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ABSTRACT

KEYWORDS: Bekenstein-Hawking; Entropy function; PlethigsExponential;
Integer Partitions; MacMahon numbers; Precision couningi-

crostates.

Asymptotic formulae are very important in many countinglgemns in Physics and
Mathematics. They arise in various contexts, some of thanglgecision counting of
microstates in black holes, counting gauge invariant dpesan superconformal field
theories, counting the number of partitions of an integet smon. In this thesis, we
shall look at a few examples from the above fields and obsewealsymptotic formulae
give us a handle on understanding the problem at hand. Wederaoumerical evidence
that the asymptotics of the MacMahon numbers capture the@ateyic behaviour of
higher-dimensional partitions. This provides an impariasight into improving our
understanding of higher-dimensional partitions for whichgenerating functions are

known.[1]
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CHAPTER 1

INTRODUCTION

Counting is one of the most fundamental and ubiquitous ghaies used by mankind
for their purposes. Since early days, counting methods hageme increasingly so-
phisticated and accurate. In parallel, they have had aeasangly deep and profound
effect on the development of many areas in Mathematics agdiéh The subject of
probability and the related subject of statistical mecbsyfor example, hinge crucially

on counting procedures.

The best way to count objects usually is to count the numbesstlx But this might
always not be possible because of the nature of the problersudh a case, we settle
with the next best thing: count approximately, with a kna¥ge of the error involved.
Though this might not be able to convey complete informatbout the system, in
many cases, it is more than sufficient to guess the generaldrand hence, giving
deeper insight into the qualitative features of the systéhe best place where we can
see this happening is in statistical mechanics where wellysstady the behaviour
and features exhibited by a system in the limit of a large nemalb constituents. The
most interesting part is, in this limit, a number of new pntigs arise! And a rough
estimate of the numbers involved is usually enough to sthieye properties quite com-
pletely. Hence, approximate counting methods are atlegsbitant as exact methods

and sometimes, will be the only means available to study &@Bys

Asymptotic counting is one of the best examples of approternaunting. It occurs
in problems when one needs to study the behaviour of a systeam wne or more
parameters on which the system is dependent on, assume/édngs. As an example,
we can consider the specific heat of an ideal gas in the limd &frge number of
particles. Or we can look at the entropy of a system of spins lattice in the limit of
large number of spins. The exact expressions for such diegsnwill usually be very
complex and will be dependent on the parameters in a very kceigd way. But in the

asymptotic limit of one or more of those parameters, theesgons might drastically



simplify and become amenable to analysis. We must note fyatgtotic expressions
can also vary across different limits of the various paramsetThis can sometimes be
of advantage, since in this case, there is a possibility tefpolating the behaviour of
the system to other parameter ranges using some possibiaetyyrproperties of the
system. Hence, looking at the asymptotics of a problem isidieffy of much use in

gaining a handle over describing the overall propertiessyfsiem.

In this thesis, we shall look at some examples in which asgtigst play a crucial
role in understanding the problem under question. First madl $riefly go through
the definition of black hole entropy in Chapter 1. We shalbatempute the black
hole entropy for the Reissner-Nordstrom solution to Einsiaxwell equations. In
Chapter 2, we present a more general method to compute tfapgmf a black hole
and use itin an example that arises in string theory. Thermakmove on to a different
counting problem, the one of counting gauge invariant dpesan field theory. This is
one of the places where explicit counting can be carried ndt#e can see interesting
connections to other areas in Physics and Mathematics.owaly this, we look at
integer partitions and their asymptotics in Chapter 4. Téeegating functions that
arise here also appear in various other seemingly diffe@mtiexts, including counting
the microstates of a black hole [2] and gauge invariant dpesan supersymmetric
field theories|[3]. Higher dimensional partitions occur one statistical mechanical
contexts too, for example, in the study of directed compeadtick animals||4] and the
study of limit shapes_[5]. In this chapter, we shall also maksomparison between
the asymptotics of MacMahon numbers and integer partitidifeen we move on to
working out the entropy of a black hole introduced in Cha@eby looking at the
asymptotics of the degeneracy of microstates of the bladd hBinally, we look at

further directions of research possible based on the nahtggsented here.



CHAPTER 2

Black Hole Entropy

Black holes are special solutions to Einstein’s equatiogeineral relativity. They have
the characteristic that they have a curvature singulatitijeacentre and a hyopthetical
surface around it, called the event horianThe event horizon is characterized by the
property that all light like geodesics inside the horizompmward. This implies that
any form of energy that crosses the event horizon once,dimguight, cannot escape
out. Hence, when we say black hole, we refer to the curvatogeikrity plus the event

horizon around it.

When a black hole undergoes a transformation, it exhibéptoperty that its hori-
zon area cannot decrease. This can be compared to the sawoofithermodynamics
which states that the entropy of a system can never decfabsadergoes a physically
realizable process. This analogy can be made more predis@ecan identify black
hole area to be a measure of their entropy. The fact that teasare of entropy is
indeed on the same footing as thermodynamic entropy isdatexl by the generalized

second law. A detailed discussion of the above can be fouffi.ifHence, we have

S = (2.0.1)

A
1
whereA is the area of the event horizon of the black hole. A note otsusiin order
here. The above expression is written in what is known as géarunits, where we
setG = 1, ¢ = 1. In addition, we also have sét= 1 andkg = 1, wherekp is the
Boltzmann constant. Let us put these back in for a momentn Weesee tha{{Z2.0.1)

becomes
kA
G 4
1The event horizon is a hypothetical surface since it is priesely for an asymptotic observer. A

freely falling observer does not observe it at all. The nedids an apparent singularity at the event hori-
zon in one system of coordinates which can be removed by maksuitable coordinate transformation.

A
= (5.29 x 10 JK™) T (2.0.2)




We see from[(Z.0]12) that the entropy of the black hole is exédg large. This hints
at the presence of a huge number of microstates in a statidéscription of the black
hole, in which case the entropy is given by the Boltzmann tdanWe must remark that
an exact counting of microstates makes sense only in theraatrlimit since, in that
limit, the temperature of the black hole which is proportbto the difference in radii
of the two event horizons is zero. This means that the blatk dwes not radiate and
hence, we can define the entropy to be the logarithm of thengegey of microstates. In
the later parts of this thesis, we shall work out a few exasplevhich a microscopic
description of black hole does exist and see that it matdme8ekenstein-Hawking
definition [Z0.1). Now, we shall look at how to compuigy using [Z0.1) for the

Reissner-Nordstrom black hole in four dimensions. We dgbitlw the analysis inl[2].

