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ABSTRACT

Integer partitions, the number of ways a postitve integer can be written as sum of other
postitve integers, are quite common in counting problems. Mathematically defining, a
partition of a number is a sequence of weakly decreasing numbers such that the sum
of the elements of the sequence add up to the number taken. Two dimensional arrays
of such sequences with a non-increasing condition along both directions give plane
partitions. The generating functions for integer and plane partitions are known due to
Euler and MacMohan. The exact formula for enumerating the number of integer parti-
tions had been worked out by Hardy, Ramanujan and Radamacher using circle method
[1],[2]. However, such an exact formula is not possible in the case of plane partitions.
The first estimate for py(n) considering the contribution only from the dominant sad-
dle point was given by Wright [3], [4]. The later work including the contribution from
the next sub-dominant saddle point was done by Knessl [5]. Further improvements
were done by Almkvist[6], [7], who could compute the contributions from more saddle

points.

In this thesis we revisit a formula for the number of plane partitions due to Almkvist.
Using the circle method, we see how the formula can be modified. We make an at-
tempt to understand the superasymptotic analysis of the plane partition function [§].
We develop a superasymptotic formula for the number of plane partitions and study
how this formula can lead to exact answers for integers as large as 6400. We also study

the superasymptotic remainder term in detail and propose certain improvements.
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NOTATION

p1(n) Number of integer partitions of n

pa2(n) Number of plane partitions of n

Pi(q) Generating function for the integer partitions
Py(q) Generating function for the plane partitions
Fn Farey sequence of order N

((s,a) The Hurwitz zeta function

Az |7) The Almkvist function

AB(x,~v,¢)  The Almkvist-Bessel function

a ¢(3) ~ 1.20206

Wh k Primitive (h, k)-th root of unity, e2™'% with g.c.d(h, k) = 1
B, (z) Bernoulli polynomial of order n
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CHAPTER 1

Introduction

In this chapter we define partitions and their generating functions. We introduce the
circle method and discuss its setup in detail. We understand how this method can lead to
an asymptotic formula for the number of plane partitions. In the process of developing
the asymptotic formula we define a new function called the Almkvist function (8] and

discuss its properties in detail.

1.1 Partitions and partition functions

A partition of a positive integer is a sequence of non-increasing or weakly decreasing
postitve integers whose sum adds up to the integer taken. The number of such possible
sequences gives us the number of /-d partitions or integer partitions. This idea can
be extended to higher dimensions with the weakly decreasing condition along each
direction. In this thesis we work on the two dimensional generalisations of the integer

partitions called plane partitions.

1.1.1 Integer partitions

We define p;(0) to be 1 and p;(n) = 0,V n < 0. Lets work out an example say finding
out the integer partitons of 4.
4 :4 31 22 211 1111 = p(4) = 5. The generating function for

the number of integer partitions, p;(n), was given by Euler, which is

[o.¢] 1 oo
Pi(g) =[] -t > pin)g". (L.L.1)
m=1 n=1

The proof follows easily on using the binomial theorem and picking the coefficient of

q" for each n.



1.1.2 Plane partitions

As defined earlier plane partitions are, all the possible two dimensional arrays of inte-
ger partitions with weakly decreasing condition along both the horizontal and vertical

directions. For example, the plane partitions of 4 are given as below.

1

404 % 313221 3211 I 1] = py(4) = 13.

b
ey

The generating function for the number of plane partitions, ps(n), due to MacMahon is

[9]

o 1 o0
Py(q) = Em =1+le2(n)q". (1.12)

There is no simple proof for this formula. In fact, it took MacMahon about 20 years to

prove his conjectured formula.

Using Cauchy’s residue theorem, we can write

1 P
pa(n) = —/ 0) 4, (1.1.3)

27 Jo gt !

where the integration is over the contour C',, which is a circle with origin as center and
with radius € (0 < ¢ < 1). Our goal now is to compute the above integral in the limit
€ — 1 so as to take the contributions from the dominant saddle points on the unit circle.

The circle method is a tool to evaluate this integral.

1.2 The Circle Method

Originally formulated by Hardy and Ramanujan [? ]ardy in the context of developing
an exact formula for integer partition function. It has become an important and useful
mathematical tool in analytic number theory. The goal of this method is to provide an

asymptotic formula for functions like p,(n) using its generating function i.e., P(q).

Clearly P,(q) has singularities on the unit circle. Since there are no other singularities
within the unit circle we could evaluate the integral in the limit |¢| — 1. On the contour

C. we can write

__—p(N) 2mil
g=c¢e (V) o R

2



where N is a fixed number. We will fix the exact form of p(V) in the later sections.
Instead of concentrating on all the singularities on the unit circle, we restrict our atten-
tion to the dominat ones i.e., small k values. We fix a number N such that 0 < £ < N,
1 < h < k—1and ged(h, k) = 1. The fraction % now becomes an element of Farey
sequence [10] of order N E] With the condition 0 < & < N, we are infact considering

the contribution from major arcs [§]] of the contour C..

1.3 Towards an asymptotic formula for p-(n)

If Z—g, % are adjacent fractions of Farey sequence then the fraction with lowest denom-

inator that is strictly between them is %, called the mediant of Z—g, % [L1]. We now

divide the contour in to segments such that the end points of each segment are the me-
diants. We make a change of variable ( = 0 — % If Z—g, % and % are successive terms

of the Farey sequence then

, 1
Co,1:N—+1»

, _h ho+h
Ch,k_E_ma
s hit+h o h
h’k—kl—i‘k_g.

