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Abstract

The curvature of manifold and its measurement procedure is being investi-
gated. The gravitational wave have been studied. The detection technique of
gravitational wave is reported.The Schwarzschild Solution is being studied.



Chapter 1

Curvature and its Measurement

Introduction:

The main feature of general theory of relativity is to introduce the con-
cept of spacetime curvature.There are two types of curvature intrinsic and
extrinsic.In the context of GTR we will refer to curvature to denote intrin-
sic curvature.Extrinsic curvature which comes from embedding a space in
bhigher dimension we are not interested. To understand curvature we have
to go through few abstract concept of mathematical physics. Which we will
presnt below.

1.1 Manifold

If we consider the set of points x for which

[z —yl(r
where yeR" and r € R
then we say it is a open ball. Open set is an arbitary no. of union of open
balls. Thus defining open set we have attached a notion with set which called
topology. A chart or coordinate is a subset X of a set S with a one to one
map
f S — R" provided image f(S) is open in R. A C* atlas is an indexed
collection of charts {S,, f,} with the conditions

e 1LX,UX\UX, U....... — X

e 2.And in case where two charts overlaps X, N X, = ¢ then (f, o f71,)
takes points from f)(X, N X)) C R"” onto f,(X, N X))

All such maps should be C*°. Then we define n-dimensional manifold a set
X with a maximal atlas. The requirement that manifold has to be maximal
atlas confirms that two equivalent spaces with merely different atlases should
not be considered as a different manifold.



Now we will give some example which will assure you that this much work was
needed.Let us first consider a simple example S1.In conventional co-ordinate
system 6 : ST — R; § = 0 (say) at the top of the circle and then it wraps upto
6 = 27 but if include either § = 0 or § = 27 then our demand of 6(S') to
be open no longer holds.So to describe S! we need at least two charts(fig.1).
In S2 it would be more complicated.And there also no single chart will cover

Figure 1.1: S1

the all manifold.
Now after defining manifold certain nice notion we can add with it.First we

will see what we means by a curve.In usual definition curve is a connected
series of points in a plane.Here we will call this path.For us curve will be
parametrized path.That is curve is a mapping of an interval of real line into
a path in a plane.

e Curve: X=f(p),Y=g(p)ym <p<n
defines a curve.If we change the parameter t from t to say t’(t) then,we

would have

o Curve:X = f'(p),Y =4'(p)m/ <t <n
where f' and ¢’ are new functions and where m’ = t/(m),n’ = ¢/(n).
This is mathematically a different curve but following same path.So it is
clear that there are infinite no of curves following same path.Derivative
of a scalar field ¢ along the curve p is %:< do, V > where V is the

vector whose components are (%7 %). This one form d¢ depends on

the field.On the other hand the vector V solely charesteristics of the
curve. So we will call it tangent vector. So we may say that vector is
a map from one form to derivative.



1.2 Metric and Connection

Now on manifold if we want to define a differential operator which
should be coordinate independent. Our first guess should be partial
derivative.But it turns out that partial dervative are coordinate depen-
dent.So to compensate the term arises from the coordinate transform
we introduce a notion call connection. Thus we define covariant deriva-
tive as follows

Vo =V Iy, Ve (1.2.1)

Where we denoted connection as I'¥, . The connection transforms as

o ozt Ox¥ 0r*  Ox¥ 9x* O*x

VN Ok Q! 9N Ox! DN Oz Ox

This is not a tensor transform but it should not be as well. This dis-

tict type of transform of connection just compensate the extra term

which arises due to coordinate transform of partial derivative.Hence

the covariant derivative transforms as a tensor under coordinate trans-
formation. In general for a tensor

(1.2.2)

1u2...uk
TMM " viv2...vk
we define covariant derivative as
1u2...uk 12... ik 1rpau?...uk
TRk viv2..vk;A  — TRk viv2..vk,\ + Fg ross viv2..vk;A