2.1 The Reissner-Nordstrom solution in 4 dimensions

The Reissner-Nordstrom metric describes dyonic black soletions to the Einstein-

Maxwell equations. The Einstein-Maxwell action in four @insions is given by:

1
S = /d4x\/—g (% — ZJWFW) . (2.1.1)

The Reissner-Nordstréom solution then is given by

dp?
(1—a/p)(1 —=0b/p)

q p .
FpT = W, Fggo = E Slne y (212)

ds®> = —(1 —a/p)(1 — b/p)dr® + + p*(d6” + sin® Odg?)

wherep, 7,0, ¢ are the space-time coordinatgsandp are the electric and magnetic

charges carried by the black hole andndb are roots of the equation

¢ +p°

47

r? —2Mr + =0. (2.1.3)

With @ > b, the outer horizon and inner horizon of the black hole are-ate andr = b

respectively. The extremal limit occurs when the two evamidons coincide, in which



case, we have

(2.1.4)

Now, we need to evaluate the entropy of the black hole by coimguhe area of the
event horizon in the extremal limit. To compute the area athtbrizon, we need the
metric induced by[{Z7112) at the event horizon. To do so, me&ew variables and
T

t=Ar/a*>, r=X1'p—a), (2.1.5)

A being an arbitrary constant. Then we rechsi(2.1.2) in tefmsand¢ and take the
limit A — 0. Keepingr constant, we see that this corresponds te- a which indeed

corresponds to the near-horizon limit. We hence get

dr? ,
ds® = a? (—7’2alt2 + T—Q) + a?(df* + sin® 0dp?),
q p .
J e Fy, = yy sinf , (2.1.6)

The area of the horizon is theh= 47a? and hence

¢ +p
-

(2.1.7)

SBH =

2.2 Spherically symmetric black holes in 4 dimensions

We see from[(Z.1]16) that the near-horizon spacetime sptitsa product of two spaces,
AdSy x S? with (r,t) describing theAdS, part and(6, ») describing theS? part. It
can also be observed that the full solution (d.1.2) hasséxi3) isometry acting on
the sphere5? with radiusp. Now the near-horizon solutio (2.1.6) has &6 (2, 1)
isometry acting on theldS, factor in addition to the already existing, induc&d(3)
isometry of theS? part. We have for a fact that all known extremal sphericafiyset-
ric black holes in four dimensions have their near-horizenrgetry to beddsS; x S?
with the associated isomet§O(2, 1) x SO(3) [2]. Now, in deriving [Z.1.2) we have
neglected the higher derivative curvature terms in the &agian. But we expect that

the above near-horizon isometries exist even after we takeaiccount all the higher



derivative corrections. Hence, we can turn around the apooperty and take it to
be the definition of an extremal, spherically symmetric klaole in four dimensions.

Hence we have



Definition 1 The near-horizon geometry of a spherically symmetric blaalk in four
dimensions in a general covariant theory of gravity couptechatter fields hasO(2, 1) x

SO(3) isometry.

With this definition, we can see that the near-horizon vabfghe metric and the field

strengths of any extremal, spherically symmetric blaclkelvain be described by a form

similar to [ZL6):

d 2
ds® = g, drtdz” = v, (—TthQ + r—g) + v5(d6? + sin? Odyp?),
¢s = Us ,

FT(Z) = ¢, FY = 2 ging ) (2.2.1)
T

where¢, are possible neutral scalar fields andins over the number df (1) gauge
fields coupled to gravity in the theory. Alsoy, vo, {us}, {e;} and{p;} are constants.
This is the most general form of the near-horizon solutiomscstent with the isometry
S0O(2,1) x SO(3). Now what is the physical significance of the parametgendp,?
We answer this question in the next chapter where we preggmeral method to com-

pute the entropy of an extremal, spherically symmetriclolaae in four dimensions.



CHAPTER 3

Computing Black Hole Entropy: The Entropy Function

In this chapter we shall describe a general method to oldtaieritropy for an extremal

spherical symmetric black hole. We first define

F(0, 1,6, p) = /d@dgp V=9 L, (3.0.1)

wheref (v, 4, €, p) is the Lagrangian density—g £ evaluated for the near-horizon ge-
ometry [ZZ11) and integrated over the angular coordin&tew, we can roughly vievy

as a two dimensional effective Lagrangian evaluated fondae-horizon limit. Extrem-
izing the action corresponding to this Lagrangian will gigethe Euler-Lagrange(EL)
equations of motion for the various fields. In the near-hmribackground of the the-
ory, we see that covariant derivatives of all the fields Varsimce the fields assume
constant values. Hence, we get the equations of motion éomigtric and scalar fields
by extremizingf with respect ta; andu,:

af_o of
(%Z-_ ’ 8u5_

0. (3.0.2)

The equations of motion and the Bianchi identities for theggafield in the full black

hole solution are

0, (ﬁ) =0, 9.F =0, (3.0.3)

OF;
whereS = [ d*z /=g L is the full action of the theory. Frori{3.0.3) we see tHAt

andFe(;) are independent ofand may possibly depend érandyp. Hence, we have

/ dody 5—3() =g, / dbdy Fy.) = b, (3.0.4)
b

for some constantg, b;. In the near-horizon background, we have

EY =, F)= % sinf . (3.0.5)



which implies

oS of
— = 3.0.6
and hence
G = 6f7 bi =pi . (3.0.7)
86@'

Now, if we evaluate the integrals (3.0.4) at asymptotic itfjrwe see that; andp; are
integrals over the flux of electric and magnetic fields. Hettoey can be identified with
the electric and magnetic charges of the black hole resgdgtiNow, the extremization

conditions onf
of _0 of _0 af _
ov;  Ous de; 4

(3.0.8)

give rise to three equations in the unknownsi; ande and generically, we can solve
for these unknowns in terms gfandp. Hence we observe that the near-horizon back-
ground of an extremal, spherically symmetric black holeapahdent only omi; and

p; only and is in particular independent of the values of théssdeelds at asymptotic

infinity. Now let us define

E:(,l_]: ,Ju é: qjﬁj = 27T(€i% - f(,l_]: ﬁu é:m) : (309)

The extremization conditiong(3.0.8) then become

o€ o€ o€
o 0, Bu. 0 9, 0 (3.0.10)
It can be shown that|[2]
Spi = E(6,4,€,4.5) , (3.0.11)

at the extremum values of @ ande obtained from[(3.0.10) for fixed, p. Hence£ is

known as the Entropy function.

Let us now work out the entropy of the extremal Reissner-Siwédn black hole

in four dimensions using the above formalism. The most gererckground possible



consistent with th&O(2, 1) x SO(3) isometry is

d 2
ds* = v, (—r%lt2 + 7’%) + va(dO? + sin’ Ody?),

Fun=e,  Fyp,= A% siné . (3.0.12)
We then obtairy using [3.0.11):
1 2 2 1 _ 1 5,/ p\2
f(Ul, Vo, e,p) =4r |:ﬁ (_’U_l + U_2) + 5’01 262 — 5’02 2 (E) :| . (3013)

We now use[(3.019) to obta#x

1 2
E=2r {qe - 5(1)1 — vy) — 27vpvy te? 4 2mvyvy ! (4&) } : (3.0.14)
s
with extremum at
2, 2
U1:U2:q P , e= 1 (3.0.15)
AT AT

Substituting in[(3.0.14) and frorh(3.0]11), we get

¢ +p°

4 )

Spi = (3.0.16)

which agrees witH{Z.11.7).

