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CHAPTER 1

Introduction

Supersymmetry is a symmetry that relates particles of integer valued spin (bosons)

with the ones that have half-integral spin (fermions). Each particle has an asso-

ciated superpartner. By convention, the superpartners of known fermions are

denoted by a prefix s- , such as squark, slepton etc, while the superpartners of

bosons are denoted by the suffix ino- such as gravitino, photino etc. Any exper-

imental observation of these superpartners would establish supersymmetry as a

basic property of nature rather than just a hypothesis. The generators of super-

symmetry are quantum operators that change the spin of the states. Spin being

related to behavior under spatial rotations, we can say that supersymmetry is a

kind of space-time symmetry. The number of supersymmetry generators define

the “amount”of supersymmetry that the theory exhibits. A theory with more than

one supersymmetry is said to be one with “extended”supersymmetry. A major

motivation for physicists to study supersymmetry is that it gives a hope to resolve

the hierarchy problem of the Standard model apart from solving other issues. Su-

persymmetry has found applications not only in elementary particle physics but

also in condensed matter physics such as the study of disordered systems.

The idea of electric-magnetic duality is built in the Maxwell equations since

they remain invariant under the exchange of electric and magnetic fields i.e. E →

B,B → −E. Dirac introduced magnetic monopoles with charge qm and then gave

the famous quantisation condition qmqe = 2πn, where n is an integer and qe is the

electric charge. Hence, the minimal charges obey qm = 2π
qe

. We see how duality

exchanges the electric and magnetic charges. But we also know that the electric

charge is the coupling constant. Hence, duality exchanges the coupling constant

with its inverse, thereby exchanging the weak coupling region with that of strong

coupling. Duality gives us a hope to be able to get the strong coupling spectrum

if the weak coupling spectrum is known.

Quantum field theories with N= 2 supersymmetry provide us with theories

that can be understood even at strong coupling. These results are possible due to



the existence of symmetries such as S-duality that impose constraints that effec-

tively ‘solve’the theory when combined with supersymmetry. A notable example

is the work of Seiberg and Witten where exact solutions to the SU(2) supersym-

metric Yang-Mills coupled to matter in the fundamental representation of SU(2)

were obtained.

Quivers are mathematical diagrams that can be used to describe the known

spectrum of quantum field theories. The more remarkable feature of quivers is

that given a quiver that is valid in small region of moduli space, it can be ex-

tended by the mutation method to the entire moduli space, thus giving us the

full spectrum of the theory. BPS states are organised via “BPS quivers”and the

charges in these quivers across walls where the BPS spectrum changes enables one

to algorithmically obtain the BPS quivers at other regions.

This project studies the spectrum of half BPS states in N= 2 supersymmetric

Quantum Field Theories such as the Seiberg Witten theories for all regions in the

moduli space of these theories. We use the idea of quivers to study the spectrum

of BPS states at strong and weak coupling.

In the first section, we introduce the basic concepts of supersymmetry. We

begin by studying the Weyl representation and then using this concept, establish

the supersymmetry algebra. Further, we look at the representations of the su-

persymmetry algebra, with and without central charges. Supersymmetric theories

live in superspace and are described by superfields. We define these and write

down the supersymmetric action.

In the next section, we work on the supersymmetric gauge theories and write

full supersymmetric Lagrangian. We introduce N = 2 supersymmetry and look

at what part of the symmetry is preserved by the monopoles and dyons.

In the next section, we study the work of Seiberg and Witten. They did the

magical work of finding out the exact solution for the N = 2 action. In order

to do so, they first looked at a low energy effective action for the theory and

then implemented the concept of electric-magnetic duality. After studying the

structure of the moduli space i.e. the singularities and monodromies, we finally

work towards the solution of the model.
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In the last section, we establish the idea of quivers in the context of quantum

field theories. We use them as tools to decode the spectrum of the theory at strong

and weak couplings.
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CHAPTER 2

Introduction to supersymmetry

2.1 Generators of supersymmetry and their al-

gebra

We follow (2) in this chapter. A generator of symmetry is an operator in

Hilbert space that acts on an incoming state to yield another state leaving the

Physics unchanged. The most general such operator is:

G =
∑
i,j

∫
d3p d3q a†i (p)Kij(p,q) aj(q) . (2.1)

where a is an annihilation operator that selects a particle out of the multiparticle

state and annihilates it, a† is a creation operator that creates another particle,

p,q are momenta. Kij is the integral kernel, a c-number function of p and q.

Symbolically, we can write G = a† ∗ K ∗ a.

|in〉 → G|in〉 . (2.2)

If [G,S] = 0, then G is a generator of symmetry. The operator G can be split into

an odd and an even part.

G = B + F ,

where B is the even part and F is the odd one. The operator B replaces bosons by

bosons and fermions by fermions while the operator F replaces bosons by fermions

and fermions by bosons.

B = b† ∗ Kbb ∗ b+ f † ∗ Kff ∗ f , (2.3)

B = f † ∗ Kfb ∗ b+ b† ∗ Kbf ∗ f . (2.4)



where b, f are annihilation operators of bosons and fermions respectively. Assum-

ing the validity of the spin statistics theorem, B’s change the spin by integral

amounts (or zero) and F ’s change the spin by half-integral amounts. We call the

Fermionic operators as the supersymmetry generators.

The Canonical Quantization Rules

The bosonic operators have commutation relations while the fermionic ones

have anti-commutation relations.

[bi(p) , b†j(q)] = δij δ
3(p− q) . (2.5)

The δij indicates that the particle with the same quantum number must be created

and annihilated.

[b , b] = [b† , b†] = 0 ; (2.6)

{f , f} = {f † , f †} = 0 ; (2.7)

{fi(p) , f †j (q)} = δij δ
3(p− q) ; (2.8)

[b , f ] = [b , f †] = [b† , f ] = [b† , f †] = 0 . (2.9)

These can be combined using the graded commutator symbol [.. , ..} which denotes

the anticommutator if both the operators are Fermionic and the commutator oth-

erwise.

[a , a†} = 1 ; (2.10)

[a , a} = [a† , a†} = 0 . (2.11)

Algebra of Generators

We know

[ab , c] = a[b , c] + [a , c]b = a{b , c} − {a , c}b . (2.12)

We can show that

[B1 , B2] = B3 . (2.13)
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where the Kernels of B3 are

K3
bb = K1

bb ∗K2
bb −K2

bb ∗K1
bb ; (2.14)

K3
ff = K1

ff ∗K2
ff −K2

ff ∗K1
ff . (2.15)

Similarly

[F 1 , B2] = F 3 ; (2.16)

K3
fb = K1

fb ∗K2
bb −K2

ff ∗K1
fb ; (2.17)

K3
bf = K1

bf ∗K2
ff −K2

bb ∗K1
bf . (2.18)

and

{F 1 , F 2} = B3 ; (2.19)

K3
bb = K1

bf ∗K2
fb −K2

bf ∗K1
fb ; (2.20)

K3
bf = K1

fb ∗K2
bf −K2

fb ∗K1
bf . (2.21)

The Graded Lie Algebra

In terms of a basis (Bi , Fα) , we have,

[Bi , Bj] = icij
k Bk ; (2.22)

[Fα , Bi] = sαi
β Fβ ; (2.23)

{Fα , Fβ} = γαβ
iBi . (2.24)

The (anti-)commutator of two bosonic(fermionic) operators yields a bosonic oper-

ator. This is because bosonic operators connect bosons to bosons and fermions to

fermions. The commutator of a fermionic with a bosonic operator is a fermionic

one. The structure constants have the property

cij
k = −cjik ;

γαβ
i = γβα

i .
(2.25)
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The Graded Jacobi Identity

[ [G1 , G2} , G3} + graded cyclic ≡ 0 . (2.26)

The graded cyclic sum is just like the the cyclic sum, except that there is an

additional minus sign when two fermionic operators are interchanged (because

they follow the anti-commutation relations). Example:

FαFβBi + graded cyclic = FαFβBi +BiFαFβ − FβBiFα . (2.27)

The usual Jacobi identity is

[ [Bi , Bj] , Bk] + [ [Bk , Bi] , Bj] + [ [Bj , Bk] , Bi] = 0 . (2.28)

We can extend this to the case of fermionic operators

[ [Fα , Bi] , Bj] + [ [Bj , Fα] , Bi] + [ [Bi , Bj] , Fα] = 0 ;

[ {Fα , Fβ} , Bi] + { [Bi , Fα] , Fβ} − { [Fβ , Bi] , Fα} = 0 ;

[ {Fα , Fβ} , Fγ] + [ {Fγ , Fα} , Fβ] + [ {Fβ , Fγ} , Fα] = 0 .

(2.29)

These were constructed keeping in mind the number of fermionic exchanges and

the need for anti-commutators. They can be explicitly verified by using the basic

definitions of commutators.

Representation of the Algebra

The space can be split into a fermionic one and a bosonic one. Since, the bosonic

operators map the bosons to bosons and the fermions to fermions, its representa-

tion is diagonal. And the representation for the fermionic subspace is off-diagonal

because it maps fermions to bosons and vice-versa.

r(Bi) =

 ci 0

0 si

 ,

r(Fα) =

 0 Σα

Γα 0

 .

(2.30)
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2.2 The Poincaré Group

The four momenta Pµ, six Lorentz generators Mµν (boosts + rotations) along with

a certain number of internal symmetries Br form the Poincaré group algebra.

[Pµ , Pν ] = 0 ;

[Pµ ,Mρσ] = i(ηµρPσ − ηµσPρ) ;

[Mµν ,Mρσ] = i(ηνρMµσ − ηνσMµρ − ηµρMνσ + ηµσMνρ) ;

[Br , Bs] = icrs
tBt ;

[Br, Pµ] = 0 ;

[Br,Mµν ] = 0 .

(2.31)

The Coleman-Mandula theorem

The analysis of Coleman and Mandula did not consider fermionic generators and

hence supersymmetry. Since the Poincaré group is closed under its 10 bosonic

generators, there must be fermionic generators in order to include supersymmetry.

If the condition on the jacobi identity is relaxed (the graded Lie algebra), one could

allow for fermionic generators as well. Hence, the no-go theorem by Coleman and

Mandula reads : All generators of supersymmetry must be fermionic i.e. they

must change the spin by half-odd amounts and change the statistics of the state.

Casimir Operators of the Poincaré Group

The Casimir Operators for the Group are PµP
µ and WµW

µ where W µ is the

Pauli-Lubanski vector (generalised spin vector).

Wµ = −1

2
εµνρσPνMρσ = − i

2
εµνρσSρσ∂ν . (2.32)

The representations of the Poincaré group would then fall into three classes.

1. Eigenvalues of PρP
ρ = m2, a real positive number

⇒ Eigenvalues of WρW
ρ = −m2s(s+ 1) where s is the spin which assumes

discrete values s = 0, 1
2
, 1, . . . This representation is labelled by the mass

m and spin s. States within the representation are labelled by the third
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component of spin S3 = −s,−s + 1, . . . , s − 1, s and the continuous eigen-
values of Pi. Physically, a state corresponds to a particle of mass m, spin s,
three-momentum Pi and spin projection S3. Massive particles of spin s have
(2s+ 1) degrees of freedom.

2. Eigenvalues of PρP
ρ = 0

⇒ Eigenvalues of WρW
ρ = 0 Hence, Pµ ∝ Wµ. The constant of proportion-

ality is called helicity. It takes values ±s where s = 0, 1
2
, 1, . . . spin of the

representation. Massless particles of spin 6=0 have two degrees of freedom.
Example: The photon is a massless particle with helicity ±1.

