
On The Asymptotics of Some Counting Problems in

Physics

A Project Report

submitted by

NAVEEN S. P.

(EP07B013)

in partial fulfilment of the requirements

for the award of the degree of

BACHELOR OF TECHNOLOGY

DEPARTMENT OF PHYSICS

INDIAN INSTITUTE OF TECHNOLOGY MADRAS.

May 2011



THESIS CERTIFICATE

This is to certify that the thesis titledOn The Asymptotics of Some Counting Prob-

lems in Physics, submitted byNaveen S. P., to the Indian Institute of Technology,

Madras, for the award of the degree ofBachelor of Technology, is a bona fide record

of the research work done by him under my supervision. The contents of this thesis,

in full or in parts, have not been submitted to any other Institute or University for the

award of any degree or diploma.

Prof. Suresh Govindarajan
Research Guide
Professor
Dept. of Physics
IIT-Madras, 600 036

Place: Chennai

Date: 10th May 2011



ACKNOWLEDGEMENTS

I would like to thank Prof. Suresh Govindarajan for guiding me and giving me a first

hand experience in research. I am grateful to him for patiently helping me through the

roadblocks and pitfalls I encountered during the course of the project. He has been the

chief source of my inspiration in the past four years and the exceptional interest he takes

in his students has, in no small measure, influenced the way I go about doing things.

I would like to thank Srinidhi Tirupattur, Pramod Dominic and Subeesh for the

valuable discussions I have had with them during the course of the project and my

classmates Arun Chaganty, Sivaramakrishnan Swaminathan and Albin James for be-

ing good company both inside and outside the classroom. I am also deeply indebted

to Prof. V. Balakrishnan and Prof. Suresh Govindarajan for many precious lessons in

pedagogy.

i



ABSTRACT

KEYWORDS: Bekenstein-Hawking; Entropy function; Plethystic Exponential;

Integer Partitions; MacMahon numbers; Precision countingof mi-

crostates.

Asymptotic formulae are very important in many counting problems in Physics and

Mathematics. They arise in various contexts, some of them being precision counting of

microstates in black holes, counting gauge invariant operators in superconformal field

theories, counting the number of partitions of an integer and so on. In this thesis, we

shall look at a few examples from the above fields and observe how asymptotic formulae

give us a handle on understanding the problem at hand. We provide numerical evidence

that the asymptotics of the MacMahon numbers capture the asymptotic behaviour of

higher-dimensional partitions. This provides an important insight into improving our

understanding of higher-dimensional partitions for whichno generating functions are

known.[1]
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NOTATION

gµν The general coordinate metric
g The determinant of the metricgµν

R The Riemann curvature scalar
F µν The field strength of an abelian gauge fieldAµ

Sn Then-dimensional sphere
Z>0 The set of positive integers
C The field of complex numbers
S The entropy of a black hole
Ir Ther × r identity matrix
md(n) d-dimensional MacMahon numbers
pd(n) number ofd-dimensional partitions ofn
ℜ(z) Real part ofz
ℑ(z) Imaginary part ofz
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CHAPTER 1

INTRODUCTION

Counting is one of the most fundamental and ubiquitous procedures used by mankind

for their purposes. Since early days, counting methods havebecome increasingly so-

phisticated and accurate. In parallel, they have had an increasingly deep and profound

effect on the development of many areas in Mathematics and Physics. The subject of

probability and the related subject of statistical mechanics, for example, hinge crucially

on counting procedures.

The best way to count objects usually is to count the number exactly. But this might

always not be possible because of the nature of the problem. In such a case, we settle

with the next best thing: count approximately, with a knowledge of the error involved.

Though this might not be able to convey complete informationabout the system, in

many cases, it is more than sufficient to guess the general trends and hence, giving

deeper insight into the qualitative features of the system.The best place where we can

see this happening is in statistical mechanics where we usually study the behaviour

and features exhibited by a system in the limit of a large number of constituents. The

most interesting part is, in this limit, a number of new properties arise! And a rough

estimate of the numbers involved is usually enough to study these properties quite com-

pletely. Hence, approximate counting methods are atleast important as exact methods

and sometimes, will be the only means available to study a system.

Asymptotic counting is one of the best examples of approximate counting. It occurs

in problems when one needs to study the behaviour of a system when one or more

parameters on which the system is dependent on, assume largevalues. As an example,

we can consider the specific heat of an ideal gas in the limit ofa large number of

particles. Or we can look at the entropy of a system of spins ona lattice in the limit of

large number of spins. The exact expressions for such quantities will usually be very

complex and will be dependent on the parameters in a very complicated way. But in the

asymptotic limit of one or more of those parameters, the expressions might drastically



simplify and become amenable to analysis. We must note that asymptotic expressions

can also vary across different limits of the various parameters. This can sometimes be

of advantage, since in this case, there is a possibility of interpolating the behaviour of

the system to other parameter ranges using some possible symmetry properties of the

system. Hence, looking at the asymptotics of a problem is definitely of much use in

gaining a handle over describing the overall properties of asystem.

In this thesis, we shall look at some examples in which asymptotics play a crucial

role in understanding the problem under question. First we shall briefly go through

the definition of black hole entropy in Chapter 1. We shall also compute the black

hole entropy for the Reissner-Nordström solution to Einstein-Maxwell equations. In

Chapter 2, we present a more general method to compute the entropy of a black hole

and use it in an example that arises in string theory. Then we shall move on to a different

counting problem, the one of counting gauge invariant operators in field theory. This is

one of the places where explicit counting can be carried out and we can see interesting

connections to other areas in Physics and Mathematics. Following this, we look at

integer partitions and their asymptotics in Chapter 4. The generating functions that

arise here also appear in various other seemingly differentcontexts, including counting

the microstates of a black hole [2] and gauge invariant operators in supersymmetric

field theories [3]. Higher dimensional partitions occur in some statistical mechanical

contexts too, for example, in the study of directed compact lattice animals [4] and the

study of limit shapes [5]. In this chapter, we shall also makea comparison between

the asymptotics of MacMahon numbers and integer partitions. Then we move on to

working out the entropy of a black hole introduced in Chapter2, by looking at the

asymptotics of the degeneracy of microstates of the black hole. Finally, we look at

further directions of research possible based on the material presented here.
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CHAPTER 2

Black Hole Entropy

Black holes are special solutions to Einstein’s equation ingeneral relativity. They have

the characteristic that they have a curvature singularity at the centre and a hyopthetical

surface around it, called the event horizon.1 The event horizon is characterized by the

property that all light like geodesics inside the horizon point inward. This implies that

any form of energy that crosses the event horizon once, including light, cannot escape

out. Hence, when we say black hole, we refer to the curvature singularity plus the event

horizon around it.

When a black hole undergoes a transformation, it exhibits the property that its hori-

zon area cannot decrease. This can be compared to the second law of thermodynamics

which states that the entropy of a system can never decrease if it undergoes a physically

realizable process. This analogy can be made more precise and we can identify black

hole area to be a measure of their entropy. The fact that this measure of entropy is

indeed on the same footing as thermodynamic entropy is elucidated by the generalized

second law. A detailed discussion of the above can be found in[6]. Hence, we have

S =
A

4
. (2.0.1)

whereA is the area of the event horizon of the black hole. A note on units is in order

here. The above expression is written in what is known as geometric units, where we

setG = 1, c = 1. In addition, we also have set~ = 1 andkB = 1, wherekB is the

Boltzmann constant. Let us put these back in for a moment. Then we see that (2.0.1)

becomes

S =
kc3

~G

A

4
= (5.29 × 1046 JK−1)

A

4
. (2.0.2)

1The event horizon is a hypothetical surface since it is present only for an asymptotic observer. A
freely falling observer does not observe it at all. The metric has an apparent singularity at the event hori-
zon in one system of coordinates which can be removed by making a suitable coordinate transformation.



We see from (2.0.2) that the entropy of the black hole is extremely large. This hints

at the presence of a huge number of microstates in a statistical description of the black

hole, in which case the entropy is given by the Boltzmann formula. We must remark that

an exact counting of microstates makes sense only in the extremal limit since, in that

limit, the temperature of the black hole which is proportional to the difference in radii

of the two event horizons is zero. This means that the black hole does not radiate and

hence, we can define the entropy to be the logarithm of the degeneracy of microstates. In

the later parts of this thesis, we shall work out a few examples in which a microscopic

description of black hole does exist and see that it matches the Bekenstein-Hawking

definition (2.0.1). Now, we shall look at how to computeSBH using (2.0.1) for the

Reissner-Nordström black hole in four dimensions. We shallfollow the analysis in [2].