3.1 An example from string theory

It is a fact that certain string theories give rise to gengi@variant theories of gravity
coupled to matter fields. This is known as thepergravity approximatian In the
supergravity approximation, the field content of such amheoas follows:

e The string metric~,,,

e r U(1) gauge fields4,(f), (t=1,2,...,r),r>6

e A complex scalar field + S

¢ A set of matrix valued scalar fieldg which satisfy the constraint

10



MLM" =L, M"=M, (3.1.1)

whereL is a matrix with6 eigenvaluest1 and(r — 6) eigenvalues-1. The canonical
metricg,, is related to the string metric gs, = S G .. The action for the above fields

is given by

1 1
S = o d*zv/—delG S| Ry + SzGW(a 50,8 — 8ua6Va)+§GW Tr(0,MLO, ML)

— G G FO(LM L)Y, —

W'

SGW G FOL,;FY) (3.1.2)

W'

We note thatS has aSO(6,r — 6) symmetry acting o/ andeLf) as follows:

M —QMQT, F{) — QuF9) (3.1.3)

Z] pv o

where(2 is anr x r matrix satisfyingQ? L2 = L. The matrixL can be though of
as a metric with signaturés, » — 6) on anr-dimensional vector space. Théhis a
transformation which preserves the metticThen [31.B) says th @ transforms as
a vector and\/ as a second rank tensor unéleandS has invariant combinations af
andeLf) underM . We shall exploit this symmetry later in simplifying our cpotation

of the entropy of a black hole in the above theory.

Now, suppose we have an extremal, spherically symmetrakitiale in this theory.

Then [1) tells us that the near-horizon background mustyenddy

d 2
ds® = v (—TthQ + %) + vy(d6? + sin’ Odp?),
r
S = us, a4 = Uq, Mij = Upn;

FY=e, Fy)= Esm@ (3.1.4)

We then calculatg (ug, u,, upr, v, €, p) to be

1 2 2
f(u5’7uaa Upr, 177 é:ﬁ) = gvl U2 Us | — U_l + U_Q + U_%GZ(LUML)UQJ
1

_ W}%(LU}\JL%ﬂ% + eZ-Ll-jpj] s (315)

TUSV1V2

11



which in turn gives

o 1 2 2 2
5(“57 Ua,UM,QT, €, D, q_) =27 leiQi — 5VU1 V2 Ug { -—+—+ _262(LUML)Z]6]
8 vy Uy U5

1 U
- (LunrL)p; + —2 e, L, } . (3.16
87r2v§p( tu )]pj+7rusvlvge iPi ] ( )

We eliminatee; from (Z.L6) using€&/de; = 0 to get

U1 V1Ug

5 as s Uy My :2 e - - L
(ug, Uq, Unr, U, P, Q) m 1 (vg — ) + ot sq Upq 4m}2u5q Upg Lp
—————(ud +ud)p" Lup Lp| (3.1.7)

647r2v2u5
We can redefine the charggéandp to simplify the expression faf:

1
Qi = 2q;, P = ELijpj . (3.1.8)

Then& becomes

s
8 = 5 Us(l)g —Ul) +

L (QTunQ + (u + u2)PTuy P — 2anTuMP)]
(3.1.9)

We now notice thaf{{3.11.3) induces the following transfatiors on the various param-

VaUus

eters:

T
ei — Qizej,  pi — Qypy, un — Qua§),

— ("', Qi— (QN);'Q;, Pi— Q)P (3.1.10)

We see thaf is invariant under[{3.1.10) and that the extremun€akith respect to
upr,, depends only o), P, vy, vs, us andu,. Hence,& should depend only on the

following SO(6, r — 6) invariant combinations:
Q*=Q"LQ, P =PTLP, Q-P=Q"LP, (3.1.11)

besidesus, uq, v1 andv,. Now, if we assumé)? > 0, P2 > 0 and(Q - P)? < Q*P?,

12



we can transforng) and P using anSO(6, » — 6) transformation such that

(I = L);;Q; =0, (I — L) P;=0. (3.1.12)
Is L
Suppose we havk = , then [B1.IR) implies
—dr—6
Q=P =0, i=T7...r. (3.1.13)

Now, suppose:,; = I,. Then, a variation of with respect tau,,,; for 7 <i,j < ris
zero because of (3.T113). Fb 7, j < 6, any variatiorﬁuMU vanishes because in this
6-dimensional subspacé&, (311.1) and the diagonal fori wéed above requires,, to
be symmetric and orthogonal. This forces the variation tosrasince the determinant

of the first6 x 6 block ofu,, will otherwise be different froni. Hence£ is extremized

for uy, = I,.. Plugging this into[(3:119) and using(3.11.11) and (311, 02) get

2 P2 u
£ =T lus(os—v) + 2L 4 2 p w2y~ 2%q. p| | (3.1.14)
2 Vg Us UG us

Lastly, we extremizé& with respect tas, vy, ug andu, to get

_VJ@eP-@-py QP

P2 B =2pP?%. (3.1.15)

us

The above extremum values of the parameters hold)for- 0, P? > 0 andQ?*p? >
(Q - P)%. Plugging these values intb (311 14) and us[ng(310.11)ete g

Spy = 1/ Q2P? — (Q - P)?. (3.1.16)

We note that this formula for entropy is just the leading otéem in an infinite series
since we could in principle consider higher derivative efve terms in the action,

which will give rise to corrections to the Bekenstein-Hamgkformula.

13



3.2 Purely electrically charged black holes

In the above example, if we naively substitdte= 0 in the extremum values ofg,

uq, €, we see the first two blow up and the entropy function goes to. z&/e also
see that the extremum valueswfandwv, become) and hence, their inverses become
very large. This implies that there are non-negligible atuve effects at the horizon.
Hence, though the Bekenstein-Hawking entropy vanishethétwo-derivative action
considered in(3.112), the higher derivative terms will digdly contribute to the entropy
of the black hole. Moreover, since the curvature is extrgrabe, all higher derivative
terms can possibly contribute to the entropy. We know thattirvature of a sphere is
inversely proportional to the square of its radius. Henlge @bove black holes are also

called small black holes since the curvature is very highahirizon.

Let us try to figure out the form of the entropy for such a blaoletusing a quick
scaling argument. Firstly, we know that the entropy funttbis invariant under a
SO(6,r — 6) transformation and hence, it must be a function of the iavarcombina-
tion Q? # 0. Now suppose we scale the complex scalar field by a nurhber— \a
andS — \S, we see that the action’(3.]1.2) picks up a factoi @ well. This means
the functionf (ug, u,, un, ¥, €) also picks up a factor of. From the definition of, we

see that the sui@ + me;Q); is forced to pick up a factor of as well. Thus, we have
E— X under Q; — \Q;, a — Xa, S — \S. (3.2.1)

This impliesSgy which is the extremum value & is dependent orjj only through
the SO(6,r — 6) invariant combinatiorf)? and picks up a factor of under the scale

transformation); — \(@;. Hence we can conclude

Spn = C/Q?, (3.2.2)

where the constar®’ cannot be determined by this scaling argument and one has to

appeal to the details of the string theory to obtain it. Ihsiout that, after including

14



higher derivative terms, the exact answer for heterotingtheory is [7]

SBHI47T\/Q2/2. (323)

It can be seen tha}? /2 is an integer using the details of the string theory. Thisais p
ticularly of importance to us, since it gives a preliminargdibility to the microscopic
computation to be carried out in Chapter 5. More details abmall black holes can be

found in [7] and [8].

