical Physics.

I had very helpful discussions with Dr.Justin David during my visit at HRI and
even further during the calculations. I thank him for reading the manuscript of the
paper and giving valuable suggestions. I am thankful to Dr. Rajesh Gopakumar
for helping me with a visit and for many useful discussions I had with him during
the visit. I had benefited from many interactions with Dr. Dilip Jatkar, Prof.
Ashoke Sen, Dr. Ravindran and Dr. Yogendran. Thanks are due to the students
of HRI especially Arjun, Ayan and Priyotosh for many favors I have received from

them. I would like to thank HRI, Allahabad for their hospitality during the visit.

I have immensely benefited from my friends at IMSc Swarnendu, Rajesh, Alok
Laddha and especially Bobby, through numerous discussions and sharing of printed
material. The journal club at IMSc has helped me by giving a good overview of
String theory. I would like to thank String theory faculty at IMSc, especially
Prof. T. Jayaraman and Prof. B.Sathiapalan for their courses in String theory

and many helpful suggestions.

I am fortunate to have the unwavering support of my wife Veena, despite all



her difficulties. I thank Veena and our parents for always coming to help and for

their patience.

I acknowledge the support of CSIR SRF (F.No0.9/84(327)/2001-EMR-I) during

the course of the work.

i



ABSTRACT

KEYWORDS: Supersymmetric gauge theories, Leigh-Strassler deformation,
Chiral primary operators, A(27)

We study the Leigh-Strassler marginal deformation of N' = 4 supersymmetric
Yang-Mills to obtain the chiral primary operators of the theory. Using a planar
one-loop calculation of anomalous dimensions of candidate composite operators we
are able to obtain chiral primary operators upto dimension six, at planar level. We
classify the chiral primaries as representations of the finite group, trihedral A(27).
By studying the anomalous dimensions, we point out that A(27) symmetry is
essential for the conformal invariance of the theory to hold to higher orders in the
quantum theory. At three-loop, we exhibit that there exist field redefinitions that
preserve conformal invariance. Through a computation of two loop effective action
we also point out the possibility that the same field redefinitions may preserve

holomorphicity of the theory.
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CHAPTER 1

Introduction

Supersymmetry has been one of the important guiding lights in the exploration
of physics beyond the Standard Model that will be probed at the Large Hadron
Collider[1]. Supersymmetry (in its simplest description) associates a fermionic
field to every bosonic field in the theory. This had made it a subject of study
because this property was found to be sufficient to provide a better perturbative
behavior for the quantum theory due to the cancellation of quadratic and higher
divergences between diagrams related by supersymmetry. For instance, in the
case of Standard Model, the quadratic divergence found in the one-loop correction
to the mass of the Higgs scalar is cancelled after supersymmetrizing the theory
by adding a corresponding contribution from a fermionic loop[2]. Further, super-
symmetry is an essential ingredient in the context of string theory. String theory
provides a sensible theory of quantum gravity and supersymmetry is essential to
make sure that there is a stable vacuum for the theory. Supersymmetry removes
the tachyonic modes that exist in bosonic string theory. Hence the effective field

theories one obtains from superstring theories are naturally supersymmetric.

Supersymmetric theories exhibit a rich structure of perturbative and non-
perturbative behavior. The superpotential of the theory has a holomorphic de-
pendence on the vacuum expectation values of chiral fields and the infrared cou-
plings. This holomorphicity causes restrictions on the possible form of quantum
corrections. For instance, it constrains the effective superpotential to remain holo-

morphic.

The AdS/CFT duality conjecture[3, 4] has brought further interest in super-
symmetric gauge theories. The duality provides a concrete realization of a long
anticipated[5] equivalence between string theory and gauge theory. The AdS/CFT
duality proposes an equivalence between type IIB string theory on AdSs x S and
N =4 SU(N) Super Yang-Mills (SYM) theory in flat space. According to the



AdS/CFT correspondence, the perturbative expansions of amplitudes of gauge
invariant operators in A" = 4 SYM theory have an equivalent description in terms
of the amplitudes of superstrings on AdSs x S°. The N’ =4 SYM theory is a con-
formal invariant theory. The masses of string modes are identified with the scaling
dimensions of operators in the gauge theory. However, the identification of pa-
rameters tells us that the string theory at weak coupling is equivalent to the gauge
theory at strong coupling. String theory, at low energies (weak coupling), reduces
to supergravity. It is simpler to find out the gauge theory operators corresponding

to the supergravity modes.

Our focus while studying the supersymmetric gauge theories will be on oper-
ators that are dual to certain supergravity states mentioned above. They turn
out to be certain gauge invariant scalar composite operators which are the %-BPS
states in the gauge theory. These operators, in general, are the chiral primary
states of the CF'T. These operators have the property that their scaling dimen-
sions are completely determined by their R-charges. Hence their dimensions do
not get corrected in the quantum theory. This makes them good states to study at
strong coupling. The R-symmetry of A" =4 SYM theory is SU(4) and the states
of the superconformal algebra are also labelled by these R-symmetry. Particularly,
for the %-BPS states, the R-symmetry labels determine the state completely in

the zero-angular momentum sector.

The correspondence has been extended to more general gauge theories with
less supersymmetry|[6, 7, 8]. This is important since fewer supersymmetries imply
fewer restrictions and thus leading to more realistic theories. The Leigh-Strassler
(LS) deformation of the A = 4 SYM theory is an example of a N' = 1 super-
symmetric theory[9]. These are three-parameter deformations of the N/ =4 SYM
theory which preserve conformal invariance. The deformed theory is a N = 1
supersymmetric theory and a relation between the four coupling constants ensure
the conformal invariance of the theory. A special case of the LS theory, called the
[-deformation has been better studied [10, 11, 12, 13, 14, 15, 16, 17, 19]. The su-
pergravity dual of this theory has been constructed by Lunin and Maldacena[20)].

This gravity dual is a string theory on a manifold which is a direct product of



AdS5 and a deformed S°. The chiral primaries of the theory has also been well
studied and classified by Freedman and Giirsoy at large N [10]. However the
general LS deformation is relatively less studied. There has been no satisfactory
understanding of the supergravity dual of this theory[21, 22]. Our study focuses
entirely on the gauge theoretic aspects of LS theory. We obtain single trace %-BPS

operators of the LS theory by explicitly computing the anomalous dimensions.

For theories with A/ = 1 supersymmetry such as the LS theory, the R-symmetry
group is U(1). This is not as powerful as the SU(4) that occurs in N' =1 SYM
theory. By considering flavor symmetries as well, one finds that the LS theory has
a discrete symmetry given by the trihedral group, A(27). A(27) is a non-Abelian
discrete group (Zg r X Zg) X Cz. Its non-Abelian character provides us with a

refinement over the classification of chiral primary states in the LS theory.

We study the perturbative characteristics of the theory to understand (i) the
conformal invariance properties (ii) to find whether A(27) is preserved in the
quantum theory. We use known results to work out the three-loop anomalous
dimensions of the chiral superfields. Further we compute the two-loop effective
superpotential to check whether A(27) group is preserved to this order. We find
that the three-loop anomalous dimension does vanish, up to certain coupling con-
stant redefinitions, preserving the conformal invariance of the theory. Interestingly,
we also find that a similar coupling constant redefinitions also remove the two-
loop corrections to the superpotential. Hence the A(27) invariance of the theory

appears to be preserved quantum mechanically as well.

We then look for chiral primary states in the LS theory. We first classify all
the gauge-invariant single-trace operators into representations of A(27). There is
an interesting relationship between the R-charge of the operators and the possible
representations of A(27) to which they can belong to. Since the chiral primary
states have their scaling dimensions protected from loop corrections, we look for
operators that have vanishing anomalous dimensions. We construct potential chi-
ral primaries up to dimension six, at large N. We find that the one-loop anomalous
dimension vanishes only for operators in some representations of A(27). This leads

us to conjecture that this result holds for all dimensions.



The thesis is organized as follows. Chapter 2 provides a description of four-
dimensional supersymmetric gauge theories. We provide a detailed description of
the multiplets of A/ = 1 supersymmetry and the corresponding supersymmetric
actions. We then discuss how theories with A/ = 2, 4 supersymmetry can be
understood in terms of N' = 1 supersymmetry. We move on to consider quantum
effects in these theories and discuss how holomorphy and other symmetries impose
constraints on quantum corrections. We conclude the chapter with a derivation
of the NSVZ (-function by studying scaling anomalies. Chapter 3 focuses on the
LS deformations of N’ = 4 SYM theory. We first provide a detailed description of
the D = 4 superconformal algebra and define primary states of this algebra. We
then show how unitarity and the superconformal algebra imply that for a special
sub-class of primary states, the chiral primary states, the scaling dimension is
determined by their R-charge. We then provide details of the LS theory and also
discuss the symmetries of the LS theory. We point out the appearance of double-
trace terms in the component Lagrangian of the theory. Chapters 4 and 5 form
the main results of the thesis. In Chapter 4, we discuss quantum aspects of the LS
theory. We argue that the trihedral symmetry remains a symmetry of the quantum
theory. Further evidence is provided by verifying that the quantum theory is
compatible with the predictions of A(27). In chapter 5, we first classify single-trace
gauge-invariant operators into representations of the trihedral group and then
systematically compute the (matrix of) anomalous dimensions of these operators.
We find that for operators up to dimension six, the one-loop anomalous dimension
(at large N) vanishes only for operators in some representations of the trihedral
group. We conjecture that this result is true in general. The thesis concludes in
chapter 6 where we present a summary of our results. Several appendices have

been used to provide technical details associated with the thesis.



CHAPTER 2

Supersymmetric Gauge Theories

This chapter gives an introduction to the supersymmetric field theories with a fo-
cus on supersymmetric gauge theories. The N' = 1 supersymmetric gauge theories
are introduced and we describe some of their important features including the role
played by holomorphy and symmetries. Many important non-renormalization the-
orems in supersymmetric gauge theories are due to these symmetries. Keeping in
mind the forthcoming discussion on the perturbative properties in later chapters,
especially chapter 4, we review an important result on the scaling anomalies. We

also briefly introduce theories with N' = 2 and N/ = 4 supersymmetry.

2.1 N =1 supersymmetric theories

We will briefly review the N' = 1 supersymmetric theories, their symmetries and
other properties and their consequences. The simplest possible supersymmetric
Lagrangian, called the Wess-Zumino(WZ) model[2] has the following field con-
tent: a bosonic field ¢, its fermionic partner ¢ and an auxiliary field F. We
will follow the notation of [23] throughout the thesis (also see Appendix A). The

supersymmetry transformations act on these fields as follows

5¢ = €a¢a )
6¢a = ’iffﬁd_d ,u¢+£aF>
§F = —ig el & . (2.1)

In terms of these fields the Lagrangian for the WZ model looks like

Lz = 0"$0,¢ — ith5"d,1) + FF + interaction terms. (2.2)



There is an automorphism for the supersymmetry algebra, usually referred to
as R-symmetry. For the A/ = 1 supersymmetry algebra the R-symmetry group
is U(1). A convenient way to represent a supersymmetric theory is by using a
superfield. The superfield, expressed as a function of anti-commuting Grassmann
variables (% and %), contains the bosonic and fermionic fields as its components

as given below.

F(z,0,0) = é(x) +0n(z) + 0x(x) + 0*°m(z) + °n(z) + 0o"0v,
+ 0%0N(x) + 0?00 (z) + 020%d(x) . (2.3)

In general, a superfield provides a reducible representation of the supersymmetry
algebra. An irreducible representation is obtained by imposing further constraints.
In this thesis, we will encounter two such irreducible representations — the chiral
superfield and the vector superfield. We first consider a chiral superfield and show

how the WZ model is obtained from it.

2.1.1 Chiral Superfields
A chiral superfield is defined [24, 25] by the chirality constraint
Dy® =0, (2.4)

where D, = ao% + geaagdau is the differential operator generating translations in
the superspace with coordinates (x#,6%,0%). This condition constrains the chiral

superfield to have the form

D = o(y) +0U(y) +00F (y) , (2.5)

where y# = 2t + i0°G" 0% satisfies Dsy = 0. In superfields, the Lagrangian for

the WZ model with an interaction term can be written down as follows:

Lyz = /d49 PP +/d29 W(®) + /d2§ W(®) . (2.6)



Here ®® is the kinetic term and W (®), the superpotential, is a holomorphic func-
tion of ®. This property of holomorphy is significant in determining the quantum
effective Lagrangian. Further, renormalizability requires that W (®) be at most

cubic in the chiral superfield.

2.1.2 Vector superfields and N = 1 gauge theories

In contrast with chiral superfield, the vector superfield obeys the reality constraint:
V=V, (2.7)

where V = V,T% where T is the generator of the Lie Algebra of some Lie group!.

This leads to the following form for a vector superfield:

V = C(x) +ifx(z) —i0x(z) +i0*m(x) — i0*m(zx) — 00"0A, () + V2i0*0(\(z)

Loy, 2 La“ (2 202(D(x 1 x
330 Onx(@)) V26?00 + 237 (@) +0°6°(D(x) — 70C(x)) - (2.8)

+

The component field A, transforms as a space-time vector. If we require A, to be

a gauge field we must have the vector superfield transform as
) (2.9)

where the gauge parameter A = A%T, is a chiral superfield. Clearly, a gauge
transformation parametrized by a chiral superfield has a much bigger set of gauge
transformations than in the non-supersymmetric theory. This freedom is used
to obtain a simpler form of the vector superfield by going to a specific gauge
called the Wess-Zumino gauge. This partial gauge fixing is algebraic in nature
and does not involve non-trivial Jacobians. In the WZ gauge, the components
C, x,m are set to zero. We break manifest supersymmetry by choosing the WZ

gauge, supersymmetry is preserved upto gauge-transformations. In the WZ gauge,

!Typically, we chose the generators to be in the fundamental representation of the group
when we write out the kinetic term for the gauge field.



a vector superfield has an expansion
V = —00"0A,(x) + V2i0*0\(x) — V2i0*0\(z) + 6°6>D(x) , (2.10)

where D(x) is an auxiliary field that is usually eliminated by using its equations
of motion. We can define the supersymmetric gauge field strength in the form a

chiral superfield
Wa = D*(e7V(Dye")) . (2.11)

This is easily seen to be invariant under gauge transformations given in Eqn. (2.9).

To have a gauge theory with chiral superfields coupled to a vector superfield
one must ensure the gauge invariance of all the terms. Consider chiral superfields,

® = 9T, that transform under gauge transformations as
d— e NP . (2.12)

It is easy to check that the kinetic term will have to be modified to ®e¥® in order
to preserve gauge invariance. Here we choose generators of the Lie Algebra T, to

be in the representation (possibly reducible) to which ® belongs.

Before we write down the Lagrangian for a supersymmetric gauge theory, we
observe that the action of the theory may be invariant under R-symmetry. All
the fields of the theory are charged under the R-symmetry group. The symmetry

group acts on the fields as follows

R : ®(0,2) — ™ &e 0, 7) ,

O, 1) — e (e, x) . (2.13)

where n is the R-charge of the superfield. The Lagrangian for a supersymmetric

gauge theory is

L= / d' Tr<cI>eV<1>) + / 20 [Trp<16%W0‘Wa> + W () +h.c.] . (2.14)



where 7 = 3—7; — i% is the complezified gauge coupling that is natural to super-

symmetric gauge theories. By integrating over the Grassmann variables, we can
obtain the Lagrangian in terms of the component fields. The D and F' fields do
not have a kinetic term. Collecting the bosonic terms involving these auxiliary

fields, we get

RN N |G g
‘/bos__Q—QQD _¢D¢_FF_6—¢F_6—QEF (215)

Varying Vis with respect to D and F' and eliminating them using the resulting

equations we can write

oW o

_ o ow
Vios = 2(¢Ta¢>) + 90 05 (2.16)

2.2 Extended Supersymmetries

Theories with extended supersymmetries are special cases of the N/ = 1 super-
symmetry that we have reviewed. Due to the larger amount of symmetry present
they are more amenable in understanding important properties of supersymmetric
theories. We will briefly introduce N/ = 2 and N = 4 supersymmetric Yang-Mills

theories and review certain interesting properties.

2.2.1 N =2 Supersymmetric Yang-Mills Theory

The field content of N' = 2 supersymmetric theories are of two kinds: (i) the vec-
tor multiplet and (ii) the hypermultiplet. A nice way to understand the various
multiplets is to make use of R-symmetry in combination with A/ = 1 supersym-
metry. The R-symmetry for AV = 2 supersymmetry is U(2) but we will pick out
a Zsy subgroup generated by the transformation Q; — —Qs, Qs — Q4 on the two
supercharges. This information can be used to obtain the A/ = 2 multiplets and

write down their Lagrangian.

We will start from a AN/ = 1 vector superfield and a chiral superfield in the



adjoint representation. The discrete R-symmetry acting on the the chiral fermion

1 relates it to the the gaugino \ as
P — A and A — —1. (2.17)

This implies that the chiral fermions must be in the adjoint representation of the
gauge group (as chosen by us). The N = 2 vector multiplet thus includes the
gauge boson, two spinors in the doublet of the SU(2)r and two spinless boson
transforming as singlets of SU(2)g. The action for an N' = 2 gauge theory, in

terms of the familiar N/ = 1 component fields has the form

1 - _ ]
L= m(- SFu " =i 200" DA — i 0¥ Dyt) + D'6D,0

- %2[60, Ol[6, @] +iV2g P[g, A +iv2g Y[, A]) , (2.18)

where we have eliminated all the auxiliary fields. The fields in the vector multiplet

transform in the adjoint representation of the gauge group.

Hypermultiplets provide an interesting twist to the story. The action for mas-
sive hypermultiplets realizes the centrally extended supersymmetry algebra rather
than the unextended one[26, 27]. Naively, a hypermultiplet decomposes in to two
N =1 chiral multiplets?. A hypermultiplet contains a spin—% fermion in the sin-
glet of SU(2)g and two complex bosons in the doublet of SU(2)g - (¢';,%). The
fermions of the two multiplets combine to form a Dirac spinor. The Lagrangian
for the hypermultiplet with interaction terms involving gauge multiplet have the

form

L ~ D"¢'.D,¢,+ fifi —ip*a" Dap® + i/ Aip®
_ ~ o 1.
—i) N, — Pl gt — PPy — §¢/i¢¢¢,i (2.19)
B 1 L B B B
+¢'. D¢ + +i§m(fi¢,i — f[i¢)y) VYT + md! (0 + 0)d;

We have denoted the scalars in the doublet of SU(2) as ¢/,. Here the the index

2A somewhat more precise statement is that a hypermultiplet breaks up into a chiral and
anti-chiral multiplet. This captures the R-charge assignments correctly.