We further make a change of variable by setting z = p(N) — 2mi¢. (1.1.3) can now be

written as

1
pg(n) _ / o P, (e—p(N)+27ri9) 6n[p(]\f)—27ri9}7
0

- Z | d¢ Py <6_p(N)+2”(C+%)> en[p(N)—%m‘(CJr%)]7
%G-FN C;L,k}

= Z / 2_; PQ(Q_ZGQTK'Z%)GTLZ—QWZTL%’ (131)
%E}—N Zh

! Farey sequence of order N consists of a sequences of fractions % between the numbers 0 and 1, in

their simplest or reduced forms with k¥ < N. If £, 5 are two adjacent elements of the Farey sequence
then |ad — be| = 1. For instance Farey sequence of order 5 is



where 2, = p(N) — 2mi¢}, ;. and 2, = p(N) + 27i¢;

1.3.1 Evaluating Ps(e ") as z — 0

Using (I.1.2) and defining wy, j, := e2™% we can write

log Po(wp pe™7) = — Z nlog (1 —e " wy ),

n=1

co 00 n
_E § —mnz,, nm
— _6 wh,k7

n=1 m= 1

c+100 d
S s s —

_§ § wj! / 5 ym ™S Int e (1.3.2)

n=1 m=1 €100 e

Here we have used the Mellin integral representation for e~” i.e.,

1 c+i00
el =— ['(s)x™*ds, for Re(z) >0, ¢>0.

2mi c—100

The consant c is chosen such that Re(c) lies to the right of all the poles of the integrand
in (1.3.2). We further simplify (1.3.2) by introducing two variables y, pi’, d and d’ such
that m = pk + dand n = 'k + d'. Here u, ¢/ € [0,00) and d,d’ € [1,k]. (1.3.2)) can

now be re-written as

1 c+ioco
logPQ(wh,ke_z) == 2_/ dS F _s Z Z w Mk+ d —s—1 (,U k + d/)

T Je—ioco =1 dodi—

1 ct+ioco ds T(s) (+h7)- Z wzd}; Z 1

N . s d' \s—1’
2mi c—1i00 dd— Py 1 +1 (M + ) 1
1 c+100 ) »

!
=5 . dsT'(s) (2k) d; wy3.C(s +1,d/k) ¢(s — 1,d'/k).

(1.3.3)

Here ((s, a) is the Hurwitz zeta function which is defined as ((s,a) := Y, m

The integrand in (1.3.3) has poles at s = 0, —1,—2,... due to I'(s); s = 0, 2 due to the

Hurwitz zeta functions.

Therefore,

log Po(wp, xe™*) = Ress—g + Ress—o + Ress——1 + Lp x(2), (1.3.4)



Im(s)

N
2 Re(s)
Figure 1.1: Pole structure
where
. e 2\—s - dd’ /
Lh,k(z) = 2_7” i dSF(S) (Zk ) d%;I Wh, (S +1, d/k) C(S —1, d /k:)7

(1.3.5)

and Res,_,, is the residue at s = m. The calculation for the residues is included in the

appendix. Using (A.1.2)), (A.2.4) and (A.3.3), we can write [7]
¢®3)

k
Py(wppe™?) = exp {% FRC(-1) + 3 log(zk) 4+ Chi + u,éj,lz + Lii(2)

(1.3.6)

1.3.2 Calculating p;(n)

Now that we know P,(wy, xe ) we can compute the integral (I.3.1). Consider the
contour C,, in Fig. We use this contour for calculating pa(n).

Im(z)
27TiCI/1,k ¢ Z;Lk
1€
—l€ 1 Re(2)
—27”@{:,1@ > Z;L/k

Figure 1.2: The contour C,



Substituting (1.3.6) in (1.3.1)) we have,

—ominh hk dz nz+ S8 z
pa(n) = 3 et / g (k) IO S G, (13.7)
henN
where V}, x(z) 1= ,(L 2 + L (2). Consider the integral in above equation

b /zh,k ﬁ (zk)%ekc/(_chh’HnH =2 +Vh,k(z)7
' 211
271'1Ch & Z;{’k ZWiC;L’k i€ dz
SV By N By B E -
Cp - _27”4-;:71@ Z;L,k QWZC;L,IC
= JO - Jl - J2 - Jg - J4. (138)

/ ¢(3) .
Here gi,(z) := (zk) 12" CDFCtnat 255 +Vin(=) Ag N — 0o we find that the contri-

butions from .J;, Jo, J3 and J, are negligible as compared to that from the integral over

the contour C,, i.e., Jy.

1.3.3 Boundson /i, /5, J; and Jy

The Farey arcs satisfy

1 1
< (! "o < ) 3.
AN = Sna Gk S Ty (1.3.9)

We have various bounds on CY, , 1/,(1 k( ) and Ly, x(z) as follows [8].

k
C — logk,
ks < 12 ©8
(1)
(@) < (W 21,
L i (2)] < S (1.3.10)
Consider J; first. We set z = —iu on the contour of J;. The bound on .J; can now be
found as below
27Ch e 5/12 =% Lk c D RellL )
BA S/ o (uk)* ezt ¢+ Cn =iy put Reln i (—iw)] (13.11)
. T



On the contour of J; we have ¢ < u < 27rC,’17k < % We can prove the following

inequalities using this relation.

k2N?

472

2 \k/12 2\k/12 ok k/12
(K212 < (uk?)/12 < (22E)

2ak3e< .

