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ABSTRACT

KEYWORDS: Conformal Field Theory; Minimal Models; Logarithmic Confor-

mal Field Theory; Quenched Disorder; Conformal Symmetry.

Logarithmic terms in correlation functions in two dimensional Conformal Field Theory

were first noticed by Victor Gurarie in his paper [1] where he noticed logarithmic cor-

relations for certain operators. The connection with Disordered systems appeared when

Cardy showed in [2] that logarithmic terms are inevitable when we consider quenched

random systems. Disordered systems were inherently looked upon as theories with

c = 0. Recently, in works such as [3],[4], [5], Logarithmic Conformal Field Theories

whose central charges matched those of the minimal models exactly picked up in in-

terest and were studied. These so called Logarithmic Minimal Models, have the same

indecomposable structure of modules as seen in percolation, which is the hallmark of

Logarithmic Conformal Field Theories. The Minimal Logarithmic Conformal Field

Theories are not rational, but when extended with W symmetry, they appear rational.

The main goal of this thesis is to attempt show that these Logarithmic Conformal Field

Theories can be realized as RG fixed points of systems with quenched disorder.
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NOTATION

Throughout this thesis, we will use the “mostly minus” signature for the metric tensor.
Greek indices µ, ν etc. run over all spacetime indices and lower case Latin indices i, j
etc. run over only spatial indices. Unless otherwise mentioned, summation is assumed
over repeated indices.
It is to be noted that unless otherwise mentioned, z and z are not the complex conjugate
of each other on the complex plane. They are to be treated as two coordinates which
specify a point on the complex plane, and we impose z = z in a physical situation.
Also, we will not write down the antiholomorphic counterparts when not necessary.
It is almost always obvious what they are from the structure of the holomorphic side.
We always use natural units where c = 1, ~ = 1. Where necessary, we also assume
β = 1

kBT
= 1.

ηµ,ν Minkowski metric
Φh A primary field with weight h
Ω(x) Scale factor associated with Conformal transformations
ds2 The line element in d dimensions
Λ Matrix associated with the Lorentz Transformation
λ Scale factor associated with a Dilatation
SO(p, q) Special Orthogonal group with q time-like and p space-like dimensions
LM(p, p′) Logarithmic minimal model with central charge c = 1− 6 (p−p′)2

pp′

WLM(p, p′) Logarithmic minimal model with extendedW symmetry assumed
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CHAPTER 1

INTRODUCTION

Conformally invariant quantum field theories describe the criticial behaviour of certain

second order phase transitions. It is well known in condensed matter physics that at

second phase transition, fluctuations of all length scales become significant and hence

we would want the theory describing the critical point to be atleast scale invariant. What

we need to extract from the theory are certain numbers called the critical exponents

which give information about certain physically measurable quantities at the critical

point. The standard example when we think of this is the Ising model in two dimensions.

It is a theory with a set of spins on sites of a square latice. The spin takes on values

σ = ±1 and the Hamiltonian for this system is given by

H = −J
∑
〈ij〉

σiσj. (1.1)

The partition function for this system is given by Z =
∑
σ

exp(−βH) where β is in-

verse temperature. This model has a high temperature disordered phase with 〈σ〉 = 0

and a low temperature ordered phase where 〈σ〉 6= 0. This means that at high temper-

atures, the conditional probability that given σi = 1 that σj = 1 is 1/2 and has only

exponentially small corrections. It also means that at low enough temperatures, we can

make this probability as close to 1 as possible. These two phases are actually related

by a duality and there is a second order phase transition at the self dual critical point.

In a general system in d dimensions, conformal invariance gives us nothing more than

scale invariance. But, in 2 dimensions, it leads to very interesting physics due to the

fact that the conformal algebra in two dimensions becomes infinite dimensional. The

conformal invariance is so restricting in this case that it is expected to ultimately give

us a classification of two dimensional critical points.



1.1 Quenched Disorder and the connection with Loga-

rithmic CFTs

In the usual RG procedure, we observe logarithmic terms in the corrections to power

law behaviors when we deal with marginally irrelevant operators under the renormal-

ization group. It has been shown in [1], that logarithmic terms appear in the OPE of

Logarithmic Operators and logarithms appear in their correlation functions as well. It

was further shown by Cardy in [2] through calculations that logarithmic terms are in-

evitable in quenched disorder systems, and he worked out the particular case of Random

Bond Disordered Ising model and Polymers. It is now believed that quenched disorder

systems can always be described as LCFTs in two spacetime dimensions.

One particular example we can take a look at is the disordered electronic system.

Let us consider a quantum mechanical particle in d dimensions, moving under a ran-

dom potential V (x), which is independent of time. The system is described by the

Hamiltonian

H = H0 + V (x), H0 = − ~2

2m
∇2, (1.2)

where x is in d dimensions. It can be shown that when describing universal properties,

we can take the potential to have a Gaussian distribution with zero mean and short

ranged interaction. This is written as

V = 0, V (x)V (y) = λδ(x− y), (1.3)

where the bar denotes the quenched average, i.e. the average over all configurations of

the disorder. All relevant information about the motion of the particle is encoded in the

Green’s functions.1 Theories of this kind can be used to get critical properties if we

can get a small parameter to expand about. If we talk about exactly two dimensional

physics, the small parameter might not be available, and hence we need exact inputs

from CFT.

We now want to pose the question : Suppose we have an LCFT, is this a realizable
1These can be calculated using methods from SUSY. It can be shown that this can be mapped to the

problem of computing a correlation function in a d dimensional interacting field theory of bosonic and
fermionic degrees of freedom. This is often referred to as the SUSY appproach to disordered systems.
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as the RG fixed point of some quenched disordered system? It is going to be the main

question we attempt to answer in this thesis.

In this report, we first give a brief introduction to Conformal Field Theory on the

plane in Chapter 2. We also talk about extensions to the Virasoro algebra, i.e. the WZW

models, W-algebras, and give certain illustrations to explain them. We then move on

to explaining LCFTs in Chapter 3 where we talk about the null structure, the minimal

LCFTs and their spectra and how to calculate correlation functions in LCFTs. We look

at the c = −2 model as a pure Virasoro theory and calculate some logarithmic structure

of the weight 3 operators in the extended Kac Table. In Chapter 4, we try to answer

the main question posed in this thesis using the replica approach, as well as looking

at some details of the partition function. We conclude in Chapter 5 by pointing to

problems which can be looked at in this subject.
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CHAPTER 2

CONFORMAL FIELD THEORY

Let us start of our discussion of Conformal Field Theory by considering the Conformal

Group in d dimensions first1. We then look at what is special about CFT in 2 dimen-

sions, and move onto Conformal Invariance and it’s implications on fields which live

on the plane.

2.1 Conformal Group in d dimensions

Consider the space Rd with the flat metric gµν = ηµν of signature (p, q). By definition,

the conformal group is group of coordinate transformations which leave the metric in-

variant upto a scale change. This is denoted mathematically as

x→ x′ ⇒ g′µν(x
′)→ Ω(x)gµν(x). (2.1)

These are hence the coordinate transformations which preserve the angle v.w
|v||w| between

two vectors where the dot product is defined using the metric tensor as v.w = vµgµνw
ν .

It is an obvious observation that the Poincaré group is a subgroup of the conformal

group. The conformal group in d dimensions has the following infinitesimal generators

• εµ = aµ which are ordinary translations independent of spacetime.

• εµ = ωµνx
ν where ω is antisymmetric.These are simply rotations.

• εµ = λxµ which are scale transformations.

• εµ = bµx2 − 2xµbνxν which are the so-called special conformal transformations.

Let us now do a counting of parameters to get a feel for the conformal group. We

have a total of (p + q) + 1
2
(p + q)(p + q − 1) + 1 + (p + q) which gives us a total

1A comprehensive introduction can be found in [6]



of 1
2
(p + q + 1)(p + q + 2) generators. The conformal group is in fact isomorphic to

SO(p+ 1, q+ 1). Now, let us look at what these generators are when we integrate them

to finite transformations. We get the Poincaré group which can be written as

x→ x′ = x+ a x→ x′ = Λx(Λµ
ν ∈ SO(p, q)). (2.2)

The Poincaré group has a scale change Ω = 1. In addition to this, we have the dilatations

which are

x→ x′ = λx, (2.3)

which have scale change Ω = λ−2. Last but not the least, we have the special conformal

transformations which can be written as

x→ x′ =
x+ bx2

1 + 2b · x+ b2x2
. (2.4)

This has a scale change of Ω = (1 + 2b · x + b2x2)2. It can be noted that under (2.4),

x′2 = x2

(1+2b·x+b2x2)
so that the points on the surface (1 + 2b · x + b2x2) = 1 have

their distance to the origin preserved whereas points on the exterior and interior are

interchanged.

2.2 Conformal Group in 2 dimensions

For d = 2, we have gµν = δµν and the conformal transformations in 2 dimensions

become nothing but analytic coordinate transformations

z → f(z), z → f(z), (2.5)

where z, z = x1±x2. The local algebra of analytic coordinate transformations is infinite

dimensional. We can find out the scale factor by noticing that

ds2 = dzdz →
∣∣∣∣dfdz
∣∣∣∣2 dzdz, (2.6)
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where Ω =
∣∣ df
dz

∣∣2. We can easily see that the generators for the coordinate transforma-

tions z → z′ = z + εn(z), z → z′ = z + εn(z) for n ∈ Z are given by

ln = −zn+1∂z, ln = −zn+1∂z. (2.7)

The lns and lns are seen to satisfy the following algebra

[lm, ln] = (m− n)lm+n, [lm, ln] = (m− n)lm+n. (2.8)

This algebra is known as the Witt Algebra. We have to be careful and notice that this

algebra is not globally well defined on the Riemann Sphere S2 = C
⋃
∞. The only

globally well defined conformal transformations are the ln, ln with n = 0,±1. From

(2.7), we can identify that l−1 and l−1 generate translations, l0 + l0 and i(l0 − l0) as

generators of dilatations and rotations respectively, and lastly l1 and l1 as generators of

special conformal transformations. The finite form of these transformations

z → az + b

cz + d
, z → az + b

cz + d
. (2.9)

This is the group SL(2,C)/Z2 ≈ SO(3, 1). We now turn to look at constraints that

conformal invariance introduces onto what are called fields in 2 and higher dimensions.