10



i = 1,2 is the SU(2)g index and a = 1,2 run over the components of the Dirac

spinor.

2.2.2 The N =4 Super Yang-Mills Theory

The field theory with maximum possible supersymmetry and consisting of fields
with spin/helicity < 1 in flat space is the N/ = 4 supersymmetric Yang-Mills
Theory. N = 4 supersymmetry is highly restrictive and it has only one kind of
multiplet — the vector multiplet. The N' = 4 vector multiplet decomposes into
three NV = 1 adjoint chiral multiplets apart from the N' = 1 vector multiplet.
The N = 4 algebra has a SU(4) R-symmetry. The chiral superfields transform
in the triplet representation of the SU(3) C SU(4)g. Moreover, this theory has a
vanishing §-function for the gauge coupling and hence is a conformal field theory
28, 29, 30, 31, 32, 33, 34]. Being a conformal theory N/ = 4 SYM has the
states of the theory in representations of the N' = 4 superconformal algebra.
Further, the AdS/CFT conjecture relating string theories and gauge theories was
first formulated in the context of N'=4 SYM[3].

We can write down the Lagrangian for the N’ = 4 theory in terms of N’ =1
superfields.

L = / 420429 Tr(e‘gVCI)iequ)i> n [4%/2 / 420 Tr(WO‘Wa>

+ ig/d29 Tr<<I>1<I>2(I>3 - <1>1<1>3<1>2) +he. ] . (2.20)

So it is a theory with only one coupling constant, the complexified gauge coupling

constant. The superpotential is also determined by supersymmetry.

2.3 Holomorphy and Quantum corrections

It is of interest to briefly survey the quantum properties of the supersymmetric
theories. Supersymmetry primarily helps moderate the divergences arising in the

loop expansion. Particularly, the quadratic and higher divergences that can occur

11



at loop level are absent. This is ensured by the cancellation of such divergences
between bosonic and fermionic loops. An example of such a cancellation can be
seen in the WZ model. The WZ model with a ®3 superpotential, written in terms
of components will have a |¢|* interaction and a Yukawa interaction 1)¢e. The
one-loop scalar propagator correction will have contributions from the diagrams

involving these two interactions given in Figure 2.1. The scalar propagators are

Figure 2.1: The bosonic and fermionic contributions

denoted by unbroken lines and the dotted lines represent fermion propagators.
The quadratic divergences of these two diagrams are seen to cancel each other
contributing a net logarithmic divergence to the one-loop propagator[2]. Thus the

only UV divergences that appear in supersymmetric theories are logarithmic.

In supersymmetric theories coupling constants can be treated as background
fields. This fact is crucial in understanding the symmetries of the theory and the
non-renormalization theorems that follow due to these symmetries[35, 36]. We
have already mentioned that the superpotential of the theory is holomorphic in
the superfields. If coupling constants are thought of as background fields, then
coupling constants must be treated on par with the fields. This leads to an exten-
sion of holomorphy of the theory to include the coupling constants. Examples of
such couplings are those that arise in the superpotential as well as the complexified
gauge coupling constants. This holomorphicity of the effective action is manifest,
in general, only in the Wilsonian effective action. If there are massless modes in
the theory, the one particle irreducible (1PI) effective action will be different from
Wilsonian action. In particular, the 1PI effective superpotential need not exhibit

holomorphy in the coupling constants[37].

Further, the symmetries of the theory has strong implications on the form of

the effective superpotential. We will explain these in the context of WZ model
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with a superpotential(following the discussion in [35, 36))

W(®) = %@2 + gcbf‘ .
The superpotential is a function only of the chiral superfield and hence the action
involves Grassmann integration done only over the variables 6*. Since the R-
charge of this variable 6 is (—1), the R-charge for the measure of # integration is
—2. Hence the R-charge of the superpotential has to be 2 for the action to be
R-invariant. When h = 0 and m # 0 there are no quantum corrections and hence
no renormalization of the superpotential. When A # 0 and m = 0, the field ®

has an R-charge % We can further consider a spurious symmetry® which acts on

fields and coupling constants:
P — D and h— e ¥Ph .

First, the holomorphy of the superpotential implies that the quantum corrections
must be holomorphic in the field ® and coupling h. R-symmetry requires that
the effective superpotential only has terms with R-charge 2. They must further
be neutral under the spurious symmetry. The only term that satisfies these con-
straints is h®3. Hence the classical superpotential is valid even in the quantum

theory.

Now we can consider the more general case when m # 0 and h # 0. This theory
has only spurious symmetries. The original R-symmetry is explicitly broken by the
existence of both ®* and ®3 type of interactions. But there are two spurious U(1)
symmetries. One is the spurious R-symmetry and the other is the U(1) symmetry
mentioned in the previous case. The R-charges of the fields and the couplings are
QF = %, QF =0and QF = % The charges under the other spurious symmetry are
Qs =1, QF = =3 and QFf = —2. This restricts the possible quantum corrections

to the form

m
Wepr = 5‘I>Qf (22)

3A spurious symmetry is not a true symmetry of the theory. It is a symmetry that acts on
the coupling constants as well.
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where f is a holomorphic function.

In the h — 0 limit, Ws; = Z-®* implying that f(0) = 1. This implies that it
is not possible to correct the mass m with a h vertex since such a contribution can
never be proportional to ®3. In the m — 0 limit, W,y = 2®% and f(c0) = 2h®
ensuring that ®* term does not get corrected too. These arguments extend to
situations where other terms such as ®* and higher order are present in the super-
potential. Considering one-loop corrections from them tell us that there cannot
be any terms of this form which are holomorphic in fields and coupling constants.
This proves the perturbative non-renormalization of the superpotential[69, 68]. In

fact, the real symmetries that exist in the limits m — 0 and A — 0 are sufficient

to tell us that the superpotential is protected even non-perturbatively[35, 36].

In this thesis, we will be considering the 1PI effective action of the Leigh-
Strassler theory. The scalar part of the theory is like the massless WZ model
that we considered in section 2.1 and we will see that this effective action is not
holomorphic in the couplings. However, by a change of renormalization scheme,

holomorphy may be restored in the 1PI effective action.

2.4 Scaling Anomalies

In this section, we discuss the relationship between the Wilsonian and NSVZ -
functions following closely the work of [38, 39]. This enables one to understand
better the relationship of the Wilsonian effective action(that is compatible with
holomorphy) and the 1PT effective action in supersymmetric gauge theories that

we pursue in thesis as well.

In perturbative computations, one always chooses a canonical normalization
for the kinetic terms. The normalization that we have chosen for the gauge field
in Lagrangian given in Eqn. (2.14) is not the canonical one, it is the holomorphic

one. One needs to carry out the rescaling

V=g.V., with Re(r)=—
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to obtain the canonical normalization for the kinetic term for the gauge field.
This is a symmetry of the classical action. However, this symmetry is potentially
anomalous. The anomalous transformation can be obtained by considering the
path-integral measure. It leads to the following result for N’ = 1 supersymmetric

gauge theories?:

- log Ge C(G>

DV] = [DV] exp (—22

/ d%;[ / POWW, + h.c.} + O(M‘8)> ,
(2.21)

where M is the UV scale and C(G)04p = facafoea- Note that the terms of higher

order are F-terms and the D-term contribution above is exact. This term modifies

the relationship between 7 and ¢. from the classical one to the following one:

Re(r) = 4 N 20(G)

- o log g - (2.22)

The above equation is the equation that determines the rescaling g. that is nec-
essary to obtain a canonically normalized kinetic term for the gauge field starting

from the holomorphic one.

A similar contribution also arises from the chiral superfields that couple to the

gauge fields. Consider the scaling given by
=710, (2.23)

that is carried out to obtain a canonical normalization for the kinetic term for a
chiral superfield. For instance, such a rescaling is required after one integrates out
modes where Z is the wavefunction renormalization — our choice of symbol reflects
this. Again working out the change in measure in the presence of a background

gauge field, one obtains

—log Z T(R)

[D][DF] = [DRJ[DB]exp (— 2

/ d%[ / POWW, +h.c.] +O(M—8)) .
(2.24)

4We quote the results of ref. [38] after adapting it to the conventions used in this thesis.
Further details are also presented in Appendix B.
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where T'(R) is the quadratic Casimir in the representation R to which the super-
field ® belongs. This further modifies the relationship between the g. and 7 given

earlier to

Ar  2C(G)
9e 2

T(R
log g. + Z (R) log Z; | (2.25)

Re(T) o

i
where we have written the relationship for several chiral fields (in a basis where

the wavefunction renormalization Z is diagonal).

The (-function for the holomorphic coupling 7 is exhausted at one-loop and is
given by
or Q

g _ & 2.9
"o 5 (2.26)

where Q = [ — 3C(G) + >, T(R;)]. This result when coupled with Eqn. (2.25),

gives the (-function for the canonical coupling g..

0ge _ ge Q—23%T(Ri)vi
o~ 1672 1— O(G)g2/3n?

ﬂNSVZ(

9e) = 1 (2.27)

Here v; = % umg—izi is the anomalous dimension of ¢;. This is precisely the NSVZ
[-function which is the one that can be compared with computations that are

carried out using perturbative methods that we pursue in this paper[40].

2.4.1 Theories with ) =0

We have just seen that when () = 0, the one-loop [-function vanishes for the
gauge coupling. It is interesting to look for such theories — they provide simple
examples of theories that are potentially conformally invariant. For simplicity,
we assume that the gauge group is G = SU(N) and only consider fields in the
fundamental, anti-fundamental, and /or adjoint representation of SU(N). We work
in a normalization where C(G) = 2N and co(fundamental) = 1. Thus, we look

for solutions to the equation

QQ =6N —2Nn, —2ny=0.
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where n, is the number of fields in the adjoint of SU(N) and n; the number of
fields in the fundamental and anti-fundamental of SU(N). We assume that there
are an equal number of fundamental and anti-fundamental fields. Below we list

some solutions

1. n, = 3 and ny = 0 — this is the spectrum of N' =4 SYM theory.

2. ng = 1, ny = 2N — this is the spectrum of N' = 2 SYM coupled to 2N
massless hypermultiplets in the fundamental representation[41].

3. ng =0, ny = 3N — this is N = 1 SYM coupled to 3N chiral multiplets
in the fundamental representation and another 3V in the anti-fundamental
representation|[42].

For the theory to be conformal, it is necessary that the NSVZ g-function vanish
as well. This requires that the anomalous dimensions of all chiral scalars vanish

in addition to () = 0. In fact, the vanishing of the NSVZ (-function requires
Q=2> T(R)v,

which is a weaker condition than what we have just imposed i.e., ) = 0 and
v = 0. This weaker condition has a solution when n, = 0 and ny belongs to the
so-called conformal window: 3N/2 < ny < 3N. These appear as IR fixed points
and are interacting CF'Ts. The proof of conformality is indirect and makes use of

Seiberg duality. We refer the reader to the reviews [43, 44] for more details.

17



CHAPTER 3

Deformations of N’ = 4 Super Yang-Mills Theory

The deformations of the N' =4 SYM that we are interested in preserve the con-
formal symmetry of the original theory. The states of such a superconformal field
theory appears in representations of superconformal algebra (SCA). The states
that are particularly interesting in the context of the AdS/CFT correspondence
are the short (BPS) representations of the algebra called the chiral primary states.
Here we review the N/ = 1 superconformal algebra and the short representations
of the SCA. A brief mention about the A/ = 4 SCA and its representations are
also done. Further we introduce the Leigh-Strassler marginal deformations of the
N =4 SYM and explain its important features we make use later. The symmetry
of the theory is the trihedral group A(27) which we use later to classify the chiral
primary states of the theory. We also discuss this group and its representations,

particularly the polynomial representation that is useful to us.

3.1 The D =4 Super Conformal Algebra

A superconformal algebra consists of the Lorentz generators £, L, generators
of translations P, the special conformal transformations C, the dilations D, the
supertranslations Q and Q, superboosts S and S and the generators R of the
R-symmetry [45]. For N/ = 1 SCA, the R-symmetry is U(1). We list the full
superconformal algebra for the case with an R-symmetry group U(m) that occurs
for the extended supersymmetry with N' = m. The conformal algebra generated
by the Lorentz generators £, £, generators of translations P, the special conformal

transformations X and the dilations D is given by



L5, L) = 4Ly — 65 Lh 5 (L5, L)) = 00L3 — 3L
[%wﬂ:@mhé@m%[%xﬂzﬁmféﬁ@p
[%Pﬂ:ﬁmﬂéﬁmh[@xﬂzﬁgwé%&b
D, P =P [D,K,4) =K,

WWPWZ%Q+Q%+%QD (3.1)

To obtain the SCA, one adds the generators of supersymmetry to the generators of
the conformal algebra. The algebra of conformal generators and the supersymme-
try generators Q, Q, S and S is given below. We assume that the supersymmetry

is an extended one with A/ = m supersymmetry generators.

a n on Lo Ao " R B
L5, Q] = 530" — 505Q™" ¢ L5, Q1) = 0190 — 5639
Kop @™ = 0282 [P O] = 5gSom

a®g
1 —. 1 -. 1 _ 1~
[D, Q™| = §Q’yn ; D, Q1] = §QZ ; [D, San] = _§Som ; [D,Sa] = _5501”
{Qama Qg} = Pad(')‘;n ) {Samagg} - Kjad(s?n
. , ' D 4-—
{Sui, Qp;} = 61LE + 0°R] + 6167 (5 + TWZTLR) (3.2)

Further the generators R, R} that generate the U(1) and the SU(m) parts of
the R-symmetry group U(m) have the following action on the supersymmetry

generators:

[R> Q’m] = Q" ; [R’ QZ] = _QZ ; [R> Som] = —San ; [R> Sg] = SZ
. 1 . . .
R}, Q"] =6;Q7 — —6]Q"; [R], Ry] = R} — R} (3.3)

Note that the SU(m) generators R’ are absent for a "= 1 SCA. The maximal
set of commuting generators of the SCA are given by D; the Cartan generators
of the Lorentz group and the R-symmetry group. Any state of the algebra can
be labelled by the eigenvalues of these operators. For N' = 1 supersymmetry,

the eigenvalues are (A, j1, j2, R) where A is the scaling dimension, (j, j2) are the
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angular momenta and R is the U(1)g charge.

The operators P, Q act as raising operators and S, K as lowering operators
on eigenstates of the Cartan generators. The states that are annihilated by the
lowering operators S, KC are the primary states of the conformal algebra. We can
use the raising operators to obtain the whole representation starting from the

ground state (i.e., primary state).

Salth) =05 K 3l0) =0 (3.4)

We choose to work in the S* x R which is the same as radial quantization in
R*. The inversion transformation x, — 2 which is part of the conformal group

ensures that

Ql =5,; QL =5, (3.5)

Specializing to the N/ = 1 SCA, we also notice that using the relations in
Eqn.(3.5), for any state [¢), unitarity implies that

(W{Qar S¥H) = || Qal)||” +||S%10) || = 0 (3.6)

We now specialize to states with zero angular momentum, (ji, ja) = (0,0). Acting
on such states, the anti-commutation relation simplifies to the following one as

the terms involving the angular momentum generators may be dropped.
< 3>
{0:,8) =D~ 3R =T,
we obtain the unitarity bound?
VEA—§|R\ZO. (3.7)

where we identify the eigenvalue v of the operator I' with the anomalous dimen-

!The modulus takes into account the situation when the R-charge R < 0. In such cases a
stronger bound appears by considering the anti-commutation relation involving @) and S.
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sion. It is important to note that expectation value of the operator I' in any
state can be written as the sum of absolute squares. This operator may also be
identified with the Hamiltonian of the spin-chain [46, 47]. In chapter 5, where we
compute the (matrix of) anomalous dimensions to find protected operators, this
observation helped us to simplify and solve the condition for vanishing anomalous
dimensions. It also provided a consistency check on the combinatoric factors in

the computation.

There are states in the theory for which the unitarity bound, Eqn. (3.7),
is saturated. They have their scaling dimensions determined by their R-charges.
This implies that their scaling dimensions are protected from quantum corrections.
These states have the property that they are short representations of the SCA.
This is because when the unitarity bound saturates, the irreps become reducible
due to the presence of new null states. In other words, they are annihilated by

some of the supercharges. Explicitly, one has (assuming R > 0 for simplicity)

Q%) =0 and S |¢)=0. (3.8)

The second condition implies that the state is a primary. Such states are in general
called the chiral primaries states. As mentioned earlier, we have chosen states such
that the eigenvalues of Lorentz generators (£, £) are zero. Such states appear in
the scalar sub-sector of the theory. These states are widely studied in the context
of AdS/CFT correspondence. According to the AdS-CFT correspondence, they
are known to be dual to the Kaluza-Klein modes of supergravity fields. We will be
focusing on such states in our study of chiral primaries in the LS deformed N = 4

SYM.

The information above helps in understanding the chiral primary spectrum of
N = 4 super Yang-Mills theory. As we have stated earlier, the R-symmetry of
N =4 SYM theory is the special unitary group SU(4). This is a rank three Lie
algebra and states are labelled by the three eigenvalues of the Cartan generators.
This is helpful to some extent in finding the chiral primary spectrum of N = 4

SYM. The Leigh-Strassler marginal deformations that we consider, however, break
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the N = 4 supersymmetry down to A/ = 1. In the process we lose the higher rank
R-symmetry. Thus the problem of finding the chiral primary spectrum has to be

handled through other methods, mainly using explicit perturbative checks.

3.2 LS deformed N =4 Yang-Mills theory

The Lagrangian density of the Leigh-Strassler theory in terms of A' = 1 superfields

is

L = / 20d%9 Tr(e_gvéiequ)i) + {2%2 / d20 [Tr(WO‘Wa) (3.9)

| | h
+ z’hTr<e“fﬁq>1q>2q>3 - e—”%@g%) + %Tr (cbi’ 034 <I>§>] + h.c.}

All fields transform in the adjoint of SU(NN) and we assume that N > 2. Let
g = e™ and ¢ = e™. When £ is real, then ¢ and ¢ are complex conjugates
of each other. The imaginary part of 3 can always be absorbed by a redefinition
of h. We have also set © = 0. The above Lagrangian has the following form in

components:

L= Tr< — %FWF’“’ — i 20" D\ — i ot Db + D'y D o
2
- gz[ﬁbu Oil[65, &;] + V29 idi, Al + V29 i, A]
—ih slon,va] + ik Yol va] — Wi + i Gty + eye. perm.)