15



CHAPTER 4

Counting Gauge Invariant Operators

In the previous chapters we defined the entropy of a blackdmddearnt how to com-
pute it. We also saw that the entropy of a black hole is treraesly large which implies
there is an equivalently huge degeneracy of microstateélédslack hole. The question
we would like to ask is, does there exist a way to count theseastiates? It turns out
that this is indeed possible in certain string theories T9]is counting is usually done

by mapping it to a more general counting problem.

One class of such counting problems is the counting of sitrgee and multi-trace
gauge invariant operators(GIO) in a supersymmeéifii¢V) gauge theory. To be more
precise, we count only the number of BPS GIOs. BPS operaterspgecial because
they satisfy certain symmetry properties which simplifgithequations of motion. It
also turns out that they are the only operators relevantfohn sounting problems most
of the time. Hence from now on, when we say operators, we willdferring to BPS
operators. Sucl/ (V) gauge theories arise in a genekic= 1 supersymmetric gauge
theory involving a singular Calabi-Yau manifold. In thietry, we would like to con-
struct the GIOs out of a specific set of fields called the clpraharies. These fields
carry a set of global/ (1) charges under the above gauge theory. Suppose there are
such charges. Then we assign a generic varigble= 1,2, ...,n to each of these
charges and defing({¢;}) to be the generating function of the number of GIOs with a

specific set of values for the charges i.e.,

f{t:)) = Z Chy kg, AV R o0 (4.0.1)
wherecy, «,. .k, 1S the number of operators of chargesk,, ..., k., k; € Z, k; > 0.
Now given any Calabi-Yau(CY) manifold, we can, for a givln compute the gener-
ating functions for single-trace operators, which we ¢gll and multi-trace operators,

which we callgy. In this thesis, we shall just concentrate on the generdtingtions



f1, fsor g1 @and g, We shall illustrate this counting through an example. Wee tdie
CY manifold to beC? and compute the corresponding single-trace and multe tyan-
erating functions. We shall follow the analysis givenlin]J[1&or C3, the number of
global U (1) charges is found out to be three and there are three chirahpgges, each
one carrying one of the above global charges. The equatiom®ton of these chiral

fields impose the condition that these fields commute:
[v,y] = [y, 2] = [2,2] = 0. (4.0.2)

With the above constraint, given a set of char@eg, k), we have only one single-trace
GIO which is Tr(z'y’2*) /i And the corresponding monomial in the generating function

would bet! ¢} t5. Hence the generating function is

1

=)0 =)0 =13 (4.0.3)

foolt1, ta, t3;C*) = Z 'ty t5 =
i,5,k>0 (

We have used, to label the generating function because the above couistrarect
only when N — oo. This is because, for finit&/, we would have to take care of
constraints imposed by the unitarity of the matrices.Ms~ oo, these constraints can

be ignored.

4.1 The Plethystic Exponential

Next, what can we say about the generating functinandg,;? We see thatv = 1
implies al/ (1) gauge symmetry and hence the fieldg, = are complex numbers rather
than matrices. Hence, the single-trace objects in this aesgustl, x, v, z. A multi-

trace operator then is of the foray’2* and hence, we have

filti ta, t3;C?) =1+t +ta+ 13

1
(1 —t1)(1 —t9)(1 —t3)
LIf an operator transforms as — ¢z, € [0,27) under al/ (1) transformation, then it carries a

U(1)-charge ofg units. The trace is over the gauge indextpy andz and hence the operator is gauge
invariant.

gl(tla t27 t3’ (CS) -

= £ (4.1.1)
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It turns out thaty; = f., for any CY manifold. Now, we try to relat¢, andg,. We
follow the procedure explained in_[10]. That is, we have thgle-trace generating
function and we would like to obtain the multi-trace genm@gtfunction from it. We

have

1
(1—t)(1 —ta)(1 —t3)
= exp[—log(1 —t;) —log(1 — t2) —log(1 — 3)]

it{+t§+t§
T

g1(t1,ta,t3) =

= exp

Lr=1

(&L f (1 4r) — 1
— exp Zfl( L 271 ) ] (4.1.2)
Lr=1

Again, this turns out to be a general result. We call thisRtezhystic exponentigPE)
of fl(t17 to, tg)

PE[f1({t:}] = exp [Z %] . (4.1.3)

and we see that,, = PE f;]. Similarly, we can also show, = PE¢g;].

Now let us change the counting problem a little. Let us cohatrtumber of GIOs
which have a fixed scaling dimension. If we let—> Az, y — Ay, z — Az, A being an
arbitrary parameter, the scaling dimension ofzTy/z*) is nothing buti + j + k. So,
suppose we want to count the number of single-trace opsrafith the constraint that
i+ j+k=n,n>0. We can do this by putting = ¢, = t3 = ¢ in (£.0.3) and looking

at the coefficient of”. We have

o0

q _1 7 = 3 (n ; 2) n (4.1.4)

n=0

Hence there aré'}?) single-trace GIOs with scaling dimensianWe just note that if
we had more than three, sdyglobal U (1) charges, the generating function for GIOs

of a fixed scaling dimension would be

1 o
=N b, t". (4.1.5)
ey
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nerfl) )

whereb,, = ("7

We shall now express the plethystic exponential in a diffeferm which will be
useful later when we compute asymptotic expressions fogénerating functions. We
are still counting the number of GIOs of a fixed scaling dimems Hence we take

[e.9]

f)=> a,t" (4.1.6)

n=0

be the Taylor expansion of the generating functign Then we have

n=0 k=1 k=
[eS) [ 1
:exp<— Zan log(1 —t") _GOZE)
n=0 k=1
o9 9 1
= exXp ( — Zan 10g(1 — tn)) = H m . (417)
n=1 n=1

Hence, given the multi-trace generating function in therfaf (4.1.T), we can obtain
the single-trace generating function Taylor expansiomfiband vice versa. Let us
work out an example. Consider the CY manifdld This implies there is only one

chiral field and the corresponding single-trace generdtingtionsf, and f,, are

1

filt) =1+t fuolt) = PEA®R)] = 1T (4.1.8)

Now, the corresponding multi-trace generating functiaes a

e e}

00 = £ul) = 1= 9el0) =[] =55 (4.0.9)

We see that the above functigr is nothing but the generating function for the number
of integer partitions of a positive integer. For example, tiumber of multi-trace GIOs
with scaling dimensiont is 5, the same as the number of partitions4of The map
between the two is summarized in the following table. Sirhilaghe multi-trace GIO

generating function fod number of charges is given by

1

go(t) =] Ty (4.1.10)

n=1
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Table 4.1: The correspondence between the partitiohsnl the number of GIOs with
scaling dimensiod.

Partition | No. of traces
1111 4
211 3
31 2
22 2
4 1

4.2 Integer partitions

A one dimensional partition of a positive integeis a finite non-decreasing sequence of
positive integers\;, Ao, ..., A, suchthad_;_, A\, =n. Forexample4 =1+1+1+1

is a partition of4. We can also define higher dimensional partitions of an grteg

to be a map fron¥? to Z., such that it is weakly decreasing in all directions and
the sum of all entries in it add up t@. The counting of the number of partitions of

a positive integern, py(n) has been a problem of considerable interest since a long
time. In the spirit of the counting procedures we have se@veabwe would like to
write generating functions to count them. So far, genegatimctions exist only for

1D(Euler) andkD(MacMahon) partitions. They are:

H@):II

1 o
o 1 +Zp1(n)q
n=1

Py(q) = H@T = 1+Zp2 . (4.2.1)

n=1

Major MacMahon conjectured that higher dimensional parig have generating func-

tions [11] given by

2 T n+d—2

We see that{4.2.2) agrees wifh (4]12.1) fo= 1,2. But Atkins, Bradley and McKay
disproved the conjecture by computipg(6) to be 140 [12] whereas[(4.2]12) gives the

value141. However, it turns out that the MacMahon partition funct@wo estimate the
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numbersg,(n) very well for largen, [13], [1].