2.1 The Reissner-Nordström solution in 4 dimensions

The Reissner-Nordström metric describes dyonic black holesolutions to the Einstein-

Maxwell equations. The Einstein-Maxwell action in four dimensions is given by:

S =

∫
d4x

√−g

(
R

16π
− 1

4
F µνFµν

)
. (2.1.1)

The Reissner-Nordström solution then is given by

ds2 = −(1 − a/ρ)(1 − b/ρ)dτ 2 +
dρ2

(1 − a/ρ)(1 − b/ρ)
+ ρ2(dθ2 + sin2 θdϕ2) ,

Fρτ =
q

4πρ2
, Fθϕ =

p

4π
sin θ , (2.1.2)

whereρ, τ, θ, ϕ are the space-time coordinates,q andp are the electric and magnetic

charges carried by the black hole anda andb are roots of the equation

r2 − 2Mr +
q2 + p2

4π
= 0 . (2.1.3)

With a > b, the outer horizon and inner horizon of the black hole are atr = a andr = b

respectively. The extremal limit occurs when the two event horizons coincide, in which
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case, we have

a = b =

√
q2 + p2

4π
. (2.1.4)

Now, we need to evaluate the entropy of the black hole by computing the area of the

event horizon in the extremal limit. To compute the area at the horizon, we need the

metric induced by (2.1.2) at the event horizon. To do so, we define new variablest and

r:

t = λτ/a2, r = λ−1(ρ − a) , (2.1.5)

λ being an arbitrary constant. Then we recast (2.1.2) in termsof r andt and take the

limit λ → 0. Keepingr constant, we see that this corresponds toρ → a which indeed

corresponds to the near-horizon limit. We hence get

ds2 = a2

(
−r2dt2 +

dr2

r2

)
+ a2(dθ2 + sin2 θdϕ2),

Frt =
q

4π
, Fθϕ =

p

4π
sin θ , (2.1.6)

The area of the horizon is thenA = 4πa2 and hence

SBH =
q2 + p2

4
. (2.1.7)

2.2 Spherically symmetric black holes in 4 dimensions

We see from (2.1.6) that the near-horizon spacetime splits into a product of two spaces,

AdS2 × S2 with (r, t) describing theAdS2 part and(θ, ϕ) describing theS2 part. It

can also be observed that the full solution (2.1.2) has anSO(3) isometry acting on

the sphereS2 with radiusρ. Now the near-horizon solution (2.1.6) has anSO(2, 1)

isometry acting on theAdS2 factor in addition to the already existing, inducedSO(3)

isometry of theS2 part. We have for a fact that all known extremal spherically symmet-

ric black holes in four dimensions have their near-horizon geometry to beAdS2 × S2

with the associated isometrySO(2, 1) × SO(3) [2]. Now, in deriving (2.1.2) we have

neglected the higher derivative curvature terms in the Lagrangian. But we expect that

the above near-horizon isometries exist even after we take into account all the higher

5



derivative corrections. Hence, we can turn around the aboveproperty and take it to

be the definition of an extremal, spherically symmetric black hole in four dimensions.

Hence we have

6



Definition 1 The near-horizon geometry of a spherically symmetric blackhole in four

dimensions in a general covariant theory of gravity coupledto matter fields hasSO(2, 1)×
SO(3) isometry.

With this definition, we can see that the near-horizon valuesof the metric and the field

strengths of any extremal, spherically symmetric black hole can be described by a form

similar to (2.1.6):

ds2 ≡ gµνdxµdxν = v1

(
−r2dt2 +

dr2

r2

)
+ v2(dθ2 + sin2 θdϕ2),

φs = us ,

F
(i)
rt = ei, F

(i)
θϕ =

pi

4π
sin θ , (2.2.1)

whereφs are possible neutral scalar fields andi runs over the number ofU(1) gauge

fields coupled to gravity in the theory. Also,v1, v2, {us}, {ei} and{pi} are constants.

This is the most general form of the near-horizon solution consistent with the isometry

SO(2, 1) × SO(3). Now what is the physical significance of the parametersei andpj?

We answer this question in the next chapter where we present ageneral method to com-

pute the entropy of an extremal, spherically symmetric black hole in four dimensions.
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CHAPTER 3

Computing Black Hole Entropy: The Entropy Function

In this chapter we shall describe a general method to obtain the entropy for an extremal

spherical symmetric black hole. We first define

f(~v, ~u,~e, ~p) =

∫
dθdϕ

√−g L , (3.0.1)

wheref(~v, ~u,~e, ~p) is the Lagrangian density
√−g L evaluated for the near-horizon ge-

ometry (2.2.1) and integrated over the angular coordinates. Now, we can roughly viewf

as a two dimensional effective Lagrangian evaluated for thenear-horizon limit. Extrem-

izing the action corresponding to this Lagrangian will giveus the Euler-Lagrange(EL)

equations of motion for the various fields. In the near-horizon background of the the-

ory, we see that covariant derivatives of all the fields vanish since the fields assume

constant values. Hence, we get the equations of motion for the metric and scalar fields

by extremizingf with respect tovi andus:

∂f

∂vi
= 0,

∂f

∂us
= 0 . (3.0.2)

The equations of motion and the Bianchi identities for the gauge field in the full black

hole solution are

∂r

(
δS

δF
(i)
rt

)
= 0, ∂rF

(i)
θϕ = 0 , (3.0.3)

whereS =
∫

d4x
√−g L is the full action of the theory. From (3.0.3) we see thatF

(i)
rt

andF
(i)
θϕ are independent ofr and may possibly depend onθ andϕ. Hence, we have

∫
dθdϕ

δS
δF

(i)
rt

= qi,

∫
dθdϕ F

(i)
θϕ = bi , (3.0.4)

for some constantsqi, bi. In the near-horizon background, we have

F
(i)
rt = ei, F

(i)
θϕ =

pi

4π
sin θ . (3.0.5)



which implies
δS

δF
(i)
rt

=
∂f

∂ei

, (3.0.6)

and hence

qi =
∂f

∂ei

, bi = pi . (3.0.7)

Now, if we evaluate the integrals (3.0.4) at asymptotic infinity, we see thatqi andpi are

integrals over the flux of electric and magnetic fields. Hence, they can be identified with

the electric and magnetic charges of the black hole respectively. Now, the extremization

conditions onf
∂f

∂vi
= 0,

∂f

∂us
= 0

∂f

∂ei
= qi , (3.0.8)

give rise to three equations in the unknowns~v, ~u and~e and generically, we can solve

for these unknowns in terms of~q and~p. Hence we observe that the near-horizon back-

ground of an extremal, spherically symmetric black hole is dependent only onqi and

pi only and is in particular independent of the values of the scalar fields at asymptotic

infinity. Now let us define

E(~v, ~u,~e, ~q, ~p) ≡ 2π(eiqi − f(~v, ~u,~e, ~p)) . (3.0.9)

The extremization conditions (3.0.8) then become

∂E
∂vi

= 0,
∂E
∂us

= 0
∂E
∂ei

= 0 . (3.0.10)

It can be shown that [2]

SBH = E(~v, ~u,~e, ~q, ~p) , (3.0.11)

at the extremum values of~v, ~u and~e obtained from (3.0.10) for fixed~q, ~p. Hence,E is

known as the Entropy function.

Let us now work out the entropy of the extremal Reissner-Nordström black hole

in four dimensions using the above formalism. The most general background possible

9



consistent with theSO(2, 1)× SO(3) isometry is

ds2 = v1

(
−r2dt2 +

dr2

r2

)
+ v2(dθ2 + sin2 θdϕ2),

Frt = e, Fθϕ =
p

4π
sin θ . (3.0.12)

We then obtainf using (3.0.1):

f(v1, v2, e, p) = 4π

[
1

16π

(
− 2

v1
+

2

v2

)
+

1

2
v−2
1 e2 − 1

2
v−2
2

( p

4π

)2
]

. (3.0.13)

We now use (3.0.9) to obtainE :

E = 2π

[
qe − 1

2
(v1 − v2) − 2πv2v

−1
1 e2 + 2πv1v

−1
2

( p

4π

)2
]

. (3.0.14)

with extremum at

v1 = v2 =
q2 + p2

4π
, e =

q

4π
(3.0.15)

Substituting in (3.0.14) and from (3.0.11), we get

SBH =
q2 + p2

4
, (3.0.16)

which agrees with (2.1.7).