3. PρP
ρ = 0, but spin is continuous

Length of W is minus the square of a positive number. A particle of zero rest
mass with an infinite number of polarisation states labelled by a continuous
variable. Such states are not realised in nature.

2.3 The Supersymmetry Algebra

We now know that fermionic generators are the only possible generators of super-

symmetry.

The concept of Weyl Spinors

The Weyl Spinors are two-component spinors. They have “spin up”and “spin

down”components.

(0,0) : spin zero (scalar representation)

(1
2
, 0) : spin half (left handed spinor)

(0, 1
2
) : spin half (right handed spinor)

Thus, a Weyl spinor has representation (j1, j2) and dimensionality (2j1 + 1)×

(2j2 + 1). A linear combination of two Weyl spinors yields a Dirac spinor. Hence,

the Dirac spinor is reducible. Given these spinor representations, we can form

higher spin states by taking the tensor product. If the supersymmetry generator

Q is in the
(

1
2
, 0
)

representation of the Lorentz group, the {Q,Q†} will have the

representation (1
2
, 1

2
). Since Pµ is the only object, which is a bosonic operator which

is in such a representation, namely
(

1
2
, 1

2

)
, it is the only candidate for the anti-

commutator. We know that all the Q′s must be in one of the two representations

9



(
1
2
, 0
)

and
(
0, 1

2

)
of the algebra of the Lorentz group. Thus we have,

[Qαi,Mµν ] =
1

2
(σµν)α

βQβi , (2.33)

[Q̄i
α̇,Mµν ] = −1

2
Q̄i

β̇(σ̄µν)
β̇
α̇ . (2.34)

The index i in Qαi labels all the different 2-spinors that are present (the number

of supersymmetries) and runs from 1 to some integer N . We then have,

Q̄i
α̇ = (Qαi)

† . (2.35)

The anticommutator {Q, Q̄} transforms as
(

1
2
, 0
)
⊗
(
0, 1

2

)
=
(

1
2
, 1

2

)
and must there-

fore be proportional to the energy-momentum operator (since that is the only

operator in this representation):

{Qαi, Q̄
j
β̇} = 2δj i(σ

µ)αβ̇Pµ . (2.36)

The generators of supersymmetry commute with the momenta,

[Qαi, Pµ] = [Q̄i
α̇, Pµ] = 0 . (2.37)

The anticommutator {Q,Q} transforms as
(

1
2
⊗ 1

2
, 0
)

= (1 ⊕ 0, 0) and must be

antisymmetric both in the spinor index as well as the internal symmetry index.

Hence, we have the most general form as:

{Qαi, Qβj} = 2εαβZij . (2.38)

where the Zij ∈ (0, 0) are linear combinations of the internal symmetry generators

and are antisymmetric in the two indices. They are called the central charges.
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Summary of the algebra

We summarise the supersymmetry algebra below:

[Pµ, Pν ] = 0 , (2.39)

[Pµ,Mρσ] = i(ηµρPσ − ηµσPρ) , (2.40)

[Mµν ,Mρσ] = i(ηνρMµσ − ηνσMµρ − ηµρMνσ + ηµσMνρ) , (2.41)

[Qαi, Pµ] = [Q̄i
α̇, Pµ] = 0 , (2.42)

[Qαi,Mµν ] =
1

2
(σµν)α

βQβi , (2.43)

[Q̄i
α̇,Mµν ] = −1

2
Q̄i

β̇(σ̄µν)
β̇
α̇ , (2.44)

{Qαi, Q̄
j
β̇} = 2δj i(σ

µ)αβ̇Pµ , (2.45)

{Qαi, Qβj} = 2εαβZij , (2.46)

{Q̄i
α̇, Q̄

j
β̇} = −2εα̇β̇Z

ij , (2.47)

[Zij, anything] = 0 . (2.48)

2.4 Representations of the supersymmetry alge-

bra

We have seen that the Poincaré algebra forms a subgroup of the supersymmetry

algebra. So, representations of the full susy algebra would also give a (reducible)

representation of the Poincaré algebra. A representation of the Poincaré algebra

corresponds to a particle, so representations of the susy algebra would correspond

to several particles. The states in the representation of the susy algebra are related

by the action of the supersymmetry generators Q and Q̄ and thus have spins differ-

ing by units of half. Such an irreducible representation is called a supermultiplet.

All particles within a supermultiplet have the same mass and the supermultiplet

has an equal number of bosons and fermions.
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2.4.1 Massless one-particle states without central charges

Let us first consider the case when there are no central charges. Consider a frame

of reference where Pµ = (E, 0, 0, E).

{Q,Q} = 0 = {Q̄, Q̄} . (2.49)

The spacetime properties of the state are given by its energy E and helicity λ

(the projection of spin onto the direction of motion). We can write the angular

momentum as L = (M23,M31,M12). Together with the Pauli-Lubanski vector

defined in (2.32), we see that W0 = L · P. For massless eigenstates (labeled by

energy and helicity) |E, λ〉, we have W0 = λE. Lorentz covariance tells us that

Wµ |E, λ〉 = λPµ |E, λ〉 . (2.50)

We wish to see how the operators Qαi act on these states.

[W0, Qα] = [L · P,Qα] = −1

2
σ · P . (2.51)

W0Qα |E, λ〉 = (QαW0 + [W0, Qα]) |E, λ〉 ,

= E

(
λI − 1

2
σ3

)
α

β Qβ |E, λ〉 . (2.52)

W0Q̄α̇ |E, λ〉 = E

(
1

2
σ3 + λI

)
α̇

β̇ Q̄β̇ |E, λ〉 . (2.53)

Hence, Q̄1̇ raise helicity by 1/2 while Q̄2̇ lower helicity by 1/2. Similarly, Q̄1 lower

helicity by 1/2 and Q̄2 raise helicity by 1/2.

{Q,Q} = 0 = {Q̄, Q̄} . (2.54)

{Qαi, Q̄β̇
j} = 2δi

j(σµ)αβ̇Pµ . (2.55)

Using the explicit form of Pµ

{Q1i, Q̄1
j} = 2δi

j(σµ)11̇Pµ = 4δi
jE .

{Q2i, Q̄
j
2̇} = 2δi

j(1− 1)E = 0 .
(2.56)

12



Using the positivity condition,

〈· · ·| {Q, Q̄} |· · ·〉 ≥ 0 . (2.57)

The equality holds when the operator Q itself is zero. Hence,

Q2i = 0 . (2.58)

Thus, we have only N degrees of freedom. We can rescale the operators as qi ≡

(4E)−1/2Q1i.

{qi, qj} = {q̄i, q̄j} = 0 ; (2.59)

{qi, q̄j} = δi
j . (2.60)

There exists a vacuum state such that qi |E, λ0〉 = 0. The other states are gener-

ated from the vacuum state by the action of q̄i.

q̄i |E, λ0〉 =

∣∣∣∣E, λ0 +
1

2
; i

〉
, (2.61)

q̄iq̄j |E, λ0〉 = |E, λ0 + 1 ; ij〉 , (2.62)

...

q̄1q̄2 · · · q̄N |E, λ0〉 =

∣∣∣∣E, λ0 +
N

2
; 123 . . . N

〉
. (2.63)

also, |E, λ ; ij〉 = − |E, λ ; ji〉 . (2.64)

since the q̄’s anticommute.

In this way, we can generate all the states i.e the entire multiplet starting from

the vacuum. The total number of states in the multiplet are 2N . Generally, spec-

tra of states derived from a Lorentz covariant theory have PCT-symmetry. Our

spectra do not usually have this property. For example, for N = 1 supersymmetry

and λ0 = 0, we get

helicity: 0 1
2

number of states: 1 1

The spectrum of a Lorentz covariant theory will therefore have states in con-
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junction with the PCT-conjugate multiplet with λ0 = −1
2

helicity: −1
2

0
number of states: 1 1

Hence, the smallest N = 1 multiplet, called the chiral multiplet, is:

helicity: −1
2

0 1
2

number of states: 1 2 1

The N = 1 vector multiplet is given by λ0 = 1
2
:

helicity: -1 −1
2

1
2

1
number of states: 1 1 1 1

2.4.2 Massive one-particle states without central charges

Let us consider the rest frame of the particle,

Pµ = (m, 0, 0, 0) . (2.65)

Since, Q is a tensor of spin 1
2
, its action on a state of spin s will result in a linear

combination of states with spin s+ 1
2

and s− 1
2
:

Q |m s s3〉 =
∑
s′3

c1

∣∣∣∣m s+
1

2
s′3

〉
+
∑
s′3

c2

∣∣∣∣m s− 1

2
s′3

〉
. (2.66)

We can also write a similar equation for Q̄, with different coefficients. In the rest

frame, we have:

{Qαi, Q̄
j
β̇} = 2mδi

jδαβ̇ ; {Q,Q} = {Q̄, Q̄} = 0 . (2.67)

Like before, we can rescale the operators as:

qαi ≡ (2m)−
1
2Qαi . (2.68)

to get

{qαi, q̄j β̇} = δi
jδαβ̇ ; {qi, qj} = {q̄i, q̄j} = 0 . (2.69)
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Now, we have 2N degrees of freedom. The vacuum state |m s0 s3〉 , s3 = −s0, · · · ,+s0

is annihilated by all the qαi. The other states are generated from the vacuum, by

successive application of the q̄’s. A typical state is of the form:

| 〉 = q̄i1α̇1
· · · q̄inα̇n

|m s0 s3〉 . (2.70)

States which have maximal spin (s0 +N/2) are those that have been acted upon

by all q̄1̇ once, i.e.

q̄1
1̇
q̄2

1̇
· · · q̄N

1̇
|m s0 s3〉 . (2.71)

The minimal spin is zero if s0 −N/2 ≤ 0, otherwise it is s0 −N/2. The top state

is the one when all 2N operators have been applied once. Since the operator pairs

q̄1
1̇
q̄1

2̇
· · · q̄2

1̇
q̄2

2̇
· · · have spin zero, the spin of the top state is s0. The dimension of the

representation with s0 = 0 is 22N , because there are now 2N independent raising

operators, compared to the massless case which had only N such operators.

2.4.3 One-particle states with central charges

We know that the central charges commute with everything. So, we can choose

a diagonal representation for Zij. Then, using a unitary representation, we can

bring it to the standard form.

z̄ij = Ui
kUj

lzkl . (2.72)

For even N , the normal form is:

z̄ =

 0 D

−D 0

 . (2.73)

where D is a real diagonal matrix with non-negative eigenvalues. For odd N , there

is an additional row and column with zeros. Now, we only need to look at half

the spectrum:

z(r) ≥ 0 r = 1, · · · , N
2
. (2.74)

Let us consider the massless case first. In the standard form, Q2i = 0. Since

the central charges appear in the expression for {Q,Q}, this would mean that
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all z(r) = 0. Hence, massless particle representations represent central charges

trivially.

For the massive case, we define linear combinations

A±αr ≡
1

2
(Qα1r ± Q̄α̇2r) . (2.75)

and their Hermitian adjoints. In terms of these operators, the rest frame algebra

becomes

{A±, A±} = {A±, A∓} = {A±, (A∓)†} = 0 , (2.76)

{A±αr(A±βs)
†} = δαβδrs(m± z(r)) . (2.77)

and from the positivity condition on the left hand side of the last equation, we see

that

z(r) ≤ m . (2.78)

If this bound is satisfied for a number n0 of eigenvalues z(r) of the central charges,

then the corresponding A− are zero and we have 2(N − n0) degrees of freedom.