83 —  hET = om2NT

Re[ Ly i(—iu)] < [Lyu(—iu)| <

1
"o

1
< =<
u? T €

Y

(1.3.12)

where a; = %. Using these relations we can write (1.3.11) as

uN2  ak2 . a
11| < kLN (Zz) /12 ity R (1.3.13)

We substitute k = Kqp = [N'7°],8 — 0% in all factors and put & = 1 in kLN Then we

get

o _aNt8  gn1-6 1-6 1/12
|| < NP+ +N1 P log(2m)1/12. (1.3.14)

Since (,;, also satisfies same bounds as ¢, ;, (1.3.14) also applies to the integral J;. We
need to work with Z instead of z of .J; to prove the bound for .J;. With b; := a/ 472 and

by 1= 3% + log(2m)'/12, we finally have,
T J =0 (leée*blN”‘%Nl*“) . (1.3.15)
Similarly lets find the bound on J; and .J3. Consider J3. Let z = u + 2712'(,’1’ - We have

(N)
| J5|< e—QWiVél,;)CCL,k‘*‘”P(N)JrCh,k /p (Zj_u|Zk’k/12e,f3R6(1/22)+R6[Lh,k(z)]' (1.3.16)
0 s



Using the bound for C, , and the following inequaliities

Re(l/zQ) = T’ < O,
ak3 (1) A1 ak2

A

C4m2N — _2myh’k<h’k = 22N’

Re[Lnk(2)] < [Lax(2)| <

Ch.k k/12 2\k/12 | 2 2. 2]% k/12 27.2 4r? 1M
O | [F12 < (k) [u — 4n) ] <k [p(N) k2 + k2N2]
(1.3.17)
Assuming p(N) < 2%, we get
Ja|< ene) (%’“)W %e;’f}ﬁ?&? (1.3.18)
Now setting p(N) = N1 "NV " +22N"™ e finally have
Ja, Jy = O (N71 0NN (1.3.19)
Using the bounds from .J;, Js, J3 and J; we can show that
Lip=Jo+0O (N*1*5e*b1N1*‘5+b2N1’5) . (1.3.20)

1.3.4 The Almkyvist trick

This trick appeared first in Almkvist’s paper [6]. We pull out the z dependence of

d

Vi (2) of the integrand by making it a function of the differential operator D := J-

which acts on the integral i.e.,

dz _1 )
+C, +nz+ 5+V
JOZ/ o (Z/{:) )+Chk hk()’
C, )
— R (=D HCh iV ( Z]C % C2(?3
27m ’

]. 2 24 C
= <E) G (D+Ch 4 Vi (D ( [an ‘ ) (13.21)



Here

d
A (z]y) = " : z‘”ez%ﬂz, (1.3.22)
C, T

is the Almkvist function [§]].

1.3.5 Closed formula for p,(n)

Substituting the expressions for Jy and the bounds from Ji, J5, J3 and Jy in (1.3.7) we

have,
kmaa: k_l 1 k
1 <_>2 246 o2mink +k§( 1)+Ch k+ Vi, k(D < /4 ‘
k e
k=1 h=1
(h,k)=1
k'maz kil
—1-8§ _—by N 1 py N1-3
+Z Z O(N 1= ,~biN'F04by ) (1.3.23)
k=1 h=1
(h,k)=1

In the limit N — oo, the contribution from the error term goes to zero and hence we

have
kmar k—1 1 a l_;'_ﬁ N
. 224 _9omin? "(— a
pa(n) :]\}I_IEOE Y - <%) o 2min g k(! ( 1)+Ch,k+vh,k(D)A< F”‘_ %)
k=1 h=1
(h,k)=1

(1.3.24)

Apart from the integral representation (1.3.22)), the Almkvist function has few other
important properties that are useful in the numerical evaluation of the plane partition

function, py(n).

1.3.6 The Almkvist properties

It can be shown that A (z|v) satisfies the following differential equation called the
Almkvist ODE

xy"(z) — (v = 3)y"(x) — 2y(x) = 0. (1.3.25)

We solve the above differential equation using Frobenius power series method about

x = 0. Let

o0

y(x) =z Z ™.

m=0



The indicial equation gives v = 0, 1,y — 1. The solutions for each v can be written as

> k

Z Zklr 3— ’Y+2k)

k=0
> 5 2k+1
kz: 2k+ (3—3:.;2]@_5_1)7 (1326)
z2k+fy 1
W) =2 k)

Here \ # 0, 1 i.e., it is the label for the third solution. These solutions have the follow-

ing properties.

1. The following relations hold for the solutions.

d
%yg(x,v) = yl(xaly - 1)7

d
%yl($”7> = ?/0(1'7'7 - 1)7

d

ﬁw(m, v) = ya(z,v —1). (1.3.27)

2. By using the Hankel’s representation for the inverse Gamma function i.e.,

1 1 (0+)
_— = = s "e’d R 1.3.28
) 2m/ e’ds, Re(z) >0 ( )

we can show that the solutions would map to their integral representation (1.3.22]).

3. We define our Almkvist function in the following way.

Al |7) = g (w(,7) + 31z, 7)

1 — xk
i - - (1.3.29)
37tk
2R (55)
1 > .CE (0+) Y—3—k s
_H k:' x 2 e’ds
1 ((H‘) s
= 1 T VRs T2 ds. (1.3.30)

Making a change of variable t = \/ig we can finally write (1.3.30) as

27r2

1 i€
Az |7) = / ettt (1.3.31)

which is precisely the integral representation for the Almkvist function (1.3.22).

4. The saddle point estimate for the Almkvist function is included in the appendix.
Using (B.0.5), and (B.0.7) we have the following saddle point estimate

10



for the Almkvist function.