3.1 An example from string theory

It is a fact that certain string theories give rise to generally covariant theories of gravity

coupled to matter fields. This is known as thesupergravity approximation. In the

supergravity approximation, the field content of such a theory is as follows:

• The string metricGµν

• r U(1) gauge fieldsA(i)
µ , (i = 1, 2, . . . , r), r ≥ 6

• A complex scalar fielda + iS

• A set of matrix valued scalar fieldsM which satisfy the constraint

10



MLMT = L, MT = M , (3.1.1)

whereL is a matrix with6 eigenvalues+1 and(r − 6) eigenvalues−1. The canonical

metricgµν is related to the string metric asgµν = S Gµν . The action for the above fields

is given by

S =
1

32π

∫
d4x

√
−detG S

[
RG +

1

S2
Gµν(∂µS∂νS − 1

2
∂µa∂νa) +

1

8
Gµν Tr(∂µML∂νML)

− Gµµ′

Gνν′

F (i)
µν (LML)ijF

(j)
µ′ν′ − a

S
Gµµ′

Gνν′

F (i)
µν LijF̃

(j)
µ′ν′

]
. (3.1.2)

We note thatS has aSO(6, r − 6) symmetry acting onM andF
(i)
µν as follows:

M → ΩMΩT , F (i)
µν → ΩijF

(j)
µν , (3.1.3)

whereΩ is anr × r matrix satisfyingΩT LΩ = L. The matrixL can be though of

as a metric with signature(6, r − 6) on anr-dimensional vector space. ThenΩ is a

transformation which preserves the metricL. Then (3.1.3) says thatF (i)
µν transforms as

a vector andM as a second rank tensor underΩ andS has invariant combinations ofM

andF
(i)
µν underM . We shall exploit this symmetry later in simplifying our computation

of the entropy of a black hole in the above theory.

Now, suppose we have an extremal, spherically symmetric black hole in this theory.

Then (1) tells us that the near-horizon background must be given by

ds2 = v1

(
−r2dt2 +

dr2

r2

)
+ v2(dθ2 + sin2 θdϕ2),

S = uS, a = ua, Mij = uMij
,

F
(i)
rt = ei, F

(i)
θϕ =

pi

4π
sin θ . (3.1.4)

We then calculatef(uS, ua, uM , ~v, ~e, ~p) to be

f(uS, ua, uM , ~v, ~e, ~p) =
1

8
v1 v2 uS

[
− 2

v1
+

2

v2
+

2

v2
1

ei(LuML)ijej

− 1

8π2v2
2

pi(LuML)ijpj +
ua

πuSv1v2
eiLijpj

]
, (3.1.5)

11



which in turn gives

E(uS, ua, uM , ~v, ~e, ~p, ~q) = 2π

[
eiqi −

1

8
v1 v2 uS

{
− 2

v1

+
2

v2

+
2

v2
2

ei(LuML)ijej

− 1

8π2v2
2

pi(LuML)ijpj +
ua

πusv1v2

eiLijpj

}]
. (3.1.6)

We eliminateei from (3.1.6) using∂E/∂ei = 0 to get

E(uS, ua, uM , ~v, ~p, ~q) = 2π
[uS

4
(v2 − v1) +

v1

v2uS

qT uMq − v1ua

4πv2uS

qT uMLp

+
v1

64π2v2uS

(u2
S + u2

a)p
T LuMLp

]
. (3.1.7)

We can redefine the charges~q and~p to simplify the expression forE :

Qi = 2qi, Pi =
1

4π
Lijpj . (3.1.8)

ThenE becomes

E =
π

2

[
uS(v2 − v1) +

v1

v2uS

(QT uMQ + (u2
S + u2

a)P
T uMP − 2uaQ

T uMP )

]
.

(3.1.9)

We now notice that (3.1.3) induces the following transformations on the various param-

eters:

ei → Ωijej , pi → Ωijpj , uM → ΩuMΩT ,

qi → (ΩT )−1
ij qj , Qi → (ΩT )−1

ij Qj , Pi → (ΩT )−1
ij Pj . (3.1.10)

We see thatE is invariant under (3.1.10) and that the extremum ofE with respect to

uMij
depends only on~Q, ~P , v1, v2, uS andua. Hence,E should depend only on the

following SO(6, r − 6) invariant combinations:

Q2 ≡ QT LQ, P 2 ≡ P TLP, Q · P ≡ QT LP , (3.1.11)

besidesuS, ua, v1 andv2. Now, if we assumeQ2 > 0, P 2 > 0 and(Q · P )2 < Q2P 2,

12



we can transform~Q and ~P using anSO(6, r − 6) transformation such that

(Ir − L)ijQj = 0, (Ir − L)ijPj = 0 . (3.1.12)

Suppose we haveL =



 I6

−Ir−6



, then (3.1.12) implies

Qi = Pi = 0, i = 7, . . . , r . (3.1.13)

Now, supposeuM = Ir. Then, a variation ofE with respect touMij
for 7 ≤ i, j ≤ r is

zero because of (3.1.13). For1 ≤ i, j ≤ 6, any variationδuMij
vanishes because in this

6-dimensional subspace, (3.1.1) and the diagonal form ofL used above requiresuM to

be symmetric and orthogonal. This forces the variation to vanish since the determinant

of the first6×6 block ofuM will otherwise be different from1. Hence,E is extremized

for uM = Ir. Plugging this into (3.1.9) and using (3.1.11) and (3.1.12), we get

E =
π

2

[
uS(v2 − v1) +

v1

v2

Q2

uS
+

P 2

uS
(u2

S + u2
a) − 2

ua

uS
Q · P

]
. (3.1.14)

Lastly, we extremizeE with respect tov1, v2, uS andua to get

uS =

√
Q2P 2 − (Q · P )2

P 2
, ua =

Q · P
P 2

, v1 = v2 = 2P 2 . (3.1.15)

The above extremum values of the parameters hold forQ2 > 0, P 2 > 0 andQ2p2 >

(Q · P )2. Plugging these values into (3.1.14) and using (3.0.11) we get

SBH = π
√

Q2P 2 − (Q · P )2 . (3.1.16)

We note that this formula for entropy is just the leading order term in an infinite series

since we could in principle consider higher derivative curvature terms in the action,

which will give rise to corrections to the Bekenstein-Hawking formula.
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3.2 Purely electrically charged black holes

In the above example, if we naïvely substitute~P = 0 in the extremum values ofuS,

ua, E , we see the first two blow up and the entropy function goes to zero. We also

see that the extremum values ofv1 andv2 become0 and hence, their inverses become

very large. This implies that there are non-negligible curvature effects at the horizon.

Hence, though the Bekenstein-Hawking entropy vanishes forthe two-derivative action

considered in (3.1.2), the higher derivative terms will definitely contribute to the entropy

of the black hole. Moreover, since the curvature is extremely large, all higher derivative

terms can possibly contribute to the entropy. We know that the curvature of a sphere is

inversely proportional to the square of its radius. Hence, the above black holes are also

called small black holes since the curvature is very high at the horizon.