— Vi(®) (3.10)

where D,¢; = 0,¢; +ig[A,, ¢;] and

Vie(9) = Te (IW'26,°6F + W12, 6s]1” — Bl[G3, 9y — 1hI2[62, és)a[d. dul, )
[P TG TH(@) 1 Tr((6s, 65)) Tr(6n®) — B Te(63) Te([ds, 5),)

—|R|? Tr([¢2, ¢3),) (TI'[Qgg, (/Eg,]q)] + cyclic permutations (3.11)

with [¢1, 9], = qd192 — Gpa2¢r. Unlike the N = 4 Lagrangian, this Lagrangian

cannot be written in terms of a single trace though the superfield Lagrangian is
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written as a single trace. This result is implicitly present in the work of Freedman
and Giirsoy[10] though they do not state it as we have done. The first line of Eqn.
(3.11) consists of single trace operators while the last two lines are double trace
operators. When h’ = 0, one can see that the double trace terms are proportional
to (¢ — @)* which vanishes when ¢ = 1. Thus the N' =4 SYM theory does not
have any double trace terms in its component Lagrangian. Note that the double
trace operators also do not exist when the gauge group is U(N). Since the D-terms
are unaffected by the Leigh-Strassler deformations to the superpotential, they are
identical to the one obtained in the NV = 4 theory (written in terms of N' = 1

superfields).

The simplest way to see the appearance of double trace operators is to consider

trace identity for SU(N) generators in the fundamental representation:
1
Tr(AT*)Tr(BT*) = Tr(AB) — NTr(A)Tr(B) (3.12)

Notice that both F? = W /3¢¢ and F* = OW/0¢? are both of the form Tr(AT)
for some A. We thus see that |F*|> cannot be written in single trace form (using
the above identity) unless at least one of the operators A and B is traceless (as in
the A/ = 4 limit). Since the double trace terms are suppressed by a power of 1/N,
one may assume that they can be neglected in the large N limit as we will see.
It turns out that this is not true. In chapter 5, we show that these double trace
terms are essential in proving the vanishing of anomalous dimensions of operators

involving two chiral scalars.

3.2.1 Symmetries of the LS theory

The N' = 4 SYM theory has a R-symmetry which is SU(4). In the 3-deformed
theory, this is broken down to U(1)® — each of the three scalars has charge one
under only one of three U(1)’s. The U(1)g charge is 2/3 of the charge of the
diagonal U(1). In the sequel, we will loosely refer to the diagonal U(1) as U(1)g
— this is useful in getting rid of the 3/2 factor that appears in the unitarity bound
given in Eqn. (3.7). This diagonal U(1) charge will be denoted by the symbol
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Ay since this is the naive scaling dimension that one associates with a state given
its R-charge in the scalar sub-sector. In the Leigh-Strassler theory, the U(1)3 is
further broken down to U(1)g X Zs. The LS theory has another symmetry given
by the cyclic permutation C3 of the three scalar fields. This however, does not
commute with the U(1)g x Zs. The trihedral group, A(27) ~ (Z3 x Z3) % Cs, is
a discrete subgroup of SU(3) C SU(4) that captures the essential non-Abelian
nature. The center of this group is a Zs C U(1)g. The U(1)g charge which is
proportional to the scaling dimension for chiral primaries becomes a Zj3 valued
charge. Specifically, in our conventions, the value of the scaling dimension, Ag,
modulo three is the Zs charge. Historically, the appearance of a 27 parameter
non-Abelian discrete subgroup was first noticed in ref. [48]. Our attention to
the appearance of the A(27) was drawn from ref. [49] which attributed it to S.
Benvenuti. We have found the trihedral group extremely useful in organizing the
chiral operators. For instance, it reduced the number of free parameters for an
operator at dimension six from 46 to three different operators with 26, 10 and 10

parameters.

Another useful invariance of the action is the following:
O Dy, h——h, 33— —Fandh —h". (3.13)
This is a spurious symmetry since it acts on the couplings as well. This however

leads to restrictions on the possible renormalization of coupling constants.

3.3 Representations of the trihedral group A(27)

We now discuss the representation theory of the trihedral group A(27).[50, 51,
52] We expect chiral primaries of the Leigh-Strassler deformed theory to be in
irreducible representations of this group. Trihedral groups are finite subgroups of

SL(3,C) of the form A x Cs, where A is a diagonal Abelian group and Cs is the
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cyclic Zs generated by

0 0 1

T=11 0 0

010
For the trihedral group, A(27), the group A is generated by g = £(1,1,1) and
h = £(0,1,—-1)% In our example, g turns out to be the center of A(27) and is a

subgroup of U(1)x.

The irreducible representations of A(27) consist of nine one-dimensional repre-
sentations, Lg; (Q,7 = 0,1,2 mod 3) and two three-dimensional representations

V, (a =1,2). The charge under g can be clearly identified with U(1)g charge.

Lq; In the one-dimensional representations, one has the following action of the
generators h and 7

h-v=w%v, 7-v=w v wherev€ Ly, and w = >3 .
Va In the three-dimensional representation, one has
Vo 1 0 0 Vo Vo 0 0 1 Vo
h-lvi] =10 w* 0 vi| and7- (vl =1 0 O U1
Uy 0 0 w? Uy Uy 010 Uy

for a = 1,2. Note that if we set a = 0 in the above equation, the above rep-
resentation is reducible and is the direct sum, @?:OEOJ, of one-dimensional
representations.

We will also, on occasion, use 3 to indicate the representation V; and 3 for the
representation V. This is also to remind the reader that these representations are
in one-to-one correspondence to the fundamental and anti-fundamental represen-
tations of SU(3) of which A(27) is sub-group. Needless to say, all other irreps of
SU(3) are reducible when considered as irreps of A(27). The chiral superfields
(®q, Po, P3) are in the representation V; while their anti-chiral partners transform
in the representation V. The LS superpotential contains terms that are invariant

under A(27) and hence belong to L.

*We denote by +(a,b,c) the matrix Diag(e®, €, €°) with €, a non-trivial R-th root of unity.
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We will now write out the rules for decomposing tensor products of these irreps:

3 3=30303, (3.14)
3® 3= 0,Lqi; (3.15)
3 ®Lo; =3, (3.16)
Lqg;® Ly = Lo+qj+i - (3.17)

3.3.1 Polynomials as irreps of A(27)

Our objective in chapter 5 will be to systematically search for chiral primaries
from all single-trace operators constructed from the chiral scalars ¢1, ¢o and ¢3.
These operators are thus of the form Tr(¢" ¢52¢5*) and all different orderings
of such operators. Fixing the U(1)g charge corresponds to only fixing the sum
(my + mg + mg). A finer distinction is added by requiring the operators to be in
irreps of A(27). In order to understand this better, we take the commutative limit

which corresponds to working with polynomials in three variables.

On taking the commutative limit, all our chiral primary operators reduce to
polynomials in three variables, (21, 22, 23), where we replaced the matrices ¢; by
commuting scalars z;. First, the triplet (21, 22, 23)7 transforms in the representa-
tion, V;. Second, we can organize the polynomials by degree — the degree is the
(naive) scaling dimension of the corresponding operator which we denote by Ay.
Thirdly, Ay mod 3, is the Zs charge of the polynomial under the center of the
group (which is generated by ¢ defined above).

Polynomials in these variables of a given degree, Ay, can be further organized
into irreducible representations of A(27). The precise representation is decided by

the value of Ay mod 3. One has the following result:

e [Ap =0 mod 3] All polynomials can be organized in one-dimensional rep-
resentations of A(27, i.e., Lg ;. For example, when Ay = 3 the polynomials
(23 + wizd + w¥28) € Lo, and 212023 € Loo. In particular, there is no
polynomial whose degree is 0 mod 3 that is in the representation V; or V.

e [Ag # 0 mod 3] All polynomials must necessarily arise in one of the the
three-dimensional representations. In fact, defining a = Ay mod 3 with
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a = 1 or 2, the polynomials must be in the three-dimensional representation
V,. For example, consider the F-term equations (dWW = 0) which are of
degree two. A straightforward analysis shows that the three equations are
in the representation V.

The proof of the above statements goes as follows. Note that the generator

2r. Using this, notice that for a

g can be realized in terms of h and 7 as h7—th
vector v € Lgj, g-v = w3 = v. Thus, the Z3 charge associated with g is
zero implying that the U(1)g charge is zero modulo three. Similarly, for a triplet
U € Ve, g+ U =w* ¥ implying that the U(1)g charge is @ modulo three. One can

also verify that the above results are consistent with the tensor decompositions

rules given above.

The above conclusion for polynomials trivially extends to non-commutative
limit as well. In other words, taking the commutative limit only reduces the
number of irreps that appear at a given Ay but does not change the kind of irrep
that appears. So we conclude that all operators with Ay = 0 mod 3 must be in
any one of the one-dimensional representations of A(27) while those where Ay = a

mod 3 (a # 0) must arise in the three dimensional representation V,,.

Since the interactions are invariant under A(27) — operators that lie in distinct
representations of A(27) cannot mix. This leads to a block diagonal structure to

the matrix of anomalous dimensions.

Examples

Let us illustrate the above discussion with the example of single-trace operators
at degree three. First, let us focus on polynomials of degree three that are A(27)

invariants, i.e., they belong to the irrep Ly . There are two such polynomials
Z12923 and (zi’ + zg + zg) .
However there are three operators (due to the non-commutativity)
Tr(®102®3) , Tr(P1P3Ps) , Tr(PF + @5+ P3) ,
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which is consistent with the number of times £y appears in the tensor product
3 ® 3 ® 3. Thus, the superpotential appearing in Eqn. (3.9) has all the A(27)

invariants at degree three.

The Kihler potential is a bilinear in ® and ®. Let us look for A(27) invariants
with this property. It is easy to see from the tensor product 3 ® 3 that there is
precisely one such combination, Tr(CDZ-CI)i) and that is the one appearing in the

kinetic term given in Eqn. (3.9).

Quantum corrections can and do generate higher-order terms. For instance, let
us consider terms of bi-degree (2,2) in ® and ®. The tensor product 3®3®3® 3
has nine A(27) invariants — once the ordering of operators is taken into account,

there are eighteen invariants since 3® 3 ®3®3 #3R®3®3® 3.

3.3.2 The measure for the Leigh-Strassler theory

As we study the quantum properties of the Leigh-Strassler theory, it is important
to know how the measure of the corresponding path integral behaves quantum
mechanically. From the discussion in the previous chapter, we know that for the-
ories with matter fields in three flavors in the adjoint adjoint representation, the
[B-function is proportional to the anomalous dimension v of the chiral superfield.
This feature of the N'= 4 SYM continues to hold in LS theory as they both have
the same spectrum of particles. This was derived by considering the non-trivial
transformation of the measure for the chiral and the vector superfields under di-
latation. The requirement of vanishing of the ~-function defines the subspace of
the space of couplings where the theory remains conformal. Particularly inter-
esting is the question of how the measure changes under the A(27) action. The
measure of N = 4 SYM theory is invariant under SU(4)g. As the spectrum of
the LS theory is identical to that of N'= 4 SYM theory, it must also be invariant

under the action of trihedral group A(27) which is after all a subgroup of SU(4)g.
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CHAPTER 4

Perturbative aspects of the LS theory

This chapter focuses on quantum aspects of the Leigh-Strassler deformations as
seen from computations of the 1PI effective action. We also argue that the trihe-
dral symmetry remains a symmetry in the quantum theory as well and work out

some of its consequences. We verify these aspects in the perturbative set-up.

The original proof of the marginality of the Leigh-Strassler theory made use of
the Wilsonian effective action as well as holomorphy. We look for a renormalization
scheme that is consistent with holomorphy as well as conformal invariance. This
is similar in spirit to the approach of ref. [54] who argued for the existence of
a (perturbative) renormalization scheme that was consistent with the NSVZ (-

function.

We first rewrite the superpotential by combining the three chiral superfields
into one superfield and use one meta-index I, J, K, L ... representing the SU(N)
adjoint index a, b, ¢, d, ... as well as the index 7, 7, k,[,... = 1,2, 3 which labels the
three chiral superfields. The Leigh-Strassler superpotential (the trace below is in

the fundamental representation of SU(N))
[ i L i
WLS = EEJ TI‘F((I)Z(I)](I)k) + BCJ TYF((I)Z(I)J(I)k) s (41)
where the fully symmetric tensor ¢ is given by

co, 1F#JjFkFL
I = c, i=j=k, . (4.2)

0, otherwise.

One can prove that only the above choice for ¢¥/* leads to a superpotential that

is invariant under the trihedral group A(27). In particular, couplings such as c!'!?



vanish and ¢; = ¢! = ¢?*2 = ¢33, Thus, if A(27) is to remain of symmetry of the

quantum theory, such couplings must not arise in the quantum theory|[55].

In order to be able to compare with the usual representation of the LS super-

potential, we give the relationship to the usual parmeters h, ¢, h':
f = h(q + Q) ) Co = h(q - (j) ) C1 = 2h/ . (43)

In terms of the meta-index, the LS superpotential can be written as follows(matching
the notation of [53]):
1
Wis = 6Y”ch,cb 7Px (4.4)

where

L 1 i ij
yIIK — y(ia)(jb)(ke) — 5 (ife”k ® fape + 2¢k @ dabc) .

The generators of SU(N) in the fundamental representation have been taken to

satisfy the identity (with the normalization Trg(T,T}) = dap)

Trr(T.T.) = = [i fape + 2dase] - (4.5)

N =

fave are the structure constants of SU(N) and dg. is the totally symmetric tensor.

4.1 Conformal invariance of the LS theory

The argument for the existence of (truly) marginal operators that deform A = 4
SYM theory into the Leigh-Strassler theory consists of two parts and involves the

Wilsonian effective action rather than the 1PI (perturbative) effective action[9].

1. The superpotential in the Wilsonian effective action is mot renormalized.
This implies that the (-function for all couplings, if any, can arise solely
from the wavefunction renormalization and hence are determined by the
anomalous dimensions of the fields. In the Leigh-Strassler theory this implies
that the 3-function for the Yukawa couplings is given by!

1
Brix = BYE) = 3 (YLJK Vi + YR A+ YR 71{{) ; (4.6)

!This is also true in the perturbatively in the effective action in the MS scheme[56, 53].
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where v/ is the matrix of anomalous dimensions for the chiral scalar fields
®;. When ~/ vanishes, the beta function vanishes as well. Typically, this
corresponds to nine equations on the space of couplings. However, when
v{ o &{, then the vanishing of the anomalous dimension corresponds to a
single condition.

2. The second part of the argument relates the S-function for the Yang-Mills
coupling constant to the matrix of anomalous dimension of the chiral scalars[40].
For the LS theory, one has

g’ [ 2N
1 —

ﬁNSVZ( .
3272(N2 — 1) L1 — ¢2N(1672)-1

(4.7)

g) =

It has been shown that there exists a renormalization scheme such that the
perturbative -function matches the NSVZ one to four loops[54]. The NSVZ
[-function also vanishes when ! vanishes.

In summary, the condition for conformal invariance of the LS theory boils
down to the vanishing of the matrix of anomalous dimensions. Leigh and Strassler
argued that this corresponds to one condition in the space of four couplings, g, h,
B and . As mentioned earlier, this happens if 7/ is proportional to the identity

matrix. We will argue that this is indeed a consequence of trihedral symmetry.

4.1.1 Proving that v oc 6}

The trihedral symmetry group, A(27) is a finite sub-group of SU(3) C SL(3,C).
An arbitrary gauge-invariant cubic superpotential involving three chiral superfields
(transforming in the adjoint of SU(N)), ®, consists of eleven independent (com-
plex) couplings. Linear redefinitions of the three fields form the group SL(3,C)
while SU(3) is the sub-group of SL(3,C) which preserves the (diagonal) kinetic
energy which is encoded in the tree-level Kihler potential ®'®;. By means of lin-
ear redefinitions, it is possible to set eight of the eleven couplings that appear in
the superpotential to zero and obtain the form given in Eqn. (4.1). The trihedral
group A(27) emerges as the subgroup of SL(3,C) that preserves that form. If
the Kéhler potential retains the diagonal form, then A(27) is a symmetry of the
theory.

We will now show that the trihedral symmetry and gauge-invariance implies
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that 7] oc 0%. Recall that the only gauge-invariant SU(N) tensor is 62. Thus the
gauge-invariance requires that the matrix of anomalous dimensions be proportional
to dp. Thus, we write

7:a:

/ij - 7; l()l 9
where we have separated the flavor indices from the gauge indices.

Recall, that invariance under A(27) implies that couplings such as ¢''? vanish
and requires ¢! = ¢*2 = 333, For this to remain so we need 3(c''?) = 0 and
B(c'™) = B(c*??) to all orders in the quantum theory. Consider §(c!'?) — it is

given by (using Y1 10 2¢ ~ M2, )

6(Y1a 1b 20) - dabc<cllk7]z I 2C1k2%1> ‘ (4.8)

The vanishing of the RHS in the background values of ¢* given in Eqn. (4.2)
needs 7% = 0 and 4 = 0. Similarly, one can show that all off-diagonal terms
vanish by considering the 3 functions for all ¢* with i # k. We still need to
show that the diagonal matrix is proportional to the identity matrix. For this we

consider

Byl tble) _ g(y2a B 2) g, (yLel  20222) (4.9)

This vanishes only when 7 = ~3. Similar considerations also require v{ = ~3.

This completes the proof that % oc 7. We can thus write
V=~ (4.10)
Thus, the vanishing of all the S-functions imposes only one condition, i.e.,
(g h, B, 1) =0,

in the space of coupling constants in the LS theory. We will explicitly verify
that the matrix of anomalous dimensions satisfies Eqn. (4.10) to three loops by

specializing the results of Jack, Jones and North(JJN) to the LS theory[53].
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4.2 Computing the anomalous dimension
We write the v function (anomalous dimension) as
=D @ B (4.11)

where the superscript denotes order of the loop contribution. The answers are

given in the M S-scheme.

One has the following general expressions for v and 4 [57, 58, 56, 59, 60]:
We follow the notation of JJN except that our gauge coupling constant ¢ is v/2
times theirs[53].

