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ABSTRACT

N = 4 supersymmetric Yang-Mills theory admits solitonic solutions that carry electric

and magnetic charge. These solutions preserve quarter of the N = 4 supersymmetry.

The string theoretic realization of such solutions is as (p, q) strings where p is, say, the

electric charge and q the magnetic coun- terpart. More generally, BPS configurations

are realised as string networks. Another description of this is as holomorphic curves in

M-theory. The thesis plans on studying the solutions to string networks in M-theory.

These solu- tions are determined in terms of a single function called a Kähler potential.

The holomorphic curves have been identified to tropical curves.

The amoeba of a holomorphic curve is a Log-map to the real domain. The spine

of the amoeba, obtained by shrinking it, is a tropical curve. It can also be obtained as

the dual to the Newton polygon constructed from the complex curve. Now, the Ronkin

function associated with the amoeba satisfies the Monge-Ampère equation when the

curve is a Harnack curve(which are the types considered here). The Ronkin function

has been identified to the Kähler potential associated to the string network. We aim to

solve the differential Monge-Ampère equation.
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CHAPTER 1

Introduction

In Type IIB string theory in 10 dimensions, the presence of branes and strings preserve

lesser supersymmetry and modify the geometry. There also exist configurations of in-

tersecting branes and strings which preserve lesser supersymmetry and also are BPS

states. These are called string networks. The string networks in their M-theoretic de-

scription are described by membranes which are holomorphic curves. The supergravity

solution to these string networks in the 11-dimensional supergravity limit of M-theory

depends on a Kähler potential. In this thesis, we study a similar picture in the theory

of complex functions of several variables and find a simple prescription to obtain the

Kähler potential.

In Chapter 1, we study complex polynomials of two variables. The zero set of

the polynomial forms a holomorphic curve. A special map involving log change of

variables takes the curve to set of points in the two-dimensional real space. These set

of points are enclosed by curves and form a closed set called an amoeba. The term

amoeba was coined by Gelfand, Kapranov, and Zelevinsky after their resemblance to

their namesake in biology. These generally have exponentially narrowing infinitely long

“tentacles”. Meanwhile, in the tropical limit, the polynomials give us tropical curves

which resembles a “shrunk” amoeba. The tropical curve is also known as the spine of

the amoeba which also can be obtained from the construction of the Newton polytope of

the polynomial. A Newton polytope is a convex polyhedron in real space formed from

joining the points corresponding to the exponent of each monomial of the polynomial.

The dual of the former forms the spine of an amoeba. Now, we study a convex function

called the Ronkin function which is very useful in the study of the amoeba. Then we

define the Monge-Ampère measure of the Ronkin function, which gives us a relation

with the area of the amoeba. Finally, we obtain a differential equation satisfied by the

Ronkin function for Harnack curves.

In Chapter 2, we study the properties of a 3-string junction in Type IIB string theory



in 10 dimensions, taking the simplest case of an incoming fundamental string(F-string)

and a D1 brane(D-string) with an outgoing (p, q) string. The charges and force per

unit length are conserved at the string junction. We then investigate the BPS nature of

the configuration from the worldsheet properties of D p-branes. The configuration is

shown to preserve (1/4)th of the supersymmetry. We then proceed to the M-theoretic

description of the string network as membranes. The strings in IIB are described as

membranes with one circle wrapped on the torus. The membranes are described by

holomorphic curves. Now, in the presence of the string network, the general metric

solution for the 11-dimensional supergravity is stated which depends on the Kähler

potential. We also state a differential equation satisfied by the potential.