« 1p2...uk
_F)\ulTu peH av2..vk;\
For a scalar cvariant darivative reduces to partial derivative i.e.

bpu=00, (1.2.3)

In cartesian coordinate we know that

V= 9uVy (1.2.4)

Now since the connection in cartesian coordinate is zero we can rewrite
equation as

Viw = GuaVy (1.2.5)

But this is an tensor equation so it would be true in any coordinate
system.So in general in any coordinate system according to definition
of covariant derivative(equation(1))

VM’W’ = gu’a’;y/va/—f—g,u/a"/;g/ (126)

Since here is here arbitary vector so in comparison with equation (4)
we get
gula/;yl = 0 (127)
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That implies
Guew = LayGus + Tl Gas (1.2.8)

In cartesian coordinates

g,LL/O/;I// = gula/J// = 6;1/0/,11’ = 0

1.3 Calculation of Connection from met-
ric
Calculation of connection from metric is a very important tool.So let

us try to get it.Using equation(0.1.4) we get

i = Py
Using this we get
re =TIt (1.3.1)

i.e. Gamma Matrices are symmetric in a and v Now using different
permutation from equation (0.1.9) we get

Guo,y = ngguﬁ + Fﬁygocﬁ

Juv,a = Ffaguﬁ + Fiaglfﬁ
and
—GJov,u = _Fgugl/B - Fgugaﬁ

adding this three equation and using the symmetry property of Gamma ma-
trices we get
g#a,l/ + g,u,u,a - gaVHu' = QQﬂBPgV (]‘32)

Now deviding it by 2 and multiplying throughout by ¢*? and using that
guﬁgua = 55

we get

1
Fow = 59" (9uaw+Gpwa—Gavu) (1.3.3)

This is a very useful equation.Very often we will use it to calculate the
Gamma matrices from given metric.



1.4 Parallel transpot

Let us consider the sphere in figure2.We wish to transport a vector from point
A to point B and then point B to again point C.We perform this transport
keeping two things in mind.Firstly the vector we have to transport is tangent
vector so it should be always tangent to the curve and secondly we have tried
to keep the vector parallel to the previous one as much as possible during the
transport.Then we will find out the final vector we have got is perpendicular
to the initial one.This construction we have done called parallel transport.

.
_ ©

A
e )j

Figure 1.2: Parallel transport along a curve on a sphere

To parallel transport one vector along a curve what we need is that the
covariant derivative of a that vector should be zero along the curve.Let us
define a vector field at every point of a curve.If at all infinitesimally nearby
point the vector remain parallel to its adjacent then we say the vector parallel
transported along the curve.If say

dF

V=%

is a tangent to a curve(parametrized by «).In locally inertial coordinate sys-
tem at a particular point say A.At A the components of V' along the curve
will remain constant.

av+
=0
dy
at the point A.i.e.
avr
=U" V¥ v=0
dy

Since it is a tensor equation it will be valid in any coordinate system.Hence
in general coordinate system system we get
dvH

—— =U"Vhy = 1.4.1
i U'vtv=0 ( )



1.5 Geodesics

The condition that a tensor should be parallel transported is that its covariant
derivative along the curve is equal to zero. The equation which put that
condition on a tangent vector is known as geodesic equation. And the curve
which parallel transports its own tangent vector is known as geodesics. The
geodesic equation is given by

VU =0 (1.5.1)
ie.,
U.U5,, =00 + 1T, U U (1.5.2)
Now if we parametrize the curve by A then
L, dx”
v = d\
and
w0 _ 4
ozt dA

then we get
d dx” dx® dz*
— o ——=>0 1.5.3
axdx TN an (1.5:3)
This is called geodesic equation. In Euclidean flat space if we choose cartesian
coordinate then cristoffel symbol vanishes and geodesic equation becomes
d*z”
dN?
Which is nothing but equation of a straight line as it should be.