Hence N is effectively reduced by n0, the number of central charges that satisfy the

bound m = z.

2.5 N = 2 multiplets

Let us now look at the multiplets for extended supersymmetry, in particular

the case of N = 2 supersymmetry. The supermultiplet would contain states(
λ0, λ0 + 1

2
, λ0 + 1

2
, λ0 + 1

)
. Let us consider the N = 2 vector multiplet, given by

λ0 = 0:

helicity: 0 1
2

1
number of states: 1 2 1

Hence, we see that the N = 2 vector multiplet consists of one N = 1 vec-

tor multiplet and one N = 1 chiral multiplet. Let us now look at the N = 2

hypermultiplet given by λ0 = −1
2

:
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helicity: −1
2

0 1
2

number of states: 1 2 1

Thus, we notice that the N = 2 hypermultiplet consists of two N = 1 chiral

multiplets. Since λ = 3
2

does not allow renormalisable coupling, N = 2 supersym-

metry can have only one vector multiplet and one hypermultiplet.

2.6 Superspace

Supersymmetric field theories are formulated in superspace. It is an extension

of the Minkowski space. In addition to the commuting spatial coordinates, the

superspace must also have anticommuting spinorial coordinates, i.e. supercoordi-

nates. For N = 1 supersymmetry, we have two plus two susy generators Qα and

Q̄α̇, as well as four generators Pµ of spacetime translations. Hence, the spacetime

must include two plus two anticommuting Grassmann coordinates along with the

spatial coordinates. Thus, the coordinates on superspace are (xµ, θα, θ̄α̇). θα and

θα̇ are conjugate Weyl spinors. Since the θ′s anticommute, any term involving

more than two θ′s (or θ̄′s) vanishes. Hence, we can write any arbitrary scalar

function on superspace as a series with a finite number of terms. The expansion

is (5)

F (x, θ, θ̄) = f(x) + θψ(x) + θ̄χ̄(x) + θθm(x) + θ̄θ̄n(x)

+ θσµθ̄vµ(x) + θθθ̄λ̄(x) + θ̄θ̄θρ(x) + θθθ̄θ̄d(x) . (2.79)

Integration on superspace is defined as

∫
dθ ≡ 0 ;

∫
dθ θ ≡ 1 , (2.80)

We define ∫
d2θ ≡

∫
dθ2 dθ1 ;

∫
d2θ̄ ≡

∫
dθ̄1̇ dθ̄2̇ (2.81)

so that ∫
d2θ θ2 =

∫
d2θ θ̄2 = −2 . (2.82)
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We want to realise the supersymmetry generators Qα and their hermitian conju-

gates Q̄α̇ = (Qα)† as differential operators on superspace. We want that iζαQα

generates a translation in θα by a constant infinitesimal spinor ζα plus some trans-

lation in xµ. The latter space-time translation is determined by the susy algebra

since the commutator of two such susy transformations is a translation in space-

time. Thus we want

(1 + iζQ)F (x, θ, θ̄) = F (x+ δx, θ + ζ, θ̄) . (2.83)

The generators must be such that they satisfy the susy algebra, in particular

{Qα, Q̄β̇} = 2σµ
αβ̇
Pµ = 2iσµ

αβ̇
∂µ . (2.84)

Hence, we have the differential operators as (we have used the notation of(2))

Qα = i
∂

∂θα
− σµ

αβ̇
θ̄β̇∂µ , (2.85)

Q̄α̇ = −i ∂
∂θ̄α̇

+ θβσµβα̇∂µ . (2.86)

Since a general superfield consists of too many component fields, we would like to

impose susy invariant conditions to lower the number of components. To do this,

we first find covariant derivatives Dα and D̄α̇ that anti-commute with the susy

generators Q and Q̄. One finds:

Dα =
∂

∂θα
− i(σµθ̄)α∂µ , (2.87)

D̄α̇ = − ∂

∂θ̄α̇
+ i(θσµ)α∂µ . (2.88)

where D̄α̇ = (Dα)†. They obey the commutation relations as follows:

{Dα, D̄β̇} = 2iσµ
αβ̇
∂µ , {Dα, Dβ} = {D̄α̇, D̄β̇} = 0 , (2.89)

{Dα, Qβ} = {D̄α̇, Qβ} = {Dα, Q̄β̇} = {D̄α̇, Q̄β̇} = 0 . (2.90)
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2.7 Chiral and Vector superfields

Chiral Superfields

The covariant derivatives D and D̄ can be used to impose covariant conditions

of the superfields. The simplest condition is that for chiral superfields. A chiral

superfield Φ is defined by the condition

D̄α̇Φ = 0 . (2.91)

and an anti-chiral superfield Φ̄ by

DαΦ̄ = 0 . (2.92)

We see that if Φ is chiral, then (Φ)† is anti-chiral and that a superfield cannot be

both chiral and anti-chiral unless it is a constant. From the form of the covariant

derivatives, it is clear that

Dαθ̄ = D̄α̇θ = Dαȳ
µ = D̄α̇y

µ = 0 , (2.93)

where

yµ = xµ + iθσµθ̄ , ȳµ = xµ − iθσµθ̄ . (2.94)

Hence Φ depends only on θ and yµ (i.e. All the θ̄ dependence is through yµ) and

Φ̄ only on θ̄ and ȳµ. We have the component expansion as:

Φ(y, θ) = A+ 2θψ − θ2F , Φ̄(y, θ̄) = A† + 2ψ̄θ̄ − θ̄2F † . (2.95)

Physically, this chiral superfield describes one complex scalar A and one Weyl

fermion ψ. The field Φ can be expanded out in terms of x, θ, θ̄ as: We note that

products of (anti) chiral superfields are also (anti) chiral. However the product

Φ†iΦj is not chiral.

Vector superfields

The N = 1 supermultiplet of next higher spin is the vector multiplet. The
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corresponding superfield V is real and has the following expansion (2):

V (x, θ, θ̄) = C(x)− iθχ(x) + iθ̄χ̄(x)− i

2
θθ[M(x)− iN(x)]

+
i

2
θ̄θ̄[M(x) + iN(x)]− θσµθ̄Aµ(x)− iθθθ̄

[
λ̄(x)− i

2
/̄∂χ

]
+ iθ̄θ̄θ

[
λ(x)− i

2
/∂χ̄(x)

]
− 1

2
θθθ̄θ̄

[
D(x) +

1

2
�C(x)

]
. (2.96)

We want to reduce the number of components by making use of the supersym-

metric generalisation of a gauge transformation. We impose the transformation

V → V − 1

2
i(Λ− Λ†) , (2.97)

with Λ a chiral superfield. We choose a gauge where C = χ = M = N = 0. Such

a gauge is called a Wess-Zumino gauge and it reduces the vector superfield to:

V = −θσµθ̄Aµ + iθ̄2θλ− iθ2θ̄λ̄− 1

2
θ2θ̄2D . (2.98)

It is very easy to compute the powers of V in this gauge:

V 2 = −1

2
θθθ̄θ̄AµA

µ , (2.99)

V n = 0 , n ≥ 3 . (2.100)

To construct kinetic terms for the vector field Aµ, one must act on V with the

covariant derivatives. We define

Wα =
i

4
D̄2DαV ,

W̄α = − i
4
DDD̄α̇ .

(2.101)

Under the transformation (2.97), Wα transforms as:

Wα → Wα +
i

4
D̄D̄D

1

2
i(Λ− Λ†) = Wα +

1

8
D̄D̄Λ

= Wα +
1

8
D̄{D̄,D}Λ = Wα −

i

4
σµ∂µD̄Λ = Wα . (2.102)

since Λ is a chiral superfield. Hence, Wα is invariant under this transformation. A

D̄ applied to Wα would result in an expression involving D̄3, which vanishes due
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to {D̄, D̄} = 0 and the fact that there are only two different D̄α̇. Hence, Wα is a

chiral superfield. i.e.

D̄α̇Wα = 0 . (2.103)

We can expand out Wα in terms of its component fields as:

W = λ− i

2
σµνθFµν + iθD − iθ2/∂λ̄ . (2.104)

Then,

W 2 = −1

4
FµνF

µν +
i

2
λ̄/∂λ+

1

2
D2 . (2.105)

Then, the supersymmetric action can be constructed as

I =
1

16

∫
d4x d2θ W 2 + h.c. . (2.106)
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CHAPTER 3

Superspace gauge theories

3.1 Ordinary gauge theories

Ordinary gauge theories are defined by some Lie group with algebra

[Tm, Tn] = icmn
lTl . (3.1)

where Tm = (Tm)† and the group elements are

g = exp(iαmTm) , (3.2)

which are defined by real parameters αm = (αm)∗. The gauge group, in the case

of gauge covariant fields, mixes the field components:

φi → φ′i ≡ U(g)φiU
−1(g) = (e−iαφ)i . (3.3)

In the case of global theories the parameter is independent of space-time whereas

for local gauge invariance, the parameter depends on space-time. We consider the

local case:

α = α(x) . (3.4)

Therefore the gradient of a covariant field is not covariant.

U(∂µφ)U−1 = ∂µ(UφU−1) = e−iα∂µφ+ (∂µe
−iα)φ . (3.5)

We must introduce a gauge field Aµ, which is also Lie-algebra valued. This will

make the gradient of a covariant field transform nicely.

Aµ = Aµ
mTm , (3.6)



which has a transformation law of the form

UAµU
−1 = e−iα(Aµ − i∂µ)eiα . (3.7)

Then, infintesimally,

δgAµ = ∂µα + i[Aµ, α] . (3.8)

The inhomogeneous terms cancel out and we get,

U(∂µφ+ iAµφ)U−1 = e−iα(∂µφ+ iAµφ) . (3.9)

so that

Dµ ≡ ∂µ + iAµ , (3.10)

is a gauge-covariant derivative.

[Dµ, Dν ]φ = [∂µ, ∂ν ]φ+ iFµνφ = iFµνφ . (3.11)

where

Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ] , (3.12)

is again Lie-algebra valued and transforms covariantly in the adjoint representation

of the gauge group.

UFµνU
−1 = e−iαFµνe

iα . (3.13)

δgFµν = i[Fµν , α] . (3.14)

3.2 Supersymmetric gauge choice

In the gauge theory, we see that the non-ableian generalisation of the transforma-

tion (2.97) is

e−2V → e−iΛ
†
e−2V eiΛ . (3.15)

where Λ is a chiral superfield. In the Wess-Zumino gauge:

eV = 1 + V +
V 2

2
. (3.16)
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The superfields are now defined as:

Wα =
i

4
D̄D̄

(
e2VDαe

−2V
)
,

W̄α̇ = − i
4
DD

(
e−2V D̄α̇e

2V
)
.