2.3 Conformal theories in d dimensions

We define a theory with Conformal invariance to satisfy some straightforward proper-

ties.

• There is a set of fields Ai, where the index i specifies the different fields. This set
is infinite.

• There are a particular subset of fields φi ∈ Ai that transform under global confor-
mal transformations as

φi(x)→
∣∣∣∣∂x′∂x

∣∣∣∣∆j/d

φj(x
′), (2.10)

where ∆j is the dimension of φj . These are called quasi-primary fields.

6



• The rest of the fields in Ai can be expressed in terms of φi and their derivatives.

• There exists a vacuum |0〉which is invariant under the conformal transformations.

The property (2.10) implies a sort of covariance property for the correlation func-

tions as well. This is so severe that this fixes the form of the two and three point

correlation functions.

Let us now move onto CFT in 2 dimensions and look at what happens to these

correlation functions.

2.4 Correlation functions of Primary fields in 2D CFT

In this section, we look at how conformal invariance fixes the form of the two, three and

four point functions in two dimensions. We recall that

ds2 →
(
∂f

∂z

)(
∂f

∂z

)
ds2. (2.11)

We can generalize this in an obvious manner to the form

Φ(z, z)→
(
∂f

∂z

)h(
∂f

∂z

)h
Φ(f(z), f(z)), (2.12)

where h and h are real valued. The transformation law (2.12) defines what is known

as a primary field Φ of conformal weight (h, h). As is already mentioned, not all fields

are primary, and hence we call the rest of the fields secondary fields. A primary field

is automatically quasi-primary since it satisfies (2.10) trivially under global conformal

transformations.2 We now note that infinitesimally, under z → z + ε(z), z → z + ε(z),

we have from (2.12)

δε,εΦ(z, z) =
(
(h∂ε+ ε∂) + (h∂ε+ ε∂)

)
Φ(z, z). (2.13)

2It must be noted that a secondary field may or may not be quasi-primary. Quasi-primary fields are
sometimes termed SL(2,C) primaries.
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We now know that the two point function must satisfy an equation similar to (2.10).

Hence, we must have

δε,εG
(2)(zi, zi) = 〈δε,εΦ1Φ2〉+ 〈Φ1δε,εΦ2〉 = 0. (2.14)

This gives us the partial differential equation

∑
i=1,2

(
(h∂ziε(zi) + ε(zi)∂zi) + (h∂ziε(zi) + ε(zi)∂zi)

)
= 0. (2.15)

We know that the generators of the conformal group are all infinitesimally of order z2

or lower. So, we can set ε(z) = 1, z, z2 and ε(z) = 1, z, z2 and then see what constraints

they impose individually. With ε = 1 we can see that G(2) depends only on (z1 − z2).

With ε = z, we can see that G(2) = C12

z
h1+h2
12 z

h1+h2
12

. And finally with ε = z2, we see that

h1 = h2 = h and h1 = h2 = h. The final result is that

G(2)(zi, zi) = C12z
−2h
12 z−2h

12 . (2.16)

The three point function can similarly be enforced to take the form

G(3)(zi, zi) = C123z
−h1−h2+h3
12 z−h2−h3+h1

23 z−h1−h3+h2
31 z−h1−h2+h3

12 z−h2−h3+h1
23 z−h1−h3+h2

31 ,

(2.17)

where zij = zi − zj . As in (2.16), the 3-point function too depends only on one con-

stant. In 4-point functions on the other hand, the form is not fully determined. Global

conformal invariance enforces the form

G(4)(zi, zi) = f(x, x)
∏
i<j

z
−(hi+hj)+h/3
ij

∏
i<j

z
−(hi+hj)+h/3
ij , (2.18)

where
4∑
i=1

hi = h. In (2.18), the quantity x is called the anharmonic Ratio or the cross

ratio and is defined to be

x =
z12z34

z13z24

. (2.19)

There are six possible combinations we can construct which are very similar to the

above defined quantity. All are related to x in a simple manner. They turn out to be

8



1− x, x
1−x ,

1
x
, 1

1−x ,
1−x
x

. This is a major difference from higher dimensions where there

are two independent cross ratios which can be written down.3 We can in principle set

z1 = ∞, z2 = 1, z3 = x, z4 = 0 and try to extract the function f(x). This is discussed

in later parts of this report.

2.5 Radial Quantization and Conserved Charges

We now explain the details of the quantization procedure. We consider Euclidean space

time with σ0 and σ1 the time and space coordinates respectively. To eliminate any

infrared divergences, we compactify the space coordinate, σ1 ≡ σ1 + 2π. The σ1, σ0

coordinates now describe a cylinder. We want to map this to the plane, and this is done

by the map ζ → z = exp(ζ) as shown in Figure (2.1) . Now, z is the coordinate on the

plane and equal time surfaces on the cylinder becomes circles on the plane. Dilatations

on the plane z → eaz are just time translations σ0 → σ0 + a on the cylinder and hence

the dilatation generator on the plane would be the Hamiltonian for the system, and the

Hilbert space is built up the circles of constant radius. This procedure of quantization

is called radial quantization. It is useful in 2D QFT since this helps us use the tools of

Complex analysis and Contour integrals to make our job easier.

σ
1

σ
0

z

Figure 2.1: Figure depicting the coordinate change from the cylinder to the plane. Equal
time curves on the cylinder map to circles on the plane.

3This is expected since being in two dimensions will impose an additional constraint because the
points need to be on the same plane. This eliminates one of the cross ratios.
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2.5.1 Stress Tensor in 2D CFT

The stress tensor in a conformally invariant theory is traceless. This can be seen from

the conservation of the current jµ = T µνεν when εν = xν which correspond to dilata-

tions. We now go on to see that since the metric tensor in 2D is δµν , we can write down

the metric tensor when transformed to the coordinates z, z. The components turn out

to be gzz = gzz = 0 and gzzgzz = 1
2
. The stress tensor similarly can be written down

as Tzz = 1
4
(T00 − 2iT10 − T11), Tzz = 1

4
(T00 + 2iT10 − T11). The off diagonal com-

ponents will become zero due to the traceless property of the stress tensor. After this

transformation, we can see that the conservation equations will read

∂zTzz = 0 ∂zTzz = 0. (2.20)

We now denote T (z) = Tzz and T (z) = Tzz. These two components, will generate

local conformal transformations on the plane.

2.5.2 Radial Ordering and OPE of a Primary field with the Stress

Tensor

In radial quantization, we can see that
∫
j0(x)dx →

∫
jr(θ)dθ. Hence, we can write

down the conserved charge as

Q =
1

2πi

∮ (
T (z)ε(z)dz + T (z)ε(z)dz

)
. (2.21)

The line integral is performed around a circle of fixed radius and in the counter-clockwise

sense. Once we know the charge, we can find out the variation of any field, which is

given by the equal time commutator

δε,εΦ(w,w) =
1

2πi

∮ [
T (z)ε(z)dz,Φ(w,w)

]
+
[
T (z)ε(z)dz,Φ(w,w)

]
. (2.22)

10



Products of operators A(z)B(w) in Euclidean space radial quantization is only defined

for |z| > |w|. Thus we define Radial ordering as

R (A(z)B(w)) =

 A(z)B(w) : |z| > |w|

B(w)A(z) : |w| > |z|
(2.23)

This allows us to define the commutators which we wrote down in (2.22) as

[ ∫
dxB,A

]
ET

→
∮
dzR

(
A(z)B(w)

)
. (2.24)

Hence we can write down (2.22) as

δε,εΦ(w,w) =
1

2πi

∮ (
R
(
T (z)Φ(w,w)

)
ε(z)dz +R

(
T (z)Φ(w,w

)
ε(z)dz

)
. (2.25)

The above result is got after choosing suitable contours and the final contour we need

to integrate over is one that tightly goes around the point w. Substituting the result from

(2.13) into (2.25), we conclude that to get the correct infinitesimal transformations, the

short distance behavior of R(T (z)Φ(w,w)) must be

R(T (z)Φ(w,w)) =
h

(z − w)2
Φ(w,w) +

1

z − w
∂wΦ(w,w) + . . . (2.26)

R(T (z)Φ(w,w)) =
h

(z − w)2
Φ(w,w) +

1

z − w
∂wΦ(w,w) + . . . (2.27)

From now on, we drop the radial ordering and assume it is understood. Also, we will

not repeat the antiholomorphic counterparts of equations, since in most occasions, it is

obvious to write them down. Now, we shall consider the structure of the OPE in general.

It is known that the singularities that occur when operators approach one another are

encoded in OPEs of the form

A(x)B(y) ∼
∑
i

Ci(x− y)Oi(y), (2.28)

where Ois are a complete basis of local operators. In two dimensional conformal field

theories, we can always take a basis of operators φi with fixed conformal weight. We
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can normalize the φis such that

〈φi(z, z)φj(w,w)〉 = δij
1

(z − w)2hi(z − w)2hi
. (2.29)

The OPE coefficients now depend only on the differences z − w and z − w. We can

now write

φi(z, z)φj(w,w) =
∑
k

Kijk(z, w, z, w)φk(w,w). (2.30)

Now, if we impose the constraint that both sides of (2.30) transform the same way when

z, z are scaled, we get

φi(z, z)φj(w,w) =
∑
k

Cijk(z − w)hk−hi−hj(z − w)hk−hi−hjφk(w,w). (2.31)

The Cijk hence defined are symmetric in i, j, k.