1 aN\/3-2/3 4 o
~—— (= (@/27A+A ) (1 \)). 1.3.32
Az [7) o (2) e x (L+ fa(A)) ( )

When x > 0, 293 + 2722 > 0 and x:{—ig < 1, we can write

1 T\ v/3-2/3 2/3 2/.4/3
A(x ~—<_) 3@/2?EA+002[aE) (1 4 O~ /22/3)) .
@)~ 7= 3 ( (v/2%3))
(1.3.33)

11



CHAPTER 2

Superasymptotics

In this chapter we discuss the basic truncation scheme used to obtain an estimate of
pa(n) called the superasymptotic analysis. We develop a superasymptotic [12]] formula
for the number of plane partitons. We also explain the computational details and pro-
vide results of ps(n) for n as large as 6000. We also study the errors obtained from
superasymptotic analysis and quote certain characteristics of asymptotic series. We

begin by discussing the definition of an asymptotic series.

2.1 Introduction to the asymptotic expansions

We define various notations and definitions pertaining to the asymptotic expansions in

this section. Most of these definitions are taken from [13], [14].

2.1.1 Order notation

The O and o order notations are useful in understanding the idea of asymptoticity. These
symbols describe the limiting behaviour of a function when its argument tends towards
a particular value. Mathematically we can define them in the following way. Let f and
g be two functions defined in the neighbourhood of x,. We say that f(z) = O(g(x)) as

T — xg if there is a constant M for which

|f(2)[< M|g(z)], 2.1.1)

in the neighbourhood of z.

Similarly, we say f(z) = o(g(z)) as x — xg if

f=) 0, (2.1.2)

g9()




as r — xg. In particular if

lim 1) _ 1, (2.1.3)

a0 g(x)

we say that f(x) is asymptotic to the function g(z) in the neighbourhood of x,. We
denote the asymptotic inequality with ~. An immediate observation of the definitions

implies, as x — xg

f(@) ~g(x) iff f(x) = g(z)[1 +o(1)]. (2.1.4)

2.1.2 Asymptotic series and expansions

A sequence of functions ¢,, n = 1,2,3, ..., defined in a domain with xy as the limit
point, is called an asymptotic sequence if ¢, 1(x) = o(p,) as * — =z, for every
n. If f is a continuous function on the common domain of this asymptotic sequence
then an asymptotic expansion of f with respect to the sequence ¢, is the formal series

Yoo o ann(z), provided a,, are independent of x and are such that

N
fz) = Z anon() + O(ons1()) as z — xo. (2.1.5)
n=0

In this case we write

f(z) ~ Z anpn() as T — x. (2.1.6)
n=0

For example ¢, (z) = 2™ form an asymptotic sequence for z — 0. The Taylor series
expansion of any function f(z) about = = 0 falls in to this category. It is important to
distinguish between the concepts of convergence and asymptoticity. If we denote the

partial sums of the series by
N
Sn(x) = anpn(x), (2.1.7)
n=0

then the convergence of the series is concerned with the behaviour of Sy (x) as N — oc.
with z fixed, whereas the asymptoticity at + — x is concerned with the behaviour of

Sy (x) as x — xy. In general an asymptotic series need not be convergent.

13



2.1.3 Superasymptotic series

In many problems, for a given z the term a,p,(x) in the asymptotic series (2.1.5))
decreases rapidly with increasing n and starts to increase beyond a certain value of
n = M*. This is the value of n where we truncate the infinte sum and proceed towards
computation. The series thus obtained from this optimal trucation provides a good ap-
proximation of the function as x — x( and is termed as the superasymptotic series [[12]].
We call M* the superasymptotic truncation point which is usually = dependent. The
superasymptotic error for these divergent asymptotic series is usually O(exp(—q/e)),
where ¢ > 0 is a constant and e is the small parameter of the asymptotic series. For ex-
ample for the asymptotic sequence ¢, (z) = 2™, ¢ = x and for the asymptotic sequence
Pnlz) =a7"

to each asymptotic series and is defined from the context. We will prove that the er-

, € = % So, the definition of this small asymptotic parameter is implicit

ror for the superasymptotic series which we develop in the upcoming sections, goes as

O(exp(—q/e)) indeed.

2.2 An asymptotic series for ¢"n.+(*)

We have

o

-1 1 k

_ <_> 6—27”'”%4-]%‘('( D+Ch,k+Vi, k(D ( /a ‘ )

k Pl 12
2.2.1)

We have defined V}, 1. (2) = u}%z—i— Ly (2) and Ly, i (2) is defined by the integral (1.3.5).

We can shift the contour of Ly, x(z) from Re(s) = —1 — e to Re(s) = —M — ¢ for

=2

)
k=1

=N

(h

o~

)=1

some M large and positive. As we shift the contour, we collect the residues from each

s = —p, 2 <p< M. We can now write

Ligk(2) =Y vz (), (2.2.2)

7

p=2

14



where Vf(f ,1 is the residue at the pole s = —p and R,%) (z) is the remainder term with the

following representation

1 — M —e+ico )
Ry (2) = —/ dsT(s) (2k*)" Z witl(s+1,9)((s — 1, %), (2.2.3)

271 ;
— M —e—ioco dd'=1

We define V(M)( )y =M y,(l”,?zm Lets consider

m=1

V() . > by 2" (2.2.4)
m=0
where bﬁg,)C := 1 [8]. In general the coefficients b k can be determined by the fol-

lowing way. Let P;(m) be the set of all partitions of m into [ parts of the form p =

1912% . .m®. Thenm = )7 jd; and | = 37 ;. Then

b N ) 22
h,k_ZZH 5 (2.2.5)

=1 peP(m) j=1

For example,

(2)\2 (D2, ,(2) (1)\4
v v v v
b%)c _ (V}(:;]z VzglziV;(LS;)g n ( h,k) n ( h,lc) ko ( h,k) ) ‘