1.6 Curvature and Riemann tensor

Now we will investigate the curvature of a manifold. Let first consider a very
small close loop QRST(fig) in the manifold. The four sides of loop are the
coordinate lines 2° = m, 2° = m + dm, ' =n 2! =n +on

Now we define a vector V at Q.If we parallel transport it from Q to R then

parallel transport law says .
vV =0 (1.6.1)

So,
v
0x0

Thus at R vector V has component

— ", Ve (1.6.2)

R gy
Q aIO

VE(R) = VHQ) + dz" (1.6.3)



or,

VH(R) = VH*Q) —/ I Veds® (1.6.4)
Similarly if we transport it from R to S and then S to R we will get
VH(S) = V*(R) +/ I Veda! (1.6.5)
m+dm
VHT) = VH(S) — / I veds® (1.6.6)
n+dén

Finally if we go back to Q then we have

VM(innal) = VM(T> +/ F/favadxl (167)

T

So net change in vector component V*# is

oVH =VHQfina) — V*(Q)
So,

SVH = / I Vedae'— / It Veda'+ / eV eda®— / I vVeds®
z0=m 20=m+ém 20=n+én

z0=n
(1.6.8)
If we consider the lowest oorder the V#* approximately becomes
n+on ) ) m—+om ) 0
(SVM =~ —/7; 5m@(Fglva)dx + [n 5n%(FZOVO‘)dx
9 ra d e
Now substituting derivative of V* we get

So here vector V* is parallel transported along o loop and came back to its
initial position. And the change of this vector is linearly dependent on the
area of the loop 6 m 6 n and the component of the vector V* itself and withb
the term in parenthesis. The term in parenthesis is independent of path we
have followed and vector we have chosen.It is solely property of manifold
and we will define it as Riemann curvature tensor. Thus Riemann curvature
tensor gives the measure of the curvature of a manifold.So expression for
Rieman curvature tensor(also called as Riemann tensor) is

bed = Lbae = Lpea T Fﬁfffd — FZfF{C (1.6.10)

For a flat Manifold Rieman tensor is zero.So we can move the vector along
any curve and it will return unchanged to its starting point.
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1.7 Ricci tensor and Ricci scalar

Ricei tensor is contracted Riemann tensor on first and third indices.i.e.

Rbd = Rgad = Rdb (1.7.1)

Other contractions are also possible.But since Rj ; is antisymmetric on the
a and b and ¢ and d it turns out that all these contraction either vanishes or
reduces to +Rp4.50 Ricci tensor is the only contraction of Riemann tensor.
Ricci Scalar is twice contracted Riemann tensor.It is given by

R = ga,B Raﬁ
gaﬁRaabﬁ

1.7.1 Bianchi identities and Einstein tensor

If we take partial differentiation of Riemann tensor in local frame (where
christoffel symbols are zero) we will get

1
Raped,r = §(gad,bcf — Gacbdf + Gveadf — Gbd,acs) (1.7.2)

Now we know g., = gpe.Using this symmetry property in equation we get
Raped,f + Ravged + Ravape = 0 (1.7.3)

Now since in local coordinate system christoffel symbol vanishes so, we can
write

Rabcd;f + Rabfc;d + Rabdf;c =0 (174)

Since this equation is a tensor equation hence it should be valid in any
coordinate system.This identities called Bianchi identities. Now Applying
Ricci contraction to Bianchi identities we get

gac[Rabcd;f + Rabfc;d + Rabdf;c] =0 (175)
Since g% depends only on g it turns out that
Gab;e = 0

Which implis that g*“and gyy can be taken out of covariant derivatives.We
also notice that

gacRabfc;d = _gacRabcf;d

= —Rypa
So using this two arguement we can rewrite equation as

Rya;p — Rypa + Riygg,e =0 (1.7.6)
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This is called contracted Bianchi identities. If we contract again then we
will get