I 1
(16734, = 5YIKLYJKL —¢*C(R), = P! (4.12)

I
(1677 = (Y Yoy — PCRSIL) Y + g C(RIQ  (4.13)

where Y75 = (YK Q = T(R) — 3C(G). We define C(G)6¢ = f* fyq =
2N6¢, T(R)ow = (T,T3) and C(R)%, = (T,T,);. Here R refers to the reducible
representation given by three copies of the adjoint representation. Specializing the

the LS theory where @) = 0 and

1 1 .
SV Y gier =SNG+ (ool +195) 5554 (4.14)

q / »
_2N5J[\h\2 |h|2‘ N' + |02 ]zpag (4.15)

e
The one-loop 7 function for the fields is given by JIN to be (using C(R)% = 2N§%)

167290, = 16729 51 = (P — 24°N)s" . (4.16)

The vanishing of the one-loop 7 function is then

_ A2
A0 Z 0 — | N[ = p2l Nq| + WP - PN =0 (4.17)

In the N' = 4 limit, this expression simplifies to g> = |h|> and also matches the
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expression given by Zanon et. al. The two-loop correction is given by
(1672)% 4@} = [ — 2P — 2¢°N] [P — 24°N] 4" , (4.18)

also vanishes when v = 0. This is the well-known result that one-loop finite

theories are two-loop finite as well.

The three-loop y-function does not vanish in the M.S scheme. It was computed
by JJN who also showed that there exists a renormalization scheme wherein the
three-loop gamma function vanishes provided the one-loop contribution does. In

the 7(!) = 0 subspace, Parkes computed the three-loop gamma function[61]
(167 )3%(3 ;= m? [12(1(1%)0((;)2 — 2C(R)*C(G) — 10C(R)® — 4C(R)A(R)]
g2 MJ
+ I<L2— [4C(R>Sl — C(G)Sl + SQ - 5S3} — ng*sly + KTI
(4.19)

where k = 6¢(3) and

S17 = Yiun C(R)M YIPN —4NP§] |
(Y*S,Y)] = Yiun SiM YIPN = 8N2P%5)
Saf = Yiun C(R)FC(R)y Y9 =8N*Ps7
Ssl = Yiuw (0(3)2)M yIPN — N2 Ps]
A(R) = ZC = 12N? |

J JK3L Ki1Li My~ KaLa M-
M[ - YK1K2K3YL1L2L3}/IM1M2Y N 3Y e 1Y R .

Above, we have given the values taken by the various terms for the LS theory
except for M7 which is given later. Putting in these expressions, we find that
all g-dependent terms vanish in the 7Y = 0 subspace leaving behind a simple

expression:

J K
(167%)*p); = M7 (4.20)

This is indeed an interesting result — it implies that (in the 4 = 0 subspace) the
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only diagram which contributes to 4® in the LS theory is the only non-planar
diagram (see Figure 4.1) that first appears at three-loop. This diagram vanishes
in N'=4 SYM theory.

Figure 4.1: Non-planar contribution to v — a filled circle represents the chiral
cubic vertex and a open circle represents an anti-chiral vertex.

An explicit computation reveals that M7 is indeed proportional to the identity

matrix(see Appendix C for more details)

3¢(3) 4—N? 11
2 NN2—1)[§

+ <4f2(40350 + 2¢3cy — 6c5]e1|?) + 4f2(4gco + 28 ¢y — 658|01\2))} 57 .

M = (18leol?lex* + 2328 + &) + cl(2dd + &) (1 - 43)

The above term clearly vanishes in the N' = 4 limit and also vanishes in the

large- N limit reflecting the non-planar nature of the diagram.

4.2.1 Coupling constant redefinitions

In ref. [53], Jack, Jones and North have an interesting observation. They point
out there exists a redefinition of the coupling constants for which the three-loop
~ function also vanishes in a theory where v = 0. This is equivalent to moving
away from the M S scheme. For the LS theory, due to the additional cancellations

that we observed, the redefinition is simpler than the one used by JJN. One needs
(1672)2 6Y; 5 = ZM”K (4.21)

where

Mypnr = YERBY N 2BY Y 1Y g (4.22)
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On carrying out the coupling constant redefinition, the condition for conformal
invariance continues to be the one given in Eqn. (4.17) albeit in the redefined

couplings.

4.3 Two-loop effective superpotential

We next move on to the computation of the effective superpotential up to two-
loops. We will find a non-holomorphic contribution arising and work out the
coupling constant redefinition that is required to restore holomorphy. It turns out

to be identical in structure to the one given in Eqn. (4.21) but is twice as large.

Below we give all the diagrams which can potentially contribute to the super-
potential at two-loops. Diagrams (a)-(d) contribute terms that are proportional to
the tree-level superpotential while (e) vanishes. All these diagrams also contribute
to the A/ = 4 theory. Diagram (f) is non-planar and leads to a non-holomorphic

contribution to the superpotential. All the diagrams above lead to finite integrals.

oA A
A AA

Figure 4.2: Contributions to the two-loop effective action. The blob that appear
in (b) and (c) are one-loop vertex corrections.

The one-loop diagram (a) gives a contribution proportional to (p;, p» and p;3 are
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the external momenta which also serve as IR regulators)

2 dPq 1
P1 / (27T)D q2(q _ p2)2(q + p1)2 (4,23)

The two loop diagram (b) results in the integrals

/ dequ< pi
(27)2P \k2(k — )*(k + p2)2(q + p2)*(k — ps3)*(q — ps)?

pi
- ER ) G

after completing the algebra of the D-operators. The blob in diagram (c) repre-

sents the one-loop vertex correction stated above. Diagram (c) gives the integral

dPkdPq P
[ e ea=gurmrairra—sra=np) 0P

The contribution from diagram (d) is proportional to the second integral in Eqn.

(4.24).

4.3.1 The non-planar diagram

The effective superpotential thus obtains a non-trivial contribution only from the

diagram

Figure 4.3: Chiral contribution to superpotential
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1 (3P K | 20 20 20 124 27

@XWXM d“0,d*02d*05d*“04d" 05

/de?qu O (p2 + p3, 01)Ps(—p2, 02) P (—ps, 03)
(27T)2D k2q2(k - Q)z(q - P2)2(/f —q— p2)2(/f — P2 — p3)2

(4)" D225 611) DEDHI8* (61) DDAk — ol 620 20

DiD:[k — py — p3]6*(615) D3 D2 [q — p2]6*(025) D3DE[k — q — p3)d* (635)

where M?/K has been defined in Eqn. (4.22). Note that the momentum in the
square brackets in the last two lines indicate the the momentum appearing in the
superderivatives. We now indicate the details of this computation as we wish to

work out the precise redefinition implied by this contribution

First we convert all the Grassmann integrations over d?¢ and d?0 into d*@

N2 2
D% and =2

by using up factors of —= 1

respectively. Further we integrate the o-

functions.

12 (27T)2D k2q2(k - Q)z(q - P2)2(/f —q— p2)2(k5 — P2 — p3)2
1INT _ _ _
(=) D3DHa)d*(612) D3k — q)6* (6rs) DID[k — pa)3*(612) DID3[q)6" (Bsz) -
(4.27)

We can integrate the D-operators by parts and simplify this by getting rid of the

Grassmann integrals one by one.

MK /d491d482 / dPkdPq  Di®;(py + ps,01)®s(—p2,02) Pk (—ps, 01)
12 (27T)2D kQQQ(k - Q)Q(q - P2)2(k5 —q— p2)2(k5 — P2 — p3)2
INT _
(-7) DEDEDIDGIS"(612) DIDEIK — pilo"(612) 8*(6r2) (4.28)

Using the identities

DSDSDfD%[CI]&(@u) = 256q2 )

01=02

and

D2 D3[q]0*(612) =16 .

01=0>
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and rewriting the integral over d*f as a chiral integral

MUK /d2 /dedD DL %1 (ps + ps, 0) s (—p2, 0) @ (—ps, 0)
21)2P k2q*(k — q)2(q — p2)*(k — ¢ — p2)?*(k — p2 — p3)?
(4.29)

Setting p, = 0 and re-labelling r = k — ¢ and using — M@(p, 0) = p*®(p,0),

MIJK/dze ) /de,qu Dy (p3, 0)®;(p3, ) Px (—ps, 0)
21)20 k2r2(k — r)2(r — p3)2(k — p3)?
MK

= k=

/ 020 ;1 (3, 0)® 1 (ps, ) (—ps, 0) (4.30)

where [ is the finite integral

dPkdPq ] ;
"= / (2m)2P k2r2(k — r)2(r — ps)2(k — ps)?  (1672)2 (4.31)

with k = 6((3).

Putting in the explicit form of MZ7X for the LS superpotential we obtain

e =K :_];7]2\;10} [6\co|4cl + & (2¢h + cl)} — [ f2cocl] + 3K [2]‘72(6%00 — 6(2)01)]

o = K| 252 [c0(6len*cd + co(26] + )| + K226 + &) + 6K | 260 eo® = er?)]

6f = K| =3 | F(=3ler 6} + col26 + )| (4.32)

In the [-deformed theory, the above expression simplifies to the one given in the

two-loop computation in ref. [62](except for a mismatch of a factor of two).

Field redefinitions in the two-loop superpotential

The two-loop contribution to the effective superpotential thus leads to a redefini-

tion of the form

(1672)2 Y 1K = g MUK (4.33)

Holomorphy in the couplings is restored if we make a redefinition of the Y/ to

absorb the non-holomorphic pieces in M!/K. We can compare this redefinition
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with the one required to make the gamma function vanish to three-loops given in
Eqn. (4.21). It is interesting to note that both are proportional to kM /5 but

differ by a factor of two.

We have carried out several checks on our computations to see whether this
mismatch is a consequence of a trivial algebraic error. Since the diagram in ques-
tion involves only couplings from the superpotential and none from the gauge
fields, we can compare our results with computations done in the WZ model. In
the context of the anomalous dimensions, the computation has been carried out
by several groups [63, 64, 65] and there has been disagreement over the precise
numerical value of this term. We have systematically worked through these ref-
erences and find agreement with the results of [53, 54| and those are the results
given in the earlier section. Another possibility is that the contribution to the
effective action is smaller by a factor of two. So we have compared our results
with two earlier results, one in the WZ model by Jack, Jones and West[37] and
the more recent one by Mauri et. al.[62]. Our result is in agreement with the
first reference but is in disagreement with the second one. So the issue of whether
the redefinition implied by the three-loop anomalous dimension is the same as
the one implied by holomorphy in the two-loop effective action remains somewhat

unresolved. We leave this issue for the future.

4.4 One-loop effective Kahler potential

The Kahler potential for any A/ = 1 supersymmetric theory is non-holomorphic
and provides the kinetic terms as well as the interactions between vector superfields
with the chiral superfields. At tree-level in the LS theory, we have chosen the
Kihler potential ®;®*. The effective one-loop Kihler potential has been computed
in [66, 67] and we make use of their results — our notation is adapted from the

second reference. In the Feynman gauge, the one-loop Kahler potential is given

by

o0 dkd9 (~1)"
g oop Z / : 2n km? T ([fap] " — 2M") (4.34)
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where the first contribution arises from the insertion of n chiral and anti-chiral
vertices and the second contribution arises from the insertion of n interaction

vertices involving the gauge field and and the scalars. We have defined
2
W =YK iy = Yix®S My =TT, L), (439)

with the boldface ® indicating that the computation is being carried out in the

background given by ®.

The first term in Eqn. (4.34) is logarithmically divergent in the UV and is
proportional to

1 _
5 Te(fip) = Tr(M) = (167°)yY dL®, | (4.36)

which vanishes in the conformal limit. This implies that there is no UV divergence
in the integrals appearing in Eqn. (4.34). The appearance of the one-loop 7
function in the n = 1 term is also not surprising since this is the term associated
with the one-loop wavefunction renormalization. This will be true at higher orders
as well. The trihedral symmetry also predicts that the quadratic correction to the
Kihler potential will always be proportional ®“®; due to the diagonal nature of

the wavefunction renormalization.

The terms with n > 1 in Eqn. (4.34) are UV finite but are IR divergent. These
are clearly suppressed by suitable powers of the UV cutoff and disappear in the
conformal limit. The trihedral symmetry also imposes (less stringent) restrictions

on the terms that can appear in these terms. We do not pursue this here.
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CHAPTER 5

Chiral Primaries of the Leigh-Strassler theory

This chapter discusses in detail the calculation of anomalous dimensions at pla-
nar one-loop level to find out the possible chiral primary states. The anomalous
dimension is determined completely by the F-term potential as required by the
holomorphy. We see in detail that the contributions from the rest of the interac-
tions cancel. Further the chiral primary states upto dimension 6 are constructed
explicitly. We display how the states of different dimensions organize themselves

into representations of A(27).

5.1 Anomalous dimension of operators

Classically, the dimension Ag of an operator O in a field theory is the defined from

the two-point function with its conjugate operator

1
(.T _ flf/>2AO

(O(2)0(2')) ~ (5.1)
As we obtain the quantum mechanical behavior of the theory, these operators get
renormalized due to quantum effects. Such corrections are obtained order by order
in perturbative quantum field theory. In particular the dimension of the operator,
changes due to quantum corrections through wavefunction renormalizations. The

correlator in the quantum theory becomes

1
(x _ xl)2Ao+2’y

(O(x)O(a')) ~ (5:2)

The quantity ~ that corrects the classical dimension of the operator is called

the anomalous dimension of the operator. Given the renormalization for a field

dlog Z
l,u g (u)‘

5 - The operators

¢ — Z3(u)p, the anomalous dimension of ¢ is v =



that we consider here are composed of scalar fields. As explained earlier, our aim
is to obtain the spectrum of %-BPS operators, which have vanishing anomalous
dimensions, in the LS theory. We do this by calculating the correlator of the

composite operators in the planar limit at one-loop.

Propagators

The propagators for the various fields are as follows, where the gauge field satisfies

the Lorentz gauge condition 9,A* = 0.

(202 = 60y
(A = oy
_ H
<>\a>\b> _  _gab 02_:2#
(Wigy) = —0% 7k (5.3)

k2

The result will be gauge independent, as we will see.

5.2 Anomalous dimension of Tr (qblfgblzqﬁ?)

In N = 1 gauge theories, it is known that holomorphy is the basis for certain
non-renormalization theorems[69]. In order to prove properties that make use of
holomorphy, one usually works in superfields and regularization schemes that are
compatible with holomorphy.! In our context where we are computing anomalous
dimensions of operators involving scalars that arise from chiral superfields, holo-
morphy implies that the only interaction terms that contribute to the anomalous

dimension are those that arise from F-terms as we will explicitly verify.

In computing the anomalous dimension of the operator O, we compute the

two-point function of this operator with its conjugate operator, which we denote

LA much more modern use of holomorphy and its relation to the Wilsonian effective action
is due to Seiberg[70].
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by O and study its singularity when the two operators are coincident. One expects

1 yloglaf?
20 2R faf2Ae

where A, is the naive scaling dimension of operator and v its anomalous di-
mension. Thus the anomalous dimension is computed extracting the logarithmic

singularities and summing over all such contributions.

For the family of operators Tr((b’faﬁlnggq’), we find that, at large N (i.e., in
the planar limit), the one-loop contribution to the anomalous dimension from all

interactions take the following form (on using dimensional regularization):

Nk+l+m+l

25676 [2(k+1+m)

1
<— + 3log |x|* + constant) X a combinatoric factor  (5.4)
€

When the sum of all contributions is such that the coefficient of In |z|? vanishes,
we obtain a candidate for the chiral primary. Recall that for chiral primaries, the
scaling dimension is determined entirely by its U(1)g-charge and hence should
receive no corrections. For a true chiral primary, « vanishes to all orders. So the
vanishing of the planar one-loop contribution to any operator does not imply that
it is a chiral primary since it could obtain contributions at higher orders. However,

such operators provide us with candidates for chiral primaries.

5.2.1 Cancellation of non F-term contributions

Since we are working in component form, we need to explicitly verify that all
non-holomorphic contributions to the anomalous dimensions of chiral fields cancel
out. These contributions should vanish irrespective of whether the operator is a
chiral primary or not. While this is expected [71], we use this computation as
a non-trivial check of our results. Such contributions come from three kinds of

terms:

e D-term: Figures 5.1 and 5.2 arise from the D-term interaction vertex
_(92/4) Zzg Tr([¢i7 oi [¢j> ¢J])

e Gluon exchange: Figure 5.3 indicates the contribution from the gluon-
scalar interaction vertex igTr (6Mgbi [A* ;] + O0upi AY, ¢Z]) This diagram is
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Figure 5.1: Contribution from Tr([¢1, ¢1][o1, @1]) The figure to the right schemat-
ically shows how the logarithmic divergence was extracted. The inter-
action vertex is labelled by a filled-in circle.

Figure 5.2: Contribution from Tr([¢1, ¢1][¢2, ¢])

gauge dependent and is logarithmically divergent in the Feynman gauge, but
non-divergent in the Landau gauge.

e Self-energy: Figure 5.4 indicates the contribution arising from the self-
energy correction to all scalar propagators. This one is also a gauge depen-
dent contribution.

As we will see the three contribution cancel for all operators that we are consid-
ering here. We now provide some details of this cancellation. We have also verified
that the cancellation holds in both the Feynman and Landau gauge though we

will provide details for the Feynman gauge.

5.2.2 Details of the cancellation
Evaluation of Fig. 5.1

Fig. 5.1 has contributions coming from the interaction term — %Tr([gzﬁl, O1][01, 1))
We evaluate the loop correction by doing one momentum integral and then tak-
ing the inverse Fourier transform to get the answer in position space. We con-
sider the fields pairwise and find the loop correction due to the interaction. We

calculate loops involving interaction vertex separately in momentum space and
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Figure 5.4: Contribution from corrections to the scalar propagator

then Fourier transform to position space. We multiply this with the contribution
1/|z|?*+4m=2) from the part which does not involve interaction vertex. This is

schematically explained in the diagram on the right in Fig. 5.1

For an operator of general form Tr(¢f¢h¢y'), there are (k — 1) contributions
from this vertex. But when we have fields of only one flavor, say ¢, there is an
additional term giving a total of k£ from this interaction vertex. However when
k =1, there are no contributions from this vertex. Similar contributions for fields
of other two flavors ensures that the combinatoric factor is symmetric in k, [, m.