Let us try to figure out the form of the entropy for such a black hole using a quick

scaling argument. Firstly, we know that the entropy function E is invariant under a

SO(6, r − 6) transformation and hence, it must be a function of the invariant combina-

tion Q2 6= 0. Now suppose we scale the complex scalar field by a numberλ, a → λa

andS → λS, we see that the action (3.1.2) picks up a factor ofλ as well. This means

the functionf(uS, ua, uM , ~v, ~e) also picks up a factor ofλ. From the definition ofE , we

see that the sumE + πeiQi is forced to pick up a factor ofλ as well. Thus, we have

E → λE under Qi → λQi, a → λa, S → λS . (3.2.1)

This impliesSBH which is the extremum value ofE is dependent on~Q only through

theSO(6, r − 6) invariant combinationQ2 and picks up a factor ofλ under the scale

transformationQi → λQi. Hence we can conclude

SBH = C
√

Q2 , (3.2.2)

where the constantC cannot be determined by this scaling argument and one has to

appeal to the details of the string theory to obtain it. It turns out that, after including
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higher derivative terms, the exact answer for heterotic string theory is [7]

SBH = 4π
√

Q2/2 . (3.2.3)

It can be seen thatQ2/2 is an integer using the details of the string theory. This is par-

ticularly of importance to us, since it gives a preliminary credibility to the microscopic

computation to be carried out in Chapter 5. More details about small black holes can be

found in [7] and [8].
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CHAPTER 4

Counting Gauge Invariant Operators

In the previous chapters we defined the entropy of a black holeand learnt how to com-

pute it. We also saw that the entropy of a black hole is tremendously large which implies

there is an equivalently huge degeneracy of microstates forthe black hole. The question

we would like to ask is, does there exist a way to count these microstates? It turns out

that this is indeed possible in certain string theories [9].This counting is usually done

by mapping it to a more general counting problem.

One class of such counting problems is the counting of single-trace and multi-trace

gauge invariant operators(GIO) in a supersymmetricU(N) gauge theory. To be more

precise, we count only the number of BPS GIOs. BPS operators are special because

they satisfy certain symmetry properties which simplify their equations of motion. It

also turns out that they are the only operators relevant for such counting problems most

of the time. Hence from now on, when we say operators, we will be referring to BPS

operators. SuchU(N) gauge theories arise in a genericN = 1 supersymmetric gauge

theory involving a singular Calabi-Yau manifold. In this theory, we would like to con-

struct the GIOs out of a specific set of fields called the chiralprimaries. These fields

carry a set of globalU(1) charges under the above gauge theory. Suppose there aren

such charges. Then we assign a generic variableti, i = 1, 2, . . . , n to each of these

charges and definef({ti}) to be the generating function of the number of GIOs with a

specific set of values for the charges i.e.,

f({ti}) =
∑

k1,...,kn

ck1 k2...kn
tk1

1 tk2

2 · · · tkn

n , (4.0.1)

whereck1 k2...kn
is the number of operators of chargesk1, k2, . . . , kn, ki ∈ Z, ki ≥ 0.

Now given any Calabi-Yau(CY) manifold, we can, for a givenN , compute the gener-

ating functions for single-trace operators, which we callfN , and multi-trace operators,

which we callgN . In this thesis, we shall just concentrate on the generatingfunctions



f1, f∞, g1 andg∞ We shall illustrate this counting through an example. We take the

CY manifold to beC3 and compute the corresponding single-trace and multi-trace gen-

erating functions. We shall follow the analysis given in [10]. For C3, the number of

globalU(1) charges is found out to be three and there are three chiral primaries, each

one carrying one of the above global charges. The equations of motion of these chiral

fields impose the condition that these fields commute:

[x, y] = [y, z] = [z, x] = 0 . (4.0.2)

With the above constraint, given a set of charges(i, j, k), we have only one single-trace

GIO which is Tr(xiyjzk).1 And the corresponding monomial in the generating function

would beti1 tj2 tk3. Hence the generating function is

f∞(t1, t2, t3; C
3) =

∑

i,j,k≥0

ti1 tj2 tk3 =
1

(1 − t1)(1 − t2)(1 − t3)
. (4.0.3)

We have usedf∞ to label the generating function because the above countingis correct

only whenN → ∞. This is because, for finiteN , we would have to take care of

constraints imposed by the unitarity of the matrices. AsN → ∞, these constraints can

be ignored.

4.1 The Plethystic Exponential

Next, what can we say about the generating functionsf1 andg1? We see thatN = 1

implies aU(1) gauge symmetry and hence the fieldsx, y, z are complex numbers rather

than matrices. Hence, the single-trace objects in this caseare just1, x, y, z. A multi-

trace operator then is of the formxiyjzk and hence, we have

f1(t1, t2, t3; C
3) = 1 + t1 + t2 + t3

g1(t1, t2, t3; C
3) =

1

(1 − t1)(1 − t2)(1 − t3)
= f∞! (4.1.1)

1If an operator transforms asx → eiqθx, θ ∈ [0, 2π) under aU(1) transformation, then it carries a
U(1)-charge ofq units. The trace is over the gauge index ofx, y andz and hence the operator is gauge
invariant.
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It turns out thatg1 = f∞ for any CY manifold. Now, we try to relatef1 andg1. We

follow the procedure explained in [10]. That is, we have the single-trace generating

function and we would like to obtain the multi-trace generating function from it. We

have

g1(t1, t2, t3) =
1

(1 − t1)(1 − t2)(1 − t3)

= exp[− log(1 − t1) − log(1 − t2) − log(1 − t3)]

= exp

[ ∞∑

r=1

tr1 + tr2 + tr3
r

]

= exp

[ ∞∑

r=1

f1(t
r
1, t

r
2, t

r
3) − 1

r

]
(4.1.2)

Again, this turns out to be a general result. We call this thePlethystic exponential(PE)

of f1(t1, t2, t3).

PE[f1({ti}] = exp

[ ∞∑

r=1

f1({ti}) − 1

r

]
. (4.1.3)

and we see thatf∞ = PE[f1]. Similarly, we can also showg∞ = PE[g1].

Now let us change the counting problem a little. Let us count the number of GIOs

which have a fixed scaling dimension. If we letx → λx, y → λy, z → λz, λ being an

arbitrary parameter, the scaling dimension of Tr(xiyjzk) is nothing buti + j + k. So,

suppose we want to count the number of single-trace operators with the constraint that

i + j + k = n, n ≥ 0. We can do this by puttingt1 = t2 = t3 = t in (4.0.3) and looking

at the coefficient oftn. We have

1

(1 − t)3
=

∞∑

n=0

(
n + 2

2

)
tn . (4.1.4)

Hence there are
(

n+2
2

)
single-trace GIOs with scaling dimensionn. We just note that if

we had more than three, sayd, globalU(1) charges, the generating function for GIOs

of a fixed scaling dimension would be

1

(1 − t)d
=

∞∑

n=0

bn tn . (4.1.5)
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wherebn =
(

n+d−1
d−1

)
.

We shall now express the plethystic exponential in a different form which will be

useful later when we compute asymptotic expressions for thegenerating functions. We

are still counting the number of GIOs of a fixed scaling dimension. Hence we take

ti = t ∀ i. Let

f(t) =

∞∑

n=0

an tn (4.1.6)

be the Taylor expansion of the generating functionf∞. Then we have

PE[f(t)] = exp
( ∞∑

n=0

an

∞∑

k=1

tnk

k
− a0

∞∑

k=1

1

k

)

= exp
(
−

∞∑

n=0

an log(1 − tn) − a0

∞∑

k=1

1

k

)

= exp
(
−

∞∑

n=1

an log(1 − tn)
)

=

∞∏

n=1

1

(1 − tn)an
. (4.1.7)

Hence, given the multi-trace generating function in the form of (4.1.7), we can obtain

the single-trace generating function Taylor expansion from it and vice versa. Let us

work out an example. Consider the CY manifoldC. This implies there is only one

chiral field and the corresponding single-trace generatingfunctionsf1 andf∞ are

f1(t) = 1 + t, f∞(t) = PE[f1(t)] =
1

1 − t
. (4.1.8)

Now, the corresponding multi-trace generating functions are

g1(t) = f∞(t) =
1

1 − t
, g∞(t) =

∞∏

n=1

1

(1 − tn)
. (4.1.9)

We see that the above functiong∞ is nothing but the generating function for the number

of integer partitions of a positive integer. For example, the number of multi-trace GIOs

with scaling dimension4 is 5, the same as the number of partitions of4. The map

between the two is summarized in the following table. Similarly, the multi-trace GIO

generating function ford number of charges is given by

g∞(t) =
∞∏

n=1

1

(1 − tn)bn
. (4.1.10)
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Table 4.1: The correspondence between the partitions of4 and the number of GIOs with
scaling dimension4.