We have seen that generating functions of the fdrm_(4.2.2uom counting of
multi-trace GIOs in supersymmetric gauge theories. Inifpewe have[[4.115) giving
us the number of multi-trace GIOs far U(1)-charges. We see that these generating
functions can be expressed as products of the MacMahonaergefunctions using

the simple combinatorial identity as many times as is rexglir

n+r n+r—1 n+r—1
() = (Y (. 029

For example, we have, faf = 4, we have

Y Ry CORO R

where the last set of binomial coefficients are the MacMalmafficients from[(4.2]12).
We shall call the numbers generated by (4.2.2) MacMahon euslSince MacMahon
numbers are of interest in studying the asymptotics of higlensional partitions, the
results from there could be recast into expressions forgimptotics of the multi-trace
GIOs as well. In the next chapter, we shall work out the aspitigg of MacMahon
numbers in detail. We will show that even though Major Maclgialk guess for the
generating function of higher-dimensional partitions wasng, the asymptotics appear

to be generated correctly!
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CHAPTER 5

Asymptotics of some Generating Functions

5.1 Asymptotics of MacMahon numbers

In this section, we shall derive the asymptotics of MacMahambers whose gener-
ating function we defined in the previous chapter. The apgpros based on Chap-
ter 6, [14], [15] and [3]. We shall make a slight change in notataord redefine the
MacMahon numbers as follows. The MacMahon numbey§:) are defined to be the

coefficient ofg™ in the following series:

14 Zlmd(n)q" _ H1 - qnl)(";df) — My(q) . (5.1.1)

We now go ahead and compute an expression for the asympédtie ofm,(n). In

order to obtainn,(n) we can invert the series ii{5.1.1) to get

ma(n) = ﬁ g Malq) (5.1.2)

2w gt

wherel is the contour of integratiofy| = ¢,¢ < 1.

Let us work withd = 1 for the moment. Then we have

M (q) = 11 a —1q") =1+ Zlml(n)q” : (5.1.3)

In order to evaluate the contour integralin_.(5l1.2), we rntedidyure out the singularity

structure ofM; (¢). Let us consider partial products of the form

1
(L—qm)

M(gN) =]

We see that the above product has a pole of oMdext ¢ = 1, a pole of order{%J at

q = —1, apole of orde ¥ | atq = ¢*™/* and atg = ¢*™"/* and so on. The strength



of the pole at a non-triviainth root of unity is| < |. The poles of the full generating
function M; (¢) occur at all the roots of unity and the strongest contributsofrom the
pole atg = 1. Hence, a good way of evaluating(5]1.2) would be to expreas a
series of contributions by the poles in successive ordetrehgth. The above ordering
of poles according to their strength carries through fohbrgdimensional generating

functions as well.

We then evaluate the contribution due to the pole at exp(2xih/k) by writing
q = exp((2mih/k) — t), carrying out the integral if{5.1.2) and then taking theitim
t — 0 (¢t is a complex parameter). Here, we shall evaluate the caoiibonly due to
the pole aty = 1 for all d. H This is done by approximating/,(¢) by an expression
that is valid forq = 7%, ¢t — 0, plugging it into [5.I.R)) and carrying out the contour

integration.

We next find out an expression fof,(q) nearqg = 1. We have

n+d_2) . (5.1.4)

log My(e™") = — Zan log(1—e™™), a,= ( g1
n=1

We expand the logarithm inside the sum using its Taylor sesied use the Mellin

representation of * to obtai

vy+i00
log My(t) = 2%”/ dsT'(s)((s+1)D(s)t™*. (5.1.5)

—100

where we have writtedZ,(e™*) as M,(t) for short andy > 0 lies to the right of the
pole of D(s) with largest positive real part. We usually take a large e@dbr . The

Dirichlet seriesD(s) is defined as

D(s)=>_

n=1

<|E

1Ford = 1 there exists an analytical series expansion which takesacttount the contribution from
all the poles. This is the Hardy-Ramanujan-Rademachemnsipaofm, (n) which is the same as (n),
the number of partitions of. [[16]

_ “+i00 e
Zem = ;L [T7 dsa=* T(s)
i Jy—ioco
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As an example, fou,, = ("+? %), d = 3, the Dirichlet series is

Dy =37 Mot D) L=+ dla=)

Hence,D(s) has simple poles at = 2, 3 with residuel /2 at both poles. For general
d, D(s) has poles at = k, k = 2,3,...,d, with residuesA,. Now, we shift the
contour in [5.1B) fromR(s) = v to R(s) = —a, for 0 < o < 1. This is because the
phase of the integrand ifi{5.1.5) oscillates wildly due t® ldrge positive value of.
This we cannot estimate the value of the integral by lookintha magnitude of the
integrand since there might be large cancellations. In tbegsslog M;(q) receives
contributions from the poles of the integrand that lie bem(s) = v andR(s) = —a.
Hence, we get
d
log Mg(t) = Y A T(k)((k+ 1)t* + D'(0) — D(0)logt  (5.1.6)
k=2

1 —a+100

+— dsT'(s)((s+ 1) D(s)t™".

271

The integral can be shown to go @$|¢|*). Hence, we get

My(t) = exp (ZAk D(k) ¢(k+ 1) t=* + D'(0) — D(0) 1ogt) (1+O([t*)). (5.1.7)

k=2
Hence,
1 to+im
ma(n) = —/ dt e4® (5.1.8)
271 to—im
where
d C,
Ga(t) = met, Cr=AT(k+1)C(k+1).
k=2

The integral [[5.1]8) is carried out on the contout ¢, + i, tg, — 07, ¥ € [—7, 7].
by employing the saddle point method. For this, we have ttuate = ¢, such that
G(t.) = 0. That s,

d
Z f — (5.1.9)
k‘ >(<

From the above equation, we can make the statement thatisithe largest positive

1)

root of the equation, thery " should grow atleast as and hencet, — 0 asn —
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oo. Therefore, when we take the limit — 0, we recover ther — oo of my(n)
automatically. Hence, the saddle point method ought togihe correct asymptotics.

Here onwards, we shall denote the largest positive ro¢gf.df9%as...

Now, we solve fort, from (E.1.9) is a polynomial equation of degrée- 1. For
d > 3, we do not have a general formula for the roots of the equat®ut in this
case, we indeed have a formula for the largest positive fo@®.9), due to Lagrange.

Details of this can be found ini[3].

e}

b= ) M (5.1.10)

>0
1#0mod(d+1)

d+1

b = % [ jyl_lcb(y)l] , o) = (;Ckyd"“)

Using the above formula, we can computeo any order inn as is required and then

y=0

carry out the saddle point integration. We carry out the Egoloint integration to obtain

ma(n) =, | m t(n) PO exp (Ga(ti(n)) + D'(0)) (1 + O(t.(n)*)) .