It can be shown that e"e+() ig aysmptotic to e"»+(*) as z — 0 [8]. In particular

where [eVns()],, = M b,(:?zm is the truncation of the power series of "+ to
order 2™ . In the following sections we’ll explain how to fix this truncation point M.
We choose M such that the error from is minimum. We call it the superasymptotic
truncation point. This point M in fact depends on k as well as on n, the number whose
number of partitions are to be evaluated. Lets denote M with M*(n, k) from now

onwards. The superasymptotic formula for the number of plane partitons can be finally

15



written as

Emaz k-1 1 a M*(n.k)
1 k - h 1 m m a
pg(n) — E(E)§+ﬂef%-mz+k4 (=D)+Ch i E bg’k)D .A ( /ﬁn‘ o %) ’
k=1 h=1 m=0
(h,k)=1

(2.2.7)

=Y i(n), (2.2.8)

k=1
km axr M* (n7k)

= ™ (n), (2.2.9)
k=1 m=0

where the second and third lines define ¢y (n), qbfcm) (n) respectively.

2.3 Numerical evaluation of p,(n)

We need to fix k., and M*(n, k) for each n in order to compute p(n). We also need
to fix how many terms we consider in the power series expression for the Almkvist

function (1.3.29). We fix these limits using the following methods.

1. We consider as many terms in the Frobenius power series for the Almkvist func-
tion such that no errors add to ps(n).

2. ks 1s fixed by checking when

1 k
k/12_kC(—1) (2) 7t a |k
R e 2 AWE" 12

reaches below 0.01.

3. Once we fix £ we monitor the numerical value of gzﬁ,(gm)(n) by changing m and

look for that m = M™*(n, k) where the term gb,&m) (n) reaches the minimum value.
However, for small values of n i.e., n < 6400 we need not have to reach the su-
perasymptotic truncation point. We can truncate at that m when the term ¢,(€m) (n)
becomes small enough i.e., when it reaches below say 0.001

For instance lets compute p,(800). We observe that we need to take contributions from

k =1,2,...,19 terms in order to compute p,(800). The error compared to the exact

value is about 0.067.
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F $1(300)
1 3577502570008953487444345815184465334209434731060515865923326952765035282.9502
2 42796946076250972140346374339185408.7572
3 —7124811780661792459094.7328
4 4515176336537427.6809
5 1020448256996.9625
6 —393212610.0542
7 —5137124.7551
8 623501.7133
9 —10397.7215
10 3457.8080
11 —0.5849
12 —53.0028
13 —0.9046
14 —7.1768
15 —1.8599
16 2.0398
17 —0.2408
18 0.1224
19 —0.0679
Total | 3577502570008953487444345815184465334252231677136759713256408861698822786.9330
Exact | 3577502570008953487444345815184465334252231677136759713256408861698822787.0000

Table 2.1: Numerical evaluation of p2(800). The error compared to the exact value is 0.067.

2.4 Errors from superasymptotic truncation

We saw in the previous section that the error form the superasymptotic truncation goes
as V}%H)zM +1(2.2.6). It can be shown that for large m [8]]
2\ M |
M) a1y k(2K (M+1)! ko
where w = %. First lets find the truncation point M * for some fixed value of |z|. We
use the Stirling’s formula for M!i.e., M! ~ /27 M (M) M and minimise w™ M! to find

e

M*. Lets define F'(M) := w™ M!. Then, using Stirling’s formula for M! we have
1
log F(M) = M logw + 5 log(27) + (M + 1/2)log M — M.

Differentiating above expression with respect to M and approximating M + 1/2 to M
as M is large, we will finally get M* = i Therfore, the superasymptotic error can be

given as

k k; 1 ]{ —4r?
g8~ Sy = Bei = LRt 242)

17



As discussed earlier the error goes like e~%/I?l, thus proving the characteristic of su-

perasymptotic approximations [12].

2.5 Conclusions

The superasymptotic analysis can give exact answers as long as the difference between
the computed value for po(n) and the exact value is less than 1. Beyond n = 6491
[8] we find that the errors go more than 1 and the superasymptotic formula can no
longer provide exact results. We need to further improve the superasymptotic remainder
R,%)(z) to obtain exact results. In the next chapter we discuss a way to improve on

the results.
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CHAPTER 3

The superasymptotic remainder

In this chapter we study the Superasymptotic remainder and suggest methods to see if

we can improve on the results obtained from superasymptotics.

3.1 Almkyvist - Bessel ODE

In carrying out the treatment we often come across terms like e<(é@) " A(z | v), where
c is a constant and A(z, ) is the Almkvist function. Such terms can be handled like

below [[15]].

() N S (AN L s
e“ar) Az | y) = —(—) — [ tT7ex™dt,
mzjom! dz 21 Jo
o0 m 1
=3 S / e gy
= m! 271t /o
— L/ Z (%)mt—’Y *2+$tdt
2mi Jo 2= m ’
1 c
AB(z,7,¢) = 5 Ct*’*et%ﬁ*ﬂdt. (3.1.1)

We call AB(z, 7, ), the Almkvist-Bessel function [15]. The differential equation satis-

fied by this function is given by

29" (2) = (v = 3)y"(2) — cy/(2) — 2uy(z) = 0. (3.1.2)