Partition No. of traces
1 1 1 1 4
2 1 1 3
3 1 2
2 2 2
4 1

4.2 Integer partitions

A one dimensional partition of a positive integern is a finite non-decreasing sequence of

positive integersλ1, λ2, . . ., λr, such that
∑r

i=1 λi = n. For example,4 = 1+1+1+1

is a partition of4. We can also define higher dimensional partitions of an integer n

to be a map fromZd
>0 to Z>0 such that it is weakly decreasing in all directions and

the sum of all entries in it add up ton. The counting of the number of partitions of

a positive integern, pd(n) has been a problem of considerable interest since a long

time. In the spirit of the counting procedures we have seen above, we would like to

write generating functions to count them. So far, generating functions exist only for

1D(Euler) and2D(MacMahon) partitions. They are:

P1(q) =

∞∏

n=1

1

(1 − qn)
= 1 +

∞∑

n=1

p1(n)qn

P2(q) =

∞∏

n=1

1

(1 − qn)n
= 1 +

∞∑

n=1

p2(n)qn . (4.2.1)

Major MacMahon conjectured that higher dimensional partitions have generating func-

tions [11] given by

Pd(q)
?
=

∞∏

n=1

1

(1 − qn)an
= 1 +

∞∑

n=1

pd(n)qn, an =

(
n + d − 2

d − 1

)
. (4.2.2)

We see that (4.2.2) agrees with (4.2.1) ford = 1, 2. But Atkins, Bradley and McKay

disproved the conjecture by computingp3(6) to be140 [12] whereas (4.2.2) gives the

value141. However, it turns out that the MacMahon partition functions do estimate the
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numberspd(n) very well for largen, [13], [1].

We have seen that generating functions of the form (4.2.2) occur in counting of

multi-trace GIOs in supersymmetric gauge theories. In specific, we have (4.1.5) giving

us the number of multi-trace GIOs ford U(1)-charges. We see that these generating

functions can be expressed as products of the MacMahon generating functions using

the simple combinatorial identity as many times as is required:

(
n + r

k

)
=

(
n + r − 1

k

)
+

(
n + r − 1

k − 1

)
. (4.2.3)

For example, we have, ford = 4, we have

bn =

(
n + 3

3

)
=

(
n + 2

3

)
+

(
n + 1

2

)
+

(
n

1

)
+ 1 . (4.2.4)

where the last set of binomial coefficients are the MacMahon coefficients from (4.2.2).

We shall call the numbers generated by (4.2.2) MacMahon numbers. Since MacMahon

numbers are of interest in studying the asymptotics of higher-dimensional partitions, the

results from there could be recast into expressions for the asymptotics of the multi-trace

GIOs as well. In the next chapter, we shall work out the asymptotics of MacMahon

numbers in detail. We will show that even though Major MacMahon’s guess for the

generating function of higher-dimensional partitions waswrong, the asymptotics appear

to be generated correctly!
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CHAPTER 5

Asymptotics of some Generating Functions

5.1 Asymptotics of MacMahon numbers

In this section, we shall derive the asymptotics of MacMahonnumbers whose gener-

ating function we defined in the previous chapter. The approach is based on Chap-

ter 6, [14], [15] and [3]. We shall make a slight change in notationand redefine the

MacMahon numbers as follows. The MacMahon numbersmd(n) are defined to be the

coefficient ofqn in the following series:

1 +
∞∑

n=1

md(n)qn =
∞∏

n=1

1

(1 − qn)(
n+d−2

d−1 )
= Md(q) . (5.1.1)

We now go ahead and compute an expression for the asymptotic value ofmd(n). In

order to obtainmd(n) we can invert the series in (5.1.1) to get

md(n) =

∮

Γ

dq

2πi

Md(q)

qn+1
, (5.1.2)

whereΓ is the contour of integration|q| = ε, ε < 1.

Let us work withd = 1 for the moment. Then we have

M1(q) =
∞∏

n=1

1

(1 − qn)
= 1 +

∞∑

n=1

m1(n)qn . (5.1.3)

In order to evaluate the contour integral in (5.1.2), we needto figure out the singularity

structure ofM1(q). Let us consider partial products of the form

M(q; N) =

N∏

n=1

1

(1 − qn)
.

We see that the above product has a pole of orderN at q = 1, a pole of order⌊N
2
⌋ at

q = −1, a pole of order⌊N
3
⌋ at q = e2πi/3 and atq = e4πi/3 and so on. The strength



of the pole at a non-trivialmth root of unity is⌊N
m
⌋. The poles of the full generating

functionM1(q) occur at all the roots of unity and the strongest contribution is from the

pole atq = 1. Hence, a good way of evaluating (5.1.2) would be to express it as a

series of contributions by the poles in successive order of strength. The above ordering

of poles according to their strength carries through for higher dimensional generating

functions as well.

We then evaluate the contribution due to the pole atq = exp(2πih/k) by writing

q = exp((2πih/k) − t), carrying out the integral in (5.1.2) and then taking the limit

t → 0 (t is a complex parameter). Here, we shall evaluate the contribution only due to

the pole atq = 1 for all d. 1 This is done by approximatingMd(q) by an expression

that is valid forq = e−t, t → 0, plugging it into (5.1.2)) and carrying out the contour

integration.

We next find out an expression forMd(q) nearq = 1. We have

log Md(e
−t) = −

∞∑

n=1

an log(1 − e−tn), an =

(
n + d − 2

d − 1

)
. (5.1.4)

We expand the logarithm inside the sum using its Taylor series and use the Mellin

representation ofe−x to obtain:2

log Md(t) =
1

2πi

∫ γ+i∞

γ−i∞
ds Γ(s) ζ(s + 1) D(s) t−s . (5.1.5)

where we have writtenMd(e
−t) asMd(t) for short andγ > 0 lies to the right of the

pole ofD(s) with largest positive real part. We usually take a large value for γ. The

Dirichlet seriesD(s) is defined as

D(s) =
∞∑

n=1

an

ns
.

1Ford = 1 there exists an analytical series expansion which takes into account the contribution from
all the poles. This is the Hardy-Ramanujan-Rademacher expansion ofm1(n) which is the same asp1(n),
the number of partitions ofn. [16]

2e−x = 1

2πi

∫ γ+i∞

γ−i∞
ds x−s Γ(s)
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As an example, foran =
(

n+d−2
d−1

)
, d = 3, the Dirichlet series is

D(s) =

∞∑

n=1

n(n + 1)

2 ns
=

ζ(s − 2) + ζ(s − 1)

2
.

Hence,D(s) has simple poles ats = 2, 3 with residue1/2 at both poles. For general

d, D(s) has poles ats = k, k = 2, 3, . . . , d, with residuesAk. Now, we shift the

contour in (5.1.5) fromℜ(s) = γ to ℜ(s) = −α, for 0 < α < 1. This is because the

phase of the integrand in (5.1.5) oscillates wildly due to the large positive value ofγ.

This we cannot estimate the value of the integral by looking at the magnitude of the

integrand since there might be large cancellations. In the process,log Md(q) receives

contributions from the poles of the integrand that lie betweenℜ(s) = γ andℜ(s) = −α.

Hence, we get

log Md(t) =

d∑

k=2

Ak Γ(k) ζ(k + 1)t−k + D′(0) − D(0) log t (5.1.6)

+
1

2πi

∫ −α+i∞

−α−i∞
ds Γ(s) ζ(s + 1) D(s) t−s.

The integral can be shown to go asO(|t|α). Hence, we get

Md(t) = exp
( d∑

k=2

Ak Γ(k) ζ(k + 1) t−k + D′(0)−D(0) log t
)
(1 +O(|t|α)). (5.1.7)

Hence,

md(n) =
1

2πi

∫ t0+iπ

t0−iπ

dt eGd(t) , (5.1.8)

where

Gd(t) =

d∑

k=2

Ck

k tk
+ n t, Ck = Ak Γ(k + 1) ζ(k + 1) .

The integral (5.1.8) is carried out on the contourt = t0 + iϑ, t0 → 0+, ϑ ∈ [−π, π].

by employing the saddle point method. For this, we have to evaluatet = t∗ such that

G′
d(t∗) = 0. That is,

d∑

k=2

Ck

tk+1
∗

− n = 0. (5.1.9)

From the above equation, we can make the statement that, ift∗ is the largest positive

root of the equation, thent−(d+1)
∗ should grow atleast asn and hence,t∗ → 0 asn →
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∞. Therefore, when we take the limitt∗ → 0, we recover then → ∞ of md(n)

automatically. Hence, the saddle point method ought to giveus the correct asymptotics.