2.6 Conformal Ward Identities

We can make use of the OPE (2.26) and write down correlation functions involving the

fields T, φ in terms of correlation functions involving only φ.Let us consider the follow-

ing expression 〈
∮

dz
2πi
ε(z)T (z)φ1(w1, w1) . . . φn(wn, wn)〉. We can write this down as a

sum over contours which are tightly wrapped around each of the wis and hence we can

rewrite this as〈∮
dz

2πi
ε(z)T (z)φ1(w1, w1) . . . φn(wn, wn)

〉
=

n∑
j=1

〈
φ1(w1, w1) . . .

(∮
dz

2πi
ε(z)T (z)φj(wj, wj)

)
. . . φn(wn, wn)

〉

=
n∑
j=1

〈φ1(w1, w1) . . . δε,εφj(wj, wj) . . . φn(wn, wn)〉 .

(2.32)
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In the equation (2.32), we can make use of the holomorphic part of (2.22) to simplify

it. Now, using the information encoded in the OPE (2.26), we can write down

〈T (z)φ1(w1, w1) . . . φn(wn, wn)〉 =
n∑
j=1

(
hj

(z − wj)2
+

1

z − wj
∂wj

)
〈φ1(w1, w1) . . . φn(wn, wn)〉 .

(2.33)

The equation (2.33) is used to obtain differential equations for 4-point correlation func-

tions for the so-called degenerate fields.

2.7 Virasoro Algebra

Not all fields are primary, and a prime example of a field which is not primary is Stress-

energy tensor. By performing two successive conformal transformations, we can deter-

mine the OPE of the stress tensor with itself. It is of the form

T (z)T (w) =
c/2

(z − w)4
+

2

(z − w)2
T (w) +

1

z − w
∂T (w), (2.34)

where c is a constant known as the cental charge. It is permitted by analyticity and scale

invariance. The constant c depends on the theory under consideration.The stress-energy

tensor transforms in a more complicated manner under coordinate transformations. This

is given by

T (z)→ (∂f)2T (f(z)) +
c

12
S(f, z), (2.35)

under z → f(z), where S(f, z) is given by

S(f, z) =
∂zf∂

3
zf − 3

2
(∂2
zf)2

(∂zf)2
. (2.36)

S(f, z) is known as the Schwartzian derivative. The stress tensor is an example of an

SL(2,C) primary, but not a primary field. It is now convenient to define the Laurent

expansion of the stress-energy tensor as

T (z) =
∑
n∈Z

z−n−2Ln, (2.37)
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and a similar expansion for the antiholomorphic part. This can be formally inverted as

Ln =

∮
dz

2πi
zn+1T (z). (2.38)

Now, we can use the OPE (2.34) to derive the commutation relation between the modes

Ln. The result is the following

[Lm, Ln] = (m− n)Lm+n +
c

12
(n3 − n)δn+m,0 (2.39)

[Lm, Ln] = (m− n)Lm+n +
c

12
(n3 − n)δn+m,0 (2.40)

[Lm, Ln] = 0. (2.41)

The algebra (2.39) is called the Virasoro Algebra. Here, we find two copies of an infinite

dimensional algebra which commute with each other. Every CFT is a realization of this

algebra with particular c, c. It can also be noted that

[L±1, L0] = ±L±1, [L1, L−1] = 2L0. (2.42)

2.8 Representations of the Virasoro Algebra

The study of the representations of the Virasoro algebra is very similar to that of an

ordinary Lie algebra like SU(2) where the raising and lowering operators are denoted

by J±. We start off by defining highest weight states, raising and lowering operators in

an analogous manner. Consider the state

|h〉 = φ(0)|0〉. (2.43)

The state |h〉 satisfies the role of the highest weight state, the role of raising operators

are played by L−m for m > 0 and the role of the lowering operators are played by Lm

14



for m > 0. The role of J3 is played by L0 here. We can write down

Lm|h〉 = 0 ∀m > 0

L0|h〉 = h|h〉.
(2.44)

The other states in the representation can be written down always as a superposition

of states of the form Lr1−m1
Lr2−m2

. . . Lrk−mk |h〉 where n1 > n2 > . . . > nk, using the

commutation relations. These states are called secondary states, and the highest weight

state is known as a primary state. We can write down infinitely many secondary fields

this way, and such a structure is called a Verma Module. Let us consider the state we

chose before, i.e. Lr1−m1
Lr2−m2

. . . Lrk−mk |h〉. Let us denote it as a state at level n given by

n =
k∑
j=1

mjrj . At any given level n, we have P (n) states possible, where P (N) is the

number of partitions of the integer N . It is given by the generating function

1∏∞
n=1(1− qn)

=
∞∑
N=0

P (N)qN . (2.45)

2.9 Kac Determinant and Unitarity

Starting from a highest weight state |h〉, we can classify the set of states we obtain

by the level of the descendant states. Let us now consider the possibility that linear

combinations of states at each level can vanish. At level 1, this means that the state has

to be the vacuum. At level 2, we have two states possible : L2
−1|h〉 and L−2|h〉. It may

happen that

(L−2 + aL2
−1)|h〉 = 0. (2.46)

By applying L1 and L2 to the above equation, we get

(3 + 2a(2h+ 1)) |h〉 = 0

(4h+ c
2

+ 6ah)|h〉 = 0.
(2.47)

This means that a = −3/2(2h + 1) and that c must satisfy c = 2(−6ah − 4h) =

2h(5− 8h)/(2h+ 1). We can thus conclude that a highest weight state |h〉 at this value
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of c satisfies (
L−2 −

3

2(2h+ 1)
L2
−1

)
|h〉 = 0. (2.48)

Such states are termedNull vectors. At any level, the quantity which will tell us if there

are null vectors is the matrix of the inner product of the states at that level. This is called

the Kac determinant. A zero eigenvector of this matrix gives a linear combination with

zero norm, which must vanish. At level two, this is〈h|L2L−2|h〉 〈h|L2
1L−2|h〉

〈h|L2L
2
−1|h〉 〈h|L2

1L
2
−1|h〉

 =

4h+ c/2 6h

6h 4h(1 + 2h)

 . (2.49)

We can easily find out the determinant of this matrix as

det = 2(16h3−10h2 +2h2c+hc) = 32(h−h1,1(c))(h−h1,2(c))(h−h2,1(c)), (2.50)

where h1,1 = 0, h1,2 = h2,1 = 1
16

(5− c)± 1
16

√
(1− c)(25− c). At level N , the Hilbert

space consists of states of the form

∑
ni

an1...nkL−n1 . . . L−nk |h〉, (2.51)

where
∑

ni = N . We can pick P (N) basis states and the level N analog of (2.49)

is to take the determinant of the P (N) × P (N) matrix MN(c, h) of inner products. If

detMN(c, h) vanishes, then there exists a linear combination of states which vanishes

for that c, h. The way (2.50) is generalized is the following

detMN(c, h) = KN

∏
pq≤N

(h− hp,q(c))P (N−pq). (2.52)

This formula is due to Kac and has been proven. KN is a constant independent of c and

h. The hp,q(c)s are best expressed by reparametrizing c using the quantity m as

m = −1

2
± 1

2

√
25− c
1− c

. (2.53)
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Then, the hp,q can be written down as

hp,q(m) =
((m+ 1)p−mq)2 − 1

4m(m+ 1)
. (2.54)

The central charge can also be written as

c = 1− 6

m(m+ 1)
. (2.55)

We finally mention that the hp,q values mentioned in (2.54) possess the symmetry p →

m − p, q → m + 1 − q. Unitarity analysis of the Virasoro representations is done by

looking at the Kac determinant. If the determinant is negative at any given level, then

it means that there are negative norm states at that level and the representation is not

unitary. If the determinant is greater than or equal to zero, further analysis is required

to ascertain unitarity. For c ≥ 1, h ≥ 0, the Virasoro algebra can be shown to allow

unitary representations. For c < 1 it can be shown that unitary representations occur at

discrete values of the central charge given by

c = 1− 6

m(m+ 1)
m = 3, 4 . . . . (2.56)

For each value of c given above, there are m(m− 1)/2 values of h which can occur and

the weights are given by

hp,q =
((m+ 1)p−mq)2 − 1

4m(m+ 1)
, (2.57)

where the integers 1 ≤ p ≤ m−1, 1 ≤ q ≤ p. We can duplicate this once and allow the

integers p and q to run from 1 to m. This is usually represented as something called the

Kac table. The series of unitary models with c < 1 are called minimal models. The first

1
2

0

1
16

1
16

0 1
2

3
2

7
16

0

3
5

3
80

1
10

1
10

3
80

3
5

0 7
16

3
2

Table 2.1: Kac Tables for c = 1
2

and c = 7
10
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few members of the series (2.56) with m = 3, 4, 5, 6 or c = 1
2
, 7

10
, 4

5
, 6

7
are associated

with the critical points of the Ising Model, tricritical Ising Model, 3-state Potts Model

and tricritical 3-state Potts Model respectively. The Kac tables for Ising model and

Tricritical Ising model are shown in Table (2.1). We will now look at a few extensions

of the Virasoro algebra.

2.10 Extensions of the Virasoro Algebra

2.10.1 WZW models

We now look at c > 1 theories where there are no restrictions on the values which the

conformal weights of primary fields must take on. We can have an infinite number of

primaries in general, and we might still hope that we can construct a theory with only

a finite number of representations of the Virasoro algebra. It was shown by Cardy in

[7] that it is not possible to construct a modular invariant partition function with a finite

number of Virasoro characters, but there is a workaround by constructing theories with

extended algebras which have the Virasoro algebra as a subalgebra. Let us look at the

Wess-Zumino-Witten models based on some Lie algebra G. These theories contain a

much bigger symmetry algebra than the Virasoro algebra and is generated by Ln, Jan

where n ∈ Z, and the index a is the Lie algebra index. The commutation relations are

as follows.