This equation will reduce to the differential equation satisfed by the Almkvist function
when 1 = 1 and ¢ = 0. Solving the above equation using Frobenius power series

method we obtain the following solutions. Let

y(z) = 2" i 2™,
m=0



The indicial equation gives v = 0,1,y — 1. The solutions corresponding to each v can

be given by
S 2rag(v)
yO(vayac) = — PN (313)
g k'F(5 g-l—k)l—x(k-i—; 7)
where
_ =3
CL()(/Y) - v — 27
ai(y) =0,
[ c
ag(y) = ) [4—7] ag2(y—2)+ §ak,1(fy -1 (k=2,3,...).
Similarly,
©° ZkJrlbk(’y)
y1(27’y70> - _ EPVNE] (314)
; (b + 11T T (=)
where
4 —
bo(7) = —— 7
c(b—
iy = L2,
L c
be(7) = 5B =Albk2(v =2+ Shea(y = 1) (F=2,3,...).
The solution for v = v — 1 is
o0 Zk+y—1dk
Yr\z,7,¢) = oY R (315)
A0 £ KT (k + )

where dy = 1,d; = ¢, dy, = cdy_1 + 2ulk — 1]dg_o for k = 2,3, ... and ) is a label for

the third solution.

We have not been able to solve the recursion relations for aj, b, and d; to obtain

closed formulae solutions unlike the solutions of the Almkvist ODE (1.3.25), which
have closed formulae (1.3.26)).

3.1.1 Properties of the Almkvist-Bessel solutions

From (3.1.3)), (3.1.4) and (3.1.5)) the following properties can be derived.
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1. The coefficients a; and by, are v dependent and with the seeds chosen, the follow-
ing property is evident.

art2(y) = pbe(y — 1). (3.1.6)

2. Based on the above property, we can prove the following.

d

EyO(Z/Y,C) :yl(za’y_]-ac)a (317)
d — c
Eyl(Z,%C) = 7yo(Z,v —1,¢)+ §y1(z,7 —1,¢). (3.1.8)
3. Trivially
d
ny(za%c) =y (2,7 —1,0). (3.1.9)

3.1.2 Saddle point analysis

Let us study the saddle points of the Almkvist-Bessel function. Consider the integral

representation (3.1.1)). The saddle points are the extrema of the function

- rc
h(t) = xt + o] + 7 — vlogt.

We have 3 such saddle points ¢*. But only real solutions are relevant to us. Therefore,

T

= <§>_l/3f()\,ﬁ) (3.1.10)

- =7 3=
where \ = 3% 21/3x22/3 173> B — 6au and

o (18— 20) — /(1 + 8 — 2002 — 402 + K2

FNB) = =2+ ;

o[ (148 -20) + /(148 — 202 — 4(X2 + £)?
>

n (3.1.11)

The saddle point method estimates AB(, 7, ¢) to be ————¢"*"). We have

NTa)

2\ —2/3
gﬂﬁln(t*) = =10 (5) T+ 0(3). (3.1.13)
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Therefore,

AB(‘T?’%C) - ,/27r}11//(t*)eh(t*)a (.1.14)
y_2 z \1/3 .2

N \/1127/1% (g)s 3 63“1/3(%)2/360(5) —m7 (3.1.15)

= Gla, )@ (3.1.16)

Remark: G(z,7) is precisely the saddle point estimate for the Almkvist function
A(x|7). Thus when ¢ = 0 and ¢ = 1 we could map the Almkvist-Bessel function

to the Almkvist function.

3.2 Remainder from the superasymptotic truncation

Lets quote the superasymptotic formula for the number of plane partitions,

1 k

k
pQ(n) _ Z (%) §+ﬂ 6—27rni%+k<’(_1)+Ch,k+vh7k(D)A ( %n I_;c) (3.21)
k=1 h=1
(hk)=1
where a = ((3), D = ()!
M
Vi(2) = > vz + R (2) (3.2.2)
m=1
(M) 1 ~M—etico s b 2midd'h d d
Ry (2) = 5 - (2K) T(s) Y e # C(s=1,4) ((s+1,%)ds
—M—e—ioco dd'=1
1 —M—etico (k2)=s F 2midd’ b d &
- 2_2 ) I'(1—s)sinms Z e C(S_ 1’%) C(5+1>E) ds
—M —e—ioco dd'=1
(3.2.3)
Making a change of variable u = —s — M — 1 and using [16]
X _2mwimna
((1—s,a)=T(s) 3 ey (62 o forRe(s) >0, (3.2.4)
™m)*s
n==+1 m=1
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we have

k
2nidd h d d
§ e C(S_ 17E)<(5+17E>
d,d'=1

2

=T(u+M+3)T'(u+M+1) Z Z Z A2 (A2 )ut MAL (Yt M43 €

n,n’ mm’ d,d’

'r]+ M+3 . /]W+1
—i — T /
iy iR i (m )2 2mimnd

2mimnd (o iy +2midh) L

Xe ke K
. n+n 1M+3 /1\4+1 N / /
e~ imuTg —imn —imn (m/>2€—27rzh mm/nn’ [k
= kD(u+ M +3)T(u+ M +1) Z ) Z/ (e
nmn m,m
. n+7] M+3 /M+1 o0 ~ N ot i
—imu 5 —imn S5 —inn o9 (m)e—th mnn' [k
:kF(u+M+3)F(u+M+1)%; g e e T Z_:l T
. kr(u+M+3) F(U+M+ 1) > Ug(m) _iﬂ_u+]2\/f+1(n+n/) _7:7”7 %/’mnn/
- Am? (42)u M+ > Ut M3 > ¢ ©cc ’
m=1 n,n'==+1

D(u+M+3)D(u+ M+1) S w "
(u+M+3)T(u+ M+ )Z(_ezmhm/k_l_(_1)M€*2mhm/’“cos7ru).