Here onwards, we shall denote the largest positive root of (5.1.9) ast∗.

Now, we solve fort∗ from (5.1.9) is a polynomial equation of degreed + 1. For

d > 3, we do not have a general formula for the roots of the equation. But in this

case, we indeed have a formula for the largest positive root of (5.1.9), due to Lagrange.

Details of this can be found in [3].

t∗ =
∞∑

l > 0
l 6=0 mod(d+1)

bl n
−1/d+1 (5.1.10)

bl =
1

l!

[
dl−1

dyl−1
φ(y)l

]

y=0

, φ(y) ≡
(

d∑

k=1

Cky
d−k

) 1

d+1

.

Using the above formula, we can computet∗ to any order inn as is required and then

carry out the saddle point integration. We carry out the saddle point integration to obtain

md(n) =

√
1

2πG′′
d(t∗(n))

t∗(n)−D(0) exp
(
Gd(t∗(n)) + D′(0)

) (
1 + O(t∗(n)α)

)
.

(5.1.11)

We tabulate results ford = 3, 4, 5 here.

m3(n) ∼ eD′(0)C
13/96
3

2
√

2π
n−61/96 exp (g3(n)) , (5.1.12)

with

g3(n) =
4

3
C

1/4
3 n3/4 +

C2

2C
2/4
3

n2/4 +
(8C1C3 − C2

2 )

8C
5/4
3

n1/4

with C2 = ζ(3) andC3 = 3ζ(4).

m4(n) ∼ eD′(0)C
379/3600
4√

10π
n−2179/3600 exp (g4(n)) , (5.1.13)

with

g4(n) =
5

4
C4

1/5n4/5+
C3n

3/5

3C
3/5
4

+
(5C2C4 − C2

3)

10C
7/5
4

n2/5+
(C3

3 − 5C2C4C3 + 25C1C
2
4)

25C
11/5
4

n1/5
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andC2 = 2ζ(3)/3, C3 = 3ζ(4) andC4 = 4ζ(5).

m5(n) ∼ eD′(0)C
83/960
5√

12π
n−563/960 exp (g5(n)) , (5.1.14)

with

g5(n) :=
6

5
C

1/6
5 n5/6 +

C4

4C
2/3
5

n4/6 +
(4C3C5 − C2

4)

12C
3/2
5

n3/6 +
(2C3

4 − 9C3C5C4 + 27C2C
2
5)

54C
7/3
5

n2/6

+
(−91C4

4 + 504C3C5C
2
4 − 864C2C

2
5C4 + 432C2

5 (12C1C5 − C2
3))

5184C
19/6
5

n1/6 ,

andC2 = 1
2
ζ(3)/3, C3 = 11

4
ζ(4), C4 = 6ζ(5) andC5 = 5ζ(6).

5.2 Comparison with numerical results for integer par-

titions

In the previous chapter, we mentioned that MacMahon numbersapproximate the asymp-

totics of integer partitions quite well. Here we present a few numerical results in support

of that.3 We first tabulate the known values forpd(n) for d = 3, 4 and5, wherepd(n) is

the number ofd-dimensional partitions ofn. We then try to fit the MacMahon numbers

obtained from the asymptotic formulae computed earlier in this chapter ford = 3, 4 and

5. For this we ignore the constant coefficient accompanying the exponential and obtain

a new one by normalizing the formulae at a suitable data pointobtained from the integer

partition computation. For example, we use the pointp3(62) to normalize the asymp-

totic function form3(n) and hence determine the constant. Also, instead of comparing

pd(n) andmd(n) directly, we compare a slightly different quantity:

n−d/d+1 log pd(n) vs. n−d/d+1 log md(n) . (5.2.1)

3I would like to acknowledge Prof. Suresh Govindarajan and Srivatsan Balakrishnan, a sophomore at
the Physics department, IIT Madras, for providing the numerical data.
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Table 5.1: Numbers of solid partitions. This is sequence A000293 in the OEIS[17].

n p3(n) n p3(n) n p3(n)

0 1 21 5528733 42 1037668522922

1 1 22 10362312 43 1772700955975

2 4 23 19295226 44 3019333854177

3 10 24 35713454 45 5127694484375

4 26 25 65715094 46 8683676638832

5 59 26 120256653 47 14665233966068

6 140 27 218893580 48 24700752691832

7 307 28 396418699 49 41495176877972

8 684 29 714399381 50 69531305679518

9 1464 30 1281403841 51 116221415325837

10 3122 31 2287986987 52 193794476658112

11 6500 32 4067428375 53 322382365507746

12 13426 33 7200210523 54 535056771014674

13 27248 34 12693890803 55 886033384475166

14 54804 35 22290727268 56 1464009339299229

15 108802 36 38993410516 57 2413804282801444

16 214071 37 67959010130 58 3971409682633930

17 416849 38 118016656268 59 6520649543912193

18 805124 39 204233654229 60 10684614225715559

19 1541637 40 352245710866 61 17472947006257293

20 2930329 41 605538866862 62 28518691093388854

Table 5.2: Numbers of four-dimensional partitions. This issequence A000334 in the
OEIS[17].

n p4(n) n p4(n) n p4(n)

0 1 13 181975 25 2569270050
1 1 14 425490 26 5427963902
2 5 15 982615 27 11404408525
3 15 16 2245444 28 23836421895
4 45 17 5077090 29 49573316740
5 120 18 11371250 30 102610460240
6 326 19 25235790 31 211425606778
7 835 20 55536870 32 433734343316
8 2145 21 121250185 33 886051842960
9 5345 22 262769080 34 1802710594415

10 13220 23 565502405 35 3653256942840
11 32068 24 1209096875
12 76965 25 2569270050
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Table 5.3: Numbers of five-dimensional partitions. This is sequence A000390 in the
OEIS[17].

n p5(n) n p5(n) n p5(n)

0 1 11 119140 22 3923114261
1 1 12 323946 23 9554122089
2 6 13 869476 24 23098084695
3 21 14 2308071 25 55458417125
4 71 15 6056581 26 132293945737
5 216 16 15724170 27 313657570114
6 657 17 40393693 28 739380021561
7 1907 18 102736274 29 1733472734334
8 5507 19 258790004 30 4043288324470
9 15522 20 645968054

10 43352 21 1598460229

We can show through a straightforward generalization of (5.1.12), (5.1.13) and (5.1.14)

that the leading asymptotic behaviour ofmd(n) is given by

md(n) ∼ exp

(
d + 1

d
(dζ(d + 1))1/d+1 nd/d+1

)
. (5.2.2)

It has been proved in [4] that

pd(n) ∼ exp
(
(d-dependent constant) nd/d+1

)
. (5.2.3)

Hence, the comparison (5.2.1) makes sense since we are dealing with the same leading

order behaviour. It also is more convenient since the numbers become very huge asn

increases and it is more sensible to use a logarithmic scale to express these numbers.

The results of the above analysis are as follows. We plot the MacMahon numbers in the

form (5.2.1) in a fixed range, with the constant coefficient being normalized to a data

point in that range. Then we plot the corresponding values ofpd(n) in the form (5.2.1).

In all the graphs, we see that the data points obtained by enumerating the number of

partitionspd(n) lie very close to the curve determined by the MacMahon asymptotics.

One remarkable thing to note is that the range of numbersn that is used to make the

comparison is nowhere close to the asymptotic limit and still the MacMahon formula

works remarkably well! It has also been conjectured that thed-dependent constant in

(5.2.3) is the same as the one that occurs in the MacMahon numbers’ asymptotics [1].
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n-3�4 log p3HnL

Figure 5.1: Plot ofn−3/4 log p3(n) for n ∈ [5, 62] (red dots). The blue curve is the
asymptotic formula normalized to give the correct answer for n = 62 and
the horizontal line is the conjectured value forn → ∞.
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n-4�5 log p4HnL

Figure 5.2: Plot ofn−4/5 log p4(n) for n ∈ [5, 35] (red dots). The blue curve is the
asymptotic formula normalized to give the correct answer for n = 30 and
the horizontal line is the conjectured value forn → ∞.