(3.17)

Under these transformations, Wα transforms as:

Wα →
i

4
D̄D̄

(
e−iΛe2V eiΛ

†
Dα

(
e−iΛ

†
e−2V eiΛ

))
(3.18)

=
i

4
D̄D̄

(
e−iΛe2V

((
Dαe

−2V
)
eiΛ + e−2VDαe

iΛ
))

. (3.19)

The second term is i
4
D̄D̄

(
e−iΛDαe

iΛ
)

and vanishes for the same reason as in

(2.102). Hence, Wα transforms covariantly under (3.15). Inserting the expansion

(3.16) into the definition of the superfields (3.17), we get

Wα = λ− 1

2
σµνθFµν + iθD − iθ2σµDµλ̄ . (3.20)

where Fµν is the non-abelian fields strength defined in (3.12) and the covariant

derivative of the ‘gaugino’field λ for the adjoint representation of the gauge group:

Dµλ = ∂µλ+ i[Aµ, λ] . (3.21)

The action for the gauge fields is now very similar to the abelian case

I =
1

16

∫
d4x d2θ W 2 + h.c. . (3.22)

In components, this is

LYM = Tr

(
−1

4
FµνF

µν +
i

2
λ̄γµDµλ+

1

2
D2

)
. (3.23)

The matter Lagrangian

In order to write the matter Lagrangian, we need to gauge covariantise the

kinetic term which has terms of the form ΦΦ̄. In such a case, the minimal sub-

stitutions of the derivatives by the gauge covariant derivatives would not suffice,
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because the term ΦΦ̄ is itself not invariant:

Φ→ eiΛΦ , Φ̄→ Φ̄ eiΛ
†
, (3.24)

Φ̄Φ→ Φ̄ eiΛ
†
e−iΛΦ 6= Φ̄Φ . (3.25)

The transformations of e−2V , eq. (3.15) are such that Φ̄ e−2V Φ is invariant. Hence,

we can write the kinetic part of the matter action as:

Ikin =
1

8

∫
d4x d2θ d2θ̄ Φ̄ e−2V Φ . (3.26)

In the Wess-Zumino gauge, this can be written in terms of the complex fields A

and F of the chiral multiplet:

Lkin =
1

2
DµA

†DµA+ iψ̄σ̄µDµψ +
1

2
F †F + iA†λψ − iψ̄λ̄A+

1

2
A†DA . (3.27)

In the adjoint representation, we can write the Lagrangian in terms of the real

component fields M and N of the chiral multiplet:

Lkin = Tr[
1

2
DµMDµM +

1

2
DµND

µN +
i

2
ψ̄γµDµψ +

1

2
F 2

+
1

2
G2 − iM [N,D]− iψ̄[λ,M ]− iψ̄γ5[λ,N ]] . (3.28)

The full Lagrangian would be given by the sum of the Lagrangians (3.23) and

(3.28).

N = 2 supersymmetry

The N = 2 multiplets with helicities less than or equal to one are the massless

N = 2 vector multiplet and the hypermultiplet. The N = 2 vector multiplet

contains an N = 1 vector multiplet and an N = 1 chiral multiplet, i.e a gauge

boson, two Weyl fermions and a complex scalar. The hypermultiplet contains two

N = 1 chiral multiplets. We look at the Lagrangian for the non-abelian gauge

theory of a single massless chiral multiplet in the adjoint representation of the

gauge group. this is the sum of the Lagrangians (3.23) and (3.28). We eliminate
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the auxiliary fields and define

λ1 ≡ λ ; λ2 ≡ ψ . (3.29)

The resulting Lagrangian is:

L = Tr[−1

4
FµνF

µν +
1

2
iλ̄iγ

µDµλi +
1

2
DµMDµM +

1

2
DµND

µN

− iλ̄2[λ1,M ]− iλ̄2γ5[λ1, N ] +
1

2
[M,N ]2] . (3.30)

3.3 Supersymmetry algebras with topological charges

In this section, we describe the work of (3). We will see how the usual supersym-

metry algebra is altered due to the presence of topological quantum numbers as

central charges. The surface terms, which do not vanish here, lead to modifications

of the susy algebra to include central charges.

Let us consider a two dimensional example. The supersymmetric Lagrangian

is

L =

∫
d2x

[
1

2
(∂µφ)2 +

1

2
Ψ̄iγµ∂µΨ− 1

2
V 2(φ)− 1

2
V ′(φ)Ψ̄Ψ

]
. (3.31)

where Ψ is a Majorana fermion, and V (φ) an arbitrary function. The conserved

supersymmetry current is

Sµ = (∂αφ)γαγµΨ + iV (φ)γµΨ . (3.32)

We write the chiral components of the supersymmetry charge Q± in terms of Ψ±,

which are the chiral components of the fermi field Ψ:

Q+ =

∫
|(∂0φ+ ∂1φ)Ψ+ − V (φ)Ψ−| , (3.33)

Q− =

∫
|(∂0φ− ∂1φ)Ψ− + V (φ)Ψ+| . (3.34)
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In this notation, the supersymmetry algebra is

Q2
+ = P+ ,

Q2
− = P− ,

Q+Q− +Q−Q+ = 0 ,

(3.35)

where P± = P0±P1. The third of the above equation is the one that gets modified

due to the presence of non-vanishing surface terms.

Q+Q− +Q−Q+ =

∫
dx 2V (φ)

∂φ

∂x
. (3.36)

which can be rewritten as

Q+Q− +Q−Q+ =

∫
dx

∂

∂x
2(H(φ)) . (3.37)

where H(φ) is a function such that H ′(φ) = V (φ). Thus, Q+Q− + Q−Q+ is the

integral of a total derivative, and usually it does vanish. But in the case of solitons,

it is not necessarily zero. We can call the operator on the right hand side of (3.37)

as T . A matrix element of T is the difference between the value of 2H(φ) at

x = +∞, and its value at x = −∞. The modified algebra is,

Q2
+ = P+ ,

Q2
− = P− ,

Q+Q− +Q−Q+ = T .

(3.38)

From (3.38)

P+ + P− = T + (Q+ −Q−)2 ,

P+ + P− = −T + (Q+ +Q−)2 .
(3.39)

But (Q+ ± Q−)2 ≥ 0, so P+ + P− ≥ |T |. For a particle of mass M at rest,

P+ = P− = M and the equations (3.39) imply

M ≥ 1

2
|T | . (3.40)

We would like to look at the states for which the inequality (3.40) is saturated. It

27



is saturated for the states |α〉 that satisfy (Q+ +Q−) |α〉 = 0 or (Q+−Q−) |α〉 = 0.

The condition (Q+ −Q−)Ψ± = 0 gives

(∂0φ+ ∂1φ)− V (φ) = 0 ,

and (∂0φ− ∂1φ) + V (φ) = 0 .
(3.41)

while the condition (Q+ +Q−)Ψ± = 0 yields

(∂0φ+ ∂1φ) + V (φ) = 0 ,

and (∂0φ− ∂1φ)− V (φ) = 0 .
(3.42)

The two sets of equations (3.41) and (3.42) can be combined as

∂0φ = 0 ,

and ∂1φ = ηV (φ) .
(3.43)

where η is a sign, it is positive for solitons while negative for anti-solitons. These

equations are the Bogomolny Prasad Sommerfield equations. We see that

the bound is saturated for solitons and anti-solitons with ∂φ
∂t

= 0 and ∂φ
∂x

= ±V (φ)

respectively. For example: The kink soliton (η = +1) with φ(x) = a tanhµx

and V (φ) = −λ(φ2 − a2) satisfies these equations. One must note that (3.40)

is Bogomolny’s classical bound, which is also true in quantum field theory. A

manifestly Lorentz invariant way to derive (3.40) is that we see that the operator

for square of the mass M2 = P+P− = P−P+ can be written as

M2 =
1

4
(T 2 + (Q̄Q)2) . (3.44)

where (Q̄Q) is the Hermitian operator i(Q+Q−−Q−Q+). Since (Q̄Q)2 is positive,

this implies that M2 ≥ 1
4
T 2. This inequality is saturated only for states |α〉 such

that Q̄Q |α〉 = 0. In the rest frame

Q̄Q = i(Q+ −Q−)(Q+ +Q−) = −i(Q+Q−)(Q+ −Q−) (3.45)

Hence, it annihilates any state that is annihilated by (Q+ −Q−) or (Q+ +Q−).
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3.4 Monopoles and dyons in N = 2 Supersym-

metric theories

In this section, we show that the monopole and dyon do not preserve the full

N = 2 supersymmetry. They break part of the supersymmetry, we wish to know

what is the supersymmetry that is preserved by each of them.

3.4.1 Monopoles in the theory

The full N = 2 Lagrangian is given by

L = Tr[−1

4
FµνF

µν +
1

2
iλ̄iγ

µDµλi +
1

2
DµMDµM +

1

2
DµND

µN

− iλ̄2[λ1,M ]− iλ̄2γ5[λ1, N ] +
1

2
[M,N ]2] . (3.46)

with the transformations for the fields in the Lagrangian given as:

δAµ = iζ̄iγµλi , (3.47)

δM = εij ζ̄iλj , (3.48)

δN = εij ζ̄iγ5λj , (3.49)

δλi = −1

2
iσµνζiFµν + iεijγ

µDµ(M + γ5N)ζj − iγ5ζi[M,N ] . (3.50)

where ζi, i = 1, 2 are the two supersymmetry parameters. As in (4), let us consider

the bosonic part of the Lagrangian,

LB = Tr[−1

4
FµνF

µν +
1

2
DµMDµM +

1

2
DµND

µN +
1

2
[M,N ]2] . (3.51)

The vacua of the theory are determined by the vanishing of the potential, i.e by

the condition [M,N ] = 0. Let us consider the case when N = 0 and M 6= 0 is

time independent. Then, trivially, M and N commute.

In the effective (unbroken) U(1) theory, one can define electric field ~E = Ei

and magnetic field ~B = Bi , i = 1, 2, 3 by projecting their non-abelian versions

29



Ea
i = F a

0i , Ba
i = 1

2
εijkF a

jk along the Higgs field Ma(N = 0). We define:

Ei := Tr(F0iM̂) , (3.52)

Bi := Tr(
1

2
εijkFjkM̂) . (3.53)

The corresponding electric and magnetic charges qe, qm, are defined by the electric

and magnetic fluxes at infinity:

qe =

∫∫
S∞

~E · ~ds = neg
2 , (3.54)

qm =

∫∫
S∞

~B · ~ds = 4πnm . (3.55)

In the supersymmetric case, characterised by the vanishing of the scalar potential,

the explicit expression for a magnetic monopole, centered at the origin, is given in

terms of elementary hyperbolic functions by the Prasad-Sommerfield solution (6):

Ai = −εijkσj
nk

2er
(1−K(mr)) , (3.56)

M = σini
H(mr)

2er
. (3.57)

where r = |~x|, ni = xi

r
. The functions K(y) and H(y) are given by K = y/ sinh y

and H = y coth y − 1. In particular, the Higgs field approaches the vacuum at

spatial infinity, M → v σ
ini

2
for r →∞.

H =
1

2g2
Tr[(F a

ij)
2 + ( ~DMa)2] ; (3.58)

H =

∫
d3xH , (3.59)

H ≥ 1

g2

∫
d3x

{
1

2
Tr[( ~Ba ± ~DMa)2]∓ ~Ba( ~DMa)

}
. (3.60)

The last term in the above equation can be rewritten as

∫
d3x ~Ba( ~DMa) =

∫
d3xTr[ ~D(MaBa)] , (3.61)

=

∫
d2xTr[MaBa] , (3.62)

= 4πnm |M∞| . (3.63)
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where we have used the Bianchi identity, ~DBa = 0. We have:

H ≥ 1

g2

∫
d3x

{
1

2
Tr[( ~Ba ± ~DMa)2]∓ 4πnm |M∞|

}
, (3.64)

H ≥
∣∣∣∣4πnmg2

|M∞|
∣∣∣∣ = |nmaD| . (3.65)

where |M∞| is the value of M at spatial infinity, and aD = i4πnm

g2
|M∞|. This

inequality confirms that for monopoles Z = nmaD and the mass (= H) ≥ |Z|.