=2k A2 (47r2)ut ML

m=1

Here, m = mm/, hh' =1 mod k and o4(m) is the sum of the squares of the divisors

of m. Substituting this expression back in the formula for R%) (z), we have

ROD(,) = k /6—1“00 Du+M+2)+T(u+M+1) i ( )u+M+1 o2(m)
ok i Je1ioo (=1)Msin7u — 472m?
X (—emglm + (—=1)Me~ 2 08 7Tu> } du, (3.2.5)
= R1}")(2) + R2) (). (3.2.6)
Here w = %. Using
—p07lemr (TR (g4 1 —a)mat
r = d
(a2) (1 — a)2mi /_e,_ioo sin s >
for largz| < 2T, 0 < ¢ <landa # 1,2,3,. ..., we can re-write ng"g)(z) as below.
= oy(m)2ke e i m m
RIOD(z) = § 22lm)Zke T 2T (M =1, ) 4T (=M, ) T(M + 1))
h,k mzl 42m?2 w ( + ) >w + ’ w ( + )
(3.2.7)
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3.2.1 Dealing with ev I'(—N, 2) A(z,~)

w

We have defined w = 5, (L), [(a,2) := [*e~"t*"'dt and A(x,7) is the Almkvist

function.

Retaining terms only up to O(c) in the saddle point estimate for AB(z,, ¢), we have

o ) 2 -M M 2
[ () () g (o, 2 a0 2
1

4 2 -M 0 4 2 11—
_ ( 7;27") / u M AB (x,v - M, w> du
1
2 —-M o0 — Tr2m u— x
(%) e - ERE
1
2 —-M o0 a2mt [z \1/3
0

Including the O(c?) term of (3.1.16), we have

o0 2 2 —M M 2
B —drmu(d )1 47°m d M1 47em
_/1 e k2 d ( k2 ) (_dg; u AB x,’)/,? du

Artm\ M e 4m?m(1 — u)
2,0\ M oo —ar?m(u1) (o Y3 (ArPm )% 1w
P e,
1
2 -M o0 _47'r2mt x 1/3_ 47r2m Qi
RS ———
0
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3.3 Implementation

In this section we discuss the idea of implementation.

ax k 1 k'
a
Z ( ) —2rnil w k¢ (= 1)+Ch,k+vh,k(D)A ( ,tﬁn7 I_éf) ’

1 h=1
(h,k)=1

>
3

B
Il

where D := L and A(z,y) is the Almkvist function.

Consider eV+(2) Lets restrict our attention to k& = 1 term.

Vo,1(2) — ¢ M e RO (2)

_me) m R(M)z

~ SAo1 (2, M) [1+ R1 (2, M) + R2(" (2, M)]. (3.3.1)

e

Here SAq (%, M) is our original superasymptotic series term for £ = 1 that acts on the
Almkvist function. We have restricted to only first powers of the remainder terms in the

. RM(z)
expansion e ot ¥/ Therefore,

A ffn| - )

= SAo1(D, M)(1 + R1$"(D, M) + R2{") (D, M)) A (Van|— &),
== SAQJ(D, M)A <\/an, —%)
+SA01(D, M)[RI (D, M) + R2{" (D, M)| A(Van| — —).

Notice that the first term in the R.H.S. of the above expression is precisely our original

superasymptotic result.

Using (3.2.7) and the definition of the Almkvist-Bessel function (3.1.T)), we can write
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R]_OJ(D, M)A (\/En, —%)

m)2ew [m

I
hE

N
%/\
3l\')

w

2m2m?

g

(3.3.2)

The incomplete Gamma function’s action on the Almkvist-Bessel function is achived
by using the Saddle point approximation for Almkvist-Bessel function, as discussed in

section[3.2.1] The resulting integral, which is converging is computed numerically.

3.4 Numerical results

As discussed in chapter [2, for numbers as large as n = 6491 superasymptotics fails.
As the main source of error is the £ = 1 term, lets observe the magnitude of the errors

at the superasymptotic truncation point for the £ = 1 term. From figure we can

95-
90-
85-
80-
75-

¢ .
ol ey e T

850 860 870 880 890

Figure 3.1: ¢\"™(6491) as a function of m

see that the value at the superasymptotic truncation point at the minimum m = 868
is about 7.104. Using M = 868 and n = 6491 in (3.3.2) we find that contribution
to pa(n) form Rlé?f %) is about 2.174, which is of the same order as that of the next
term of the superasymptotically truncated series. This suggests us that we can make
an improvement in the results if we proceed in this direction. Lets consider another
example n = 6999. From the figure [3.2] we can say that error from superasymptotic

truncation is of the order of 10'° and M = 880 in this case. The contribution from

26
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1

_L)
12
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Figure 3.2: ¢§m)(6999) as a function of m

Rl((ffo) in this case turns out be about 1.95 x 10'°, which is again of the same order

expected.

3.5 Remarks

One can proceed in the methods discussed above and do further analysis to push the
limit n ~ 6400 to more numbers for which exact answers can be computed. More
rigorous and exact numerical results can be obtained by figuring out a way to implement
incomplete Gamma function’s action, on the Almkvist-Bessel function instead of its
saddle point approximated value. We have not been able to provide robust estimate for
RQé]X[) analogous to what we have done for Rlé{\f). However the extension Rl%ﬁ) for

any k is straightforward.
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CHAPTER 4

Conclusions

To summarize, we systematically developed a superasymptotic formula using
the framework of the circle method and the properties of the Almkvist function [8]. We
provided numerical results and estimated an upper bound n ~ 6400 till when the su-
perasymptotic formula can provide exact answers. We have also seen a technique which
can be used to improve on the superasymptotic errors. The main difficulty in our anal-
ysis was to deal with asymptotic series of differential operators rather than functions.
We innovatively proposed schemes to deal with such abnormalities in section [3.1] sec-
tion 3.2.1] Finally using the technique explained through (3.3.1)) we could show that
our numerical estimates from ng{\f) are comparable to the errors from superasymp-
totic truncation. We worked only up to first exponent of the remainder term as seen
from (3.3.1). We could also include higher exponents of the remainder term and check
for improvements on the error estimates. One can also carry out improvements to the
saddle-point estimates for the new special functions that appear i.e., the Almkvist and
the Almkvist-Bessel function to obtain better results. These methods can be used in

other situations where the circle method is applicable.