Finally in Chapter 3, we show the similarity in the description of string networks

with tropical curves. The Ronkin function is identified with the Kähler potential which

considerably simplifies the form of the latter thus forming a prescription to obtain the

geometry for all planar string networks.
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CHAPTER 2

The Mathematical Part

2.1 Complex polynomial in two variable

Let us consider a polynomial f : C2 7→ C given by

f(z1, z2) =
∑
i,j∈N

aijz
i
1z

j
2 . (2.1)

The zero set of the polynomial in (C∗)2 is a curve A, where C∗ is the complex plane

without the origin. The amoeba A ⊂ R2 of the polynomial f is Log(A), which is

defined as(Passare and Rullgård (2004))

Log : (C∗)2 7→ R2, (z1, z2) 7→
(
log|z1|, log|z2|

)
. (2.2)

A simple example of a curve in (C∗)2 is

f(z1, z2) = 1 + z1 + z2 = 0 ⇒ |z2| = |z1 + 1| (2.3)

Setting log |z1| = x1 and log |z2| = x2 where x1, x2 ∈ R, we have

e2x2 = e2x1 + 2ex1 cos θ + 1 ,

where z1 = |z1|eiθ. The amoeba A of f is given by the following equation as shown in

Fig.2.1

(e2x2 − e2x1 − 1)2 ≤ 4e2x1 (2.4)

The amoeba can be realised for any holomorphic function of several variables. The

Log map can be modified as

Log : (C∗)2 7→ R2, (z1, z2) 7→
(
logε|z1|, logε|z2|

)
, ε ∈ R . (2.5)



1+ z1 + z2 = 0

-4 -2 2 4

-4

-2

2

4

Figure 2.1: Amoeba for 1 + z1 + z2

When ε → ∞ 1 , the amoeba shrinks and becomes its spine. It can also be defined in

Figure 2.2: Examples of amoebae of a+ z1 + z2 + z1z2 for a = −5,−1, 0, 1, 5.

tropical geometry as the function given an holomorphic curve (2.1)(Ray (2008))

g(x1, x2) := max{ix1 + jx2, (i, j) ∈ N2, aij 6= 0}. (2.6)

1This is known as the tropical limit. Suppose we have (a, b) ∈ (R+)
2, where R+ is positive R sans

the origin, then (a + b, a · b) ∈ (R∗)2 by the addition and multiplication operations. Now, the mapping
log : (R+)

2 7→ (R)2, (a, b) 7→ (logε a, logε b), ε ∈ R with ε → ∞, takes (a+ b, a · b) 7→ (max(logε a+
logε b), logε a + logε b) with the conventional addition and multiplication operations replaced by a max
operation and addition. This is called the tropical algebra defined over a tropical semiring, as it lacks the
additive inverse.
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Now a polynomial, say f(z), is an entire function in the complex plane. The Jensen

formula states that

1

2π

2π∫
0

log |f(reiθ)| dθ = log |f(0)|+
m∑
k=1

log
r

|ak|
(2.7)

where ai are the zeros of the polynomial such that |am| < r.

If the integral is considered a function Nf of log r, then it is a piecewise linear

convex function whose first derivative ∂Nf/∂ log r equals m, the no. of zeros within

the disc of radius r. The function Nf generalised for holomorphic functions of many

variables becomes the Ronkin function.

2.2 Ronkin function

The Ronkin function Nf for a holomorphic function f(z1, z2) is defined as

Nf (x1 := logr1, x2 := logr2) =
1

(2π)2

∫∫
|z1|=r1
|z2|=r2

log |f(r1eiθ1 , r2eiθ2)| dθ1dθ2 . (2.8)

The variables x1 and x2 define a log change of variables from the real part of (C)∗ i.e.

R+ to R.

If we define a convex open set Ω ∈ R2 and f be in Log−1(Ω), where the Log

operation is as defined above, the Ronkin function can be written in more abstract form

as

Nf (x) =
1

(2πi)2

∫
Log−1(x)

log |f(z1, z2)|
dz1
z1

dz2
z2

(2.9)

Unlike the previous case, Nf is no longer piecewise linear but retains the convex-

ity(Passare and Rullgård (2004)). From the amoebas obtained in figures 1 and 2, we see

that the complement of the amoeba A\R2 consists of several disconnected convex com-

ponents. The Ronkin function is linear in each complement component of the amoeba.

The order of each such component has been defined by Forsberg, Passare and Tsikh to

5



be a vector v = (v1, . . . , vn) (where n is the no. of variables in f ) given by

vi =
1

(2πi)n

∫
Log−1(x)

∂f

∂zi

zidz1 . . . dzn
f(z)z1 . . . zn

, (2.10)

where x is a point in the respective component. The order is nothing but the gradient of

Nf .