The bound is saturated when:

~Ba = ± ~DMa . (3.66)

This (first order) equation which gives a minimum of the energy functional, is the

Bogomolny equation. The two signs correspond to a monopole or anti-monopole

solution respectively.

Now, let us look at the Fermionic fields and their variations in the monopole

background, i.e. in a background satisfying (3.66). We need to look for supersym-

metry variations that are consistent with the BPS equation. The variation of the

Fermi fields is given by (since N =0)

δλi = −1

2
iσµνζiFµν + iεijγ

µ(Dµ)Mζj . (3.67)

We have

γµDµM
a = ~γ · ~DMa = ±~γ · ~Ba , (3.68)

σµνFµν = σijFij = −σijεijkBk . (3.69)

In the monopole background, the transformation rule for the Fermi fields becomes

δλi =
[
−iσklFklδij + iεijγ

k(DkM)
]
ζj . (3.70)

Using the identity

σij = iεijkγ
0γkγ5 , (3.71)
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and setting δλi = 0, we get

−i(iεijkγ0γkγ5)Fijζ1 + iγk(DkM)ζ2 = 0 , (3.72)

⇒ −γ0γkγ5ζ1 + iγkζ2 = 0 , (3.73)

⇒ ζ2 = −iγ0γ5ζ1 . (3.74)

Since there is only one independent supersymmetry parameter, only half of the

N = 2 supersymmetry is preserved which is given by

ζ2 = −iγ0eαγ5ζ1 . (3.75)

3.4.2 Dyons in the theory

Now let us consider the case of dyons. Once again, we have N = 0 and M 6= 0

is time independent. Let us consider a rotation of the supersymmetry parameter,

by an angle α, as obtained for the monopole case in (3.75). Let us look at the half

BPS solutions where the unbroken supersymmetry parameters are given by:

ζ2 = −iγ0γ5ζ1 = −iγ0(cosα + sinαγ5) . (3.76)

where α is a real parameter that depends on the electric and magnetic charges

of the dyon. Let us substitute for this choice of ζ2 in the susy variations of the

fermionic fields. We must set these variations to zero as this is the unbroken

supersymmetry. This yields, for δλ1 = 0:

−i
2
σµνFµνζ1 + γm(DmM)γ0eαγ5ζ1 = 0 , (3.77)

− iσ0iF0iζ1 −
i

2
σijFijζ1 + γmγ0(cosα + γ5 sinα)(DmM)ζ1 = 0 , (3.78)

γ0γiF0i +
1

2
εijkγ

0γkγ5Fij + γmγ0(cosα + γ5 sinα)(DmM) = 0 . (3.79)
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where we have used the identity (3.71). The above equation gives us two first

order equations, the Bogomolny-Prasad-Sommerfield equations.

F0i − cosα(DiM) = 0 , (3.80)

1

2
εijkFij − sinα(DkM) = 0 . (3.81)

Now, let us look at the energy of this time-independent configuration, given by

E =
1

g2

∫
d3xTr

[
1

2
F 2

0k +
1

4
F 2
ij +

1

2
(DkM)2

]
. (3.82)

E =
1

g2

∫
d3xTr

[
1

2
(F0k − cosαDkM)2 +

1

2

(
1

2
εijkFij − sinαDkM

)2
]

+
|M∞|
g2

[
neg

2 cosα + 4πnm sinα
]
. (3.83)

where |M∞| is the magnitude ofM at spatial infinity. We have used the expressions

in (3.52) and (3.54) and the Bianchi identity. Hence, we obtain a bound on the

energy (=mass) given by

E ≥ Re[e−iαZ(ne, nm)] ∀α ⇒ E ≥ |Z(ne, nm)| . (3.84)

where Z(ne, nm) is the central charge function defined by

Z(ne, nm) = ne |M∞|+ i
4πnm
g2
|M∞| . (3.85)

We can define a = |M∞| and aD = i4π
g2
|M∞|, in order to match the conventions

used in (1) (since we would be using these variables in the next chapter). Then,

Z(ne, nm) = ane + aDnm . (3.86)

Thus, we notice that α is the phase of the central charge function Z(ne, nm) and it

is this phase that determines which supersymmetry combination is preserved for

a given dyonic configuration. The BPS configuration is the one which saturates

the bound, i.e. E = |Z(ne, nm)|.
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CHAPTER 4

Seiberg-Witten duality in N = 2 supersymmetric

theories

4.1 Effective action for the N = 2 SU(2) theory

It can be shown that the N = 2 supersymmetry action can be written in terms of

a single holomorphic function F(Ψ), where Ψ is the N = 2 chiral multiplet (10).

Supersymmetry constrains the action to be

1

16π
Im

∫
d4x d2θ d2θ̃ F(Ψ) . (4.1)

where F is called the N = 2 prepotential, that depends only on Ψ and not Ψ†. In

the N = 1 superspace language, we can write the Lagrangian (4.1) as

1

16π
Im

∫
d4x

[∫
d2θ Fab(Φ)W aαW b

α +

∫
d2θ d2θ̄

(
Φ†e−2V

)aFa(Φ)

]
. (4.2)

where Fa(Φ) = ∂F(Φ)
∂Φa ,Fab(Φ) = ∂2F(Φ)

∂Φa∂Φb , a, b are the Lie algebra indices. We wish

to determine the effective action for this theory (10), (1). Classically, this theory

has a scalar potential V (φ) = 1
2
Tr([φ, φ†])2. (We have renamed the complex field

A of the chiral superfield as φ, to match conventions). Unbroken susy requires

that V (φ) = 0 in the vacuum. This does not force φ to be zero, it only requires

that [φ, φ†] must be zero. A general φ is of the form

φ(x) =
1

2

3∑
j=1

(aj(x) + ibj(x))σj , (4.3)

with real fields aj(x) and bj(x). By a SU(2) gauge transformation, we can always

choose a1(x) = a2(x) = 0. Then, [φ, φ†] = 0 implies b1(x) = b2(x) = 0 and hence,

with a = a3 + ib3, we have φ = 1
2
aσ3. In the vacuum, a must be a constant. We



use the following definitions for a and u:

u =
〈
tr φ2

〉
, 〈φ〉 =

1

2
aσ3 . (4.4)

The complex parameter u is chosen since it is a gauge inequivalent quantity. The

manifold of gauge invariant vacua is called the moduli space M of the theory.

Hence, u is a coordinate on M, and M is the complex u−plane.

For non-vanishing 〈φ〉, since we choose a particular direction, the SU(2) gauge

symmetry is broken by the Higgs mechanism. The fields Abµ, b = 1, 2 become mas-

sive while A3
µ remains massless. Similarly, due to the φ, λ, ψ interaction terms,

ψb, λb, b = 1, 2 become massive with the same mass as Abµ, as required by super-

symmetry. The fields ψ3 and λ3 as well as the mode of φ describing fluctuation of

φ in the σ3-direction, remain massless. These massless modes are described by a

low energy effective action which has to be N = 2 supersymmetry invariant. We

must remember that the gauge symmetry is broken from SU(2)→ U(1), but the

susy is not. Since, we now have an abelian theory, we will suppress the indices

a, b. The exponential factor in the second term of (4.2) gets contribution only

from the leading term (=1), as there is no self coupling of the gauge boson. Thus

for a U(1)-gauge theory, the effective action is:

1

16π
Im

∫
d4x

[∫
d2θ F ′′(Φ)WαWα +

∫
d2θ d2θ̄ Φ†F ′(Φ)

]
. (4.5)

4.2 Duality

We know that a and the complex conjugate of a, namely ā, provide local coordi-

nates on the moduli space M for the region of large u. In this region, φ and Wα

are nice fields to describe the low energy effective action. We will see that duality

will provide a set of dual fields. These dual fields will be valid in a different region

of the moduli space. Let us define a field dual to Φ by

ΦD = F ′(Φ) , (4.6)
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and a function F(ΦD) dual to F(Φ) by

F ′D(ΦD) = −Φ ; (4.7)

where F ′D(ΦD) = dFD(ΦD)/dΦD. Using these relations, we can write the second

term in the action (4.5) as

∫
d4x d2θ d2θ̄ Φ†F ′(Φ) =

∫
d4x d2θ d2θ̄ (−F ′D(ΦD))†ΦD

=

∫
d4x d2θ d2θ̄ Φ†DF

′
D(ΦD) . (4.8)

We observe that the second term in the effective action (4.5) is invariant under

the duality transformations (4.6) and (4.7).

Now, let us look at the other term in the effective action. We know that W

consists of a term which involves the U(1) field strength Fµν . The field strength

satisfies the Bianchi identity 1
2
εµνρσ∂νFρσ ≡ ∂νF̃ µν = 0. The superspace version of

this constraint is Im(DαW
α) = 0, where Dα is the superspace derivative defined

in (2.87). In the functional integral, we can either integrate over only V , or over

Wα too, imposing the constraint Im(DαW
α) = 0 by a real Lagrange multiplier

superfield, VD:

∫
DV exp

[
i

16π
Im

∫
d4x d2θF ′′(Φ)WαWα

]
'
∫
DWDVDexp

[
i

16π
Im

∫
d4x

(∫
d2θF ′′(Φ)WαWα +

1

2

∫
d2θd2θ̄VDDαW

α

)]
.

(4.9)

We have

∫
d2θd2θ̄VDDαW

α = −
∫

d2θd2θ̄DαVDW
α = +

∫
d2θD̄2(DαVDW

α)

=

∫
d2θ(D̄2DαVD)Wα = −4

∫
d2θ(WD)αW

α . (4.10)

where we have used D̄β̇W
α = 0 and the dual WD is defined from VD. The func-

tional integral over W , would give

∫
DVDexp

[
i

16π
Im

∫
d4xd2θ

(
− 1

F ′′(Φ)
Wα
DWDα

)]
. (4.11)
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Hence, we see that the action is written in terms of the dual superfields. The

coupling constant τ(a) = F ′′(a) goes to − 1
τ(a)

. We can write − 1
F ′′(Φ)

in terms of

the dual field ΦD, then we get F ′′D(ΦD) = − dΦ

dΦD
= − 1

F ′′(Φ)
, and

− 1

τ(a)
= τD(aD) . (4.12)

Thus, we have implemented the idea of electromagnetic duality. Duality has ex-

changed the roles of electric and magnetic charges and also the corresponding

coupling constants. Since τ goes to its inverse under duality, we see that strong

coupling is exchanged with weak coupling, thus making it possible for us to study

the spectrum at strong coupling (in terms of the dual fields). The whole action

(4.5) can be written as:

1

16π
Im

∫
d4x

[∫
d2θF ′′D(ΦD)Wα

DWDα +

∫
d2θd2θ̄Φ†DF

′
D(ΦD)

]
. (4.13)

Let us now look at the full group of duality transformations of the action. In order

to do so, let us rewrite the action as

1

16π
Im

∫
d4x d2θ

dΦD

dΦ
WαWα +

1

32iπ

∫
d4x d2θ d2θ̄ (Φ†ΦD − Φ†DΦ). (4.14)

The above equation shows that there is a symmetry of the formΦD

Φ

→
1 b

0 1

ΦD

Φ

 , b ∈ Z. (4.15)

and we have already seen that there is a duality symmetry of the formΦD

Φ

→
 0 1

−1 0

ΦD

Φ

 . (4.16)

The transformations (4.15) and (4.16) generate the the group SL(2,Z). This is

the group of duality symmetries. The metric, invariant under the duality group

SL(2,Z), on moduli space can be written as (where aD = ∂F(a)
∂a

) .

ds2 = Im(daDdā) =
i

2
(dadāD − daDdā) . (4.17)
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4.3 The BPS spectrum

In a spontaneously broken gauge theory, as the one we are considering here, typ-

ically there are solitons that carry magnetic charge and behave like non-singular

magnetic monopoles. The duality transformation constructed earlier exchanges

electric and magnetic degrees of freedom, hence electrically charged states with

magnetic monopoles.