9"'[Roa.s — Rypia + Rigp.. = 0] (1.7.7)

or,
Ry—R},—R}.=0 (1.7.8)

or,
Ry —2R},=0 (1.7.9)

or,
(R} = 6¢R),a=0 (1.7.10)

These are twice contracted Bianchi identities.Now we will define a symmetric
tensor

Gab — Rab o gabR
— Gba

This is known as Einstein tensor.The equation tells us that
G =0 (1.7.11)
Einstein field equation is given by
G = 8x T (1.7.12)
From Bianchi identities it turns out that

e =0 (1.7.13)

1.8 Measurement of Curvature

We have investigated the curvature of S2.From metric of S2 we have first
calculated gamma matrices and we have found the nonjero terms of gamma
matrices are
FZ¢ = —sinfcosf andrg’d) = er = cot 0
Then we have calculated the Rieman tensor and we have found the nonjero
terms of Rieman tensor
Rg,, are
RZ% = sin? 6 | RZM = —sin?0 | ng =1 and RZ)% =—1
and the Einstein Tensor is
-1 0
w
G 0 —sin?d
And the Ricci scalar is 7«%
We have done similar calculation for S3,54,55,56,57,58,S9.For S10 the version
of mathematica we have used was unable to do that much time consuming

9



work but with increasing efficiency of the compiler we can calculate all the
mentioned variables of any curved space with the programme we have writ-
ten.Only what we have to do is to simply change the metric and the number
corressponds to dimension of the space.
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Chapter 2

Gravitational Wave

2.1 Weak Gravitational field

Here we will approximate the spacetime metric to the first order neglecting
the higher order term.We can take the metric g,, by Minkowski metric and
a small perturbation A, i.e.

Guv = Npw + h,uzu h/u/ <1 (211)

This approximation simplifies problem often producing good approximate
result.We will also consider the derivative of the h’s small hence we will
neglect the product of any of these.From equation() we then get

1
g o= — (2.1.2)

(N + Pyr)
= v — (2.1.3)

where we have defined h*” = n**n*"h,, Now we can calculate gamma ma-
trices

1 o
F'IL/LO' = égu (gau,a+gao,u_gua,a)

Q

1 e
577# (gazx,a +gao',1/ _gua',a)

1
= 577“& (haV,U+haU,V - hua,a)

11



So Rieman tensor becomes

Rua)\ FZL)\ Nea FHU A + F Fﬁ - F“ Fﬁ
FleA N Ffj(r A

1
= 5 Ma (h)\oc,ua + hl/O',Oc)\ - hooz,u)\ - hl/)\,aa)

= (h&‘m, B s+ 1" (Muo.ax — Pursa)

Hence we get Riici tensor as

R, =R’

v
lLe.
Rl/)\ = (h/l; o h'u v + hV a\ nuah,/)\7ua)
= (hl/\L o + hz/ aX h,l/)\ - Dhuk)
Le.
2R, = A, 1o ax — hoa — Ohyy (2.1.5)

2.2 Gauge Transformation
Let us consider a small co-ordinate transformation
:L,a/ _ xa + fa(l‘b)

where we have taken vector f*tobesmall.i.e.f} < 1 Neglecting the higher or-
der terms then we get

o 83:&/
1
= S
N = 52
— 5@ fCL
o'y = AZ’AZ’gab

= (04 — ) (G — f)(Map + hap)
Tlab + hab - fa,b - fb,a

12



where we have defined
Jo = Nap f*

i.e, under this transformation h,, transforms as
ha’b’ — hab - faa b - fb,a

This transformation is not in general an infinitesimal Lorentz Transformation
(unless fop+ fo.o = 0).We willcall it gauge change and corressponding trans-
formation as gauge transformation in analogy to the gauge transformation
of Electrmagnetism.Now with the aid of gauge choice we will try to simlyfy
the expression for Ricci tensor.We had