(5.1.11)
We tabulate results fat = 3, 4, 5 here.
6D/(O)C,li%/% B
ms(n) ~ ﬁn 6179 exp (gs(n)) (5.1.12)
with
4 1/4 3/4 C(2 2 (80103 - 022)
- /A Y2 oy \OMIY3 T L9) 1
GD/(O) 0379/3600
ma(n) ~ ———m=—n 0 exp (g4(n) (5.1.13)
with
aa(n) = 5 o /5+C'3n3/5+ (50,0, — C2) 25 (C3 — 50,C4Cs + 250,C%) 5
4 3035 10c!? 2501/
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andCy = 2¢(3)/3, C3 = 3¢(4) andCy = 4((5).

eD/(O)CS?,/QGO
ms(n) ~ TTF%B/ " exp (g5(n)) (5.1.14)

with

Cy /5 (4C5C5 — C%) 136 (2C3 — 9C3C5Cy + 27CLC2) 216

6 1/6 5/6
gs(n) :==C""n’° + +
) =5Cs 102° 1202 5407
| (29101 + 504C5C5CF — 864CHC2C, + 4323 (12C1C5 = CF)) 1
5184C,%/6 ’

andC, = 3((3)/3, C5 = L.¢(4), Cy = 6¢(5) andC; = 5((6).

5.2 Comparison with numerical results for integer par-

titions

In the previous chapter, we mentioned that MacMahon nungmroximate the asymp-
totics of integer partitions quite well. Here we presentvaf@merical results in support
of thatH We first tabulate the known values fay(n) for d = 3,4 and5, wherep,(n) is

the number ofl-dimensional partitions of. We then try to fit the MacMahon numbers
obtained from the asymptotic formulae computed earliehisichapter forl = 3, 4 and

5. For this we ignore the constant coefficient accompanyiegiponential and obtain

a new one by normalizing the formulae at a suitable data jpbitatined from the integer
partition computation. For example, we use the ppyi62) to normalize the asymp-
totic function formgs(n) and hence determine the constant. Also, instead of congparin

pa(n) andmy(n) directly, we compare a slightly different quantity:

p—d/d+1

logpa(n) vs. n~ Y logmg(n) . (5.2.1)

3] would like to acknowledge Prof. Suresh Govindarajan arige®an Balakrishnan, a sophomore at
the Physics department, IIT Madras, for providing the nuca¢data.
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Table 5.1: Numbers of solid partitions. This is sequence0R33 in the OEIS[17].

n ps(n)| n ps(n) | n p3(n)
0 1121 9528733 | 42 1037668522922
1 1122 10362312 | 43 1772700955975
2 4123 19295226 | 44 3019333854177
3 10| 24 35713454 | 45 5127694484375
4 26 | 25 65715094 | 46 8683676638832
5 59 | 26 120256653 | 47 14665233966068
6 140 | 27 218893580 | 48 24700752691832
7 307 | 28 396418699 | 49 41495176877972
8 684 | 29 714399381 | 50 69531305679518
9 1464 | 30 1281403841 | 51 116221415325837
10 3122 | 31 2287986987 | 52 193794476658112
11 6500 | 32 4067428375 | 53 322382365507746
12 13426 | 33 7200210523 | 54  535056771014674
13 27248 | 34 12693890803 | 55 886033384475166
14 54804 | 35 22290727268 | 56  1464009339299229
15 108802 | 36 38993410516 | 57  2413804282801444
16 214071 | 37 67959010130 | 58  3971409682633930
17 416849 | 38 118016656268 | 59  6520649543912193
18 805124 | 39 204233654229 | 60 10684614225715559
19 1541637 | 40 352245710866 | 61 17472947006257293
20 2930329 | 41 605538866862 | 62 28518691093388854

Table 5.2: Numbers of four-dimensional partitions. Thisésjuence A000334 in the

OEIS[17].
n pi(n) | n pa(n) | n pa(n)
0 1]13 181975 |25 2569270050
1 1]14 425490 | 26 5427963902
2 5|15 082615 [ 27 11404408525
3 15|16 2245444 |28 23836421895
4 45|17 5077090 |29 49573316740
5 120|18 11371250 |30 102610460240
6 326|19 25235790 |31 211425606778
7 835|20 55536870 |32 433734343316
8 2145|201 121250185 |33 886051842960
9 5345|22 262769080 | 34 1802710594415
10 13220 |23 565502405 | 35 3653256942840
11 32068 | 24 1209096875
12 76965 | 25 2569270050
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Table 5.3: Numbers of five-dimensional partitions. Thisegsence A000390 in the
OEIS[17].

n ps(n)| n ps(n) | n ps(n)
0 1111 119140 | 22 3923114261
1 112 323946 | 23 9554122089
2 6113 869476 | 24 23098084695
3 21114 2308071 | 25 55458417125
4 71|15 6056581 | 26 132293945737
5 216 | 16 15724170 | 27 313657570114
6
7
8
9
0

657 | 17 40393693 | 28 739380021561
1907 | 18 102736274 | 29 1733472734334
5507 | 19 258790004 | 30 4043288324470

15522 120 645968054

10 43352 | 21 1598460229

We can show through a straightforward generalizatioi dil®), [5.1.18) and{5.1.114)

that the leading asymptotic behaviourmaf(n) is given by
d+1 1/d+1 d/d+1
mq(n) ~ exp T(d((d+ 1)) n : (5.2.2)
It has been proved ini[4] that
pa(n) ~ exp ((d-dependent constgni®/4) . (5.2.3)

Hence, the comparisof(5.2.1) makes sense since we aragledtlh the same leading
order behaviour. It also is more convenient since the nusnbecome very huge as
increases and it is more sensible to use a logarithmic scad&gress these numbers.
The results of the above analysis are as follows. We plot taeM&hon numbers in the
form (&21) in a fixed range, with the constant coefficieringenormalized to a data

point in that range. Then we plot the corresponding values (@f) in the form [R.2.11).

In all the graphs, we see that the data points obtained by eratimg the number of
partitionsp,(n) lie very close to the curve determined by the MacMahon asgtigst
One remarkable thing to note is that the range of humbedhat is used to make the
comparison is nowhere close to the asymptotic limit andl thid MacMahon formula
works remarkably well! It has also been conjectured thatdtfeependent constant in

(E.Z3) is the same as the one that occurs in the MacMahon ensirdsymptotics [1].
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n~¥*log ps(n)
1.8;

1.7
1.6/
15

1.4

Figure 5.1: Plot ofn=3/*log ps(n) for n € [5,62] (red dots). The blue curve is the
asymptotic formula normalized to give the correct answemfe= 62 and
the horizontal line is the conjectured value for— cc.

4% log ps(n)
1 M”*'//
1.6/
15/
1.4F
Il Il Il Il n
10 20 30 40

Figure 5.2: Plot ofn=%/°log p4(n) for n € [5,35] (red dots). The blue curve is the
asymptotic formula normalized to give the correct answemfe= 30 and
the horizontal line is the conjectured value for— co.
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n~® log ps(n)
1.70F
1.650

1.60"

1.55F
1.50F

1.45F

Figure 5.3: Plot ofn=%/%log ps(n) for n € [5,30] (red dots). The blue curve is the
asymptotic formula normalized to give the correct answemfe= 25 and
the horizontal line is the conjectured value for— co.