Hence the contribution from this diagram is

292,Nk+l+m+l(Jklm+lem) [/ de zpz(/ d"k 1 )2] (5 5)
A 20T m2) @m)P° (2m)® Kk — p)? |

where Gy, and Jy;,,, are the combinatorial factors with all the properties described
above, given by (d,, is the Kronecker delta function and is non-vanishing only when

m = 0)
Gim = -3+ <6k + 6 + 5m) + <5k5l + 6;0,, + 5m5k) — 300;0,, (56)

and

Jklm =k + l +m — (5k5l5m—l + 5k—1515m + 5l_15m5k) (57)

The momentum integral in Eqn.(5.5) is evaluated in appendix. We find the con-
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tribution from this figure as

g2Nk+l+m+1 (Jklm +lem) FQ[E]F4[1 _ 6] [/ de e }
2(‘x|2)k+l+m—2 (47T>DF2[2 _ 26] (27T)D (p2)26

2 \NTkAH+mAF1
9 N (Jklm + lem) 1 )
25676| | 2(k++m) <E + 14 57 + 3logm + 3log || ) . (5.8)

where v is Euler constant.

Evaluation of Fig. 5.2

Fig. 5.2 involves the D-term interaction—%Tr([gbl, ¢1)[d2, ¢2]) and similar terms
obtained by cyclic permutation of flavor indices. Here we notice that when the
operator has fields of all three flavors the combinatorial factor must be 3. When
the there are fields of two flavors this factor must be 2. There is no such interaction
when there are only fields of single flavor and hence there is no contribution from
this diagram. The integral to be evaluated is the same as in Fig. 5.1. The

contribution from this interaction vertex is

) NE++m+1 lem
2567T6(‘.Z'|2)k+l+m

1
—g (— +1+57E+310g7r+310g|:v]2> (5.9)
€

Contribution from Fig. 5.3

The interaction vertex is ig Trd,¢[A*, @] + c.c. The calculation of corrections is
again done by taking propagators pairwise, as in the previous cases. We realize
that out of the different types of contractions possible only two are giving rise to
any divergence. The combinatorial factor for Fig. 5.3 can be easily identified as the
sum of the combinatorial factors of the above two diagrams. The net contribution

from this diagram is

5 g_2 Nk-i—l-l—m-i—leZm / // deJdD k- (/{Z _p)
2 (|afp)rrtrmt 2m)?P (k= q)*(k — p)*¢*(q — p)*k?

2 £\Tk+1 1
gN++m+ Jklm

- 25675 (|z[2)kFiHm

1
x(z+2+37E+310g7r+310g]x|2) (5.10)
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Contribution from the self-energy

This contribution arises out of the one-loop correction to the scalar propagator
(gbzqu) The calculation of one-loop corrected scalar propagator is given in the
appendix. This correction is represented by the blob in Fig. 5.4. Here again we
calculate the contribution from Fig. 5.4 by taking lines pairwise, where one of
the two lines has the blob. (This is needed to match the numerical factors in the
calculation of other diagrams.) This blob can appear on any of the (k:—l—l+m) lines.
Taking into consideration that the gauge group is SU (V) the combinatorial factor
from Fig. 5.4 is seen to be Jy,. Multiplying this by a factor of W from
the rest of the (k41 4+ m — 2) lines, the one-loop correction to scalar propagator
is obtained in momentum space from Eqn. (D.20) as

dPk 1
(2m)P k2 (k — p)*p?

—2N(|h|* + |h’|2/2)Tr(T“Tb)/
[(e)B[l —¢, 1 —¢€]

= —2N(|h]* + [I'|?/2) Te(T“T") ) () (5.11)
Inserting this into the Fig. 5.4 and calculating the loop
2N3(|h|2 + |W[2/2)T(€)B[1 —€,1 — ] / dPp 1
(4mr)?=e 2m)P (p — q)*(p*)'*
N3(|h|? '12/2)T(e)T'(2¢)B[1 — 26,1 — €| B[1 —€,1 —
N+ WETOTEIBN ~21 —dBl —e1-d

(4m)4=2¢ B[1,14+ ¢ I'(2 + €) (¢?)*

The N3 factor arises when we contract the Tr(T°T”) with generators coming from
the operator. In the above, the momentum integral is again evaluated using

Feynman parametrization and then Fourier transformed to position space to obtain

N3(|A> + |W[?/2) Jm (1
S 42 1 1 2) 1
25671 <€ + 2+ 3vg + 3logm + 3log |z (5.13)

Together with the rest of the lines in Fig. 5.4, which gives a factor of %
multiplying it, the total contribution of Fig. 5.4 is

Nk+l+m+1(|h|2 + ‘h'|2/2> Jklm

—2 25676 || 2(k-++m)

1
<—+2+37E+310g7r+310g|:v]2> (5.14)
€
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We can see that the coefficients of log |x|? (as well as that of 1/¢) in Eqns.(5.8),
(5.9), (5.10), (5.14) add up to zero. Also the gauge-dependent pieces disappear
from the expression except in a constant piece, which can be ignored. In particular,
the term involving Gy, appears only from the contributions from Fig. 5.1 and 5.2
and they cancel. The term involving Jy;,, adds up to give a term proportional to
(g* — |h|* — |W|?/2), which is proportional to the beta function and hence vanishes
in the conformal limit. Hence the only contribution to the required correlator

comes from the F-term interaction as expected.

5.2.3 F-term contribution

The computation of the anomalous dimension for quadratic operators such as
Tr(¢o¢p3) and Tr(¢?) differs from all other values of k, [, m. Postponing the details
for quadratic operators, in the following subsection we will exclude values of k, [,

m where k +1+m = 2.

The contribution from the F-term is obtained from a diagram similar to the one
given in Fig. 5.2. The interaction vertices involved are |h|*Tr([¢1, ¢o]q[d1, d2]q),
—|n|?Tr (qb_12¢%) and its cyclic permutations, where [¢1, ¢a], = qP102 — Gap1. The
combinatorics and integrals are the exactly as described earlier. In addition, here,
when k£ # 0,1 = 1, m = 0, contributions involving the parameter ¢ appear. The
factor Sj, is introduced to take this into account. The contribution to the above

two-point correlator is

[Q‘hﬁ <(q2 + q_2)Sklm + lem) — 2|1 2 (Jgim + lem)}
NhHAmA1

25676 |z [2(-+Him)

1
(E + 1+ 5yg + 3log(m) + 3log |x|2) (5.15)
where

Skim = 016 (1 = 6) 4 0k6—1(1 — 6 — Gy
5110 (1 = 04) + 81ms (1 — 8 — b1)
+ Ome10k(1 = 61) + 01 (1 — 6 — &1-1) (5.16)

+
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The vanishing of the anomalous dimension now gives the condition

|h? ((q2 + @) Skim + lem) — WP (S + lem)> =0 (5.17)

Before looking for solutions in full generality, let us first consider the N = 4

limit, i.e., ¢ = £1 and A’ = 0. In this limit, we obtain
25kim + Grim = 0 (5.18)

This has two non-trivial solutions:

(i) k> 2,1 =m =0 and permutations thereof;

(ii) k> 1,1 =1, m =0 and permutations thereof.

(i) corresponds to operators of the form Tr ((b'f), and (ii) corresponds to opera-
tors of the form Tr (¢’f¢2). All these are the known N = 4 chiral primary operators

of the form we considered?.

We next consider the (-deformed theory which corresponds to keeping h' = 0
and restoring arbitrary values for ¢. The vanishing of the anomalous dimension is

now
112((¢® + @) Sim + Giam ) = 0 (5.19)

Among the two classes of solutions that we obtained in the N = 4 limit, we
see that those of type (i) continue to have vanishing anomalous dimension since
Skim and Gy, vanish separately for those values of k,l, m. However, this is no
longer true for the operators of type (ii). These operators have the charges given
in the list of chiral primaries given by Lunin and Maldacena for the (-deformed

theory[20].

Finally, we now consider the Leigh-Strassler theory, where b’ # 0 as well. None

2This list actually misses out the quadratic operators Tr(quj) which are also chiral primaries.
As mentioned earlier, the general formula given in Eqn. (5.17) is not valid for these operators
since there is an extra contribution appearing in the deformed theory. This will be discussed in
the next subsection.
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of the NV = 4 chiral primaries are protected in this theory. However, in the limit
h = 0, the operator Tr ((b1¢2¢3) (and also Tr(¢1¢3¢2)) is found to be a solution
of the Eqn. (5.17), which is easy to understand as this operator cannot get any
contribution at one loop from the A’ interaction. We will now discuss the operators
Tr(gﬁ%) and Tr(¢2¢3) that were not considered earlier. We will see that both these

operators are protected in the Leigh-Strassler theory.

5.2.4 Anomalous dimension for Tr(qbigbj)

The anomalous dimension for dimension two operators obtains contributions from
interactions involving double trace operators that appear in V. In the g-deformed
theory, this interaction only affects the Tr(¢2¢3) operator, while in the general LS
theory, the operator Tr(ﬁ) is affected by the h’ dependent double trace operator.
For all other operators, one finds that interactions involving double trace operators
provide contributions that are suppressed by a factor of 1/N relative to the single

trace interactions and thus can be ignored in the large N limit.

The computation for these operators differs from the above due to a subtlety
in taking the large IV limit. The deformed theories have an extra interaction, as

seen from Eqn. (3.11), which is suppressed by a factor of N relative to other

3

interactions as it is a multi-trace operator®. For a dimension two operator, the

trace algebra works out as follows,
1
v Te(T°T")Te(T*T) T (TT) Tr(T°T)

1 [N?2—-1 2 (N?2-1)?

— N] _ W

N | N - N

~ N? (5.20)

The ~ N3 contribution is seen to be of the same order as the one from the
single trace interaction piece in Eqn. (3.11). This can be ignored in the large N
limit while computing anomalous dimension for operators of dimension > 2. The

important point to note is that this contribution is precisely the one that makes

3Recall that while the superfield Lagrangian has a single trace, the component Lagrangian is
obtained by eliminating the auxiliary variables D and F'. Thus, the bosonic potential ends being
a double trace which can be rewritten as a single trace using identities such as Eqn. (3.12). This
term does not appear for U(N) as well. Note also that it vanishes in the A = 4 limit.
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the anomalous dimension for Tr(¢;¢;) vanish (as has already been shown by others

using different methods.)

5.2.5 Summary of results

We have seen that, among the type of operators considered, the chiral primaries
of N' = 4 Yang-Mills are Tr(¢}) and Tr(¢f¢,). In the S-deformed theory, at
one-loop, the family of operators of the form Tr (gzﬁ’f) and Tr(¢1¢2) are protected.
For the Leigh-Strassler deformed case, we have only two kinds of operators which
survive on including the A’ deformation. They are Tr (gbf) and Tr(gbggbg). In order
to further generalize the kinds of operators that one must consider, we revisit the

chiral primaries of the N' = 4 theory.

5.2.6 Chiral primaries of N’ = 4 Yang-Mills theory

We have found chiral primaries that involve only two flavors of the scalars. What
about those involving three flavors? The simplest one will involve one of each

flavor. For the N' = 4 case, the chiral primary is

T (616205 + 616502 )

More generally, chiral primaries of N' = 4 SYM are obtained by considering linear

combinations of all possible orderings of operators. For instance, the above oper-

ator has 2 = 3!/3 possibilities. The 3! is the order of the permutation group in

3 objects and the division by 3 reflects the cyclic property of the trace. Given a
J2

monomial, zf 125 25,73, the corresponding N = 4 primary is given by the expression

(With n = Jl + Jg + Jg)

> e Tr(molopor) (5.21)

WESTL

where we sum over all permutations . ¢, is a symmetry factor given by the ratio

of the volume of the orbit of the group of cyclic permutations acting on the fields
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in the argument of the trace to the total volume[10]. That is, when the operator is
made up of a repeating series of operators, ¢, is given by the inverse of the number
of repetitions. Thus the operator, say, Tr(¢i¢a¢1¢2) will have ¢, = 3. Clearly
there is a one-to-one correspondence between monomials in three variables and
the V' = 4 chiral ring. At dimension Ay, the number of operators in the chiral
rings is (Ao + 1)(Ag + 2)/3 which is the number of monomials at degree Ay. The
linear combination constructed from any of these monomials by considering all

possible permutations of the variables, using the rule in Eqn. (5.21), corresponds

to a N = 4 chiral primary.

Based on the form of F-term equations like F} = goods — G302 = 0, Freedman
and Giirsoy(FG) have argued that one needs to associate a factor of g* for terms
that are related by the exchange of ¢ and ¢3. For instance, the chiral primary

involving all three flavors, will become

Tr <Q¢1¢2¢3 + q_¢1¢3¢2) :

in the [-deformed theory by their prescription. We will refer to this as the FG
prescription. In the sequel, we will verify the FG prescription works for operators
involving up to six powers of the scalars only when they turn out to be chiral

primaries.

5.3 Chiral primaries in the S-deformed theory

Chiral primaries in the g-deformed theory are classified by three charges corre-
sponding to a U(1)?3 subgroup of the SO(6) R-symmetry in the N' = 4 theory. The
three scalars ¢1, ¢o and ¢3 have charges (1,0,0), (0,1,0) and (0,0, 1) respectively.
Chiral primaries are thus labelled by their U(1)? charges. Here we consider two-
point functions of operators with charges (Ji, Jo, J3): (2,1,1), (3,1,1), (2,2,1),
(4,1,1) and (2,2,2) — these are all the operators with (J; + Jo + J3) < 6 with all

J; non-vanishing.

For a given choice of (Ji,Jo, J3), there are several operators that carry this
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charge. For example, there are three operators with charge (2,1,1) as shown
below. We choose linear combinations of all such operators in two steps. First,
we obtain the corresponding N' = 4 primary. Second, we introduce powers of
g following the FG prescription[10]. This is potentially a candidate for a chiral
primary. We then put in arbitrary coefficients in front of all operators to make
our ansatz more general. We then compute the anomalous dimensions of these
operators at planar one-loop and obtain the condition for the vanishing of their

anomalous dimensions.

In the following, we write the planar one-loop contribution to the anomalous
dimension for all operators as the sum of the absolute squares. As we have seen
in the previous chapter the anomalous dimension for any scalar composite state

can be written as

T (% +R44_7mm) = (W{Qs, ST} = || Qal)||” +||S% )| = 0 (5.22)

This enables us to solve the equations easily without any hidden assumptions.

<2, 1, 1) operator
We take the chiral primary to be of the following form
Oon =Tr <¢%¢2¢3 + b D121 63 + Cq_2¢2¢§¢3> : (5.23)

The computation of the anomalous dimension of this composite operator proceeds

as before. The vanishing of the anomalous dimension is given by the condition?
{3|c|2 4B +3—2Re|(2b+ ) + 2q2ba]} —0 (5.24)
The condition can be rewritten as follows:

26 — 1> + e — 12 4+ 2[bg* — c|* =0.

41t is easy to extract the 3 x 3 matrix of anomalous dimensions from the following expression.
It may have some use in writing out the Hamiltonian for the spin-chain but its use is limited
due to the small length of the chain.
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This is a sum of three positive definite terms and is solved by b=c=1and ¢*> = 1

which makes it a chiral primary only for the N' = 4 theory.

<3, 1, 1) operator

Here the chiral operator is taken to be

O3z = Tr <¢?¢2¢3 + bGP P3ta + G P P13 + d§4¢§¢3¢1¢2> : (5.25)

There is an ambiguity in applying the FG prescription. For instance, the operator
with coefficient b can be associated with either ¢* (as we have chosen) or ¢°. This
ambiguity disappears when ¢* = 1. The condition for the vanishing of the planar

one-loop anomalous dimension is
3162 + 42 + 4|d|> + 3 — 2Re [E + 22 + 2bdg* + 2¢d| =0 . (5.26)
The above expression can be written as follows:
b—12+2]c— 1> +2|bg" —d|* +2|c—d]* =0 . (5.27)

This has a solution only when ¢* = 1 and b = ¢ = d = 1. This is precisely the
situation where the FG prescription works. When ¢ = +1, this is A" = 4 chiral
primary. When ¢ = =+, this operator is also a protected operator. This is again
an result expected from Lunin and Maldacena[20] — this is a chiral primary in the
Zsy X Ly orbifold of N = 4 theory. For all other values of 3, this operator is not a

chiral primary.
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<2, 2, 1) operator

For the operator

Oo1 = Tr <¢%¢§¢3 + 07§ patpsa + 7' P38 + AT P1620361 63
+ [ b2 ds20n + 97' 1830 0s) . (5.28)

the condition for the vanishing of the one-loop anomalous dimension is

—QReE+J+gf+4ﬁ+bf+2df+dg+ad+cf+f§+CQQﬂ

+41b|* + 3|c|* + 5|d|* + 5| f]* + 4lg]* +3=0. (5.29)
This can be written as the sum of squares as follows:

b= 11"+ |d — 1" + |g¢” = 1] + [b— c* + [bg® — d|” + [b— fI”

+leg? — gl +leq® = fP+2ld— fP+|d—gl* + |f¢* — g =0. (5.30)

The solution occurs only when ¢2 = 1 and b = ¢ = d = f = g = 1 which is the

known N = 4 chiral primary. Thus, this is not a chiral primary for generic values

of 3.

(3,3,0) operator

Os30 = cidsy + 18P h2105 + o Psd1027
+30° D121 a1 B2 (5.31)

The vanishing of the planar one-loop anomalous dimension is

2\0\2 + 4\cl|2 + 4|62\2 + 18|03\2 — 2Re[cc; + qcCy + 20165 + 3c185¢° + 3cacs] =0
(5.32)
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This equation can be written as the sum of absolute squares
lc —c1* + Jeq® — col® + |e1 — cof® + |3e3 — ea* + 3¢5 — c1¢®* = 0 (5.33)

c=c =cy=3c; =1 and ¢® = 1 solves this.

<4, 1, 1) operator

We next consider the operator with charge (4,1,1). Below the powers of ¢ have
been assigned using the FG prescription. However, there is an ambiguity in assign-
ing the powers of ¢. For instance, the operator multiplying the coefficient b3 can
be assigned either 1 or g° since it can be reached by two different set of exchanges.

This ambiguity however goes away when ¢% = 1.