2Ry =~y — hogy + Wl + B0 (2.2.0)

b,am

Now we define trace-reversed h as

Bab - hab - 12nabh

(2.2.1)
where
h=h
Now,
BCL — naaCaa
1
= “ haa A aaha
a 1 aaq a
= (ha - 5,’7 Uaaha)
4
— ha o _ha
a 2 a
E—
Defining B} = B then we find
B=—-h (2.2.2)
Using this we get
1
Bab - hab + §nabB (223)
And reversing we get h in terms of B
1
hap = Bap — énabB (2.2.4)
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Thus in terms of B the Ricci scalar becomes

1
2Ry = —0(Ba — énabB) — Bay + By + Bilo, (2.2.5)
= —a+ By, + Bium (2.2.6)

Now by a suitable choice of coordinate transformation we can drop the
last two term.Mentioned gauge transformation exactly do this job.Let us see
how.We have seen that under this transformation h,, transforms as

ZLb = Nap — fa,b - fb,a

Using the definition of B and h we find that B’ — B = h — h' Now

h=h™ = 0" By (2.2.8)

W= ",
nnm<h‘nm)_fm»n_fnam
pmo_ fm

m nfm

Where we have changed the dummy variable n to m.So we get

B -B = h—1
= 2fy

Now substituting equation in equation we get

1 1
t/zb - inabB/ == Bab - inabB - fa,b - fb,a (229)
or, By, = Bap + NabB = fap — foa (2.2.10)

All tha relevant general relativistic tensors are invariant under such gauge
transformation provided we consider the term to the first order only. Now
we will chose our gauge choice as to satisfy four equation

Of = BY (2.2.11)
With this choice we then get

B b=0 (2.2.12)

14



Interms of h that becomes

1 1
hfgb B §nabh;) _ hfgb _ §h/a -0 (2.2.13)

This is called harmonic gauge.It is analogous to Lorentz gauge in Elctromag-
netism.
Then with this gauge choice we yield a simple form of Ricci tensor

2R = Ohg (2.2.14)

So Eienstien vaccum field equation then simply reduces to

Ohay = 0 (2.2.15)
with
BY =0 (2.2.16)
Then we also get
Oh = On®hg
= =0

Similarly from the definition of B we get

0 h= -0OB =
_DnabBab — _nabDBab
1.edB,p =0 (2.2.17)
with
BY = (2.2.18)

This equation implies the existence of gravitational wave.
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Chapter 3

Detection of Gravitational
Wave

To measure gravitational wave mainly there is two principle we can use.One is
to place a rigid body in the path of the wave and to measure the elastic defor-
mation.Other way is to place two test mass far apart and measure the wiggle
in there seperation by laser interferometry.Before making detection technique
it is desirable to know the strength and nature of the wave.Problem is that
no laboratory equipment is sufficient to generate a wave of such enourmous
strength.Only astronomical sources can generate this waves.

3.1 Sources of Gravitational Wave

main sources of gravitational wave are Supernovae,Binary Coalescence,Black
Holes,Pulsars,Binary Stars.The microwave background radiation last scat-
tered at the decoupling time about 10° years after Big Bang at a redshift (Z ~
10*)Neutrinos last scattered at about 0.1 seconds(Z ~ 10'°).Gravitational
waves decoupled from matter at the planck time about (Z ~ 10%°).So like
microwave background we also expect to exist gravitational wave.

3.1.1 Detection Technique

Gravitational wave is analogous to a water wave a ripple in the curvature
of space.(As shown in the figure below) Now space is very stiff but nor-
mal matter is very fragile in comparison.So Gravitational wave produces no
relative displacement between the test mass and the detector. Thus local
measurement cann’t detect the Gravitational wave in this way.But if the bar
is resonant then it get excited at resonant frequency by the Gravitational
wave.With the aid of memory associated with resonance we can detect the
wave.