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0

[Jam, J
b
n] = ifabcJ cm+n +

k

2
mδm+n,0

[Lm, J
a
n] = −nJam+n,

(2.58)

where fabc are the Lie algebra structure constants, and k is a constant. The Lm and

Jam are not independent and the following relation (2.59) can be derived between them

called the Sugawara relation.

Lm =
1

cv + k

∑
a,n

: Jam−nJ
a
n :, (2.59)
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where cv is the quadratic Casimir in the adjoint representation. From (2.59), we can

derive the following relation for the central charge.

c =
kD

cv + k
, (2.60)

where D is the dimension of the algebra. We note that the zero modes Ja0 generate the

algebra G. Let us denote the primary states as |α, i〉. They form an irrep of the zero

mode algebra, which we call Rα. These are annihilated by all Jan with positive n.

Jan|α, i〉 = 0 ∀n > 0 (2.61)

Ja0 |α, i〉 =
∑
j

(Rα)aij|α, j〉. (2.62)

From (2.59) and (2.62), it follows that

L0|α, i〉 =
cα

cv + k
|α, i〉 (2.63)

Ln|α, i〉 = 0 ∀n > 0, (2.64)

where cα denotes the quadratic Casimir in the representation Rα of the algebra. The

primary state of the Virasoro algebra is a primary state of the Current algebra auto-

matically, but the converse is not true. We have an identical antiholomorphic part to

this story, as in the usual Virasoro algebra. We shall now write down the result for

SU(2) WZW theories. In this case the label n may be replaced by the isospin j of

the representation. It can be shown that unitary highest weight representation of SU(2)

current algebra exists only for positive integer values of k for unitary representations.

The allowed values of j for a given k are given by j = 0, 1
2
, 1, . . . , k

2
. For SU(2), with

D = 3, cv = 2 and cj = j(j + 1), we get

c =
3k

k + 2
, (2.65)
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hj =
j(j + 1)

k + 2
, (2.66)

where hj is the conformal weight of the primary in the isospin j representation of the

SU(2) group. We again get descendants and have null states. We now end our discus-

sion of CFT and turn to LCFTs.

2.10.2 Zamolodchikov’sW3 algebra and the three-state Potts Model

The three-state Potts Model occurs in the minimal models with central charge given by

c6,5 = 4
5
. There are 10 different scaling fields. It turns out that only a subset of fields

in this model describes the critical point of the three-state Potts model. The Q-state

Potts model is defined in terms of a spin variable σi taking Q different values. The

Hamiltonian is given by

H = −
∑
〈ij〉

δσiσj . (2.67)

A nearest neighbour pair of like spins carry an energy of -1, and all other pairs carry

no energy. The physical operators in the Potts model are spinless fields. In addition to

(r, s) Dimension Symbol Meaning

(1, 1) or (4, 5) 0 I Identity

(2, 1) or (3, 5) 2
5

ε Energy

(3, 1) or (2, 5) 7
5

X

(4, 1) or (1, 5) 3 Y

(3, 3) or (2, 3) 1
15

σ spin

(4, 3) or (1, 3) 2
3

Z

Table 2.2: Spectrum of the Three-State Potts model

these, the Potts model also has the following operators which have spins.

Φ0,3, Φ3,0, Φ 2
5
, 7
5
, Φ 7

5
, 2
5
. (2.68)

The presence of the spin 3 field and its role in fusion indicates an extended symmetry.

The field with weights (3, 0) is the holomorphic generator W (z) of the W3 algebra. We
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take it’s commutation relations to be

[Wm,Wn] = 13
10800

m(m2 − 1)(m2 − 4)δm+n

+ 13
720

(m− n)(2m2 −mn+ 2n2 − 8)Lm+n + 1
3
Λm+n,

(2.69)

where Λm =
∑

n(Lm−nLn) − 3
10

(m + 3)(m + 2)Lm. We can make the following

identifications if we assume arbitrary normalizations.∣∣∣∣75 , 2

5

〉
= W−1

∣∣∣∣25 , 2

5

〉
,∣∣∣∣25 , 7

5

〉
= W−1

∣∣∣∣25 , 2

5

〉
,∣∣∣∣75 , 7

5

〉
= W−1W−1

∣∣∣∣25 , 2

5

〉
.

(2.70)

We see that the space of states are reorganized into W primaries and their descendants

and hence the W3 symmetry helps us organize the Virasoro primaries in a better way.

The same thing is expected to happen with generalWp,p′ symmetry as will be seen in

the next chapter.
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CHAPTER 3

LOGARITHMIC CONFORMAL FIELD THEORY

We begin this section on LCFTs with a discussion of logarithmic null vectors, and later

move onto the general structure of correlation functions of fields and their logarithmic

partners. We then show some specific computations assuming only a Virasoro symme-

try for the c = −2 model as an example to understand the logarithmic structure better.1

3.1 Non-diagonal action and Jordan Cells

Suppose we have two operators φ(z) and ψ(z) with the same conformal weight h, it was

realized in [1] that the L0 action becomes non-diagonal on states representing these two

operators and has the following Jordan cell structure.

L0|φ〉 = h|φ〉, (3.1)

L0|ψ〉 = h|ψ〉+ |φ〉. (3.2)

We will see later on that the field φ(z) is an ordinary primary field and the field ψ(z)

gives rise to logarithmic correlation functions and is therefore called the Logarithmic

Partner of the field φ(z).2.

3.2 Null Vectors

As we saw in (2.8), from each highest weight state we get from a primary field, we can

construct a Verma module Vh,c with respect to the Virasoro Algebra by applying the

1For a complete introduction to correlation functions in LCFTs, the reader is referred to [8]
2It is also important to note that two fields having the same weight does not necessarily mean that

there will be a Jordan cell structure between them



modes L−n for n > 0 on the state |h〉. In this way our space of states becomes simpler

to handle, and is simply given by

H = ⊕hVh,c, (3.3)

where we put together the Verma modules we get from every highest weight state. It

is again understood that there is an antiholomorphic counterpart to this. There is a

simple way of counting states in a CFT, and that is by introducing what is known as the

character of the algebra. This is a power series given by

χh,c(q) = TrVh,cq
L0−c/24. (3.4)

For the moment, q is just a formal variable. As was described in (2.8), the Verma

module possesses a neat distinction of the states by what we called the level of the state.

Hence, we can simply write down the character, assuming we have p(N) independent

states at level N to be

χh,c(q) = qh−c/24
∏
n≥1

1

1− qn
. (3.5)

Though, for some special cases, this might not be the case. What we seem to be neglect-

ing is the possibility that for a special combination of h and c, we can have states which

are null vectors. So, we note the following point, if there are null states in the module

Vh,c, these are states which are orthogonal to all states in the theory and hence decou-

ple from the Verma module. So, in our module, we need to divide out the null state

to get the correct representation of the Verma module. The general feature of LCFTs

is that there are atleast two conformal families which have the same highest weight

h = hr,s(c) = ht,u(c). This will not happen in the minimal models since their grid

is truncated to exclude this possibility. LCFTs are usually constructed by considering

c = cp,1 where the conformal grid is formally empty. It can also be done by extending

the Kac Table of CFTs. Now, the fact that two families have the same weight means

that we have two distinct null vectors, one at level n = rs and another at level m = tu.

We can in general assume that m ≥ n. It is evident that in general, we cannot set these

nulls to zero arbitrarily. As shown in [9], there exist extra parameters called indecom-
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posability parameters3which need to take on special values to set the null to zero, so

that we can get a differential equation for the correlation functions involving that field.

We want to understand the nature of these nulls. For this, we look at the c =

−2 theory to give us some insight. Before doing that, let us look at what happens to

correlation functions in LCFTs.

3.3 Logarithmic Correlators

In CFTs, global conformal invariance can only fix the form of the two-point and three-

point functions. The four point functions usually have some freedom. A null vector can

give us a handle on the four point function and help us compute arbitrary correlation

functions involving this field. We now turn to finding out what happens in the case of a

rank two Jordan cell involving fields φh(z) and ψh(z), both of weight h. In the case of

an LCFT, we need to modify the action of the Virasoro modes to make it non-diagonal.

This is written down as

Ln〈φ1(z1) . . . φn(zn)〉 =
∑
i

zn [z∂i + (n+ 1)(h+ δhi)] 〈φ1(z1) . . . φn(zn)〉, (3.6)

where the φis are either φh or ψh, and δh is some sort of a step operator which gives

δhiψhj(z) = δijφhj(z) and δhiφhj(z) = 0. This action reflects the transformation of the

logarithmic fields under a conformal transformation given by

φh(z) =

(
∂f

∂z

)h
(1 + log(∂zf(z))δh)φh(f(z)). (3.7)

One consequence is that

〈ψh(z1)φh2(z2) . . . φhn(zn)〉 = 〈φh1(z1)ψh2(z2) . . . φhn(zn)〉

= . . . = 〈φh1(z1) . . . ψhn−1(zn−1)φn(zn)〉.
(3.8)

3In [9], this parameter is called b and is considered akin to the central charge. There have been many
more instances of such parameters coming up as in [10] and [11]
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Thus, if we have only logarithmic field in the correlation function, it doesn’t matter

where it is inserted. Also, the action of the Virasoro modes is normal, and there is no

off diagonal terms produced, and hence we can evaluate this as in an ordinary CFT.

The conformal Ward identities are modified as well, to give us the following structure

for generic two and three point functions for the case of a rank two LCFT. We find the

following form for the two point functions.