This has been verified numerically using Monte Carlo methxydRajesh et al. in [13]
for three dimensional partitions. Hence we see that althaghg MacMahon numbers
don’t exactly match with the corresponding integer pamis, they estimate their values

quite well.

5.3 Exact asymptotic formulae

Ford = 1, the above computation for the asymptoticsafin) = p;(n) can be carried
out for all the poles analytically and the result can be esged as an infinite series.
Using this, if we want to compute the value @f(n) for somen, all we have to do is
evaluate the series till some number of terms after whicletie becomes less tharb.
Then we just round off the number we obtain to the nearesgjant® obtain the value
of p;(n). This computation was done by Rademacher first in 1937 [18favised by

himself in 19431[16]. The result is as follows:

= A T 2 1
pi(n) =2m(24n — 1)~ /22 ¢ 13/2 <E g(n—ﬂ)>, (5.3.1)

k=1
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wherels, is a modified Bessel functiord, is defined as

1 c+100 )
Ii(2) = — / tRmL et A gy (5.3.2)
2mi c—100
and
Ak(n) = Z Whk 6—27rinh/k s (533)
0<h<k(h,k)=1

wherewy, ;, are certair4k-th roots of unity. We shall compute the valueygf200) to

illustrate the above point:

+3, 972,998, 993, 185.896
136, 282.978

—87.555

+5.147

1+1.424

+0.071

+0.000

+0.043

3,972,999, 029, 388.004

The actual value of, (200) is 3,972,999,029,388. The computed value is within

0.004 of the correct value!

We also compute the asymptotics of the generating funclif(q) in the exact

same way as Rademacher did and we get the answer:

> 2\ 1 47
d = B — I —vn—1 534
(n) kz; k(n><k) 13(!{: n ), ( )
with
Bk(n) _ Z eQm‘h/k e_%mh/k. (535)
0<h<k

The generating function/?(q) appears as the partition function (upto a few factors of
g which are not important in the asymptotic limit) for electily charged (small) black
holes. The leading order term in the above series ™", where we have neglected
thel inside the square root since we are looking at large valugsBbr heterotic string

theory, it can be shown that

Sstat > 47/ Q? /2 (5.3.6)
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We see that this agrees with the formila(3.2.2) we obtaisedjscaling arguments in
B2 and gives a value for the consté@nto be4r. This constant depends on the details

of the string theory we are considering too.

Hence, we see that the asymptotic MacMahon functions afalusehe context of
black holes to obtain a microscopic formula for black hole@py. In the next chapter,
we work out the asymptotics of the degeneracy for anothekiiiale introduced if-311.
The computation is similar in spirit to the one in this chaytteat is slightly more math-
ematically sophisticated due to the nature of the geney&tinction involved. Then we
compare the formula obtained with the Bekenstein-Hawkimmfila obtained ifl3. We
shall see that the two formulae match with each other, dttedsading order. We also
give a physical meaning to the asymptotic limit in terms @ tiear-horizon curvature.
This is forms the crucial bridge between the microscopic thiedmacroscopic defini-
tion of black hole entropy and enables us to relate and comtparcontributions due to
the higher derivative terms to the macroscopic entropy hagtibleading terms in the

asymptotic expression for the microscopic entropy.
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CHAPTER 6

Precision Counting of Black hole Microstates

We computed the entropy of a specific black hole that occusbme string theories
using the entropy function in-3.1. This is a macroscopic catajon in the sense,
we did this based on the macroscopic structure of the blatk\np., its near-horizon
area. We didn’'t use any information about the possiblestiedil micro-structure of the
black hole. For some specific examples in the string thearigaestion, such a micro-
structure indeed exists and the microstates are amenableutdging. So, we count
the microstates in the microcanonical ensemble, and obtaimlegeneracy function,
d(P, Q).
Ssa=logd (P, Q) . (6.0.1)

We shall consider the example of Type IIB string theory/ainx St x S whereM
is eitherK'3 or T*. We also have an orbifolding byZ, symmetry group generated
by a transformatiomy that involvesl /N unit of shift along the circles! together with
an orderNN transformatiory on M. This falls into the class of string theories described
in3J. The microscopic degeneracy for the same has beerediodkt in [2]. Here, we
shall concentrate on working out the asymptotic degenarattye limit of Iarge@ and
P. To be more precise, we consider the lift >> 0, P2 >> 0 andQ?*P? — (Q -
P)? >> 0. In the end we shall compare this with the macroscopic vatuepzited in

3. The degeneracy is given by

g 1 o NEO2 L P2 = 1
d(Q, P) = (1)@ N /dp dg dp e” T NPOHINTROP) | (6.0.2)

c ®(p,7,7)

with C being a three real-dimensional subspace of the three cardpigensional space



labelled by(p, &, ) = (py + ips, 01 + 109, U1 + i03), given by

52 = M17 &2 = M27 62 == _M3

My, My and M3 being large but fixed positive numbers withy, << My, Ms. disa

Siegel modular form with second order zeroes at

n2(5 ﬁ— ?)/2) +j5+ 77,15 — mlﬁ—i— meo — 0,
2

1
for mi € NZ,ni,no,mo €7, j €27+ 1, m1n1+m2n2+‘72:1. (6.0.4)

The equation[{6.012) is a three-dimensional analod_of§p.1Again, we see that
due to large positive values dff;, M, and M3, the phase of the integrand oscillates
wildly because the exponential in the integrand is quacdiiatithe charges with large
coefficients depending on thé;’s. This leads to large cancellations, making it difficult
to estimate the value of the integral from the magnitude eiritegrand. Hence wahift
the three-dimensionaontourto small values op,, o, andw,, in the spirit of [5.1.5),

so that we can control the value of the integrand. We see dh#hé contouc:
p2 =M1, O2=1n2, Uay=13, (6.0.5)

wheren,, 1, are small positive numbers amgl is a small positive or negative number,
the exponential is now quadratic in the charges, with snaffecients. Since the en-
tropy is expected to grow quadratically with the charge#iitite coefficients, we see
that the contour integral ove€ris exponentially suppressed with respect to the leading
contribution. The dominant contribution hence comes froeresidues of the poles of
the integrand that lie inside the four dimensional hypamméD bounded by’ andC.