In the history of gravitational wave in 1960 Joseph Weber first developed
resonant mass detector. Later he also worked on laser interferometry detec-
tors. Gravitational wave distort the spacetime. It distort the ring of test
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Figure 3.1: Gravitational Wave of Binary Stars(Source of the picture
www.ligo.caltech.edu/)

particles.Weber in 1960 showed that a mass quadrupole (as shown in fig.)
In 1962 M. Gertsenshtein V.I. Pustovoit first prescribed the idea of using
interferometer to detect gravitational wave. The idea is though simple and
elegant the technology needed is not simple.The principle of interferometer
will be same here. But to detect gravitational wave we need a enormous in-
terferometer with a large number of degrees of freedom and a high accuracy.
After a long preperation of almost 30 years at present there are following
existing detectors.

We will neither discuss the interesting history of collaborative work nor
we will discuss the experimental set up and large amount of data analysis.
We will discuss only the basic principle of detection of gravitational wave by
laser interferometry.The power of a michelson interferometer is given by (for

proof see appendix)
P = E?sink;(L, — Lx) (3.1.1)

where F, is the amplitude of the electric field and k; is the wave vector of the
laser (we have used suffix | here to avoid confusion with gravitational wave
vector)

Here we will use TT frame to arrive at detection principle. But other frame
like proper detector frame will also lead to same conclusion. In TT gauge the
co-ordinates is chosen that of the freely falling objects. When a gravitational
wave comes the co-ordinates of freely falling mass do not changes. But as you
can argue mirrors of ground-based interferometer are not freely falling rather
earth gravity is compensated suspensions. Since all these force are static
with respect to gravitational wave frequency. So we can approximate the
mirrors to be in the free fall as far as the horizontal motion are considered.
So in local frame mirrors and beam splitter will follow the time independent
part of the gravitational field thus they will not interact with gravitational
wave. Here we will cinsider only plus polarization of gravitational wave. i.e.

hy(t) = hocosw,t (3.1.2)

where w, is angular frequency of gravityational wave.
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In TT gaige
ds® = —c2dt* + (1 + hy (t))dz? + (1 — hy (t))dy* + dz? (3.1.3)
Now for photon ds? = 0;Also for light propagating along X-axis dy=dz=.So
Adt* = (14 hy(t))dz? (3.1.4)

or,

[ NI

dv = (1+hi(t)"
= (1 gha(t)

where + sign indicate to photon travelling from beam splitter to mirror and
the - sign indicate the photon in reverse direction.
So integrating equation we get

t1
l, = / dx
to
c [
= C(tl—to)——/ h+(t)dt
2 /i,

Photon then get reflected and travels back to the beam splitter.For that

case we get
0 to 1
/ = —c/ dt[1 — Zh. (1)) (3.1.5)
lo t1 2

to
—ly = c(t; —ta) + g/ ho (t)dt (3.1.6)
t1

or,

or,
to
lx = C(tg - tl) — —/ h+(t>dt (317)
t1
Now adding equation and equation we get

20, 1 [*
(tQ - to) = — + —/ th(t)dt
2 tl

C

oL, 1 [t

c 2 Ji

2, 1 [+
= Tx+§/ dthocoswgt
to

20,  ho

2l, :
=+ 2—%(32'71(150 + (T)wg) — sinwgyto)

Q
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Now we know,
sin(a + 2b) — sina = 2sinbcos(a + b) (3.1.8)

using this in our final expression then we get
oL, hosin(“2z)cos(w, ty + 22
(o—ty) = 2o hosin(Z)costuyto ¥ 77)

c Wy

21, N holz sin( qlw)cos(wgto + wgl””)

c wgle

21, L I, h(wyto + lz)smw"lx

c c o.)glz
c

Then we can do similar analysis for y-axis. Then we get

21, 1, hlwglo + l”)smwgl“

ty—to) =
( 2 0) c c wgcly
21 l Ly Wyl
= 7?’ - Eyh(to + )smc( gcy)

where we have defined the funtion

sm(ley)
) - waly
C

Wyly

sinc
( c
Here only difference we should note is that we have written negative sign
before h as it should be.