In any theory with extended supersymmetry, there are long and short (BPS)

multiplets. For the N = 2 theory, small (or short) multiplets have 4 helicity

states and long ones have 16 helicity states. The massless states must be in the

short multiplets (we showed earlier that they have lesser degrees of freedom).

The massive states can be in either the short or the long multiplets. They are

in the short ones if they satisfy the BPS condition m2 = |Z2|, or in long ones

if m2 ≥ |Z2|, where Z is the central charge. The states that become massive

by Higgs mechanism must be in the short multiplets, since initially, before the

symmetry breaking, they were in the short multiplets and the Higgs mechanism

cannot generate the missing 16 − 4 = 12 helicity states. All purely electrically

charged states have Z = ane where ne is the (integer) electric charge. Duality

implies that a purely magnetically charged state has Z = aDnm where nm is the

(integer) magnetic charge. A dyon has Z = ane+aDnm (as shown in the previous

chapter), which is also required by duality since the central charge is additive. All

this applies to states in short multiplets, so-called BPS states. The mass formula

for these states is then:

m2 =
∣∣Z2
∣∣ , Z =

(
nm, ne

)aD
a

 . (4.18)

At the level of charges, we notice that duality exchanges purely electrically charged

states with purely magnetically charged ones.
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4.4 Studying the moduli space

In this section, we will study the behavior of a(u) and aD(u) as u varies on the

moduli space M. We will determine the points of singularity and see how a and

aD are changed as u is taken around different closed contours. In particular, if

the contour does not enclose any singularity, a(u) and aD(u) will return to their

initial values. But if the contour does encircle one or more singularities, we will

have a non-trivial monodromy for a(u) and aD(u).

4.4.1 Singularities in the moduli space

Monodromy at infinity

The asymptotic freedom implies a non-trivial mondromy at infinity. The per-

turbative expansion for F(a) is valid and one has (for aD = ∂F(a)
∂a

) :

F(a) =
i

2π
a2 ln

a2

Λ2
. (4.19)

aD(u) =
i

π
a

(
a2 ln

a2

Λ2
+ 1

)
, u→∞ (4.20)

Now, we take u around a counterclockwise contour of very large radius in the

complex u−plane, mathematically stated as u → e2πiu. This is equivalent to

having u encircle the point at ∞ on the Riemann sphere in a clockwise sense.

Since u = 1
2
a2 (for u→∞) one has a→ −a and

aD →
i

π
(−a)

(
ln
e2πia2

Λ2
+ 1

)
= −aD + 2a . (4.21)

or aD(u)

a(u)

→M∞

aD(u)

a(u)

 , M∞ =

−1 2

0 −1

 . (4.22)

We see that u = ∞ is a branch point of aD(u) ∼ i
π

√
2u
(
ln u

Λ2 + 1
)
, due to the

appearance of a square root function. Hence, this point is a singularity of the

moduli space.

We see that if we act the monodromy matrix on the monopole (0, 1), we obtain
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the dyon (2,−1). We observe that by repeated action of the monodromy matrix,

we generate all dyons of the form (2k,±1), where k’s are positive integers. This

will be corroborated in our discussion on quivers.

The singularities at strong coupling

The classical theory has two singularities associated with the gauge bosons be-

coming massless at u = 0. The quantum theory cannot change the number of

singularities, so we must have two singularities for finite values of u. It turns out

that there are singularities at u = ±u0, apart from the monodromy at u =∞. We

now know that we have three singularities, at u = ∞, u0, and − u0. We need to

interpret the singularities at finite u = ±u0. One might try to consider that they

are still due to the gauge bosons becoming massless. However, this is not the case.

We should look at the collective excitations - solitons like magnetic monopoles

or dyons. From the BPS mass formula, the mass of the magnetic monopole is

m2 = |aD|2. Hence, it vanishes at aD = 0. Let us call the point where the mag-

netic monopole becomes massless as u0 i.e. aD(u0) = 0. We must describe this by

the dual fields, ΦD and WD. We define

aD ≈ c0(u− u0) c0 = constant (4.23)

τD =
dhD
daD

. (4.24)

Integrating this we get, (a(u) = −hD(u))

a(u) ≈ a0 +
i

π
aD ln aD ≈ a0 +

i

π
c0(u− u0) ln(u− u0) . (4.25)

When u circles around u0, then ln(u − u0) → ln(u − u0) + 2πi, we have the

monodromy as:

aD → aD (4.26)

a→ a− 2aD . (4.27)

This effect can be seen as a dual of the monodromy at infinity. Near infinity, the

monopole got an electric charge, and near u = u0, the electron gets a magnetic
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charge. The 2× 2 monodromy matrix is

Mu0 =

 1 0

−2 1

 . (4.28)

The third singularity

We know that there are only three singularities (counting u =∞) and we have

already found two of the three monodromies in (4.22) and (4.28). We can now find

the third monodromy, which we will call M−u0 . We can consider a contour around

u = ∞, which is equivalent to a counterclockwise contour of very large radius

in the complex plane. This can be deformed into a contour encircling u0 and a

contour encircling −u0, both counterclockwise. With all of the monodromies taken

in the counter clockwise direction, the monodromies must obey Mu0M−u0 = M∞,

and from this we get

M−u0 =

−1 2

−2 3

 . (4.29)

The location of u0 depends on the renormalisation conditions which can be chosen

such that u0 = 1.

We need to find out what kind of particle should become massless to generate

this singularity. We can write the charges as a row vector q = (nm, ne), then the

massless particle that produces a monodromy M has qM = q. The monodromy

M1 arises from a massless monopole of charge vector q1 = (1, 0), since we have

q1M1 = q1. Duality symmetry implies that this must be true for any monodromy

coming from a massless particle. If we take q−1 = (1,−1), we get q−1M−1 = q−1,

and hence we see that the monodromy M−1 arises from vanishing mass of a dyon

of charges (1,−1).

More generally, the monodromy matrix that should appear for any singularity

due to a massless dyon with charges (nm, ne) should be:

M(nm, ne) =

1 + 2nmne 2n2
e

−2n2
m 1− 2nmne

 . (4.30)
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4.5 The Solution

This section has mostly been taken from (1). Seiberg and Witten tried to deter-

mine the function F(a). If the functions a(u) and aD(u) are known, then one can

integrate them to find F(a). The monodromies are known and these, along with

the asymptotic behavior, are used to fix a and aD. The idea is that the branch

cuts of the moduli space define a torus. We pick two independent cycles (closed

paths) γ1 and γ2 on this torus. The functions a and aD are the integrals of some

function λ along these two cycles γ1 and γ2. We combine these ideas with our

prior knowledge of the asymptotic behavior of a and aD near u = −1,+1,∞, to

fix the functions.

The moduli space M of quantum vacua is the u plane with singularities at

1,−1, and ∞ and a Z2 symmetry acting by u ↔ −u. We have the following

monodromies around ∞, 1, and −1:

M∞ =

−1 2

0 −1

 , M1 =

 1 0

−2 1

 , M−1 =

−1 2

−2 3

 . (4.31)

We see that the monodromy matrices are all congruent to 1 modulo 2. So these

matrices do not generate the full SL(2,Z), but only the subgroup of SL(2,Z)

consisting of matrices congruent to 1 modulo 2. This subgroup is called Γ(2). The

u-plane punctured at 1, −1, and∞ can be thought of as the quotient of the upper

half plane H by Γ(2). This quotient H/Γ(2) is parametrized by the elliptic curve

y2 = (x− 1)(x+ 1)(x− u) . (4.32)

The equation (4.32) has a manifest symmetry w that maps u → −u, x → −x,

y → ±iy. This generates a Z4 symmetry, but only a Z2 quotient acts on the u

plane. The surface corresponds to a torus and so we can choose continuous cycles

γ1, γ2, which intersect only once, hence the condition

γ1 · γ2 = 1 . (4.33)
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We can write a and aD as the integral of a differential λ over these cycles as

aD =

∮
γ1

λ , (4.34)

a =

∮
γ2

λ . (4.35)

where λ is defined by two linearly independent elements as

λ = a1(u)λ1 + a2(u)λ2 . (4.36)

We can choose a basis with any two linearly independent elements, such as

λ1 =
dx

y
, and λ2 =

x dx

y
. (4.37)

Here, λ1 is a holomorphic differential, having no poles even at infinity and λ2 has

a double pole at infinity where the residue vanishes. Let us look at the asymptotic

behavior. Near u =∞,

a ≈
√

2u , aD ≈ i

√
2u

π
lnu . (4.38)

Near u = 1,

aD ≈ c0(u− 1) , a ≈ a0 +
i

π
aD ln aD . (4.39)

where a0, c0 are constants. The behavior near u = −1 is similar, with aD being

replaced by a− aD. We can take

λ =

√
2

2π
dx

√
x− u√
x2 − 1

=

√
2

2π
dx

y

x2 − 1
. (4.40)

The residues of λ vanish since

λ =

√
2(λ2 − uλ1)

2π
. (4.41)

with λi as in (4.37). The differential form λ that we want to integrate, has a factor√
(x− u)/(x2 − 1) that requires branch cuts. We can take the branch cuts to run

from −1 to 1 and from u to∞. We can take one cycle (γ2) as a loop C straddling
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the branch cut between −1 and +1

a =

∮
γ2

λ =

√
2

2π

∮
C

dx

√
x− u√
x2 − 1

=

√
2

π

∫ 1

−1

dx

√
x− u√
x2 − 1

. (4.42)

There is a factor of two in the last step due to equal contributions to the integral

over C from the segments −1 to 1 and 1 back to −1 on the other side of the cut.

Similarly, we can define the other cycle γ1 by using a circle that loops around the

branch points at 1 and u, we can take

aD =

√
2

π

∫ u

1

dx

√
x− u√
x2 − 1

. (4.43)

The square root implies that the overall signs of a and aD are ill-defined. This

agrees with the classical relation a2 = 2u which means that we can obtain a from

the gauge invariant quantity u only up to sign. It is sufficient to study the behavior

of a and aD near u =∞ and u = 1, since the behavior near u = −1 is determined

by the Z2 symmetry of the u plane that was described earlier. Near u = ∞, we

get

a ≈
√

2u

π

∫ 1

−1

dx√
1− x2

=
√

2u . (4.44)

and (after a change of variables x = uz)

aD =

√
2u

π

∫ 1

1/u

dz

√
z − 1√

z2 − u−2
. (4.45)

For u→∞ the integral develops a logarithmic divergence near z = 0; extracting

the divergent term, we get

aD ≈ i

√
2u lnu

π
. (4.46)

Near u = 1, we get

aD =

√
2u

π

∫ 1

1/u

dz

√
z − 1

√
z + u−1

√
z − u−1

≈ 1

π

∫ 1

1/u

dz

√
z − 1√
z − u−1

=
i

2

(
1− 1

u

)
≈ i(u− 1)

2
.(4.47)

Next we have to find expressions for a. At u = 1 the integral for a is:

a(u = 1) =

√
2

π

∫ 1

−1

dx√
x+ 1

=
4

π
. (4.48)
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However, the derivative of a with respect to u is given by an integral

da

du
= −
√

2

2π

∫ 1

−1

dx√
(x+ 1)(x− 1)(x− u)

. (4.49)

that becomes logarithmically divergent for u → 1, near x = 1. Extracting the

coefficient of the logarithm, we find that the expansion of a is

a =
4

π
− (u− 1) ln(u− 1)

2π
+ . . . . (4.50)

These equations for a and aD, are consistent with the desired monodromy a →

a− 2aD near u = 1.
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CHAPTER 5

BPS Quivers

In this section we discuss the idea of quivers (7). Quivers are meant to hold arrows

in archery. Mathematically, they are diagrams that consist of nodes which are

connected by arrows. We will describe quivers for BPS spectra of four-dimensional

field theories. We will also see how the quiver can be used to deduce the BPS

spectrum. We would like to mention that quivers are very important tools, they

can help us find out the spectrum, which we previously did not know. For example,

if the spectrum at weak coupling is known, then we can write a quiver for it and

by carrying out mutations of the quiver we can extend it to the regime of strong

coupling. Hence, in such a manner we can obtain the strong coupling spectrum.