Out = Tr (630205 + d 63050 + bat 7620305

T b’ 01020105 + it drndndicn) . (534)

The vanishing of the anomalous dimension at one-loop is
31b|% + 3|b1|* + 4|ba|* + 4]b3|* + 4|bs|* — 4Re [bb} - %bb} + b1b3q° + babs + bgb;} =0.
Again, this can be written as the sum of absolute squares.

b — by [* +2]b — by|* + 2|b1g® — bs|* + 2|by — bs|® +2|bs — by =0.  (5.35)

Clearly this has a solution b = b; = by = by = b, only when ¢® = 1. Note that this

is precisely the value of ¢, where the ambiguity in the FG prescription is removed.
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<2, 2, 2) operator

For the operator

Oz = T (636363 + i 030032 + dad* 6626362 + dag* 30305
+ daG° B P3padata + ds@° B1P305 + deT P30102010 + dr T Prdadi P3dads

+ dsq° 9302010261 + doT' 1856105 + duad 01036105 + %q%@mgm@dag

+d12§4¢2¢1¢2¢3¢1¢3+d13§4¢1¢3¢1¢2¢3¢2+d10q2¢§¢3¢1¢3¢1+%%¢1¢3¢2¢1¢3¢2>

(5.36)

we obtain the following condition for the vanishing of the anomalous dimension

3|d® 4 5|dy|* + 4|do|?® + 4|ds|* + 5|d4|* + 3|ds|* + 5|ds|* + 6|d7|* + 5|ds|* + 4|dg|?
+3]d1|? + 5|d1a]? + 6]daz]? + 6]dus|? + 5|diol? + 3|dis|? — 2Re [dJG + ddy + ddy
+dydy + dodg + dodg + dydy + dsdg + dyadia + dedg + dgdg + dydz + dizdyo
tdyidys + diadyg + disdis + dsdy + digdis + dsdy + dgdy + dydy + dydy + dirdys
+drds + dysdig + dedia + dodig + dodiy + dsdra + dudys + dsdis + diods + dadiy
tdiydy + dysdy + d15c27] —0. (5.37)

This is independent of ¢ = €™ and is solved by d = d; = --- = 1 as can be clearly

seen after rewriting the above expression in terms of sums of absolute squares.

|d — dy|* + |d — dg|?* + |d — dyo|? + |dy — de|? + |dy — ds|? + |dy — do]? + |dy — dys]?
+ |dy — de|? + |dy — ds|* + |dy — dul|* + |ds — da|? + |ds — d1a]* + |ds — dyo|?

+ |ds — ds|* + |ds — da|® + |ds — d1a|?® + |dy — dr|? + |ds — d3]? + |dg — do?

+ |dg — dr|* + |ds — dra|® + |d7 — ds|* + |d7 — du1|* + |d7 — dis|* + |ds — dol?

+ |ds — dy2|?* + |do — dya|?® + |do — dio|® + |di1 — duz|? + |diy — dio)? + |dia — diaf?
+ |dyy — dys|? + |dig — dio)? + |dia — dus|? + |dis — dao|* + |dis — dys|* = 0 .

(5.38)
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Hence this is a chiral primary for any value of 3 on implementing the FG prescrip-

tion.

By studying the non-renormalization properties of operators up to dimension
six, we see that for generic (3, chiral primaries appear only as operators of the
form (k, k, k) and (k,0,0) (other than the quadratic operators) as expected from
the refs. [10, 12, 13, 20]. Further, the FG prescription works for these operators.
The absence of an ambiguity in implementing the FG prescription seems to be the
key to the vanishing of the one-loop anomalous dimension. This also picks out the

special values of ¢ for which some operators are protected.

5.4 General Leigh-Strassler deformation

The general Leigh-Strassler deformation is invariant under the action of the trihe-
dral group A(27) which is a finite non-Abelian subgroup of SL(3,C). The center
of this group is a Zs which is sub-group of U(1)g. Thus, the U(1)g charge can
be identified with the Zs charge. Chiral primaries in this theory must appear as
irreducible representations of A(27). In appendix B, we have provided relevant
details of the irreducible representations of A(27). Based on the representation

theory discussed in chapter 3, we obtain the following important and useful result:

1. When the scaling dimension, Aqg = 0 mod 3, then chiral primaries must
appear in any one of the nine one-dimensional representations, Lq ; (Q, ] =
0,1,2). The representation Ly corresponds to a singlet of A(27). We will
label such operators O(A%’j ) to indicate the representation they belong to.
The charge @ for one-dimensional representations can be identified with the
charge proposed in [62].

2. When the scaling dimension, Ag = @ mod 3 (a # 0), then chiral primaries
appear in the three-dimensional representation, ), and thus three operators
form a triplet. We label all such operators by O% . Given one operator
of the triplet, the other two can be generated by the cyclic replacement

T Q1 — Q2 — @3 — O1.

This observation is useful in many ways. There will be no mixing between

operators which sit in distinct representations of A(27). This leads to a nine-fold
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reduction in the operators that one needs to consider for one-dimensional repre-

sentations and a three-fold reduction for the three-dimensional representations.

Ay = 3, () = 0 operators

Since Ag = 0 mod 3, one has to only consider the one-dimensional representations.
There are three operators with (@, j) = (0,0) and we will consider the most general

linear combination of them.

O — <agb‘i’ + agh + adi + b1 dags + C¢1¢3¢2) (5.39)

The vanishing of the one-loop correction to the anomalous dimension is given by

27)al*|W|* + 9(hh'qab + hh'qab) — 9(hh Gac + hh qac)
—3(|h?g°be + |h)*q*bc) + 3(|b]* + |c[))|h]> = 0 (5.40)

This can easily be seen as equivalent to

|h<b<j—cq> 4 3al? = 0 (5.41)

This has two solutions:

(i) a=0,b=q and ¢ = g. This implies that the Tr <q¢1¢2¢3 + q¢1¢3¢2) which
was a chiral primary in the [-deformed theory is protected at one-loop in
the LS theory as well.

(i) a=1,b= —?’Q—ng, c= z—rgq_. This is the operator

> =

3am _
Tr[(¢F + ¢5 + ¢3) — 7(9¢1¢2¢3 — qP1¢302)| . where m =
There are two other operators with () =0 and 7 = 1,2 — these are
OF7 = Te[6} + Wl + w¥63] .

These are descendants and hence are not chiral primaries. It follows from the

representation theory of A(27) that there are nine descendants (with Ay = 3),
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one in each of the irreps, Lg ;. When, (Q,7) = (0,0), there are three operators
and one descendant while there are one operator in other sectors. We obtain two

protected operators in the Ay = 3 sector which is consistent with this counting.

Ag =3, ) =1 operators

For this operator
O =T (s + wihos + w630 ) (5.42)
the vanishing of the one-loop correction to the anomalous dimension is
30”?+Mﬂq—ﬂﬁ +2R%Mﬂq—@<kﬂﬂ+w%ﬂ::0 (5.43)

When j # 0, the above equation has no solution (except in the N' = 4 limit) imply-
ing that the operators are not chiral primaries. They are descendant operators[62]
as they can be obtained from the F-term equations. However, when j = 0, the
condition becomes

3| +h(g—q)*=0,

which has a solution only when h’ = h(q — ¢). At all other points in the space of

couplings, the operator is a descendant.

Ao = 4 operator

The operator that we will consider here is in the three-dimensional representation,
Vi, of A(27). Below, we will consider only one operator in the triplet since the
result is valid for all three operators. The operator has charge () = 1. Further,
it is a linear combination of several A" = 4 primaries — the unknown coefficients
are labelled to remind the reader of this fact. For instance, below terms with

coefficient using the same letter of the alphabet are part of the same N = 4
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primary.

O, = tr <¢3 +b $ips + ¢ ¢35 + c1d1P3P193 + d D133
+ d191ap302 + dah3d31 + f¢§¢2> (5.44)

Requiring the vanishing of the one-loop correction to the anomalous dimension,

we get,

16/'|2 + [b[2 (202 + |f*lq — i) +21ef? (J1'[? + [BI?) + 1dJ2 (|02 + 3141

[ (2AR2 + |2l = af2) + ARy 2 + 81 e | + [dal? (|12 + 31A?)

+ 2Re [4wq d — AhR'G dy — W'h(q — Q)b + hivq bd — W'h(q — §)dib — hi'G bds
—h'hq cd — 2|h|*(ca)(¢* + @) + hi'q dye + hH (g — §)cf + 20 hq c1d

—2hhq c1dy + R'hG df — ' h(q — @)dif — W hq dof — 2|h|*¢* did

—|h[2¢? dod — 2|1)?F d1J2] =0 (5.45)

The above equation is rather hard to analyze and one may wonder if it has a
solution. We now make use of the fact that in the limit 2’ = 0, these equations
should provide us conditions that appeared in the (-deformed theory. We have
already seen that these can be written as the sum of squares. Using this result as
input (and a check!), we deform the A’ = 0 term suitably such that all terms that
appear as h'h that appear above are accounted for. This strategy works rather

well and we obtain an expression (given below) that is easily analyzed.

(4 + had — hqds|* + |hgd — hady + Wb® + |had — hqdy + I f* (5.46)
+hady — hqds + W' + [hdy — hady + B f? + e — 2hge, — R'd]?

+ |hge = 2hgey + Wdy|* + [h(q — Q)b — We|* + |h(g — @) f — We|* =0

This equation has the following definite solution providing us the required chiral

primary operator at one-loop planar level.

4m? (@ + ¢ — 1) c_4m2(q—67)(q2+62—1)

b=f= m3(q® + ¢%) — (¢ — q)? m3(q* + %) — (¢ — q)°
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where m =

4m (m*q — q(q — 9)?) 2m? (¢ — q+m?)

d=— — — = ~ -
M+~ (-0 W@+ ) - (-
Am(g—q)(g—g+m?)
1= - -
m?(q® +¢*) — (¢ — q)°
4m, 2 + =2 2+ m3 3
dy = — <3q 2 qu qf Z, (5.47)

@(m*(¢*> + ) — (¢ — q)*)

%. We thus find only one protected operator that exists for generic

values of the couplings.

Ay = 5 operator

The dimension Ay = 5, = 0 operator belongs to the V, representation of the

A(27). The candidate protected operator can be take in the form

Os

= tr <¢? + by PPags + by ot + by d1dadTds + by PPada

+co QI 4 1 P1d3p103 + do Prps + di D1 Pad1d

+fo D102P30203 + fi 1020502 + fo Q130303 + f3 P103020309

+f1 16363 + f5 136% + 91 Gin+ 92 Ghon)

(5.48)

Requiring the anomalous dimension to vanish and re-expressing it as sum of

modulus-squared, we get

|5m + gbo — bsq|® + |mby + Gfs — qfol* + |mby + Gfs — qfs|
+|mbo + qfo — qf1l* + Imbs + Gf1 — qfs|* + |mbs + G fa — qfs]?
+|mbo + Gfo — ¢ fol® + Img1 + Gfo — afs]® + Imga + @fo — fs|?
+Hmgy + afs — afi* + [mgi + Gfi — afs]* + Imgs + @fs — afol?
+lmgs + qfa — qfs|® + |mfi + Gdi — qdi | + [mfa + Ger — gei?
+|mfs + qdo — qdi|* + |mfs + Gdy — qdo|* + [mco + Gg1 — qg1|?
+|mdo + 392 — qgol* + |mfa + Ger — qeol* + Imfs + Geo — qea |

+|mer + @by — gba|?® + [mceo + gbo — gbi[* + [meo + qby — qbs|?

+|mdy + @by — gba]* + |mdo + Gbo — qb1|* + |mdo + qba — gbs]* =
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where m =

3'\|3‘|

. These set of equations have a unique solution at arbitrary values

of m, ¢ and ¢. The solution is as follows (with ¢ = E)

5ma (m'e® — ¢*(~1+ %) + m¥(—1 = ¢*(a* = (2~ 26° + ¢°)) )

bo = _(1 4 q2)<m6q5 — (=14 ¢2)* + m3(—1 + 4¢% — 9g* + 9¢5 — 4¢® + qIO))
- 5mq3<—m6q+q(—1+q2)3+m3(2—2q2+q4—q6+q8)>
(1+ q2)<m6q5 — (=1 + )4+ m3(—1 +4q® — 9g* + 9¢8 — 4g5 + qlo))
5mq<m6q7 +q(¢? = 1)° +m’(1+¢*(¢* = (1 + 2q4))>
by = (1+¢?) <m6q5 — (=14 @) + m3(—1 + 4¢% — 9g* + 9¢° — 4¢® + q10))
5m<m6q6 + (@ =123 +m3(q— ¢ —2¢° +4¢" — 2¢° + qll))
bs = (1+ ) <m6q5 — (=14 @) + m3(—1 + 4¢2 — 9g* + 9¢5 — 4¢® + q10))
P Smi(g? ~ (g’ — ¢ + 1
<m6q5 (=14 @)+ mA(—1 4+ 4¢2 — 9g* + 9¢5 — 45 + qu))
= d — 5mi* (=1 +gm® + ¢*)(¢* —¢* + 1)
<m6q5 (=14 @)+ mA(—1 + 4¢2 — 9g* + 9¢5 — 45 + qu))
5m2q? <m6q5 +q(@®> —1)*(¢*+ 1)+ m3(=1+¢* — 3¢* + 2q6))
fo= (1+ q2)<m6q5 — (=14 @2)* + m3(—1+ 4¢% — 9g* + 9¢6 — 4¢B + q10)>
P sm*q(—1+2¢* — 2¢* + ¢°) (=1 + m*q + ¢*)
<m6q5 (=1 4+ @4+ m3(—1 +4q® — 9g* + 9¢5 — 4gB + q10)>
5m2q<1 +¢*(=2+q(m°q +q(2 - 2¢* +¢*) + m* (=2 + 3¢> —¢" + qﬁ))))
fs = (1+ q2)<m6q5 (=14 g2)* + m3(—1 + 4% — 94 + 9¢5 — 4¢8 + q10)>
[ 5m2(1 — ¢ + ¢ (m® — g(¢® — 1))
< mbg® — q(—1 + q2)4 + m3(—1 + 4g2 — 9¢* + 9¢° — 45 + q10)>
5m2(1 — @+ ¢ (1 —2¢* + ¢* + m3¢°)
( (—1+¢*)* +m3(—1—|—4q2—9q4+9q6—4q8+q10)>
= gy — smiq(l —¢* +¢*)°

<m6q5 —q(—1+g>)*+m3(—1+4¢%> — 9¢* + 9¢5 — 4¢® + q10)>
(5.50)
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Ay = 6, () =0 operators

We now consider operators with Ag = 6 and Q = 0. There are three operators in
the representations, Ly ; that we need to consider. We first consider the operator
in the representation Ly, — it consists of 46 terms — however, the number of
independent coefficients is reduced to 26 due to the use of the trihedral symmetry.

We write the operator as the sum of four terms
O = 0, +7(0)) +72(0)) + O, , (5.51)
where

O = Tr (a6 + bo3620s + bi6i0s02 + badigadis + byt dadioy
1020165 + €670 + 162026163 + C20i0301 02 + Codnda B2 |
Oy = Tr (A 936363 + dr 602030265 + da63620305 + dy 3030305
+ dsd3budadudn + dstioieh + doti61626165 + drbrdadrdndnds

+ ds 302010201 + dod3d10501 + dioB3d310301 + di16120301 0203
+ di1201 0203010302 + d13P1P2030201 03 + d14¢§¢1¢3¢1¢3 + d15¢1¢3¢2¢1¢3¢2> )

and by 7(0;) we mean the operator obtained by the cyclic replacement 7 : ¢ —
¢o — ¢3 — ¢ in all the terms. The operators in the representations Lo ; (j # 0)
are given by

O = 0y +WIT(O)) + WP (0y) . (5.52)

After some long and rather tedious algebra, one can express the vanishing of
the one-loop anomalous dimension for the operator Oéo’o) as the sum of absolute

squares.

3 \6am — blq + b(j|2 + ‘bgm — d7q + dﬁ(ﬂQ + |b4m — dgq + d7(ﬂ2
+\b4m — d4q -+ d13(ﬂ2 + \b4m — d4q -+ d7(ﬂ2 -+ |bgm — d7q + dl(ﬂQ
Hblm — 2d15q -+ d7q_‘2 —+ |bm — d7q + 2d11(7|2 + |b3m — d13q + d10q|2

+|bam — diaq + dizq|* + |bm — dizq + 2d11q]* + |bim — 2d15q + di3q)?
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+|bgm — dizq + dvql* + |bym — 2dy5q + di2q)* + b — d12q + 2d11q]?
+|bsm — di2q + dioq]* + |bam — d1aq + di2q|* + |[bamn — dsq + dr2q|?
+|bym — diaq + doql? + [bm — dyq + d10@|* + |bim — d1aq + doql?
+|bym — dsq + dogl? + |bam — dsq + dsql® + |bym — dsq + daq]® (5.53)
+|bim — diaq + daq)* + |bm — daq + dioq]? + b — dioq + dgl*
+|bam — diq + dq|* + |bm — dag + d1q|* + |bam — degq + dg|?

+lbm — dzq + di@|* + |bm — dag + dsql|* + [bym — dugq + dagl?

+|bim — dug + dzq|? + [bam — dsq + duq|* + |bm — doq + dsq)?
+|dem — c1q + 3esq|* + |dsm — 3esq + caq|? + |digm — 3czq + caql?
+3ldm — cq + coq|?* + 3|dsm — c1q + cq|* + 2|dym — caq + 1G]
+2|dgm — ¢2q + 1q]* + |drom — c1q + 3esq]® + 2|dsm — 2 + 1)
+|dym — 3esq + eaq|* + |dim — c1q + 3esq|® + 6|em — byq + bG|?

+6|cym — bag + baq|* 4 6lcm — big + bsq|* + 6|cam — bsq + bagl* = 0

The above equations lead to 52 equations in 26 unknowns. We find that there are
precisely two solutions that exists for generic values of the parameters. It is easy
to see that there are some identifications amongst the d;. They are d; = dg = dyo,
dy = d3 = dgy, dy = dg = di4 and d; = dis = di3. This reduces the number of
unknowns to 18. An important point is that the two solutions can be characterised

by a = 0 and a # 0. The detailed solution is given below for the interested reader.

In the limit, A" — 0, these two solutions reduce to the operators that exist in
the (-deformed theory for general values of 3. This is precisely what happened
for the Ag = 3, @ = 0 operators as well. This is a clear indication that the
operators that are protected at one-loop in the §-deformed theory and are in the
representation Lo survive the b’ deformation. The operators in the representation

Ly ; with j # 0 are however not protected operators.