The order becomes an integer vector when f is a Laurent polynomial and coincides

with the Newton polytope of f .

2.3 Newton Polytope

Suppose we have Laurent polynomial f in two variables defined as f(z1, z2) =
∑

i,j∈Z aijz
i
1z

j
2 .

From the set of points V = {(i, j) : aij 6= 0}, we can construct a convex polygon which

contains all the points on it or inside it. The smallest such polygon is called the convex

hull of the set of points, which is called the Newton polytope of the polynomial.

For example, for the polynomial a + z1 + z2, we have the Newton polytope as

convex{(0, 0), (1, 0), (0, 1)} given in Fig.2.3 . For the polynomial a + z1 + z2 + z1z2,

Figure 2.3: Newton polytope and spine for 1 + z1 + z2

we have the following Newton polytope, various triangulations of which gives rise to

different spines as dual of it as seen in Fig.2.4. Comparing with Fig.2.2, we find that

there correspond different amoebas for the same spine and Newton polytope.

Hence we observe that the spine of an amoeba is a dual of the Newton polytope

6



Figure 2.4: Various triangulations of the Newton polytope of a + z1 + z2 + z1z2 for
a 6= 0 with their respective spines.

for a Laurent polynomial, or to be more precise the amoeba is a thickened graph per-

pendicular to certain triangulations of the Newton polytope. Now we see that with

each unbounded complement component of the amoeba is associated with a vertex of

the Newton polytope. In general, there are points inside the polytope which result in

bounded complement components within the amoeba. The algebraic interpretation of

this is with each connected complement region of the amoeba, there exists a convergent

Laurent series expansion of 1/f(z).

The next part of our discussion is to establish a relation between the area of an

amoeba and its Newton polytope for which we need to introduce the Monge-Ampère

operator. The Monge-Ampère measure µf of the Ronkin function Nf gives an inequal-

ity on the area of an amoeba. The inequality is saturated corresponding to polynomials

of a special kind of curve, the Harnack curve. This relation gives us a differential

equation for the Ronkin function of the Harnack curve, which has very important appli-

cations in many branches of physics.

7



2.4 Monge-Ampère Operator

Let u be a smooth convex real-valued function with its domain in some subset of Rn.

Its Hessian is defined as

Hess(u) =



∂2f
∂x2

1

∂2f
∂x1∂x2

· · · ∂2f
∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x2

2
· · · ∂2f

∂x2∂xn

...
... . . . ...

∂2f
∂xn∂x1

∂2f
∂xn∂x2

· · · ∂2f
∂x2

n


. (2.11)

It is a positive semidefinite matrix whose trace and determinant are the Laplace and

Monge-Ampère operator respectively. It also measures the convexity of the function in

a certain sense. Now, the Monge-Ampère measure is defined as

Mu = det(Hess(u)) · λ (2.12)

where λ is the Lebesgue measure which is a measure assigned to subsets of n - dimen-

sional Euclidean spaces. For n = 1, 2, or 3, it pertains to standard length, area or volume

respectively.

We will now be interested in taking the Monge-Ampère measure µf of the Ronkin

function Nf which is a convex function. It gives an estimate on the area of the amoeba

for the 2 - variable case.

We have the following theorem from (Passare and Rullgård (2004))

THEOREM 1. Let f be a holomorphic function in two variables defined on a circular

domain Log−1(Ω). Then µf is greater than or equal to π−2 times the Lebesgue measure

λ on A, the amoeba.

µf ≥ λ

π2
. (2.13)

The saturation of the inequality occurs when the holomorphic curve in question is a

Harnack curve(Mikhalkin and Rullgård (2008)). From the above reference, a curve A

as defined in Section (2.1) is real upto a multiplication constant if there exists a, b1, b2 ∈

(C∗)2 such that the polynomial af( z1
b1
, z2
b2
) has real coefficients and the curve has a

8



unique real part given by RA = {(x1, x2) ∈ (R∗)2|af( z1
b1
, z2
b2
) = 0}. Such a curve

is called a Harnack curve. From (2.12) and (2.13), we have for the two variable Har-

nack curve

det(Hess(Nf )) =
1

π2
,⇒ ∂2Nf

∂x1∂x1

∂2Nf

∂x2∂x2
− ∂2Nf

∂x1∂x2

∂2Nf

∂x2∂x1
=

1

π2
. (2.14)

Thus for Harnack curves, we obtain a second order differential equation satisfied by the

Ronkin function.