APPENDIX A

Calculating the residues

In this chapter we calculate the residues due to the poles at s = 2,0, —1,—-2, -3, ..,
of the function log Ps(wy, xe~*). In the calculation we encounter Bernoulli polynomials

often and we denote them by B,,(z), which are defined in the following way.
"\ /n
B,(z) =) By, A0.1
(z) £ ( k:) k ( )

for n > 0, where By, are the Bernoulli numbers.

A.1 Residue at s =2

Residue of ((s — 1, %) at s = 2 is 1. Therefore, the residue of log P»(wy, ze™ %) at s = 2
is given by

k
Res,— = (2k%) 7 T(2) Y ((3,d/k)e* k. (A.1.1)

d,d’

Carrying out the summation over d’ we have,
k
Z e27rzdd’h/k _ k(sd,k-

d'=1

(A.1.T) now becomes

k
1
Reses = 5 > (3, d/k)dux
d=1

_¢B)

22k3°

(A.1.2)



A.2 Residue at s =0

By Taylor expanding the integrand in (1.3.3)) about s = 0, we have

k

Z 2k (212 75D (5)¢ (S + 1, %) ¢ (S -5 %/) -

d,d’

k
omidd'h/k (1 _ o (1 1 d B i’) /(_ i’))
%e (1 — slog zk*) (s ’y) <s ) (k)) (C( 1, ’ + sC 1, ’ .

Here ~ is the Euler-Mascheroni constant and () is the Digamma function defined as

Y(z) = <L logI'(x). Picking the coefficient of 1, we have

Res,_g =
k

d;I ek {C’(—Ld’/k‘) — ¢(=1,d'/k)log(k) — <¢ (g) Fy+ log(zk)) ((—1,d’/k)}

(A.2.1)

Carrying out the summation over d in the first two terms of (A.2.1)) and using
d/
—1,d /k) = ——B
v =38 ().
T wd d'h
5 ZGQWidd/h/k cot (?) — _Z'ﬂ_kBl <?) 7

d=1
k_le%idd/h/k + d +log(k) + Z cot T klog|2 sin md'h
o TR TR TR ) ) T ik
we have

k—
k ik d d'h
o / i J— _— _—
Res,—o = k('( )+1210gzk i El ( > (k)

2 sin (“lih). (A.2.2)

/

—ZBQ E log

We can show that ZZ; ' B, (%) By (d];—h) = 0, and therefore

, k
Ress—g = k¢'(—1) + 13 log(zk) + Z B, ( ) log

2 sin (”}ih> (A.2.3)

= k’gl(—l) + % log(zk‘) + Ch,k;- (A24)

30



A.3 Residueats= —p, p>0

From (1.3.2)) we can write,
Res,__, = (2k°) Z wy, p+1,E)C(—p—1,E)
P! dd'=
(‘ZkQ)p - B d B d 2midd bk
~ plp(p +2) ddzl g (E> e (E> ’
k—1 k
(—zk*)P Z . (d’h) (d’>
== "B, | B2 | 7 ) + Bpra D _By(d/k). (A3.1)
plp(p+2) 2= k k d=1

Here B,(z) is the discrete Fourier transform of B,(z). Using 22:1 B,(d/k) = k'"?B,
and

B,(z) = (~1)Pk" "L cot®D(nz),

(20)7
(A.3.1) can finally be written as

Res (—2)PkT * Gy p ki Bya(d/k) cot® 1 ( dh/kz)] =P
s=p = 37— | Bpr2Bp p+2 @ — "hik
plp(p +2) i =
(A.3.2)
Therefore, residue at s = —1 is,
k2SS (d wdh
R = B. [ =
€Ss—_1 6i ; 3 <k’) cot < i )
=z (A.3.3)

Here we have used the fact that B3 = 0 and hence the first term in (A.3.2) is zero.
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APPENDIX B

Saddle point estimate for the Almkvist function

In the saddle point method we approximate the integral by taylor expanding it about the

extremum of the argument of the exponential in the integrand. From (1.3.22)) we have,

(z|y) = %t Ve tat (B.0.1)
dt
/ D eh® (B.0.2)

The extermas (saddle points) ¢, of h(t) = & + xt — vlog(t) satisfy h/(t.) = —% +

x — 1 = 0. In our problem here x > 0, therefore the suitable solution for ¢, is given by

t, = (g) oo, (B.0.3)

=
where A 1= -—13—7 and

g = <A+ (1 — 2\ +2m>1/3 N (1 -2 —Qm)l/s (B.0.4)
—1—A+>\2—2—A3+2—)‘5+0(A6)
3 3
Therefore the saddle point estimate for the Almkvist function is
oh(t)
Az |v) ~ Nk (B.0.5)
with
h(t,) = (g)m (ﬁ +29(\) + 6)\logg()\)> + %log g

- @)2/3 1+ fi(\) + % log g (B.0.6)



Similarly

_ @_2/ (L1 SN (B.0.7)
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