The detailed solution when a = 0 is as follows

b 3b3(1 + ¢°)
2

by =—; by = ;
L@ T 144+ g2+ — ()
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b2+ m(¢® — ¢") +5(¢° + ¢') + mPP(3 4+ 8¢° + ¢'2))

" R [ P )
— <1 L a1+ ¢ A m (=1 + ¢°) = 2mN (@’ + 4¢° + q15))) ,
¢ (¢+4q")(1+4¢° + ¢ + m3(¢® — ¢°)) ’
L 0L mOg (-1 +¢%) — 2mP (¢ + 49”1+ 4))
m(q+q")(1+4¢° + ¢'2 + m3(¢® — ¢%)) ’
o — L1 4 ¢%) — (=24 ¢° + 47) — mP(1 + 8¢° + 3¢77))
m(l+¢%)(1+4¢° + "2 + m*(¢* — ¢°)) ’
.Y — Cbg (14¢° =29 +m°P (=1 +¢°) = m’*(348¢° +3¢")).
m(1+¢%)(1+4¢% + ¢'2 +m3(¢* — ¢°)) ’
oy = L+ +m@ = ¢°) + mP(L+ 64 + 7))
m(1+¢®)(1+4¢° + 2 +m3(¢® —¢)

g b PP (14 ¢°) + (=1 +¢°) —mP(5+ ¢°)(1+ 3¢"))

m2(1+¢%) (1 +4¢° + ¢ + m*(¢* — ¢°)) ’
g, = WM+ %) + (1 + %) — 2mP(1 +5¢°))

m2(L+ %) (L +4¢5 + ¢'2 + m(¢® — ¢°)) ’

g, = ML) @+ @+ m —¢°) + mP(A+ 64"+ g7)),

m?(q +q") (1 +4¢° + ¢'2 + m*(¢* — ¢°)) ’

b(1+¢°( = 24" = 2m°(=1+ ¢*) + 2m3¢*(5 + ¢°) ) )

T R e e )
gy — P4 q%) — (214 ¢°)° —mPP (3 + g7+ 5¢%)

m?¢*(1+ ¢°) (1 +4¢° + ' + m?(¢* — ¢°)) ’
g, = YO+ ¢ + (L4 ¢7) + (g — ) + w1+ 100" +¢7)),

m2(1+¢°)(1+4¢° + g2 + m*(¢* — ¢°)) ’

dll _ _bq (mqu(—l + qﬁ) _ q3(_1 + q6)2 _ 2m6q9(5 + qﬁ) + m3(1 + 10(]6 + qIS)).

2m*(1 4 ¢°)(1 +4¢° + ¢'2 + m3(¢® — ¢°)) ’

with identifications d1 = d6 = d10> d2 = d3 = dg, d4 = dg = d14 and d7 = d12 = d13.
Here the coefficient b # 0 remains undetermined in terms of the couplings and can

be set to unity since it is an overall multiplicative factor.

For a # 0 case the solution is

_ b46mg B 3¢2(b + 2mq + 2m*q* + bg® + 4mq")

L A K (el
by = _71( — 6mg(1+m’¢> +2¢°)% + b(=2+ m°°(¢° — 1)
—5(¢° + ¢'*) = m*¢*(3 + 8¢° + ¢'?)))
by = —_?1 (q(b(m?® + (m® — 5)¢° + 8m?¢® — (5 + m®)¢” + 3m*q"* — 2¢™)

+6mq(m®q® — ¢*(1 + ¢° + ¢"*) + m*(1 + 4¢° + ¢'%))))
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1

c (—6mq4(m6q3 o q3(1 +q6 +q12) +m3(1 +4q6 +q12

T mgK
+b(—1 4+ ¢ +m®°(¢® — 1) — 2m?(¢® + 4¢° + q15)))
—1
1= mq—K( — 6mag(m°q® — ¢*(2+ ¢®) + m*(1 + ¢° + ¢'?)
+b(m°* (=1 +¢%) — (=24 ¢° + ¢ — m* (1 + 8¢° + 3¢")))
1
= —0 (g(6mg*(m® + (1 +m®)¢* + 3M°¢° + 2¢°)
m

—|—b(—1 o q6 4 2q12 +m6(q6 - q12) +m3q3(3 +8q6 4 q12>>))
1
3= 7= (q2(b(—q2 +¢” +m®(¢® — ¢”) + m*(1 4+ 6¢° + ¢*2))
+2mq(3¢” — m°¢*(¢° — 2) + m*(2+ 9¢° + ¢'%))))
~1
d=— ((=02m°¢*(¢° = 1) + ¢*(¢° — 1)* = m*(5 + ¢°) (1 + 3¢°))
+6mq(2m°q® + ¢” — ¢ + m*(2+ 7¢° + ¢'))))

1
m2K
+6mq(m®e®(¢° — 1) + ¢°(¢° — 1) + m*(¢"* — 4¢° — 1))))

~1

dy = i <6mq(q9 — ¢+ m%(¢® = ¢°) + m*(1 + 4¢° — ¢"?))

d1:

(g(b2m°¢*(¢° — 1) + ¢*(¢° — 1) — 2m*(1 + 5¢°))

—b(¢® = 1)(—=¢* + ¢ + m°(¢® — ¢") + m*(1 + 6¢° + qlz)))

dy = — <6mq4(q3 — ¢ +m°(¢" — ¢*) —m*(1+6¢° + ¢'*)
m2qK
(1 +¢°(=2+¢° = 2m°(¢° — 1) +2m°¢*(5 + q6)))>
Ly 6 93, 6(r 6 39, 1
d; = m2K(q (6mg(m® +m’q° 4+ ¢°(bm° — 1)5m>q” + ¢ 2)

+b(5m?¢*(¢° — 1) + (¢° — 1) + m*(¢* — ¢°) + m®(1 + 10¢° + ¢'2)))(5.54)

where m = 5 and K = (14 ¢%)(1+4¢° + ¢ + m(¢* - ¢")).

Ag = 6, ) = 1 operators

We consider dimension six operators which are in the one-dimensional represen-
tation of A(27). This is an example where the condition that the operator be
in an irrep of A(27) (rather than an Abelian subgroup as considered in [11], for

instance) leads to a simplification. There is a three-fold reduction in the number
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of constants in the problem. The operator has the form
O = 0 +wir(0) +w¥7(0) (5.55)
where

O = T (762 + b6i03 + b1 67656165 + bad? a5 + 676305
+ 10702030 + 201 P30 + Ca b P2010203 + 1 D2 B3
+ 50T D5 103 + oD P23 P10 + CrdT P31 + 8P P3Pad1 e
+ 16201020103

Given the complexity of the expression for the anomalous dimension, we used
the same strategy that was employed for the Ay = 4 operator. This enabled us
to re-express the anomalous dimension as the sum of absolute squares as given

below.

(g — @) = mb|* + |m + ges — qeal* + |m + ge — ge1

+ [m + ger — qea|* + |m + Geo — qes|? + [mb + Ge — qes|

+ [mer + e — qes|? + [me + qes — ger|* + [mea + Gy — gea?

+ [mes + ges — qea|” + Imb + ger — qeo|” 4 Imby + Ges — qeol®

+ |mc + ges — qes|* + |meg + Ges — qeg|* 4 |mey 4 Geg — qea)? (5.56)
+ |mb + Geg — qea)® + |mey + Geg — qes|* + |2mby + Ges — qer]?

+ |mes + Ges — qeol? + |mey + Ges — qeo|* 4 |mes + Geg — qer|?

+ |mey + Ger — qes|? + |mby + Geg — qes|? + |me + gby — qb]?

+ |mey + qb — qbi|? + |mes + 2Gby — qbi|? + |mer 4 gby — 2qby|* = 0

Trying to solve the constraint equations arising from the above, we can see that
there are no generic state satisfying them. Thus, there are no protected opera-
tors for generic values of couplings. However, at specific sub-loci in the coupling
space there are solutions. These belong to several branches which we list below:

Branches (i) and (ii) are connected to the operators that appear when ¢* = 1 in
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the B-deformed theory. Branch (v) degenerates to a linear combination of N' = 4
primaries when ¢*> = 1. Branches (iii) and (iv) do not have such a limit.
(i) ¢*> = —1, with h, B/ arbitrary. The solution is given by b = (¢ — q)/m,

by =(m?>+2)/mq, by =q/m;c=co=cy=cs=cs=cr=1,¢, =cg =
—(1+mq), c3 =q(qg+m) and ¢y = (mg — 1 — m?).

(i) ¢> = 1, mq = —1. The solution is given by the choices b = ¢; = ¢g = 0,
bi=by=c=cy=cs=cs=c9g=1,c0=c;=—1and c3 = 2.

(iii) m = 1/q. The solution is given by b=c; =3 =¢* =1, by =y = ¢4 = ¢ =
cr=co=1, =1/ c=q¢"—¢@+1,¢c5 = (¢* —2)/¢? and s = 2/¢>.

(iv) m = —q. The solution is given by b = ¢ 2 —1, by = c = ¢4 = ¢5 = icg =
co=1b=q¢ a=-Lc=¢"~q¢>—1,¢=2¢ ¢ =q"—2¢ and
cg = -1+ (]_2.

V)y m=q—qb=by=c=ca=c3=c4=c¢5 =c =0 =cg =g =1 and

by =1/2.

5.4.1 Summary of results

We have shown that it is useful to organize chiral primaries in terms of represen-
tations of the discrete group A(27). In particular, we have seen that operators
appearing only in one of the three representations, Ly, and V, are protected at
planar one-loop level. We conjecture that this result is true in general. The
general pattern for operators protected at planar one-loop (and possibly beyond)
organized in terms of the trihedral group is given in the table below when Ay > 2.

(We have excluded the quadratic operators since they have a somewhat different

behavior.)
Scaling dim. N = 4 theory (-def. theory | LS theory
Ay =3r Loo @ T(TQH) [ Dij Ez’,j} Loo ®; Lo 2L
Ag=amod3 |  BotlBetd ), v, V.,

The first column is only a reorganization of the well-understood N = 4 primaries
into representations of A(27)[10]. The second column follows from the Lunin-
Maldacena prediction that chiral primaries in the 3-deformed theory, for generic

values of f3, arise only with charges (k,k,k) and (k,0,0) rewritten in terms of
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representations of A(27)[20]. The last column is based on our computations in

the LS theory and has been verified up to and including scaling dimension six.

Further, we have seen that in other representations, operators are only pro-
tected in a submanifold in the space of couplings. These submanifolds consist
of several branches, some of which do not intersect the subspace of 3-deformed

theories.
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CHAPTER 6

Summary and Conclusions

In this thesis, we have studied the planar one-loop contribution of operators in the
LS theory for operators up to dimension six. We have used the trihedral group
to classify the operators and this has lead to a significant simplification to the
problem. We find that for generic values of couplings, the protected operators
arise in the one-dimensional representation, L£yo when Ay = 0 mod 3 and in
the three-dimensional representations V, when Ay = a mod 3 (e = 1,2). We
conjecture that this is true in general. It is interesting to see if there is a simple

proof of this statement.

Spin-chains are a very useful method to study the states of super conformal
field theories. This has been shown first in the case of N' =4 SYM and well stud-
ied in that context [46, 72]. Spin-chain models have been studied for deformations
of N =4 SYM [73, 74]. It is interesting to use the spin-chain Hamiltonian con-
structed in [74] to study the states of the LS theory. In particular, the conjecture
regarding the multiplicity of one-loop protected operators as well as the repre-
sentation to which they belong may be proven using the spin-chain Hamiltonian.
The conjecture translates into the number of ground states (of the spin-chain) with
zero energy. We are actively pursuing this approach|[75]. It is also hoped that the
use of the trihedral symmetry in combination with the spin-chain Hamiltonian

will provide a means of obtaining the full spectrum of anomalous dimensions.

The Leigh-Strassler superpotential makes an interesting appearance in a dif-
ferent context. A recent all-orders perturbative computation of the effective su-
perpotential for the so-called long-branes on the cubic torus using the topological
Landau-Ginzburg model turns out to be of the Leigh-Strassler form[76]. It is
possible that this computation may be related to the quantum effective superpo-

tential of the LS theory.! We are pursuing the relationship of this work to the

!The authors of ref. [77] obtain an expression for the quantum effective superpotential for



LS theory[78]. In particular, even if a direct map doesn’t exist, it suggests a re-
ordering of the perturbative computation of the quantum effective superpotential
for the LS theory and that the renormalized coefficients (up to an overall normal-
ization) should be expressible in terms of theta functions of characteristic three.
This statement is modulo the effect of the the chiral Konishi anomaly which may

modify the statement.

An open question is to find the gravity duals for LS theories. A more limited
question is to ask whether one can find special values of the couplings like the case
of rational g in the (-deformed theory. The crucial input in finding the gravity
duals whenever (3 was rational is the realization that the effect of discrete torsion
in Abelian orbifolds is to g-deform the N' = 4 superpotential[79, 80, 12, 13]. One
may ask whether discrete torsion in non-Abelian orbifolds could also produce the
h' deformation. The naive answer based on adapting the analysis of ref. [81] to
include discrete torsion is that no such couplings can arise. However, since those
results are based on ‘dimensional reduction’; it would be interesting to actually
carry out a CFT computation in string theory to verify that such terms are not

generated to come up with a no-go theorem.

the B-deformed theory using a relationship with matrix models. It is also of interest to see if
these two effective potentials are related.
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APPENDIX A

Notations and conventions

We follow the notation of [23] through out the thesis. The Greek indices p,v ... =
0,1,2,3 denote the space-time components and «, = 1,2 and @, ﬂ = 1,2 are the
SU(2) spinor indices. The 4, j, k,... = 1,2,3 run over the SU(3) flavor indices and
a,b,c,...=1,....(N*—1) are the SU(N) color indices. The indices I, J, K, ... is

a combined notation for the flavor and color combination (i,a).

The Minkowski metric is chosen with signature g, = diag(+, —, —, —). Through
out, we use the Weyl representation for the spinors. The undotted and dotted in-

dices represent chiral and anti-chiral spinors. Spinors are raised or lowered as

U = ey, o = eapt’, U = Py, Y = 4507, a = 1,2, Here eap, €45 are

totally anti-symmetric tensors. The spinor summation convention is
OX =9 e UX =V Na (A.1)
The square of a spinor is
21, 72 Loas
Pe = ilb Yo Y= §¢ Ve (A.2)

The derivative with respect to the Grassmann coordinate is defined as

0 0
aa = Soa ad = An~ A3
00~ 004 (A-3)
The sigma matrices are
-1 0 01
0'0:5'0: y 0'1——_1:
0 -1 10
0 —1 1 0
0'2——_2— i 0'3——_3— (A4)



The superspace derivatives are
D, =0, + %agdédau ; Dy = 04 + %9“0(;‘&6”
obeying the anti-commutation relation
{D,, Dy} =ick,0,.

The integral over the Grassmann coordinates are defined such that

/d2092:/d2§«9_2:1
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APPENDIX B

Obtaining the scaling anomaly

The N' = 1 Lagrangian given in Eqn.(2.14) has been written with the holomorphic
normalization of the vector superfield. One can write the same terms with a

canonical normalization in which the Lagrangian looks like

c = / 440 Tr (BesV @)

- [/ d*0Tx <i (i — i%)W“(ch)Wa(ch) - W(cb)) - c.c} (B.1)

Since the vector superfield g.V, has to be real, in the canonical normalization g,
has to be a real quantity. Thus the coupling is not manifestly holomorphic. The
rescaling that is required to go from holomorphic to the canonical normalization
has important consequence which helps in understanding the perturbative behav-
ior of the gauge coupling[38]. The effect of rescaling is understood by considering
the Wilsonian effective action obtained by integrating out all modes above certain
momentum and rewriting the Lagrangian by preserving its form through redefini-
tions of the couplings. The theory is thus defined with a momentum cut-off. We
review the calculation of the anomaly due to the rescaling of the chiral superfields.
For the vector superfields, again the method is similar, though we have additional
complications arising due to gauge fixing and Faddeev-Popov ghosts. We must
find out the anomalous Jacobian for the measures of these fields in the path inte-
gral due to a rescaling transformation. This will be derived for an Abelian gauge
theory and as the result can be extended easily for the non-Abelian case. The
computation is carried out in Euclidean space-time obtained after Wick rotation.

The measure over the chiral superfield integral is

/ DO = / D$DYDF (B.2)



We have to keep the measure for the auxiliary field too as we are now working
off-shell in the quantum theory. When the theory is considered at a momentum

scale given by t = #, the Jacobian under a scaling ® — e¢*® could be defined as

log J = a(Tr¢et(D“)2 — Trwet(p)2 + Trpet(D“)z) (B.3)

where D, = 9, —tA,,. The first exponent comes from the scalar measure, the sec-
ond from that of the spinors and the third from the auxiliary fields. The Jacobian
has been regularized such that when there is no gauge field the anomalous Jaco-
bian vanishes. The gauge field strength will be taken as constants to simplify the

dependence on the cut-off scale ¢t = # The choice Ay = —%, A = %, Ay =

_ Bxy

T, Az = % gives a constant field strength with its only non-zero components

being Fyy, = —Fi9g = E, Fy3 = —F3, = B. Given these, we begin to evaluate the

trace

Ex Ex Bz Bxs
Tret(Pn)® — Tre—t((po—72)2+(p1+71)2+(p2—74)2+(p3+ 2“)2)

= Tre HE) Ty tHB) (B.4)

Here H(FE) contains the first two terms in the exponent and H(B) contains the

last two. We define the harmonic oscillator raising and lowering operators as

au—aL a, aL
w5t oV e

along with
ar, + agr ar, + agr
g = ——— ] = ——— B.6
0 N 7 (B.6)
Using these operators, the heat kernel reduces to
TretH(E) — Z 6—tE(2nL+l) (B?)

np,MRr
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The sum over ng gives a factor proportional to the area spanned by xq, 5. We

take it to be a circular area with radius L and carry out the whole sum to obtain

I?E 1 1 B
TretH(E) = X2 :—/d dzy—— B.8
re 9 sinhtE  4r | “YGnniE (B-8)

Taking into account similar contributions from the directions x5 and x3,

1 EB
Ty, et(Pn)* — / d* B.9
fg€ 1672 | ¢ USinhtEsinh (B (B.9)

Now we carry out same operations for the fermionic operator

l

2
Tre'P = (D,)? 1

VA F - (B.10)

Without going into details, the heat kernel for fermions of both chirality, evaluated

in a similar way as above, gives us

H(D)? _ t(D)? t(£E+B)o?
Try re Tre"™ Tre

1 EB
d* 2cosht(E + B B.11
1672 / T b iEsnh g2 O ) (B.11)

where o3 is the Pauli matrix. The contribution of the auxiliary field is the same

as that of the scalar. Taking into account all the contributions we obtain the

Jacobian
a 2 — 2cosht(E + B)
log Jp = d'rEB : B.12
08I = 1602 / . sinh tF sinh t B ( )
Expanding in powers of t = ﬁ we obtain
(E? — B?)?

log Jo = a /d4x<—(E—|—B)2—|—

= + O(M‘8)>. (B.13)

12M4

Writing this in terms of superfields we first notice that the O(M ~*) and higher or-
der terms are non-holomorphic. Hence the non-renormalization theorem prevents
them from contributing to the holomorphic leading order term even at higher order

in perturbation theory. That gives us the anomalous contribution to the measure
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of the path integral generalized for the case of non-Abelian gauge group as

(67

1672 /d%/d%' T(R)W*Wa + O(M™)). (B.14)

log Jp = —

Here T'(R;) is the quadratic Casimir of the representation R; of SU(N) to which ®;
belongs. The Casimir for the adjoint is denoted as C'(G). The computation of the
Jacobian resulting from the rescaling of the vector superfield is different from the
chiral superfield computation in that one has to fix the gauge degrees of freedom
and introduce Faddeev-Popov ghosts[25]. We will review this computation done
in terms of component fields again. The path integral is gauge fixed by inserting

the gauge condition D"V, = a in the path integral
/ Da §(D"V, — a)e! 57 (B.15)

where £ is a gauge parameter. The full path integral, correctly normalized, in-

cluding the Faddeev-Popov ghosts and the gauge fixing terms is

—Sy—[d*z eD*Dye— [ diz %(D“Vu)Q

f DV DcDc e

B.16
[ e T o

where Sy is the action for the vector field V. The kinetic operator for the vector
field is (Dpréw, —iE,\(MPY),, —§DuDy>, where M?* are the Lorentz generators.