〈φh(z)φh′(w)〉 = 0

〈φh(z)ψh′(w)〉 = δhh′
A

(z − w)h+h′

〈ψh(z)ψh′(w)〉 = δhh′
B − 2A log(z − w)

(z − w)h+h′

(3.9)

The generic form of the three point functions is given by

〈φhi(zi)φhj(zj)φhk(zk)〉 = A(zij)
hk−hi−hj(zik)

hj−hi−hk(zjk)
hi−hj−hk

〈φhi(zi)ψhj(zj)ψhk(zk)〉 =
[
B − 2A log(zjk)

]
× (zij)

hk−hi−hj(zik)
hj−hi−hk(zjk)

hi−hj−hk

〈ψhi(zi)ψhj(zj)ψhk(zk)〉 =

[
C −B

(
log(zij) + log(zik) + log(zjk)

)
+ A

(
2 log(zij) log(zik) + 2 log(zjk) log(zji) + 2 log(zik) log(zjk)

− log2(zij)− log2(zjk)− log2(zik)
)]

× (zij)
hk−hi−hj(zik)

hj−hi−hk(zjk)
hi−hj−hk .

(3.10)

where the other two correlation functions can be got by making cyclic permutations of

the second equation in (3.10). It is also obvious that the structure constants A,B,C

do not depend on where the logarithmic field is inserted in the above equation. This is

in general true for higher point correlations, but it is very tough to enforce. The form

of the four point function is extremely cumbersome when it involves more than one

logarithmic field. With only one, it has the same form as in (2.18). Let us write down

the other 4 point functions assuming µij = h/3− hi − hj and h =
∑
i

hi. The general

25



form of the four point functions is given by

〈φiφjψkψl〉 =
∏
r<s

zµrsrs

[
F

(1)
kl (x)− 2F (0)(x) log(zkl)

]
〈φiψjψkψl〉 =

∏
r<s

zµrsrs

[
F

(2)
jkl (x)−

∑
r<s∈{jkl}

t={jkl}−{rs}

(
F

(1)
rt (x) + F

(1)
st (x)− F (1)

rs (x)
)

log(zrs)

+ F (0)(x)
(
2

∑
r<s∈{jkl}

t={jkl}−{rs}

log zrt log zts −
∑

r<s∈{jkl}

log2 zrs
)]
.

(3.11)

Even in these, other choices of inserting logarithmic fields will give the same correlation

functions, with appropriate permutations of indices. The four point function of four

logarithmic fields has the following complicated form.

〈ψ1ψ2ψ3ψ4〉 =
∏
i<j

z
µij
ij

[
F

(3)
1234(x)

∑
r<s

{t,u}={jklm}−{rs}

(
1
3

(
2F

(2)
rtu(x) + 2F

(2)
stu(x)− F (2)

rst (x)− F (2)
rsu(x)

)
log zrs

− 1
2

(
2F (1)

rs (x)− F (1)
rt (x)− F (1)

ru (x)− F (1)
st (x)− F (1)

su (x)
)

log2 zrs

)
−

∑
{rst}⊂{jklm}
u∈{jklm}−{rst}

1
2

(
F (1)
rs (x) + F

(1)
st (x)− F (1)

rt (x)− 2F (1)
su (x)

)
log zrs log zst

−
∑

r 6=s6=t 6=u
r<u

F (0)(x)
(
2 log zrs log zst log ztu − log2 zru log zst

)
+
∑
r 6=s 6=t
r<t

2F (0)(x) log zrs log zst log ztr

]
.

(3.12)

Therefore, we can see that the full solution will involve 12 different functions, and is

quite cumbersome to compute in general. We will now move onto defining the logarith-

mic minimal models and their spectra briefly.
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3.4 Minimal LCFTs and their spectra

A complete introduction to minimal LCFTs and their properties can be found in [12],[4],[13].

We will be putting down only certain aspects of the Minimal models in this report. The

motivation for these models came from the original work by Kausch where the above

models with central charges cp,1 were noticed. These are simply theWLM(1, p) mod-

els. It was noticed by Kausch in [14] that the possibility of extending the Virasoro

algebra by a multiplet of fields at certain values of the central charge is possible. A

series of singlet and triplet solutions4 were found by analyzing closure, and the fields

included which formed the multiplet had an underlying SO(3) structure. The OPE of

the generators W (i)(z) was found to be

W (j)(z1)W (k)(z2) =
c

∆
δjk

1

(z1 − z2)2∆
+ C∆∆∆iε

jkl W
(l)(z2)

(z1 − z2)∆
+ . . . , (3.13)

where the dots represent descendant fields which appear in the OPE. These CFTs

possess infinitely many degenerate representations with integer conformal weights of

∆2k+1,1. The logarithmic structure creeps in because L0 is no longer diagonal on these

degenerate representations, but has a Jordan block representation.

3.4.1 Kac Representations

A logarithmic minimal model is defined for every set of coprime positive integers p, p′

such that p < p′. We denote the logarithmic minimal models as LM(p, p′) for these

pair of integers.5 The central charge of such a theory is given by

c = 1− 6
(p− p′)2

pp′
. (3.14)

4It is to be noted that the singlet extensions are not rational as derived in [12].
5When we put in W symmetry, we denote it as WLM(p, p′) to denote the extended W symmetry

assumed.
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In the Virasoro picture, there are an infinite number of Kac representations with an

infinitely extended Kac table and the conformal weights are given by

∆r,s =
(rp′ − sp)2 − (p′ − p)2

4pp′
r, s ∈ N. (3.15)

We also note that we can use this formula for arbitrary r, s once we note the Z2 symme-

try in the Kac table.

∆r,s = ∆p−r,p′−s. (3.16)

We note that in the Virasoro picture, there are an infinite number of representations

which close under fusion. To obtain a finite number of them, we assume an extended

W(p, p′) symmetry to reorganize the infinite number of Virasoro representations into a

finite number ofW indecomposable representations which close under fusion.6

3.4.2 W-irreducible representations

The W-irreducible representations respect the Wp,p′ symmetry. The Wp,p′ algebra is

generated by the stress tensor T (z) and two Virasoro primaries W+(z) and W−(z) of

conformal dimension (2p−1)(2p′−1). There are 2pp′+ 1
2
(p−1)(p′−1)W-irreducible

representations. There are 1
2
(p−1)(p′−1)W-irreducible representations corresponding

to the representations of the rational minimal models. These have conformal weights

given by

∆r,s =
(rp′ − sp)2 − (p′ − p)2

4pp′
1 ≤ r ≤ p− 1, 1 ≤ s ≤ p′ − 1. (3.17)

These weights are the same as those for the minimal models. These are organized into

the usual Kac table with Z2 symmetry, and the characters are given by the usual Virasoro

characters which were derived in [15]

χ[W(∆r,s)] =
1

η(q)

∑
k∈Z

(q
(rp′−sp+2kpp′)2

4pp′ − q
(rp′+sp+2kpp′)2

4pp′ ), (3.18)

6We also note that the Z2 symmetry in the Kac table does not mean an identification of the fields. It
only means that their weights coincide.
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where η(q) is the Dedekind eta function given by

η(q) = q
1
24

∞∏
k=1

(1− qk). (3.19)

The remaining 2pp′ W-irreducible representations can be organized into a Kac table

with conformal weights given by

∆̂r̂,ŝ = ∆p+r̂,p′−ŝ 0 ≤ r̂ ≤ 2p− 1, 0 ≤ s ≤ p′ − 1. (3.20)

It is important to note that there is no Kac table symmetry here and each of them is

distinct. We can think of these as two extended Kac tables, extended from (p−1)(p′−1)

to pp′ and having two copies labeled ′+′ and ′−′ of the Wp,p′-representations and are

denoted as χ±r,s for 1 ≤ r ≤ p and 1 ≤ s ≤ p′. These two copies have the following

characters which we quote from [3]. Before we write down the characters, we need to

fix some notation. Firstly, we define the theta function and some other functions which

are defined using it as follows

θs,p(q) = θs,p(q, 1), θ(m)
s,p (q) = (z∂z)

mθs,p(q, z)
∣∣∣
z=1

, (3.21)

where the theta function is defined as

θp,s(q, z) =
∑

j∈Z+ s
2p

qpj
2

zpj, |q| < 1, z ∈ C, p ∈ N, s ∈ Z. (3.22)

Now, we write down the characters

χ±r,s(q) = Trχ±r,sq
L0−c/24, 1 ≤ r ≤ p 1 ≤ s ≤ p′. (3.23)
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The two characters are given by

χ+
r,s =

1

(pp′)2η(q)

(
θ′′p′s+pr − θ′′p′s−pr

− (p′s+ pr)θ′p′s+pr + (p′s− pr)θ′p′s−pr

+
(p′s+ pr)2

4
θp′s+pr −

(p′s− pr)2

4
θp′s−pr

)
, 1 ≤ r ≤ p′, 1 ≤ s ≤ p

χ−r,s =
1

(pp′)2η(q)

(
θ′′pp′−p′s−pr − θ′′pp′+p′s−pr

+ (p′s+ pr)θ′pp′−p′s−pr + (p′s− pr)θ′pp′+p′s−pr

+
(p′s+ pr)2 − (pp′)2

4
θpp′−p′s−pr

− (p′s− pr)2 − (pp′)2

4
θpp′+p′s−pr

)
, 1 ≤ r ≤ p′, 1 ≤ s ≤ p.

(3.24)

These characters come out to be much simpler in the case of the calLM(1, p) models

and do not involve the second derivative terms which appear in (3.24).We now turn to

the c = −2 model and do some simple calculations.