Now replacing ¢ by t to get an expression for a general later time t we will

get
2L, 1y ly ly
th=t— =% = Zhty+ = >smc(°"9 ) (3.1.9)
c c

For y-axis we should use another notation for initial time. Because the light of
y-axis meets the light of x-axis at beam splitter after reflection are obviously
not which has started with the light of x-axis. In general they will differ by
a finite phase. So, denoting the initial time ¢§ for the light which comes from

reflector along y-axis and meet the light along x-axis
2, 1 Ly wgly,

=1t— J A1
ty =1 . Ch(to—i— sinc(—E . ) (3.1.10)

Here we have used the fact that the phase of the field conserved during
free propagation.Where the reflection and transmission gives a overall phase
factor of :I:%. So the electric field along x-axis and y-axis will be

1 I
E$ (t) = —§E0€_Zwlt0

_ g et

2
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where

0.(t) = ”th@-%qsnuxwfx)
= = hocos(w,(t — z))smc( i )

Similarly expression for the electric field in y-arm at the time t is given by

1 .
E* (t) = —§Eoeilwltg

_ —lEoe_’“l (t—22)+i6, (1)
2

where

) . 1.+l L. . .
Now introducing [ = % and rewriting equation using

2, =2 + 1, — 1,

and
20, =2l — 1, — 1,
we get
1 ) o
E.(t) = —§Eoe—zwl<t—27f>+zo+%9w<t> (3.1.11)
and ]
E,(t) = —éEoe—iwl“—%l)”O“@y(t) (3.1.12)

where 6y = k;(l, — [,) In practice [, and [, is made as close as possible to
cancel common noises in two arms.So approximately we can write then

where

0, = hoklsmc(ﬁ)cos(wg(t—é))
c

c
= |Ab,|cos(w,t + )
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defining a phase factor
wyl

ﬁ:__

Cc

So the resultant Electric field at output is obtained by superpositionb of
E,(t) and E,(t) as

Etot<t) = Ex(t) + Ey<t)
= —iEOe’i”l(t’%l)sin(Gg + A0,(t))

Hence the total power received at the photodetector is modulated by gravi-
tational wave as

P = Pysin®[fy + A0, (t)]
= Py(1 — cos(200 + 2A0,(1)))
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Chapter 4

Schwarzschild Solution

In the previous chapter we have seen weak field limmit of gravitation.Now
we wish to investigate full nonlinear Einstein’s equation.In vacuum Einstien
equation becomes R,, = 0.Schwarzschild solutuion is a spherical symmetric
solution of Einstein equation and according to Birkhoff’s theorem this is is
the only spherically symmetric solution of Einstein equation in vacuum.Now
we will prove this theorem.To do so we will first consider a given form of
metric as follows

ds> = —A(r)dt* + B(r)dr? + r2d6” + r’sind¢? (4.0.1)

Then we have calculated Rieman tensor,Ricci tensor,Ricci Scalar and Ein-
stein tensor using our programme in mathematica.Then for vacuum R,, =
0,hence G4, = 0.So Solving this equation and again using mathematica to
solve this equation we get the solution as

k1
A=— 4.0.2
i (402
where k1 is the integration constatnt.And
k3
B=k2+— (4.0.3)
r
Comparing this equation with weak field limit where as r — ggo = —(1 + ¢)

and g, = (1 — 2¢) for potential ¢ = —%Y we finally get

r

2GM
A=1- ¢
’

2GM
B=1- G
r

So finally we get the Schwarzschild Metric

2GM 2GM
ds? = —(1— . )dt* + (1 — Ci B(r))~tdr? + r*d6? + r?sin*d¢* (4.0.4)
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Chapter 5

Conclusion
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