9



CHAPTER 3

The Physical Part

3.1 3-String Junction

In Type IIB string theory in 10 dimensions, D-branes or Dirichlet-branes are said to be

extended objects in space on which an open string can end. They also carry electric

and magnetic charges. As mentioned in (Dasgupta and Mukhi (1997)), the open strings

carrying 2-form charges can be represented by the gauge charge of the particle at the

endpoint of the string. By Gauss’ law, the charge is given by enclosing a (p− 1)-sphere

at the endpoint within the p-brane. In the p = 1 case, a discontinuity arises for the

measured charge on the D-string(D1-brane). As a result, one end of the D-string gets

converted to a string of different type. If we denote the F-string as a (1, 0) string, and a

D-string as a (0, 1) string, at the string junction, the outgoing string must be a (1, 1) or

(−1,−1) string depending on the orientation, by charge conservation. In general, stable

3-string junctions exist where three open string carrying charges satisfies the following

conditions:

• the total charge at the vertex is zero i.e.,

3∑
i=1

pi =
3∑

i=1

qi = 0. (3.1)

• if Tpiqi and ni denote the tension i.e. force/length and direction of the ith string
toward the junction, then the force balance equation at the junction is

3∑
i=1

Tpiqini = 0. (3.2)

Here we will consider an incoming fundamental string(F-string) and a D1 brane(D-

string) with an outgoing (p, q) string as shown in the following figure.



D-string

F-string

α

(1,0)

(0,1)

(1,1) string x

x

1

9

Figure 3.1: 3-string junction

3.2 1/4th BPS States

3-string junctions correspond to BPS saturated states with the sum of the string tensions

being zero at the vertex. This has been conjectured by Schwarz. But instead of finding

solutions from the classical supergravity field equations, it has been shown from the

worldsheet properties of the D p-branes as in (Dasgupta and Mukhi (1997)).

The worldsheet theory for D p-branes is given by the Born-Infeld action which is a

p+ 1 dimensional supersymmetric U(1) gauge theory with (9− p) neutral scalars cor-

responding to transverse fluctuations of the brane and the bosonic part being the gauge

field. In our case, for a D-string or a D1 brane, we work with a linearized Maxwellian

approximation of the 2d supersymmetric U(1) gauge theory. Here are 8 scalars cor-

responding to the transverse fluctuations. We will consider the case of a point charge

being inserted into D-string.

From (Dasgupta and Mukhi (1997)) and (C. G. Callan and Maldacena (1997)), the

massless excitations of the D-string are explained by dimensional reduction of the 10

dimensional Maxwell action. The supersymmetric variation of the fermionic gaugino

in the 10 dimensional theory is given by

δχ = Γ µνFµνε (3.3)

where µ, ν runs from 1, 2, . . . , 10 and ε is the supersymmetry parameter. The BPS

11



condition is given by δχ = 0 for some ε. We take the D-string to be along x1 axis and

a unit point charge has been inserted into it. By Gauss’ law in one dimension, which is

just the fundamental theorem in calculus, we have

F+
01 − F−

01 = g, (3.4)

where g is the unit of the charge. This indicates a discontinuity in the slope of the scalar

potential at the point of the insertion of the charge. A solution for (3.4) is

A0 = −gx1 ;x > 0 (3.5)

= 0 ;x < 0

Since, Γ 01 has no zero eigenvalues and F01 is non zero, we find from (3.3) that this state

is not BPS saturated.