Decomposing the vector field into the transverse and longitudinal components

VE=VH— D;)QD “V,, VI = D;g) "V, we notice that the Jacobian for the measure

DV under scaling V' — e*V becomes
log Jy = « (TrVTe_DpDP‘;“””FPA(MM)“” + TrVLe_th“D“) (B.17)

In the Feynman gauge, Jacobian Jy reduces to that of the V. By choosing a
specific gauge group, say SU(2) gauge group with a constant background field
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strength W3, we obtain the Jacobian as

) 4 ) 2it Eo? 0
TrvTeD DS —iFpn(MPN ) Tre_tDﬁ Tr exp
0 2it Bo?
cosh 2t E + cosh 2t B
1672 / v sinhtEsinhtB )

The Faddeev-Popov term is not rescaled as it does not have any dependence on

g%. The Jacobian for the gauge-fixing term is

log J, = aTr,e %P" Du (B.19)

The path integral runs over the measure for the auxiliary field D also. Its Jacobian
is the same as that for the gauge fixing term under the rescaling. The only other
component field is the gaugino, the Jacobian of which is the same as that of the
chiral fermions for which we have already evaluated. Taking into account all the

contributions, the Jacobian now becomes

lOg J = « (Trve—Dpréw,-i-in)\(MP)‘)HV

_ Trae_th”’Du _ Tr)\et(p)2 . Tr;\et(p)2 + TrDe—th”DH>

a 4 2(cosh 2t/ + cosh 2t B) — 4 cosh 2t E cosh 2¢ 3,
1672 / 'z sinh {E sinh { B 8.20)
Expanding in powers of t = # we get

5(E2 _ Bz)z
6M*

log J = — /d4x<2(E2 + B2) +

o + O(M‘8)). (B.21)

The leading term is exactly the opposite of corresponding term in the Jacobian

for the chiral superfields.

Going from the holomorphic to the canonical normalization we have to do a
rescaling V' — ¢.V. The anomaly in the measure due to this rescaling is obtained

by putting a = log g.

o [ [ @02 g e g Wala) O, (B2
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It is known that the U(1)g-current is in the same supersymmetry multiplet as
the trace of the energy momentum tensor which generates scale transformations.
However, the anomaly to the U(1)g-current is complete at one-loop with no higher
order corrections. Supersymmetry requires that the same is true for the trace
anomaly which in turn implies that the gauge [-function is exhausted at one-
loop. The observations from the Jacobian provides an understanding that this
property of the S-function need be true only in the holomorphic normalization of
the vector fields. While going to the canonical non-holomorphic normalization, we
are required to rescale the vector field. This operation of dilation and rescaling
does not belong to the same multiplet as U(1)g-current. Hence the S-function for
the canonical gauge coupling will have a contribution proportional to the rescaling
anomaly. We will discuss the significance and consequences of this result on the

gauge coupling [-function in chapter 4.
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APPENDIX C

Identities involving SU(N) generators

The SU(N) generators T have the following algebra

1
[Tm Tb] = Z.fabcirc {Tm Tb} =2 (N&zb + dabcTc) (Cl)

The trace identities and normalizations of the SU(N) generators that we have

used are

N2 -1

T, T, = I Te(ToT}) = b

Tr(AT,BT,) = Tr(A)Tr(B) — %Tr(AB) (C.2)

Tr(AT,)Tr(BT,) = Tr(AB) — %Tr(A)Tr(B)

The following identities are useful in computing the one-loop anomalous di-

mension.

eMej = 26) (C.3)
i = (2]col” + |c1]?) 0 (C.4)
£ frog = 2N O (C.5)
@ dyea = (N) 01 (C.6)

The following identities involving five d/f tensors are required in the evaluation

of MK

N? - 10
ajazas jb1babs _
d d dclalbl d02a2b2d03a3b3 - N2 d616263
N? —4
- rajagas jb1b2b: .
(3 f 1243 0152 Sdcla1b1d62a2b2d63a363 = - 2N2 (3 f01€203 (C7>

\2 praijasas £bibab.
(Z) f v 3f . 3d€1a1bld62fl2b2dc3asb3 =2 d61€263

\2 jaiazas jb1bab: _
(Z) d* s de 5f01a1b1f02a2b2d03a3b3 =2 dC1CQC3



All other combinations involving five d/ f tensors are vanishing.

Deriving the identities

We now sketch the method that we used to derive the various identities given in

Eqn. (C.7. In the following, we represent Tr(7,7,T.) by (abc). Further, we define

(abc) = (abc)+(acb)] . (abe) = [(abc)—<acb)]. (C.8)

1
2

| —

Thus one has dgp. = (abc) and fup. = 2(&5@). Let

7

[OOOOO]klm = (alagag) (bl bgbg) (k:al bl) (l&gbg) (magbg) .

We represent the 32 = 2° combinations that can appear by a five bit number
[c1cac5¢4¢5) with the above equation defining [00000]. Each of the bits represents
the five terms that appears in the RHS of the above equation. For instance,
¢1 = 0 represents (ajasaz) and ¢; = 1 represents (ajazaz) and so on. There are
symmetries which enables us to reduce the computation to only four independent

terms which we then compute. The symmetries are as follows

1. [0102030405]klm = [0102050304]mkl = [0102040503]lmk.

2. [creac3¢4C5 kim = [cac103 @ 1ey @ 1es @ 1]k where ¢ @ 1 refers to the boolean
operation ezxor.

3. [creacseacs|kim = [c1 @ leg @ leseacs|pm-

Further isotropy of [¢1cac3¢sCs)pim under SU(N) gauge transformations implies
that

[c1cac3caCs|pim = Alcicacsees) (klm) + Bleycacscacs) (%) ,

where Alcjcacseycs] and Blejcacseycs) are constants. The symmetries imply that

we need to work out only four terms: [00000], [10001], [10000], and [10001]. Using
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the identities given in Eqn. (C.2), we obtain

(000004 = [1 + —} (Klm) + [— 1+ i} (Klm)

N2
4 —
(000014 = [ 1+ —} (Rlm) + | =1+ ﬁ} (Klm)
10
(10001 = [— 2+ N2} (KTm)

Using the above four relations we can work out all the 32 combinations. We can
derive identities involving five combinations of the d and f SU(N) tensors with

this information. For instance, one has in order to obtain the identity involving

five d tensors, we need to compute

1
Z Alcyeaeseqes]  and 3—262 Bleieacseqcs) -

This is easily done using symbolic manipulation programs such a Maple/Mathematica.
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APPENDIX D

Integrals

This appendix is devoted to explaining the details of the various loop integrations
that have appeared in this thesis. We evaluate dimensionally regulated momentum

integrals, with D = 4 — 2¢, using the Feynman parametrization

/(;Zj:fD (’f2)‘“1(p2)“2 "~ Blay, ag] / dx/ dy 6(1 —x —y) 2™y~
X/ (de (D.1)

2m)P (xk? + yp?)orte:
1 ! dPk 1
— d a1—1 1 — az—1 /
Blax, o) /0 Tl = 2)m X (2m)D (wk2 + (1 — 2)p2)atoz

where B|ay, as] is the beta-function.

The Fourier transform to position space is done using the following integral.

de 6z'p-x B F[%— ]
/(QW)D (p?)s T e W%F[s](aﬂ)z_s (D.2)

Momentum integral (i)

/(;Z:)ka% p)? /dx/ de ((k — px)? +1p2x(1—93))2

/1dxr(e) AL—=z) _ B[l —e, 1—6] D3)

(471')2 ep2e (477')2 ep2e

Using the formula (D.2) above we obtain the integral in Eqn.(5.5) in position space

as

dp e 1 ['[2 — 3¢
/ @m)P° ()% % a2 T2d] (ja]?)2 (D-4)

The integral in Eqn.(5.5) gives

<F(E)B[1—e,1—e])2 ['[2 — 3¢

(dm)2=ep P 2 T2q (|a]P)2 % (D-5)



Figure D.1: Gluon exchange

We expand this in powers of € and obtain the answer in Eqn. (5.8).

Momentum integral (ii) The integral in Eqn. (5.14) using Feynman parametriza-

tion

dP 1 1 1 [P 1
/ (2m)P (p— @)+~ B[, 1+ /0 e (27T§9D <x(p —q)%+ xp2)2+6

1 (o —2€ F[QE]
= /0 dr x (q z(1 - ff)) (4m)2=< B[1,1 + €]I'[2 + €]
T[2¢B[1 — 2¢,1 — ¢

T @ BL1+ IR + (@) (D.6)

Again taking the Fourier transform of the above expression we get the expression

in Eqn. (5.14).
Gluon exchange contribution to anomalous dimensions

The contribution from interaction terms ig tr(9,¢:[A*, ¢;],) and ig tr(0,¢;[A*, ¢:],)
to the anomalous dimension of the operator O is computed here. There are dif-
ferent contractions giving two distinct momentum integrals. The diagram in Fig.
D.1 can be evaluated when Case(1): Both the interaction vertices involve 9,¢ (or
9,6 ), Case(2): When one vertex involves d,¢ and the other d,¢. We work out
both the cases below.

Case(1):

From Fig. D.1 given here we write down the Feynman integral for this case.

dPkdPq k- (k —p)
// 21)20 k2(k — q)2(k — p)2¢2(q — p)? (D.7)
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Considering only the part which is divergent we get,

//dl;id;f’ —q)*(k —129)2q2(q—p)2

We consider the k-integration first. Take &’ = k—p. After dimensionally regulating

and using Feynman parametrization

dPK de’ 1
/(QW)D k(K — q+p)? / / — (q —p)x)? —|—(q—p)x(1—3§))2

r _F[]B[l—e,l—d

_ [¢] (1 ) —
- (47?)2—61“[2]((q _ p)z)e /0 d (1 ) (47r)2—€(q — p)26 (D.8)
Doing the g-integration in the same way,
[]3[1—61—6]/qu 1
(4m)? (27T)D 2((q _ p)2)1+6
~ TeB[1 —¢1—¢ 1
_ [13[1—61—6] L
- S G A / Wyt =y)
_ T[B[1—¢€1—¢ T[2¢B[1 —¢,1—2¢
N (drr)i—2e T+ (PO (D.9)

Again using formula (D.2) we Fourier transform and expand in powers of € to

obtain
11 2
5T (¢ + 2+ 376+ Blog(r) + 3log((af)) (D10
Case(2) :
s D.11)
2m)?P k*(k — q)*(k — p)*¢*(¢ — p)* '
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L e
e

Figure D.2: One loop corrections to the scalar propagator

The divergent part of this is

// dPkdPq kg
2m)2P k2 (k — q)*(k — p)*¢*(q — p)?

B //dedD k* +q* — (k — q)?
- 2m)20 k2(k — q)2(k — p)*¢*(q — p)?

B // dPkdPq 1 . 1
B 2m)20 L(k — q)2(k — p)?¢* (¢ — p)?  K2(k — q)*(k — p)*(q — p)?

’*32(’€ q)%q? (q—p)z}
dPkdPq 1 1
= // 27)2D —q)2(k — p)2¢%(q — p)? - 2%2(k — q)2¢(q —p)2] (D.12)

The two integrals in the final expression above are already evaluated.

<F[E]B[1 — 6,1 —€¢]I'[2¢] B[1 — €, 1 — 2¢] B 41 — €]T?[¢]

1
Il + 522 — 2¢] ) (D-13)

(Am) ()

Fourier transforming to position space using formula (D.2) and expanding in

powers of €, we get the value of the above integral to be Hence there is no

1
25676 |z|2

contribution from this integral to the anomalous dimension.

One loop correction to scalar propagator

The diagrams in Fig. D.2 are the one-loop contributions to the two point function
(#1¢1). The dashed lines are the fermionic propagators and the wiggly lines are

gauge boson propagators. The gauge field satisfies the Lorentz gauge condition
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9, A" = 0.

Contribution from scalar tadpole due to interaction term —%tr([gbi, o[, 94])

g2 b b D 1
_Z.Q.tr<(TT —T°T°) (T°T —TT))/d km
1
2 arb Dy =
= g <Nt7”(TT)>/d kpgkzpz
1
. 2 arb D

where p,, is the external momentum and D = 4 — 2e.

Contribution from scalar tadpole due to interaction terms in Vg(¢)

4 [|h|2 tr((quTc — qTeTY) (qT°T* — qTCT“)> + W Pt (TP TT?) (TdTCTb)]

1
D
x/d kr e

1
— 4(h + W2/2) Ner(ToT") /de;

Contribution from Yukawa interaction vertices iv/2g tr (@bi [0, A] + i[5, 5\])

The contribution from this interaction

o'k, o¥(p— k),
2p°k2(p — k)*p?

—(iv2)?¢® tr(T°T°T — T°TT*)tx (T°T*T* — T°T*T") / dPk

k-p—k?
p*k*(p — k)*p?

= —4¢%> Ntr(T°T") / dk (D.16)

Here we also use the identity tr(c*k,0"p,) =2k - p

Contribution from Yukawa interaction vertices —ih tr(v3]d1, 1a]g) —ih/d11191+

C.C.)

[ — (0)3A)? te(qTT* T — GTeT T Tx (qTT°T* — qT°T*T") + |/ [Ptx (T*T°T*) (TdTCTb)]

D, 'k, o (p—k),
< [ v L (D.17)

= —4(|h* + |P'/2) Ntr(T“T") /de 5
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Contribution from scalar-gluon interaction terms ig tr(9,¢;[A,, $:]) , ig tr(0,¢:[A,, ¢4])

(0)*¢® tr(T°T°T* — T*TT¢) tx(T*T°T* — T*TT°)

p2

L2p°k2(p — k)?p?
+(i)g® tr(TT°T* — TT°T°) tr(TT°T" — TT°T°)
de [ (p B k)2

L2p? k3 (p — k)*p?
+2 (i) g*tr (TT°T* — TT°T°) - tr(T°T°T* — T*TT*)
[P vk

L2p? k2 (p — k)?p?

1 2
= ¢®?Ntr(T°T" / dPk
g 1"( ) P2 k2 p2 + kz(k —p)2p2

dPk|

\

—

—

(D.18)

The last integral in the square bracket above is not divergent and contributes just

a constant.

Contribution from gluon tadpole due to interaction term —g*tr([A,,, ¢:][A,, &:])

C C C a a C g’/g
—g2-tr<(T T — T'T°) (T°T —TT))/de e

4

_ 2 arb D

(D.19)

Summing the contributions from each diagram, we see that quadratic divergences

cancel. The one-loop correction to (¢7¢") is given as

1
—(2N) te(T*T") (|h]> + |1'|*/2 /de — D.2
(2N) (7T (1 + 1 2) el IEGED
Fourier transforming we get
= —N-te(TT") - (|n]* + |W[*/2) (Yize + Yi12) (D.21)
where Yy, = fd4x(w_mi)2(m_ij)2(m_xk)2. In the large N limit we have |h|?+|h/|?/2 =

g°. Hence we should get back the one-loop correction in N = 4 theory. From Eqn.
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(D.20) above, we get,
2N - ¢ tr(TT") - (Yoo + Yir2) (D.22)

This expression is the same as the one obtained in [82] for the ' = 4 theory.

Two-loop contribution from D-terms

The one-loop Feynman diagram from the D-term interaction is given in Figure

4.2(a) and it is evaluated as follows

dPq ®;1(p1,01)P;(pa, 02)Pr (ps, 05)
d29 d49 d49 / ) 9 )
/ ' ? ’ (27T)D q2(q —P2)2(q — P2 — p3)2

(7) DEDR@S"6) DD+ p0 010 (62

Rewriting [ d?6; as [ d*6; by absorbing a factor of _%f integrating out J-functions
and integrating by parts

[ o, [ dPq_®1(py, 01) D (D (P2, 02) P (ps, 03))
) emP g —p)a—p—ps)?
<104 (0) D D36 (0ro) (D.23)

After we integrate all d-functions away, we revert to [ d?0 by introducing —%.

Using the fact that D ig) ® = [ the above expression reduces to

b 1

pf / dQH(I)I(pl, 9)(I>J(p2, ‘9)(1’K(P3> 9) / (ir)qD q2(q _ p2)2(q + p1)2

The diagram in Figure 4.2(b) gives

dPqdPk O (p1,01)P(p2, 02) Pk (ps, O5)
d*0,d*0,d*05d*0,d 0 / ’ ’ ’
/ R R L 2r)20 k22 (k — 9)2(q — p2)?(q + p1)2(k + p1)?

<_i) D3 D3 (k)6*(614) D3 D3(q)6* (024) D3D3(q + p1)d* (0s5)
DYD3(k + p1)8*(015) 6 (615) 6 (025) (D.24)
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We again use the above D-manipulations and the identity D?*(0,p)d*(012) =
D?*(0y, —p)d*(6:2) this simplifies into

) dPqd"k pi
/d 0 @1(]?1,9)(I)J(p2>9)(1>1<(p3,93)/ (27)D |:k2q2(k ~0)2(q — p2)2(q + p)2(k + pr)?
i
- R2¢P(k — q)*(q — p2)*(k — p2)2] (D2)

To obtain the last integral we have put one of the external momenta to zero. For
diagram (c) and (d) of Figure 4.2, the manipulations are similar and they result

in the momentum integrals stated in section 4.3.
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