5.1 Construction of BPS Quivers

Here, we explain how to construct a BPS quiver, given the occupancy of BPS

states of the theory.

We are given the BPS spectrum. We divide it into two sets, the particles and

anti-particles. The particles are those BPS states whose central charges lie in the

upper half of the complex Z plane, and antiparticles are the ones whose central

charges lie in the lower half. CPT invariance tells us that for each particle, there

exists an antiparticle. We will use the particles to construct a quiver.

We consider a particular moduli u ∈ U , where the field theory has a U(1)

gauge symmetry and a low energy solution that is described by:

• A lattice Γ that has electric, magnetic and flavor charges with a rank 2r+f ,
where f is the rank of the flavor symmetry.

• A linear function Zu, the central charge function of the theory that depends
on the moduli u. We have seen that the central charge provides a lower
bound on the masses of charged particles, and those states that saturate the
bound are called BPS states.



Let us choose a basis set of hypermultiplets. We will have 2r + f (the rank

of the lattice) hypermultiplets, and we label their charges γi. They are required

to form a positive integral basis i.e. the phase of the basis vectors must lie in the

upper half plane. Every charge γ that corresponds to a BPS particle satisfies

γ =

2r+f∑
i=1

niγi ni ∈ Z+ . (5.1)

where the lattice Γ of electric, magnetic and flavor charges is of rank 2r+ f . The

BPS particles with charge γ can be thought of as made up from a set of elementary

BPS states of ni particles of charge γi. Hence the particles are like building blocks

for the entire BPS spectrum. Given the basis of hypermultiplets {γi}, we have a

diagram, called the quiver that encodes it. We construct a quiver as follows:

• For each element γi in the basis, we draw a node of the quiver.

• The electric-magnetic inner product for (e1,m1) and (e2,m2) is defined as
e1 ·m2−e2 ·m1. For each pair of charges in the basis, we compute the electric-
magnetic inner product γi ◦ γj. If γi ◦ γj > 0, we connect the corresponding
nodes γi and γj with γi ◦ γj number of arrows, each of them pointing from
node j to node i.

For example, the BPS quiver of the SU(2) theory with monopole (0,1) and the

dyon (2,−1) is shown below.

(0, 1) (2,−1)

Figure 5.1: BPS Quiver of SU(2) theory

For an arbitrary BPS particle of charge γ, since the central charge is a linear

function, we have:

γ =
∑
i

niγi ⇒ Zu(γ) =
∑
i

niZu(γi) . ni ≥ 0 (5.2)

Since Z(γi) for particles lie in the UHP, (5.2) implies that the central charges of

all BPS particles are bounded by the left-most and right-most Z(γi); which forms

a cone. This is called the cone of particles. The theories that do not have such a

cone, also do not have a BPS quiver.
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Quiver Representations

If we are given a quiver representation R, defined by vector spaces Cni and maps

Ba
ij, we can define subrepresentations S ⊂ R by vector subspaces Cmi ⊂ Cni for

each node and maps baij : Cmi → Cmj for each arrow, such that diagrams of the

following form commute:

Cni Cnj

Cmi Cmj

Ba
ij

baij

Figure 5.2: A representation and its suprepresentation

We must specify a stability condition on the subreps. We can consider the

quiver rep R with vector spaces Cni to be associated with a particle with charge

γR =
∑
niγi. Then a subrep S of R can be considered as a bound state of a smaller

charge, which may form one of the channels of decay of a particle of charge γR.

But we would not want the particle to decay, so we must have a constraint on the

subreps, in order to maintain stability. The central charge of the representation

R, denoted by Zu(R) obeys:

Zu(R) ≡ Zu(γR) =
∑
i

niZu(γi) . (5.3)

The central charge vector lies in the cone of particles in the upper half of the

central charge plane. Then, R is stable if for all subrepresentations S, other than

R and zero (the trivial ones), it satisfies the stability condition

arg(Zu(S)) < arg(Zu(R)) . (5.4)

Any subrepresentation S that violates this condition, is referred to as a destabi-

lizing one.
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5.2 Walls in the theory of quivers

There are two kinds of walls that we see in the theory of quivers.

The first one, walls of marginal stability, are those where a supersymmetric

particle decays. At the wall, the central charges of some representation R and its

subrep S get aligned. On one side of the wall, arg Z(S) < arg Z(R) so that R

is stable, and hence some corresponding BPS particle exists. On the other side

of the wall, the phase condition is reversed and hence the stability condition has

changed. The representation R is not stable anymore and hence the associated

particle is not present in the spectrum.

There are also walls of a different kind, called walls of second kind. In this

case the central charge becomes real at the wall. As we vary the moduli, our

central charge function changes, and as we cross some real co-dimension 1 subspace

(basically locus of points that cannot be crossed, they define a wall); the central

charge of one of the nodes may exit the half-plane. Since it does not lie in the UHP

any more, it now becomes an anti-particle. Thus, the original basis of particle is

no longer valid to describe the quiver. The cone of particles jumps discontinuously

and as a result, the the original quiver description of the BPS spectrum breaks

down.

5.3 Mutation of quivers

We wish to find a description of the BPS spectrum on the entire moduli space.

But we have seen that we may hit walls, where the original quiver description

breaks down, and hence we need to modify the quiver. To do so, we would need

to describe the theory with new quivers and carry out a graphical process called

mutation whenever we encounter walls. In this section, we discuss the mutation

method.

Let us suppose that node γ1 is the BPS particle in the quiver whose central

charge Z1 is the one that rotates out of the half-plane. We, thus, need a new

quiver Q̃ with corresponding nodes {γ̃i}. Since γ1 is the node exiting the half
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plane, we have to carry out the mutation about this node in the quiver. The

mutation method is similar to a Weyl reflection. The number of nodes remain

unchanged. Here, we would be carrying out the reflection about the node γ1,

so the node γ1 → −γ1 and all the arrows directly connected to the node γ1 get

reversed in orientation, i.e. arrows pointing to γ1 in the original quiver will now

point outwards and vice versa. The other nodes are also modified and are written

as a positive linear combination of the simple roots, determined by the electric-

magnetic inner product. There are also new arrows that are formed. For any path

of length two (length of a path is defined as the number of arrows in the path),

there is a new arrow in the quiver. Since we already have a quiver, both Q̃ and

{γ̃i} are uniquely fixed, because of the condition of positive integral basis. The

new basis is given by (we state the mutation rules from (7) verbatim):

γ̃1 = −γ1

γ̃j =

γj + (γj ◦ γ1)γ1 if γj ◦ γ1 > 0

γj if γj ◦ γ1 ≤ 0 .

(5.5)

To construct the new quiver Q̃ graphically from the old one, we follow the given

steps:

1. The nodes of Q̃ are in one-to-one correspondence with the nodes in Q.

2. The arrows of Q̃, denoted by B̃a
ij, are constructed from those of Q, denoted

by Ba
ij as follows:

(a) For each arrow Ba
ij in Q draw an arrow B̃a

ij in Q̃.

(b) For each length two path of arrows passing through node 1 in Q, draw

a new arrow in Q̃ connecting the initial and final node of the length
two path

Ba
i1B

b
1j → B̃c

ij. (5.6)

(c) Reverse the direction of all arrows in Q̃ which have node 1 as one of
their endpoints.

B̃a
i1 → B̃a

1i ; B̃1ja → B̃a
j1. (5.7)

3. The superpotential W̃ of Q̃ also needs to be worked out from from the
superpotential W of Q.
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The Mutation Method

We saw above that at walls of second kind, the quiver description breaks down

because the central charge of one of the particle exits the UHP, H. We can also

analyze the case where we continuously change our choice from one H to another,

rather than changing our position in moduli space. Since we are at a fixed point,

all the quivers describe the same physics. The rotation of the particle half-plane

would give the entire spectrum, which was previously not known.

Suppose that for our initial choice of H, with BPS basis {γi}, γ1 is the node

such that its central charge is left-most and rotates out of H. For convenience,

let us call this node left-most. We then rotate out the half-plane past it and

do the required mutation to get a new quiver for the theory. This mutation

would change the charges according to equation (5.5). Since the new quiver is a

description of the same theory, we have thus generated some new BPS states of

the form γj + (γj ◦ γ1)γ1, which are completely new.

In many cases the mutation method gives us the full spectrum in this way. It

is possible to generate the spectrum in any finite chamber. We start with a quiver

description that is valid at a given point in the moduli space. We then start

rotating the particle half-plane. If there are a finite number of states, we would

need only a finite number of rotations to come back to our original half-plane.

Every state in the chamber would be left-most at some point during the process of

rotation, hence would be a node in the quiver. Each time we rotate past a state,

we carry out the necessary mutations on the node corresponding to that state. If

we repeat the process of mutations and note all the states we have mutated, we

will eventually generate all possible bound states. Hence, we will get the entire

spectrum.

5.3.1 Pure SU(2) case

Let us illustrate the method of mutation with the case of pure SU(2). The quiver

is
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γ1 = (0, 1) γ2 = (2,−1)

Figure 5.3: BPS quiver

The strong coupling chamber is given by arg Z(γ2) > arg Z(γ1). We rotate

the particle half plane H, to generate new states. We obtain the following quivers

as we carry out mutations (the dark circle denotes the left most node, the one

about which the mutation is carried out).

γ1 γ2

γ1 −γ2

−γ1 −γ2

Figure 5.4: Mutations in the strong coupling chamber

We see that we finally obtain the anti-particle quiver, hence we conclude that

the only bound states in this chamber are γ1 and γ2. This agrees with the fact

that only the monopole and the dyon are stable at strong coupling. Now, let us

look at the weak coupling spectrum. Here, arg Z(γ2) < arg Z(γ1). The sequence

of mutations is as shown below.

γ1 γ2

−γ1 2γ1 + γ2

3γ1 + 2γ2 −2γ1 − γ2

· · ·
(k + 1)γ1 + kγ2

−kγ1 − (k − 1)γ2

· · ·
Figure 5.5: Mutations in the weak coupling chamber
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We observe that as we keep mutating, we obtain more and more new states and

this goes on indefinitely. We are thus in an infinite chamber. After k mutations,

we have a state that has (k + 1)γ1 + kγ2 and charge (2k, 1). In the Z plane this

limits to the ray α(γ1+γ2). The (e,m) charge of γ1+γ2 is (2,0) and we see that the

accumulation ray is associated with the vector, the W boson, in the weak coupling

spectrum. W is not a node, because it is an accumulation ray of hypermultiplet

dyons. It would take us an infinite number of mutations to get a quiver with W

as a node. We also notice, that we are able to see the dyons only to the left of

the accumulation ray, without being able to explore the rest of the central charge

plane. This is because we have carried out the “left mutation ”, i.e. rotated the

states out of the left of H. We should now carry out a similar mutation, but now

rotating the half plane in the counter-clockwise direction, H → eiθH, which we

shall call “right mutation”. The transformation rules for the right mutation are

as follows (we quote the rules given in (7)):

γ̃1 = −γ1

γ̃j =

γj + (γ1 ◦ γj)γ1 if γ1 ◦ γj > 0

γj if γ1 ◦ γj ≤ 0 .