It can be made simultaneously BPS by exciting one of the transverse scalar field

coordinates, say x9, the worldsheet field being X9(x0, x1). It is chosen to be equal to

A0(x
1), given by (3.5). Now, in presence of both excitations, (3.3) becomes

(Γ 01 − Γ 91)ε = 0,=⇒ (Γ 0 − Γ 9)ε = 0. (3.6)

This shows that half of the supersymmetries, which were preserved in presence of the

brane, are preserved in this BPS saturated state. From (Lunin (2008)), we know that

by adding a brane one breaks half of the 32 supersymmetries of the 10 dimensional flat

spacetime. Hence, the above state preserves 1/4th of the supersymmetry.

According to (C. G. Callan and Maldacena (1997)), this state refers to giving the

p-brane a spike along the x9 direction which turns out to be fundamental string from

the point of the insertion of the charge, from the energy calculation of the charge distri-

bution. In our case, there is no spike but for consistency, the F-string must be present

which carries the inserted charge.

Now, in general for a p-brane for the above case, we have A0 = g/rp−2 where

r is the spatial distance in p-dimensions. Hence, unlike p ≥ 3, we have the scalar

potential linearly increasing with distance for p = 1 case. From ref(Mukhi), we have

12



the following interpretation of linearly increasing X9 with x1 as the D-string bent one

half from the point of insertion of the charge.

The resulting state is as given in Fig3.1, with the angle being given by

tanα =
1

g
, (3.7)

with the outgoing string being a (1,1) or (-1,-1)-string. The tension of the strings of

(p, q) type is given by(Dasgupta and Mukhi (1997))

Tp,q =

√
p2 +

q2

g2
T1,0. (3.8)

This gives the following

T1,1 =

√
1 +

1

g2
T1,0, (3.9)

T0,1 =
1

g
T1,0, (3.10)

which satisfies (3.2) alongwith the direction coordinates.

3.3 Metric Ansätz in D=11 supergravity

Now we shall consider the 11 dimensional supergravity limit of M-theory on the man-

ifold R1,8 × T 2. T 2 is a torus described by the coordinates x3 and x10 which have

periodicity of 2πR (the string coupling being set to unity). In the limit R → 0, we

obtain the Type IIB string theory in 10 dimensions.

String networks in Type IIB now become membranes, which are the fundamental

constituents alongwith strings in M-theory. These are described by holomorphic curves,

in order to be supersymmetric(Ray (2008)), in two complex dimensions. Suppose we

have (p, q) strings lying in the (x1, x2) plane, we can define the complex coordinates

z1 = x1 + ix3, z2 = x2 + ix10, (3.11)

13



and further

u = ez
1/R, v = e−z2/R, (3.12)

which parametrize (C∗)2. The above choice of coordinates have been made to make it

similar to the coordinates we came across in Chapter 1. A (p, q) string is a membrane

with one circle wrapped on the (p, q) homology cycle 1 of the torus T 2(Krogh and S.Lee

(1998)). This is given by

x3 = 2πRq, x10 = 2πRp, (3.13)

px3 − qx10 = 0, or Im(pz1 − qz2) = 0. (3.14)

Due to the holomorphic nature of the embedding, we have

pz1 − qz2 = 0, (3.15)

the real part of fixes the orientation of the (p, q) string in the (x1, x2) plane along the

unit vector (p, q)/
√

p2 + q2. Writing 3.15 in terms of the coordinates u and v, we

have a holomorphic curve upvq = 1 describing a (p, q) string in (C∗)2 and in general,∑
p,q∈Z u

pvq = 0 a string network.

In the presence of the string network, the most general metric ansätz for eleven-

dimensional geometry, preserving 1/4th of the supersymmetry and SO(6) × U(1)t

symmetry is(Lunin (2008))

ds2 = −e2Adt2 + 2e2Ahab̄dz
ad z̄b + e−A(dy2 + y2dΩ2

5), (3.16)

hab̄ =
∂2K

∂za∂z̄b
, (3.17)

where K(za, z̄b, y) is the Kähler potential. The holomorphic curve corresponding to

the string network lies within the 4-dimensional subspace parametrized by the complex

coordinates z1 and z2 defined above. The 5-sphere Ω5 and radial y coordinates form the

six-dimensional part of the spacetime.