29



10 20 30 40
n
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n-5�6 log p5HnL

Figure 5.3: Plot ofn−5/6 log p5(n) for n ∈ [5, 30] (red dots). The blue curve is the
asymptotic formula normalized to give the correct answer for n = 25 and
the horizontal line is the conjectured value forn → ∞.

This has been verified numerically using Monte Carlo methodsby Rajesh et al. in [13]

for three dimensional partitions. Hence we see that although the MacMahon numbers

don’t exactly match with the corresponding integer partitions, they estimate their values

quite well.

5.3 Exact asymptotic formulae

Ford = 1, the above computation for the asymptotics ofm1(n) = p1(n) can be carried

out for all the poles analytically and the result can be expressed as an infinite series.

Using this, if we want to compute the value ofp1(n) for somen, all we have to do is

evaluate the series till some number of terms after which theerror becomes less than1.0.

Then we just round off the number we obtain to the nearest integer to obtain the value

of p1(n). This computation was done by Rademacher first in 1937 [18] and revised by

himself in 1943 [16]. The result is as follows:

p1(n) = 2π(24n − 1)−3/2

∞∑

k=1

Ak(n)

k
I3/2

(
π

k

√
2

3

(
n − 1

24

))
, (5.3.1)
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whereI3/2 is a modified Bessel function.Ik is defined as

Ik(z) =
1

2πi

∫ c+i∞

c−i∞
t−k−1 et+z2/4t dt . (5.3.2)

and

Ak(n) =
∑

0≤h<k(h,k)=1

ωh,k e−2πinh/k , (5.3.3)

whereωh,k are certain24k-th roots of unity. We shall compute the value ofp1(200) to

illustrate the above point:

+3, 972, 998, 993, 185.896
+36, 282.978

−87.555
+5.147
+1.424
+0.071
+0.000
+0.043

3, 972, 999, 029, 388.004

The actual value ofp1(200) is 3,972,999,029,388. The computed value is within

0.004 of the correct value!

We also compute the asymptotics of the generating functionM24
1 (q) in the exact

same way as Rademacher did and we get the answer:

d(n) =
∞∑

k=1

Bk(n)

(
2π

k

)14

I13

(
4π

k

√
n − 1

)
, (5.3.4)

with

Bk(n) =
∑

0≤h<k

e2πih/k e−2πinh/k . (5.3.5)

The generating functionM24
1 (q) appears as the partition function (upto a few factors of

q which are not important in the asymptotic limit) for electrically charged (small) black

holes. The leading order term in the above series is∼ e4π
√

n, where we have neglected

the1 inside the square root since we are looking at large values ofn. For heterotic string

theory, it can be shown that

Sstat ≃ 4π
√

Q2/2 (5.3.6)
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We see that this agrees with the formula (3.2.2) we obtained using scaling arguments in

3.2 and gives a value for the constantC to be4π. This constant depends on the details

of the string theory we are considering too.

Hence, we see that the asymptotic MacMahon functions are useful in the context of

black holes to obtain a microscopic formula for black hole entropy. In the next chapter,

we work out the asymptotics of the degeneracy for another black hole introduced in 3.1.

The computation is similar in spirit to the one in this chapter but is slightly more math-

ematically sophisticated due to the nature of the generating function involved. Then we

compare the formula obtained with the Bekenstein-Hawking formula obtained in 3. We

shall see that the two formulae match with each other, atleast to leading order. We also

give a physical meaning to the asymptotic limit in terms of the near-horizon curvature.

This is forms the crucial bridge between the microscopic andthe macroscopic defini-

tion of black hole entropy and enables us to relate and compare the contributions due to

the higher derivative terms to the macroscopic entropy and the subleading terms in the

asymptotic expression for the microscopic entropy.
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CHAPTER 6

Precision Counting of Black hole Microstates

We computed the entropy of a specific black hole that occurs insome string theories

using the entropy function in 3.1. This is a macroscopic computation in the sense,

we did this based on the macroscopic structure of the black hole viz., its near-horizon

area. We didn’t use any information about the possible statistical micro-structure of the

black hole. For some specific examples in the string theoriesin question, such a micro-

structure indeed exists and the microstates are amenable tocounting. So, we count

the microstates in the microcanonical ensemble, and obtainthe degeneracy function,

d(P, Q).

Sstat = log d (~P , ~Q) . (6.0.1)

We shall consider the example of Type IIB string theory onM× S̃1 ×S1 whereM
is eitherK3 or T 4. We also have an orbifolding by aZN symmetry group generated

by a transformationg that involves1/N unit of shift along the circleS1 together with

an orderN transformatioñg onM. This falls into the class of string theories described

in 3.1. The microscopic degeneracy for the same has been worked out in [2]. Here, we

shall concentrate on working out the asymptotic degeneracyin the limit of large~Q and

~P . To be more precise, we consider the limitQ2 >> 0, P 2 >> 0 andQ2P 2 − (Q ·
P )2 >> 0. In the end we shall compare this with the macroscopic value computed in

3.1. The degeneracy is given by

d( ~Q, ~P ) = (−1)(Q·P+1) 1

N

∫

C
dρ̃ dσ̃ dṽ e−πi(N eρQ2+eσP 2/N+2evQ·P ) 1

Φ̃(ρ̃, σ̃, ṽ)
, (6.0.2)

with C being a three real-dimensional subspace of the three complex-dimensional space



labelled by(ρ̃, σ̃, ṽ) ≡ (ρ̃1 + iρ̃2, σ̃1 + iσ̃2, ṽ1 + iṽ2), given by

ρ̃2 = M1, σ̃2 = M2, ṽ2 = −M3

0 ≤ ρ̃1 ≤ 1, 0 ≤ σ̃1 ≤ 1, 0 ≤ ṽ1 ≤ 1 , (6.0.3)

M1, M2 andM3 being large but fixed positive numbers withM3 << M1, M2. Φ̃ is a

Siegel modular form with second order zeroes at

n2(σ̃ ρ̃ − ṽ2) + jṽ + n1σ̃ − m1ρ̃ + m2 = 0,

for m1 ∈ N Z, n1, n2, m2 ∈ Z, j ∈ 2 Z + 1, m1n1 + m2n2 +
j2

4
=

1

4
. (6.0.4)

The equation (6.0.2) is a three-dimensional analog of (5.1.5). Again, we see that

due to large positive values ofM1, M2 andM3, the phase of the integrand oscillates

wildly because the exponential in the integrand is quadratic in the charges with large

coefficients depending on theMi’s. This leads to large cancellations, making it difficult

to estimate the value of the integral from the magnitude of the integrand. Hence weshift

the three-dimensionalcontourto small values of̃ρ2, σ̃2 andṽ2, in the spirit of (5.1.6),

so that we can control the value of the integrand. We see that for the contour̃C:

ρ̃2 = η1, σ̃2 = η2, ṽ2 = η3 , (6.0.5)

whereη1, η2 are small positive numbers andη3 is a small positive or negative number,

the exponential is now quadratic in the charges, with small coefficients. Since the en-

tropy is expected to grow quadratically with the charges with finite coefficients, we see

that the contour integral over̃C is exponentially suppressed with respect to the leading

contribution. The dominant contribution hence comes from the residues of the poles of

the integrand that lie inside the four dimensional hypervolumeD bounded byC andC̃.

We see that the poles of the integrand occur at (6.0.4), whichare the zeroes of̃Φ. For

fixed values ofm1, m2, n1, n2 andj, (6.0.4) describes a surface of real dimension four.

This typically intersectsD in a two dimensional subspaceB bounded by the intersec-

tion of C̃ − C with (6.0.4). The contribution to the integral from the pole(6.0.4) is then

obtained by integrating the residue overB. Since the contourC was fixed to make sure
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the integral is non-singular over it,B shouldn’t intersect withC. Hence the boundary of

the two real dimensional surfaceB, ∂B is given by its intersection with the contour̃C.

Now, sinceB is a an open two dimensional subspace, we cannot use the residue

theorem to compute the integral overB. We cannot also estimate the integral using

the maximum value of the integrand since there are again verylarge phase oscillations

insideB leading to large cancellations. Hence, we appeal to the saddle point method to

estimate the integral overB. To do this, we first keep the boundary∂B fixed and de-

form the regionB toB′ inside the subspace (6.0.4) such that the maximum value of the

integrand insideB′ takes the minimum possible value. This is to make sure the oscil-

lations are almost stationary. This point is a saddle point since the value of the integral

decreases as we move alongB′ and increases as we move in directions transverse toB′.