3.5 An example : The c = −2 model

3.5.1 Analytic Approach

The c = −2 model is the simplest of the series LM(1, p) with p = 2. It was first used

by Gurarie in [1] where the operator with conformal dimension h = −1
8

(which we

denote by µ) was used to show that logarithmic terms come out in this model. Gurarie

computed the four point function of this operator assuming the form

〈µ(z1)µ(z2)µ(z2)µ(z3)〉 = (z1 − z3)
1
4 (z2 − z4)

1
4 [x(1− x)]

1
4F (x), (3.25)

where F is a function of the anharmonic ratio x to be determined using the null vector

condition. For the operator µ, we have the null vector given by

N = (L−2 − 2L2
−1)µ. (3.26)
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We can then use the methods described in [16] to get the following differential equation

for F (x).

x(1− x)F ′′(x) + (1− 2x)F ′(x)− 1

4
F (x) = 0. (3.27)

For the above differential equation, we see that an ansatz of the form F (x) = xd leads

to d2 = 0 and hence leads to coincident roots in the Frobenius expansion. Hence, we

see that there should definitely be a logarithm sitting in the four point function in the

form

F (x) = G(x) +H(x) log(x), (3.28)

where both G and H are regular at x = 0. It turns out that the solution in (3.28) is

actually just G(1− x), and we can write

G(1− x) = G(x) log(x) +H(x). (3.29)

Hence, it follows that the four point function necessarily has a singularity somewhere

on the Riemann sphere.

3.5.2 Jordan Block structure and Indecomposability parameters

Let us begin this subsection by repeating the argument given in [11]. Let us consider a

pair of logarithmic operators (φ(z), ψ(z)) which form a Jordan cell. Then, we can write

down the following correlation functions as we wrote in (3.3)

〈φ(z)φ(0)〉 = 0

〈φ(z)ψ(0)〉 =
β

z2h

〈ψ(z)ψ(0)〉 =
α− 2β log(z)

z2h

(3.30)

where α and β are parameters. The constant α can be set to zero by the redefinition

ψ → ψ − α
2β
φ. The constant β is fundamental to the Jordan Block and cannot be

eliminated in this way, which is called an Indecomposability Parameter. The operator
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L0 has the following representation in the basis of φ, ψ

L0 =

h 1

0 h

 , (3.31)

where h is the conformal weight of the two fields. It is known that the fields ψ, φ always

appear at the bottom and top of a larger structure called a staggered Virasoro module

[10]. The fields in this module organized in a structure as shown below

ψ

��<<<<<<<<

����������

ξ

��<<<<<<<< ρ

����������

φ

The arrows represent the action of the Virasoro generators and every part of the module

can be got by the action of these generators on ψ. L0 maps φ onto ψ due to the Jordan

cell action. The field φ is a descendant of ξ. We also have hξ ≤ hφ = hψ ≤ hρ

φ = Nξ, (3.32)

where N is the level (h − hξ) null of ξ. So, φ is a null field in the Virasoro sense. We

can see that φ is the logarithmic partner of ψ. We can also see that

β = 〈φ|ψ〉. (3.33)

We neglect ρ entirely in our discussion since it is not required, though it exists nonethe-

less. We now write down the Jordan block which exists in the c = −2 model.
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3.5.3 Jordan Block in the c = −2 model

The c = −2 theory is known to have a Jordan block at level 3. We can summarize this

with the following equations.

L0ψ = 3φ

L0ψ = 3ψ + φ

φ = Aξ

A†ψ = βξ

A = L2
−1 − 2L−2

(3.34)

We note here that the fields ψ and φ are both weight 3 and ξ is weight 1. β is the

coupling associated with this Jordan cell. Having established this, we now do some

computations for null vectors in this Jordan cell and look at logarithmic solutions.

3.5.4 Some computations for the c = −2 Jordan cell

We now try to look at the null computation for the operators with weight 1 and 3 which

were listed in (3.34). In general, the weight hr,s in the c = −2 model is given by

hr,s =
(2r − s)2 − 1

8
. (3.35)

We also have the Z2 Kac Table symmetry. For the operators with weight 3, we can

identify φ with position (3, 1), and ψ with (1, 7). The operator φ has a level 3 null given

by

|χ〉 = (L−3 −
2

5
L−1L−2 +

1

15
L3
−1)|φ〉. (3.36)

This is a genuine null of the pure Virasoro theory. We then take the 4 point function

G(4) to take on the form given by

G(4)(z, z1, z2, z3) = 〈φ(z)φ(z1)φ(z2)φ(z3)〉

= (z − z2)−6(z1 − z3)−6[x(1− x)]−6F (x).
(3.37)
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By using the techniques given in [16], we can take the limit z → x, zi → 0, 1,∞

without having to mess with the differential form of the operators L−ns too much. If we

plug in an ansatz of the form F (x) = xd, we get an equation for d which is d3− 19d2 +

106d− 96 = 0, which does not have roots which differ by an integer. Hence, we do not

see logarithms in the four point function of φ alone. Let us now look at the null vector

of the operator ψ. The null vector ψ has a null at level 7. This null is given by

|χ〉 = (L−7 −
4

3
L−6L−1 −

12

5
L−5L−2 −

13

5
L−4L−3 +

4

3
L−5L

2
−1

+
9

5
L−3L

2
−2 +

19

15
L2
−3L−1 +

62

15
L−4L−2L−1 −

17

20
L−4L

3
−1

− 6

5
L3
−2L−1 −

11

5
L−3L−2L

2
−1 +

7

30
L−3L

4
−1 +

49

60
L2
−2L

3
−1

− 7

60
L−2L

5
−1 +

1

240
L7
−1)|ψ〉.

(3.38)

What is remarkable is that this null factors as follows (upto some overall factors)

|χ〉 =− (L−4 −
19

51
L−3L−1 −

3

17
L2
−2 +

5

51
L−2L

2
−1 −

1

204
L4
−1)

× (L−3 −
2

5
L−1L−2 +

1

15
L3
−1)|ψ〉

= N4|ψ(3)〉.

(3.39)

We need to notice that |ψ(3)〉 is a level 3 descendant of the field ψ and is of weight 6.

Hence, the level 3 null of the logarithmic field ψ is a null only upto a primary field

of weight h4,1 = 6. We can again turn this into a differential equation for the four

point function of the field ψ. This yields a differential equation, where we can plug in

an ansatz F (x) = xd. It turns out that this gives us integer solutions of −8, 5, 2, 13.

Hence, we know that in the Frobenius method, we will have logarithms due to solutions

differing by integers. Hence, we verify that φ and ψ are a logarithmic pair even in the

Virasoro theory as expected. Now we turn to the operators ξ = (2, 1) and the (1, 5)

operator which we will call ω. The operator ξ will have a level two null given by

|χ〉 = (L−2 −
1

2
L2
−1)|ξ〉. (3.40)
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It is observed that this gives us no logarithmic solutions for an operator with positive

weight. Let us now look at the null which the field ω produces. This null is given by

|χ〉 = (L−5−
1

4
L−2L−3+

1

10
L−1L

2
−2+

9

40
L2
−1L−3−

1

16
L3
−1L−2−

1

160
L−1L−4+

1

160
L5
−1)|ω〉.

(3.41)

The remarkable property seen yet again is that this null factorizes as well.

|χ〉 = (L−3 +
1

20
L3
−1 −

2

5
L−1L−2)× (L−2 −

1

2
L2
−1)|ω〉

= N3|ω(2)〉.
(3.42)

It is again observed that there are logarithmic solutions in the level 3 null factorN3 due

to integer solutions in the Frobenius method. This ends our discussion of the c = −2

model for now. We now move onto the connection between disorder and LCFTs.
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CHAPTER 4

FROM QUENCHED DISORDER TO LOGARITHMIC

CONFORMAL FIELD THEORIES

4.1 Replica Trick and Quenched Disorder - Cardy’s ar-

gument for c = 0 CFTs

In condensed matter literature, the usual way disordered systems are handled is by using

the Replica formulation. In Replica formulation, we make n copies of the system and

then take the limit n → 0 to get information about the Free energy of the system. This

is represented as

log(Zqd) = lim
n→0

∂Zn

∂n
. (4.1)

We look at a particular class of Quenched random systems which are deformed pure

systems, where the deformation has randomness. Let us consider an action, similar to

what Zamolodchikov wrote down.

S = Spure +
N∑
k=1

∫
hk(r)Φk(r) d

2r, (4.2)

where Spure is a non random CFT. Φ − i(r)’s are a set of Primary fields which are

assumed to be scalars which are quenched random variables which have

hk(r) = 0, hi(r)hk(r′) = λijδ(r − r′). (4.3)

We are interested in the RG flow from the pure CFT to the quenched random fixed

point. We take N = 1 for simplicity in the remaining part of this section. We can then

write down the partition function as

Z =

∫
Dh e−(1/2λ)

∫
h2d2r Tre−SPure+

∫
hΦd2r. (4.4)



After we replicate the theory, the partition function becomes

Z
n

=

∫
D he−(1/2λ)

∫
h2d2r Tre−

∑
a SPure,a+

∫
h
∑
a Φad2r. (4.5)

By completing the square using the Hubbard-Stratanovich transform, this can be written

as

Z
n

=

∫
Dh e−(1/2λ)

∫
(h−λ

∑
a Φa)2d2r Tre−

∑
a SPure,a+λ

2

∫ ∑
a6=b ΦaΦbd

2r. (4.6)

The equation (4.6) is translationally invariant and can be treated as a perturbed theory.

4.1.1 Stress Tensor in the deformed theory

At the new fixed point the stress tensor is diagonal again and we can write down

〈T (z)T (0)〉 =
c(n)

2z4
. (4.7)

At the random fixed point, we can write down

〈T T 〉 =
∑
a,b

〈TaTb〉 = n〈T1T1〉+ n(n− 1)〈T1T2〉

= n
(
〈TT 〉 − 〈T 〉〈T 〉

)
.

(4.8)

Hence we can identify at the random fixed point

〈TT 〉 =
c′(0)

2z4
. (4.9)

So, it looks like the central charge has effectively become c′(0). Now, other than just

T , we have (n − 1) other independent components of the stress tensor which we need

to find out correlation functions for. Let us first put them down using the irreps of Sn.

T =
∑
a

Ta

T̃ = Ta −
1

n
T .