There are consistency conditions, for the particular choice of coordinates, given

1The two-torus can be obtained by identifying the two opposite edges of a square. By a (p, q) homol-
ogy cycle, we mean the closed curve that goes p times around the torus “hole” and q times around the
torus “body” or vice versa.

14



by(Lunin (2008))

∂2K

∂z1∂z̄1
∂2K

∂z2∂z̄2
− ∂2K

∂z1∂z̄2
∂2K

∂z2∂z̄1
=

1

4
e−3A, (3.18)

∇y
∂2K

∂za∂z̄b
+ 2

∂2e−3A

∂za∂z̄b
= 0, (3.19)

where ∇y is the y-Laplacian given by

∇y =
∂2

∂y2
+

5

y

∂

∂y
+

1

y2
∇Ω5 (3.20)

The Kähler transformation K(z, z̄) ∼ K(z, z̄)+F (z)+ F̄ (z̄) does not affect the above

equations as the Kähler potential only encounters ∂z∂z̄ derivatives which cancel the

extra functions. Hence, we can choose a gauge such that 3.19 becomes

∇yK = −2e−3A (3.21)
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CHAPTER 4

Correlation

4.1 String junction as amoeba

From the choice of complex coordinates in eqn.(3.12) and the holomorphic curve rep-

resenting the string network, we can see the similarities with the curves and their corre-

sponding spine, which we encountered in Chapter 1. Taking the Loð map of the curve,

we obtain the amoeba.

Recalling the modified Loð map in Eq.(2.5) parametrized by ε, we obtained the

spine of the amoeba by setting ε → 0. In this case, we can identify ε to be e−1/R.

Now, in the limit of vanishing R, we obtain the string network identified with the spine.

Hence, we observe that the string networks in the 10 dimensional theory becomes the

amoeba in 11 dimensions with finite R.

4.2 Kähler potential as Ronkin function

The Kähler potential in the metric (3.16) is of the form K(z1, z̄1, z2, z̄2, y) with no

dependence on the spherical coordinates due to the SO(6) symmetry. If we now impose

a further U(1)2 symmetry (Ray (2008)) i.e. the transformation (u, v) ∼ (eiθ1u, eiθ2v)

keeps K unchanged, then this implies K is independent of Im(z1) and Im(z2). K now

becomes a function of x1, x2 and y. Therefore, (3.18) can be further reduced to

∂2K

∂x1∂x1

∂2K

∂x2∂x2
− ∂2K

∂x1∂x2

∂2K

∂x2∂x1
=

1

4
e−3A. (4.1)

Comparing (2.14) and (4.1), we find that the Kähler potential can be expressed

in the form of the Ronkin function corresponding to the curve. The Ronkin function

corresponding to the holomorphic curve of the complex variables given in (3.12) will



depend on the variables x1/R and −x2/R. Taking into account the y-dependence, the

Kähler potential can be written as

K = Nf (x
1/R,−x2/R) + η(y) + F (z1, z2, y) + F̄ (z̄1, z̄2, y), (4.2)

where R is a function of y, and F ,F̄ are holomorphic functions. The above K satisfies

∂2K

∂x1∂x1

∂2K

∂x2∂x2
− ∂2K

∂x1∂x2

∂2K

∂x2∂x1
=

1

π2R4
. (4.3)

Now from (4.3) and (4.1), we have e−3A = 4/π2R4 which implies that A is a function

of y only. The Laplace equation for K in (3.21) now becomes

∇yK = − 8

π2R4
. (4.4)

The above equation has x1,x2 and y dependence on the LHS but just y dependence on

the RHS. This can be taken care by choosing the following gauge

∇yNf = ∇y(F + F̄ ). (4.5)

which brings us to a differential equation for η(y) involving R(y) which can be solved

with relevant boundary conditions and knowing the form of R(y). We have a condition

for R(y) to vanish at the value of y where it encounters the brane i.e. the source(Ray

(2008)).

Hence, we find that the identification of the Ronkin function, obtained from the

string network, as a constituent of the Kähler potential has considerably simplified the

calculation. Solving for the remaining y-dependence, we can find a simple solution for

the potential, which in turn specifies the geometry of the spacetime. This can be done

in general for all planar string networks.
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