We see that the poles of the integrand occufaf{6.0.4), wdniehlihe zeroes ob. For
fixed values ofn,, mo, nq, no, andy, (€.0.4) describes a surface of real dimension four.
This typically intersect® in a two dimensional subspa¢tbounded by the intersec-
tion of C — C with (60:2). The contribution to the integral from the p@0.3) is then

obtained by integrating the residue o¥&rSince the contouf was fixed to make sure
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the integral is non-singular over i shouldn't intersect witl. Hence the boundary of

the two real dimensional surfaé® 0B is given by its intersection with the contodr

Now, sinceB is a an open two dimensional subspace, we cannot use theeesid
theorem to compute the integral ovBr We cannot also estimate the integral using
the maximum value of the integrand since there are againlaegg phase oscillations
insideB leading to large cancellations. Hence, we appeal to thdesadtht method to
estimate the integral ovés. To do this, we first keep the bounda®ys fixed and de-
form the regions to 15’ inside the subspacg(6.D.4) such that the maximum value=of th
integrand insidés’ takes the minimum possible value. This is to make sure thig& osc
lations are almost stationary. This point is a saddle pantesthe value of the integral
decreases as we move aldffgand increases as we move in directions transver$é to
We now evaluate the leading contribution to the integral ystematically expanding
the integral around the saddle point. The first step of tresgaure would be to identify

the saddle point which gives the dominant contribution. thae, we first define

A:n27 B:(n17m17.j/2)7 y:(5757_5)7 C:m27 q:(PQ/N7NQ27QP>

(6.0.6)
and denote bythe SO(2, 1) invariant inner product
(2, 22, 2%) - (v, v o) = o'y + 2%yt — 2272 (6.0.7)
Then we have
v =y-y=2po—10%), B-y=j0+noc—mp. (6.0.8)

In this new notation, the defining equation for the zeroeBi6.4) can be written as
1 2
SAYV + By +C=0. (6.0.9)

By Cauchy’s theorem, to compute the residue at the polehgatis(6.0.9), we need to
evaluate the exponential in the integrand which can beewrittse="¢¥ and substitute
the value ofy satisfying [6.0.P). To compute the dominant saddle poim,need to

extremize—imq - y with respect tqy, subject to[(6.0]19). That is, we need to extremize
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the function
1
q-y+A <§Ay2+B~y+C) (6.0.10)

with respect tay and \, where) is a Lagrange multiplier. Now, foA = ny # 0, this
gives
g+ MAy+ B) =0, (6.0.11)

which along with [6.019) gives

q? 1 rq
A=y y:—Z(XjLB). (6.0.12)

Since B> — 2AC = —2(myny + many + j2/4) = —1/2, we get\ = 4i\/2¢? for
¢* =2(Q*P% — (Q - P)* > 0. From [E0.IR), we have

i P2
ny N\/2¢%

ipy =+ (6.0.13)

We observe that the equation of the saddle point Zerg {6d@<iribes the same zero if
the signs ofn;, n; and;j are changed and know that is positive. We can exploit this

to setn, > 0. This means we have to ha@)) > 0 which gives us

A=iy/2¢2. (6.0.14)

At the saddle point value af, the exponential in the integrand takes the value

E = e—iQ'y — eiw(qz/A+Q'B)/A _ €<7TV q2/2+i7TQ'B)/A ) (6015)
We see that
|E| = eAVP/? = (rV/@P=(@P)/na (6.0.16)

sinceq - B/A is a rational number. From this we also infer thay is highest for
ny = 1, which corresponds to the dominant saddle-point. Now, vpéoit¢he following

symmetries of the functioﬁ’(ﬁ, c,v) to pick the other values ofi;, m, andn;:

S(7+1,5,0) = (5,5 +N,0) = (5,50 +1) = (7,5,7) . (6.0.17)
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Forn, = 1, we see thatthg — p + 1 inducesn; — nq + 1, mg — my — my. Since
ny, € Z, we can use this to bring; to 0. Similarly,c — o+ N inducesn; — m; + N,
mo — mo +n1N. Sincem; € N Z, we can bringn; to 0. Finally,v — v + 1 induces
j— j—2andmy — my+ 5 — 1. Sincej € 2 Z + 1, we can bringj to 1. This
fixesmy, = 0. Hence, we have picked the zerovi)t:orresponding ta; =0, ny = 1,

my, = 0, my = 0andj = 1, which is
po—024+0=0. (6.0.18)

And the value of the saddle point is given by (610.6):

- . P?
« — 1 )
F NP - (Q PP
N 2
O =1 @ and
2/Q*P? — (Q - P)?
~ 1 - P
Ve = = — 1 @ ) (6.0.19)
N S
We have
Lo 1 e—m‘(NﬁQ2+aP2 /N+25Q-P)
d(Q,P) ~ (=1)@P* — [ 4pds dv Res — ,
N Js ®(p.0,) G G5 T—Ts
(6.0.20)

The exponential at the saddle point is given/byn which case, we have

S o 1 4 1
d(Q,P) ~ |E| (—1)(QP)+1 —/ dﬁd& df’lj Res eizﬂQ.Pﬁ
N Jg O(p,0,0) |~ -~ - - -
P=Ps,0=0+,0=0.
It can be shown that, apart from being suppressed by inversens of charges, the
integral in the above expression is suppressed by fradgimveers ofe— ™V @*F*~(@-P)?

(which correspond to contributions from the higher ordesidda points!) as well.

Hence, we can write, to leading order in powers of charges:

d(Q, P) ~ TV @P2-@P) (6.0.22)
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This gives, to leading order,

Sstat =T/ Q*P* — (Q - P)? . (6.0.23)

Comparing this with[(3.1.16), we see tha;; = Ssoc atleast at leading order! It turns
out that they match even at subleading orders in the inversees of charges |[2].
Hence, we see that the macroscopic definition of entropy ddeklhole matches with
the microscopic definition. We observe that the asympt@liae of Sgi4; in the limit of
large charges matches with the valueSgf;; derived from the action involving terms
only upto two derivatives. In terms of the near-horizon pagters, the asymptotic limit
of large charges corresponds to the curvature at the hor#och is small enough
to not consider the effects of higher derivative terms. 8ading corrections to the
asymptotics then correspond to taking into account thedmniglerivative terms in the
action on the macroscopic side and, roughly speaking, ciiores due to the subleading
poles on the microscopic side. In the case of purely eledlyicharged black holes,
the leading order contribution to the entropy vanishes amg the subleading poles
contribute. On the macroscopic side, this means that theature at the horizon is
typically very large for such black holes, to warrant theluscon of higher derivative
terms in the action. We have seen that for such black holeshte@ntropy computation
on both sides agree with each other, but now at the subleaddeys as well. Hence
we see that the microscopic and the macroscopic definititmeck hole entropy agree

with each other at each order, atleast in the examples wedoasidered.
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CHAPTER 7

Conclusion and Further directions of research

In this thesis, we have seen that the asymptotics of someaergefunctions appear in
the context of black holes and help in obtaining a microscémimula for black hole
entropy. We have also seen that the MacMahon generatingidnsayive extremely
good approximates for higher dimensional integer partgiolhese functions also arise
in counting of gauge invariant operators in superconforime#d theories. We see that
this connects up a lot of areas like string theory, sta@iticechanics, combinatorics

and number theory.

There are alot of directions in which one can go, with thisithas the starting point.
The higher order curvature corrections for the Bekendt&mking entropy could be
computed and the microscopic and the macroscopic answals be checked. The
contribution from the other poles [19], [20], of the MacMahgenerating functions
could be taken into account while comparing with the numii@rsnteger partitions,
pa(n). This could give us good clues about the singularity stmectf the functions
governing the growth op,(n). Exact asymptotic formulae like that of Rademacher’s
for one dimensional integer partitions could be attemptemtlger generating functions
which have a modular property. Such functions usually arigglack holes in string
theory, like the functiorﬁ)(ﬁ,&,”ﬁ) in Chapter 5. Advances in this direction can in turn

contribute to a better understanding of the structure diidniglimensional partitions.
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