(4.10)
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At the new fixed point, these deform into conformal fields with different scaling dimen-

sion which under perturbation theory comes out to (2 + δ(n), δ(n)). In the pure theory,

the correlations can be written down as

〈T̃aT̃b〉 =

(
δab −

1

n

)
c

2z4
. (4.11)

Now, in the deformed theory, we see that this becomes

〈T̃aT̃b〉 =

(
δab −

1

n

)
c(n)

2n

1

z4(zz)2δ(n)
. (4.12)

Now, we can see that we get logarithms in the correlation functions for the stress tensor

as follows.

〈T 〉〈T 〉 = lim
n→0
〈T1T2〉

= lim
n→0

〈(
T̃1 + (1/n)T

)(
T̃2 + (1/n)T

)〉
= lim

n→0

c′(0)

2z4

(
− 1

n
(zz)−2δ(n) +

1

n

)
=

˜ceff

2z4
log(zz),

(4.13)

where c̃eff = 2c′(0)δ′(0).

4.1.2 Partition function in the deformed theory

Now, we have some changes even in the partition function on the torus. This is shown

below.

Z
n

= (qq)−
c(n)
24

(
1 + q2 + (n− 1)q2+δ(n)qδ(n) + q2

+ (n− 1)qδ(n)q2+δ(n) + q2q2 + . . .

)
.

(4.14)

When n = 0, this goes to 1 and hence we must have new primaries at each level which

add up with the descendants of the relevant operators which together add up to give

us 1. This tells us that there is a massive degeneracy and hence the possibility of an
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extended symmetry as n→ 0. If we try to compute the quenched free energy, we get

∂Zn

∂n

∣∣∣
n=0

= −ceff
24

ln(qq)− δ′(0)(q2 + q2) ln(qq) + . . . (4.15)

Hence we see the appearance of logarithms and also the second effective charge through

δ′(0) in the free energy.

4.1.3 c = 0 Catastrophe

For any primary operator φ in any CFT, its OPE with itself is of the form

φ(z).φ(0) =
aφ
z2∆

(
1 +

2∆

c
z2T +

4∆∆

c2
z2z2(TT ) + . . .

)
. (4.16)

Clearly, there is a problem when c→ 0. There are ways to resolve this. This was done

by Gurarie by introducing another field of weight 2 and introducing a parameter called

b akin to the central charge. We can look at this using the Replica trick too. Consider

Φ =
∑

a Φa, Φ̃a = Φa − (1/n)Φ. In the pure theory, the OPEs are given by

Φ̃aΦ̃a =
(
1− 1

n

)
(zz)−4∆

(
1 +

2∆

cn
z2T +

2∆

c
z2T̃a + . . .

)
Φ.Φ =n

(
zz)−4∆(1 +

2∆

cn
z2T +

2∆2

(cn)2
(zz)2T T +

2∆2

c2
(zz)2

∑
a

T̃aT̃ a + . . .

)
,

(4.17)

which flow to

Φ̃aΦ̃a =
(
1− 1

n

)
(zz)−4∆Φ̃

(
1 +

2∆Φ̃

c(n)
z2T + const z2(zz)δ(n)T̃a + . . .

)
Φ.Φ =n(zz)−4∆Φ

(
1 +

2∆Φ

c(n)
z2T +

2∆2
Φ

(c(n))2
(zz)2T T +

const (zz)2+δ2(n)M+ . . .

)
,

(4.18)

whereM is a new primary operator of weight (2 + δ2(n), 2 + δ2(n)). Φ̃ and Φ resolve

the catastrophe by allowing aΦ → 0 and the appearance of another primary operatorM

respectively. The operators Φ and Φa = Φ̃a + (1/n)Φ form a logarithmic pair at c = 0.
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4.2 Gurarie’s b parameter

In a paper [9] which put forth a lot of questions about LCFTs, Gurarie and Ludwig

tried to reconcile the so called c = 0 catastrophe. They did this by introducing another

field of weight two which they called t(z) which would cancel out the divergence as the

operatorM did in the previous section. They considered two CFTs with central charges

b and −b and tried to construct the stress tensor OPEs for the algebra V irb ⊕ V ir−b.

Each of the stress tensors satisfied

Tb(z)Tb(0) =
b/2

z4
+

2Tb(0)

z2
+
T ′b(0)

z
+ . . . , (4.19)

and a similar one for T−b(z). A primary operator φ would have an OPE which would

have two parts in the (4.16), due to the two factors of the theory. The OPE would simply

be

φ(z)φ(0) =
1

z2∆

(
1 +

∆

b
z2(Tb − T−b) + . . .

)
. (4.20)

The stress tensor of the total theory is given by T = Tb + T−b, and hence we have

introduced a new field

t(z) = Tb(z)− T−b(z), (4.21)

which we call the log partner of the stress tensor. This would be in general, an operator

in the extended Kac table. Postulating the existence of this extra field, we can go ahead

and derive the correlation functions as

〈T (z)T (0)〉 = 0

〈T (z)t(0)〉 =
b

z4

〈t(z)t(0)〉 =
−2b log(z) + θ

z4
.

(4.22)

This structure is exactly the same as what we expect from the previous chapter on

LCFTs. The constant θ is also something we can eliminate and it is like a gauge choice.

Using these correlation functions, and the TT OPE, we can write down the commuta-

tion relations between the modes Ln of the field T (z) and the modes ln of the field t(z).
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This turns out to be

[ln, Lm] = (n−m)ln+m −mLn+m +
b

6
n(n2 − 1)δn+m,0. (4.23)

It was also found in [9] that logarithmic nulls do not decouple in general and they do

only for specific values of b. These values of b which were b = 5
6

and b = −5
8

were

identified with Percolation and Polymers. We now move onto generalizing the argument

given here and by Cardy to LCFTs in general at non zero central charge.

4.3 Generalization of Cardy’s argument

4.3.1 Saleur’s argument

The first piece of information we need is the argument given by Saleur et al. in [11] for

the c = −2 model. This helps us get to know the fact that there is a catastrophe in every

one of the minimal LCFTs when the central charge is perturbed by a small amount. We

go about showing that when we consider a deformation field which is marginal, we can

consider the deformation made by Saleur and the replica formulation equivalent.

Let us write the central charge as c = 1− 6
x(x+1)

. We make a small deformation in x

by a small quantity ε.Consider the OPE of the field Φh with itself in the c = −2 theory.

Φh(z)Φh(0) ∼ aΦ

z2h−hξ

[
ξ(0) +

1

2
z∂ξ(0) + α(−2)z2L−2ξ(0)

+ α(−1,−1)z2L2
−1ξ(0) + . . .

]
,

(4.24)

where the α coefficients can be fixed by Conformal invariance as ε → 0: α(−2) =

4h
27ε

+ 1+2h
27

+O(ε) and α(−1,−1) = − 2h
27ε

+ 4+h
27

+O(ε). We need to notice that we only

consider the ξ channel on the RHS. We know that ξ has a level two null. So, let us
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eliminate one of the two states at level two by using φ = (L2
−1 − 2L−2)ξ.

Φh(z)Φh(0) ∼ aΦ

z2h−hξ

[
ξ(0) +

1

2
z∂ξ(0) + α(−1,−1)z2φ(0)+

(2α(−1,−1) + α(−2))z2L−2ξ(0) + . . .

]
.

(4.25)

We notice that we got rid of the diverging terms this way because the α combinations

precisely get rid of these divergences. We can now with a redefinition get rid of the

remaining divergences as

Φ1,7(z) =
α(−1,−1)〈φ|φ〉

β(ε)
ψ(z)− α(−1,−1)φ(z), (4.26)

where β(ε) = − 〈φ|φ〉
hψ−hξ−2

. With this redefinition, and the fact that α(−1,−1)(hψ−hξ−2) =

−h
9
, we can rewrite the OPE as a regular one in ε as

Φh(z)Φh(0) ∼ aΦ

z2h−1

[
ξ(0) +

z

2
∂ξ(0) +

9 + 4h

27
z2L−2ξ(0)+

h

9
z2(ψ(0) + φ(0) log z) + . . .

]
.

(4.27)

Hence, we have resolved the catastrophe here by introducing another field to take care

of the divergences by using the null structure.

4.3.2 Generalizing Saleur’s argument

As is stated in Chapter 8 [16], we know that the OPE coefficients at levelN are inversely

proportional to the Kac determinant at level N . If we choose the channel to be the field

with a conformal weight such that the Kac determinant vanishes at given value of central

charge, then we get singularities as in the previous section in the OPE coefficients. This

would mean if we choose the channel to be the operator whose descendant null doesn’t

decouple, but instead gives us a new field, like how ξ gives φ in the above example, we

can push through this argument since that null will help us introduce the new field. If

we assume a similar null structure of second level between the fields ξ and φ, we can

repeat the arguments of the previous subsection in a straightforward manner. Let us

consider the LM(1, p) models. Deform p by a small amount ε. The central charge is
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given by

c = c1,p + c′(p)ε+ . . . (4.28)

We now quote the result for the OPE coefficients α(−1,−1) and α(−2). These are given

by

α(−1,−1) =
2h2

ξ + hξ(c− 12s)

8hξ
[
16h2

ξ + 2hξ(c− 5) + c
]

α(−2) =
h2
ξ + hξ(2s− 1) + s[

16h2
ξ + 2hξ(c− 5) + c

] , (4.29)

where s = 2h. It can now be easily seen that these coefficients give us the same values

which were written down in (4.25) for c = −2 and h = 1. If in general, we have a null

vector given by

|φ〉 =

(
L−2 −

3

2(2hξ + 1)
L2
−1

)
|ξ〉. (4.30)

we can see that the OPE coefficients cancel out if and only if c = 2h(5−8h)
2h+1

, which is the

exact same value we get from the null vector condition.