We now evaluate the leading contribution to the integral by systematically expanding

the integral around the saddle point. The first step of this procedure would be to identify

the saddle point which gives the dominant contribution. Forthis, we first define

A = n2, B = (n1, m1, j/2), y = (ρ̃, σ̃,−ṽ), C = m2, q = (P 2/N, NQ2, Q·P ) .

(6.0.6)

and denote by· theSO(2, 1) invariant inner product

(x1, x2, x3) · (y1, y2, y3) = x1y2 + x2y1 − 2x3y3 . (6.0.7)

Then we have

y2 ≡ y · y = 2(ρ̃σ − ṽ2), B · y = jṽ + n1σ̃ − m1ρ̃ . (6.0.8)

In this new notation, the defining equation for the zeroes in (6.0.4) can be written as

1

2
Ay2 + B · y + C = 0 . (6.0.9)

By Cauchy’s theorem, to compute the residue at the pole satisfying (6.0.9), we need to

evaluate the exponential in the integrand which can be written ase−iπq·y and substitute

the value ofy satisfying (6.0.9). To compute the dominant saddle point, we need to

extremize−iπq · y with respect toy, subject to (6.0.9). That is, we need to extremize
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the function

q · y + λ

(
1

2
Ay2 + B · y + C

)
(6.0.10)

with respect toy andλ, whereλ is a Lagrange multiplier. Now, forA = n2 6= 0, this

gives

q + λ(Ay + B) = 0 , (6.0.11)

which along with (6.0.9) gives

λ = ±
√

q2

B2 − AC
, y = − 1

A

( q

λ
+ B

)
. (6.0.12)

SinceB2 − 2AC = −2(m1n1 + m2n2 + j2/4) = −1/2, we getλ = ±i
√

2q2 for

q2 = 2(Q2P 2 − (Q · P )2 > 0. From (6.0.12), we have

iρ̃2 = ± i

n2

P 2

N
√

2q2
. (6.0.13)

We observe that the equation of the saddle point zero (6.0.4)describes the same zero if

the signs ofmi, ni andj are changed and know thatρ̃2 is positive. We can exploit this

to setn2 > 0. This means we have to haveℑ(λ) > 0 which gives us

λ = i
√

2q2 . (6.0.14)

At the saddle point value ofy, the exponential in the integrand takes the value

E ≡ e−iq·y = eiπ(q2/λ+q·B)/A = e

“
π
√

q2/2+iπq·B
”
/A

. (6.0.15)

We see that

|E| = e
π
A

√
q2/2 = eπ

√
Q2P 2−(Q·P )2/n2 . (6.0.16)

sinceq · B/A is a rational number. From this we also infer that|E| is highest for

n2 = 1, which corresponds to the dominant saddle-point. Now, we exploit the following

symmetries of the functioñΦ(ρ̃, σ̃, ṽ) to pick the other values ofm1, m2 andn1:

Φ̃(ρ̃ + 1, σ̃, ṽ) = Φ̃(ρ̃, σ̃ + N, ṽ) = Φ̃(ρ̃, σ̃, ṽ + 1) = Φ̃(ρ̃, σ̃, ṽ) . (6.0.17)
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For n2 = 1, we see that thẽρ → ρ̃ + 1 inducesn1 → n1 + 1, m2 → m2 − m1. Since

n1 ∈ Z, we can use this to bringn1 to 0. Similarly, σ̃ → σ̃ +N inducesm1 → m1 +N ,

m2 → m2 + n1N . Sincem1 ∈ N Z, we can bringm1 to 0. Finally, ṽ → ṽ + 1 induces

j → j − 2 andm2 → m2 + j − 1. Sincej ∈ 2 Z + 1, we can bringj to 1. This

fixesm2 = 0. Hence, we have picked the zero ofΦ̃ corresponding ton1 = 0, n2 = 1,

m1 = 0, m2 = 0 andj = 1, which is

ρ̃ σ̃ − ṽ2 + ṽ = 0 . (6.0.18)

And the value of the saddle point is given by (6.0.6):

ρ̃∗ = i
P 2

2N
√

Q2P 2 − (Q · P )2
,

σ̃∗ = i
NQ2

2
√

Q2P 2 − (Q · P )2
and

ṽ∗ =
1

2
− i

Q · P
2
√

Q2P 2 − (Q · P )2
. (6.0.19)

We have

d( ~Q, ~P ) ≃ (−1)(Q·P )+1 1

N

∫

B′

dρ̃ dσ̃ dṽ Res

[
e−πi(N eρQ2+eσP 2/N+2evQ·P )

Φ̃(ρ̃, σ̃, ṽ)

]

eρ=eρ∗,eσ=eσ∗,ev=ev∗

,

(6.0.20)

The exponential at the saddle point is given byE in which case, we have

d( ~Q, ~P ) ≃ |E| (−1)(Q·P )+1 1

N

∫

B′

dρ̃ dσ̃ dṽ Res

[
e−iπQ·P 1

Φ̃(ρ̃, σ̃, ṽ)

]

eρ=eρ∗,eσ=eσ∗,ev=ev∗
(6.0.21)

It can be shown that, apart from being suppressed by inverse powers of charges, the

integral in the above expression is suppressed by fractional powers ofe−π
√

Q2P 2−(Q·P )2

(which correspond to contributions from the higher order saddle points!) as well.

Hence, we can write, to leading order in powers of charges:

d( ~Q, ~P ) ∼ eπ
√

Q2P 2−(Q·P )2 . (6.0.22)
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This gives, to leading order,

Sstat = π
√

Q2P 2 − (Q · P )2 . (6.0.23)

Comparing this with (3.1.16), we see thatSBH = Sstat atleast at leading order! It turns

out that they match even at subleading orders in the inverse powers of charges [2].

Hence, we see that the macroscopic definition of entropy of a black hole matches with

the microscopic definition. We observe that the asymptotic value ofSstat in the limit of

large charges matches with the value ofSBH derived from the action involving terms

only upto two derivatives. In terms of the near-horizon parameters, the asymptotic limit

of large charges corresponds to the curvature at the horizonwhich is small enough

to not consider the effects of higher derivative terms. Subleading corrections to the

asymptotics then correspond to taking into account the higher derivative terms in the

action on the macroscopic side and, roughly speaking, corrections due to the subleading

poles on the microscopic side. In the case of purely electrically charged black holes,

the leading order contribution to the entropy vanishes and only the subleading poles

contribute. On the macroscopic side, this means that the curvature at the horizon is

typically very large for such black holes, to warrant the inclusion of higher derivative

terms in the action. We have seen that for such black holes too, the entropy computation

on both sides agree with each other, but now at the subleadingorders as well. Hence

we see that the microscopic and the macroscopic definition ofblack hole entropy agree

with each other at each order, atleast in the examples we haveconsidered.
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CHAPTER 7

Conclusion and Further directions of research

In this thesis, we have seen that the asymptotics of some generating functions appear in

the context of black holes and help in obtaining a microscopic formula for black hole

entropy. We have also seen that the MacMahon generating functions give extremely

good approximates for higher dimensional integer partitions. These functions also arise

in counting of gauge invariant operators in superconformalfield theories. We see that

this connects up a lot of areas like string theory, statistical mechanics, combinatorics

and number theory.

There are a lot of directions in which one can go, with this thesis as the starting point.

The higher order curvature corrections for the Bekenstein-Hawking entropy could be

computed and the microscopic and the macroscopic answers could be checked. The

contribution from the other poles [19], [20], of the MacMahon generating functions

could be taken into account while comparing with the numbersfor integer partitions,

pd(n). This could give us good clues about the singularity structure of the functions

governing the growth ofpd(n). Exact asymptotic formulae like that of Rademacher’s

for one dimensional integer partitions could be attempted at other generating functions

which have a modular property. Such functions usually arisein black holes in string

theory, like the functioñΦ(ρ̃, σ̃, ṽ) in Chapter 5. Advances in this direction can in turn

contribute to a better understanding of the structure of higher-dimensional partitions.
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