(5.8)

Now we can start mutating “to the right”. We must look for the node that is right-

most and carry out the mutations as required by (5.8). If we hit an accumulation

ray, that is the same as the one we obtained by the “left mutation”, then together

the left and the right mutation would enable us to explore the entire central charge

plane, except for the accumulation ray.

Let us now apply right mutation to find the states to the right of the accumu-

lation ray. Now, the dark node denotes the right-most node.
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γ1 γ2

γ1 + 2γ2 −γ2

−γ1 − 2γ2 2γ1 + 3γ2

· · ·
kγ1 + (k + 1)γ2

−(k − 1)γ1 − kγ2

· · ·
Figure 5.6: “Right”mutations in the weak coupling chamber

We have generated the states kγ1 + (k + 1)γ2 = (2k,−1). Hence, we have

obtained the dyons which we did not by the “left mutation”. These states limit to

the same ray in the Z plane, i.e at Z(γ1 + γ2), we have seen all the stable states

except those lying on the accumulation ray.

To summarize, we have obtained the strong coupling SU(2) spectrum by a

simple application of the mutation method. The only stable states at strong

coupling are the monopole and the dyon. For the weak coupling spectrum, the

usual process of mutation (“left mutation”) was not able to explore the entire

central charge plane and hence could not generate all the states. We needed to

introduce right mutation to be able to explore states on the other side of the

accumulation ray at the W boson. By this process of left and right mutation, we

obtained an infinite tower of dyons. This demonstrates the power of the method

of mutation, which helps us deduce the entire spectrum very simply.

5.3.2 Massless Nf = 1 case

Now let us look at a simple extension of the SU(2) case. Let us consider the

massless SU(2) Nf = 1 case. Here we would have 2r + f = 3 nodes, since f = 1.

Hence, the quiver should be that of the pure SU(2) case with an extra node. The

additional states could have (e,m) charges (±1, 0) for the extra node that has

to be added. But we know that we are able to generate new states only by a
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positive linear combination of the charges. Our original quiver had charges (0, 1)

and (2,−1) with both having positive electric charge. Hence, if we choose our

third node to be (1, 0), then by no means can we generate the state (−1, 0) using

a positive linear combination of the nodes. Hence, we must choose the third node

to have (e,m) charges (−1, 0). By computing the electric-magnetic inner product,

we can write down the quiver as:

γ2 = (2,−1)γ1 = (0, 1)

γ3 = (−1, 0)

Figure 5.7: Quiver for SU(2) Nf = 1 theory

We must mention that if Nf more flavors are added then there are as many as

Nf extra nodes, with different flavor charges, in the pure SU(2) quiver. The nodes

γ1 and γ2 of the pure SU(2) are in the fundamental representation, so they get

flavor charges 1
2

and −1
2

respectively, while the new node γ3 gets a flavor charge

equal to 1. If we begin mutating the Nf = 1 quiver, about the node γ3, to the

right by using the rules mentioned in (5.8), then we get the following quiver:

γ2 = (1,−1, 1/2)γ1 = (0, 1, 1/2)

γ3 = (1, 0,−1)

Figure 5.8: Quiver for SU(2) Nf = 1 theory after a right mutation

Since the central charge function depends only on the charges of the nodes, we

see that the third node satisfies Z(γ3) = Z(γ1) + Z(γ2). Due to this constraint,

there are only two independent chambers, like we had in the pure SU(2) case, one

having arg(Z(γ2)) > arg(Z(γ1)) and the other with arg(Z(γ2)) < arg(Z(γ1)).

Now we can again carry out successive mutations to see what bound states we

get. Let us consider the chamber with arg(Z(γ2)) > arg(Z(γ1)). So we start the
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mutation about the node γ2, since it is left-most. We obtain the following quivers

as we keep on mutating about the left-most node that we encounter

γ2γ1

γ3

−γ2γ1

γ3

−γ2γ1

−γ3

−γ2−γ1

−γ3

Figure 5.9: Quivers in the strong coupling chamber for SU(2) Nf = 1 theory

Finally, we see that we end up a quiver consisting of the anti-particle states.

Hence, we have seen the strong coupling chamber of the Nf = 1 SU(2) theory.

Now, let us look at the other chamber i.e. arg(Z(γ2)) < arg(Z(γ1)). This time

we must start the mutation about the node γ1, since that is left-most. We obtain

the following quivers by the method of left mutation:
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γ2γ1

γ3

γ1 + γ2−γ1

γ1 + γ3

2γ1 + γ2 + γ3
γ3

γ1 − γ3

−2γ1 − γ2 − γ3γ1 + γ2 + 2γ3

γ1 + γ2

Figure 5.10: Left mutation quivers in the weak coupling chamber

We see that we started with the node γ1 and after the first mutation we obtain

the new state γ1 + γ3, while the state 2γ1 + γ2 + γ3 after the second mutation and

γ1 + γ2 + 2γ3 after the third. We observe that we are in an infinite chamber. If we

continue carrying out the mutations, we see that we obtain the states

(n+ 1)(γ1 + γ3) + nγ2 = (2n+ 1, 1,−1/2) n = 0, 1, 2, . . .

(n+ 1)γ1 + n(γ2 + γ3) = (2n, 1, 1/2) n = 0, 1, 2, . . . .

We observe that we obtain states with both odd and even electric charges. We

again get an accumulation ray αZ(γ1 + γ2 + γ3), as in the weak coupling chamber

of the pure SU(2) theory, and are therefore unable to explore the states to the

right of the ray.

Lets us now carry out the right mutations to be able to obtain the states to

the right of the accumulation ray. We obtain the sequence

γ2γ1

γ3

−γ2γ1 + γ2

γ2 + γ3
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γ3γ1 + 2γ2 + γ3

−γ2 − γ3

γ1 + 2γ2 + 2γ3−γ1 − 2γ2 − γ3

γ1 + γ2

Figure 5.11: Right mutation quivers in the weak coupling chamber

We have obtained the states

n(γ1 + γ3) + (n+ 1)γ2 = (2n+ 1,−1, 1/2) n = 0, 1, 2, . . .

nγ1 + (n+ 1)(γ2 + γ3) = (2n+ 2,−1,−1/2) n = 0, 1, 2, . . . .

We observe that the accumulation ray is the same as the one we obtained from

the left mutation. Between these two infinities, the central charges that lie on

the ray, proportional to Z(γ1 + γ2) are the only ones that exist. We see that the

quarks given by γ3 and by γ1 +γ2 were obtained during the mutation process after

a finite number of mutations. However, we never mutated on these nodes, since

they were never left-most (or right-most), which is what we expect since they lie

on the accumulation ray.

To summarize, we found the strong coupling spectrum for the SU(2) Nf = 1

theory by just exploiting the method of left mutation to obtain the quark (1, 0,−1),

monopole (0, 1, 1/2) and the dyon (1,−1, 1/2). By the process of left and right

mutations we obtained the weak coupling spectrum of the theory which consists

of quarks (1, 0,±1), positive dyons, negative dyons, quark-dyons (states with odd

electric charge) and the W boson (2, 0, 0).
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CHAPTER 6

Conclusion

We studied the basics of supersymmetry starting with the case of N = 1 and then

moving on to N = 2 extended supersymmetry. We studied the work of Seiberg

and Witten to determine the exact solution of the theory with gauge group SU(2)

and further coupled these ideas with the method of quivers to obtain the spectrum

for the pure SU(2) case as well as the massless SU(2) Nf = 1 case.

We understood the power of the mutation method of quivers. It helps us

understand the spectrum that was previously not known. This was done for the

pure SU(2) case but can be extended to the case where matter is present and also

for other gauge groups. We wish to emphasize that there are theories (or atleast

chambers) for which a Lagrangian formalism does not exist and the method of

quivers is one that can help us study such theories. However, we have not looked

at the limitations of the quiver method.



APPENDIX A

Technical appendix

A.1 Notation

The flat space metric is taken to be

ηµν = diag(+,−,−,−). (A.1)

and the totally antisymmetric tensor is normalised such that

ε0123 = 1. (A.2)

A.2 Two-spinor notation

We define the raising and lowering of spinor indices by the Levi-Civita tensors

which are normalised as:

ε12 = ε12 = −ε1̇2̇ = −ε1̇2̇ = +1. (A.3)

ψα ≡ εαβψβ ; ψ̄α̇ ≡ ψ̄β̇ε
β̇α̇ , (A.4)

ψα = ψβεβα ψ̄α̇ = εα̇β̇ψ̄
β̇ . (A.5)

The contractions of the unwritten spinor indices are as shown:

ζψ ≡ ζαψα = −ζαψα ; ψ̄ζ̄ ≡ ψ̄α̇ζ̄
α̇ = −ψ̄α̇ζ̄α̇ . (A.6)

We define complex conjugation to include reversal of the order of spinors, and get

(ζψ)∗ = (ζαψα)∗ = (ψα)∗(ζα)∗ = ψ̄α̇ζ̄
α̇ = ψ̄ζ̄ (A.7)



We can define matrices σ̄µ by

(σ̄µ)α̇β ≡ (σµ)βα̇ (A.8)

where

σµ = (1, σ) (A.9)

and we find that σ̄µ = (1,−σ). The various σ-matrices are related by the proper-

ties:

σµσ̄ν = ηµν − iσµν , (A.10)

σ̄µσν = ηµν − iσ̄µν . (A.11)

A.3 Four-spinor notation

Dirac matrices can be constructed from the 2 × 2 matrices σµ and σ̄µ in the

following way:

γµ ≡

 0 σµ

σ̄µ 0

 and σµν ≡

σµν 0

0 σ̄µν

 . (A.12)

These satisfy

{γµ, γν} = 2ηµν and
1

2
i[γµ, γν ] = σµν . (A.13)

and act naturally on four-spinors which are composed of a chiral and anti-chiral

two-spinor:

ψ ≡

χα̇
λ̄α̇

 (A.14)

The adjoint spinor is

ψ̄ ≡ (λα, χ̄α̇) , (A.15)

and the charge-conjugate spinor is

ψc ≡

λα
χ̄α̇

 ; ψ̄c ≡ (ψc)†A = (χα, λ̄α̇) . (A.16)
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These spinors are related through 4× 4 matrices

A ≡

0 1

1 0

 ; C ≡

−εαβ 0

0 −εα̇β̇

 ; C−1 =

εαβ 0

0 εα̇β̇

 (A.17)

in the following way

ψ̄ = ψ†A ; ψc = Cψ̄T . (A.18)

We have,

AγµA
−1 = γ†µ ; C−1γµC = −γTµ . (A.19)

Definition and properties of γ5 are

γ5 ≡ γ0γ1γ2γ3 ; (γ5)2 = −1 ; γ5 =

−i 0

0 i

 (A.20)

and the projection operators 1
2
(1± iγ5) project out the chiral components χα and

λ̄α̇ of ψ.
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