4.3.3 Marginally Irrelevant Operators and the connection to Replica

Trick

Considering the equation (4.2), we know that the central charge doesn’t change if the

fields coupled to the disorder are marginally relevant. This is important if we want

to connect up the Replica Trick and Saleur’s argument. In the Replica formulation,

the small parameter we have in is n and hence we can make a Taylor expansion about

n = 0. We get

c = c(0) + c′(0)n+ . . . (4.31)

c(0) is the central charge of the deformed theory, and c′(0) appears in the OPEs. When

we try to compare (4.28) and (4.31), we immediately see that there exists a linear

map between n and ε which makes sense only if the operator coupled to disorder is

marginally relevant so that we can set c(0) = c1,p. Therefor, it appears that we can

identify ε with n if we require that c(0) is the same as the central charge of the original

theory. Disorder is irrelevant only when it satisfies the Harris criterion dν < 2 where
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d = 2. We expect the operator that couples to disorder to be the one with weight 1 so

that it is marginally irrelevant1. This may happen in many cases of p in the LM(1, p)

theories.

4.3.4 Extending the replica trick for c 6= 0

It can be noticed that most of the manipulations made by Cardy for the stress tensor

can be made even to a general operator Φ of weight ∆. Let us define Φ =
∑

a Φa and

Φ̃a = Φa−(1/n)Φ. These are irreps of Sn. When the theory is deformed, the conformal

weights of these operators also deform by perturbation theory to (∆ + d(n), d(n)). In

the deformed theory, the correlation functions become

〈
ΦΦ
〉

= 0〈
Φ̃aΦ̃b

〉
=

(
δab −

1

n

)
1

z2∆(zz)2d(n)
.

(4.32)

If this is true, then

〈φφ〉 = lim
n→0
〈Φ1Φ2〉

= lim
n→0

〈(
Φ̃1 + (1/n)Φ

)(
Φ̃2 + (1/n)Φ

)〉
=

1

z2∆

(
− 1

n
(zz)−2d(n) +

1

n

)
=
d′(0)

z2∆
log(zz).

(4.33)

The partition function also can be written by choosing the appropriate channel Φ where

we have logarithmic operators.

Z
n

= (qq)∆− c(n)
24

(
1 + q∆ + (n− 1)q∆+d(n)qd(n) + q∆

+ (n− 1)qd(n)q∆+d(n) + q∆q∆ + . . .

)
.

(4.34)

This turns into Z = 1 when n→ 0.

1The Harris criterion as the operator which couples to disorder being weight 1 are compatible in some
cases. So, we expect this to happen in some theories.

44



CHAPTER 5

CONCLUSIONS AND OUTLOOK

In this thesis, we have set about trying to find a connection between disorder and LCFTs.

The logarithmic minimal models and their spectra are not as well understood as they

should be. Further work would be to try to get characters which can distinguish be-

tween the different W-irreps, which has not been done till now. Also, only particular

examples where Jordan cells and their complete structure being worked out to give us

staggered Virasoro modules and these are not known generally. One more direction to

look towards is to identify the operator that couples to disorder in the action written

down by Cardy.



APPENDIX A

An Example of the Replica trick in action

Let us consider the Hamiltonian given by

H =

∫
ddx
(∑

i

(∇φi)2 + t
∑
i

φ2
i + u

∑
i,j

φ2
iφ

2
j

)
(A.1)

where i, j are spin indices and they can rangle from 1 to m. Under the influence of

quenched disorder, the distance to criticality varies randomly as a function of spatial

coordinates in the magnet.

t→ t− δt(x). (A.2)

Then the Hamiltonian becomes

H =

∫
ddx
(∑

i

(∇φi)2 + (t− δt(x))
∑
i

φ2
i + u

∑
i,j

φ2
iφ

2
j

)
, (A.3)

where δt(x) follows a Gaussian Distribution. Since, δt(x) is not translationally invari-

ant, we cannot perform RG analysis as usual. We want to restore translational invari-

ance by performing an average over the disorder in the system. To perform the disorder

average, we need the Replica formulation. We use the following identity.

ln(Z) = lim
n→0

Zn − 1

n
. (A.4)

Using this identity, we perform the average over the disorder as

[ln(Z)]δt = lim
n→0

[Zn]δt − 1

n
. (A.5)

The disoder average of Zn is

[Zn]δt =

∫ n∏
α=1

D[φα]D[δt(x)]×

e−
∫
ddx

∑
i

∑
α(∇φαi )2+(t−δt(x))

∑
i

∑
α(φαi )2+u

∑
ij

∑
α(φαi φ

α
j )2 × P (δt(x)).

(A.6)
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Figure A.1: Feynman Diagrams at O(u2)

where P (δt(x)) ∼ e−
1

2∆
δt(x)2

. We clearly see that we can now complete the square and

all that’s left after integrating out the disorder variable δt(x) is

[Zn]δt ∼
∫ n∏

α=1

D[φα]D[δt(x)]e−H, (A.7)

whereH is the Hamiltonian given by

H =

∫
ddx

∑
i

∑
α

(∇φαi )2 + t
∑
i

∑
α

(φαi )2 + u
∑
ij

∑
α

(φαi φ
α
j )2 − ∆

2

∑
ijαβ

(φαi φ
β
j )2.

(A.8)

This is a translationally invariant Hamiltonian and we can perform RG analysis as usual

on it. Let us now write down the diagrams which come out at O(u2). Let us calculate

the diagrams at O(u2). We can write down A.1a with a multiplicity factor of 8 as

Ua = 8u2
∑
jlα

∫
dq2 dq3 dk3 φ

α
j (q2)φαj (q3)φαl (k3)φαl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

.

(A.9)

Similarly, we can write down A.1b and A.1c as

Ub = Uc = 32u2
∑
jlα

∫
dq2 dq3 dk3 φ

α
j (q2)φαj (q3)φαl (k3)φαl (−q2−q3−k3)×

∫
dq1

(t+ q2
1)2

.

(A.10)
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(b) Db

jβ jβ

kν kν

lδlδ

iα iα

(c) Dc

Figure A.2: Feynman Diagrams at O(∆2)
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Figure A.3: Feynman Diagrams at O(u∆)
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At O(∆2), we can evaluate the diagrams A.2a,A.2b,A.2c as

Da =8mn
∆2

4

∑
jlβδ

∫
dq2 dq3 dk3 φ

β
j (q2)φβj (q3)φδl (k3)φδl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

(A.11)

Db =32
∆2

4

∑
jlβδ

∫
dq2 dq3 dk3 φ

β
j (q2)φβj (q3)φδl (k3)φδl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

(A.12)

Dc =32
∆2

4

∑
jlβδ

∫
dq2 dq3 dk3 φ

β
j (q2)φβj (q3)φδl (k3)φδl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

.

(A.13)

At O(u∆), we have from A.3a,A.3b,A.3c and A.3d that

UDa = 16mu
∆

2

∑
jlβδ

∫
dq2 dq3 dk3 φ

β
j (q2)φβj (q3)φδl (k3)φδl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

(A.14)

UDb = 32u
∆

2

∑
jlα

∫
dq2 dq3 dk3 φ

α
j (q2)φαj (q3)φαl (k3)φαl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

(A.15)

UDc = 32u
∆

2

∑
jlβδ

∫
dq2 dq3 dk3 φ

β
j (q2)φβj (q3)φδl (k3)φδl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

(A.16)

UDd = 64u
∆

2

∑
jlα

∫
dq2 dq3 dk3 φ

α
j (q2)φαj (q3)φαl (k3)φαl (−q2 − q3 − k3)×

∫
dq1

(t+ q2
1)2

.

(A.17)

From these expressions, we can calculate the renormalized u and ∆ as

ũ = u− u2

2
8(m+ 8)

∫
dq1

(t+ q2
1)2

+
48

2!
u∆

∫
dq1

(t+ q2
1)2

(A.18)

∆̃ =
∆

2
+

∆2

2!
2mn

∫
dq1

(t+ q2
1)2

+
16∆2

2!

∫
dq1

(t+ q2
1)2
− 8(m+ 2)

U∆

2!

∫
dq1

(t+ q2
1)2

.

(A.19)

49



After this, we set the replica index n to zero. Rescaling and renormalizing under q = q1
b

,

such that the coefficient of ∆2 does not flow, and redefining u → bd−4u = b−εu,∆ →

bd−4∆ = b−ε∆, we can write down the flow equation as

du

d ln b
= εu−

[
4(m+ 8)u2 − 24u∆

] Kd

(t+ 1)2
(A.20)

d∆

d ln b
= ε∆ +

[
8∆2 − 4(m+ 2)u∆

] Kd

(t+ 1)2
. (A.21)

These equations are the result of integrating the mode q1 from Λ
b

to Λ and setting Λ and

b to 1. Now, defining α = Kd
(t+1)2 , we can redefine u→ uα

4
and ∆→ ∆α

4
so that we can

write the flow equations in a simpler fashion as

du

d ln b
= εu−

[
(m+ 8)u2 − 6u∆

]
(A.22)

d∆

d ln b
= ε∆ +

[
2∆2 − (m+ 2)u∆

]
. (A.23)

So, the flow equations are given by the RHS of A.22 set to zero. We can solve those

equations to get

ufp =
ε

m− 1
∆fp =

3ε

m− 1
. (A.24)

So, these gives us the following fixed points

• ufp = 0,∆fp = 0 : Gaussian Fixed Point.

• ufp = 0,∆fp = − ε
2

: Unphysical Fixed point.

• ufp = ε
m+8

,∆fp = 0 : Pure Fixed Point.

• ufp = ε
m−1

,∆fp = 3ε
2(m−1)

: Random Fixed Point.

We thus see that there is a new fixed point in the presence of disorder that we call as

the random fixed point. LCFTs may be thought of as the next fixed point of a CFT in

the presence of disorder. It appears that ∆fp =∞ when m = 1. This actually becomes

a finite value when higher order effects are put in.
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