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Chapter 1

Introduction

The 2D Ising model at criticality is well defined as a Conformal Field Theory.
Its spectrum and correlation function have been determined. But the Ising
model in 3D is not known that well. Our aim is to describe the spectrum
and correlation function of the 3D Ising model at critical point.

In order to proceed towards the solution of 3D Ising model at criticality,
we are assuming that it is invariant under full conformal group at criticality.
In this project, we have started with learning the global conformal group
and conformal algebra. Four-point correlation functions are of particular
interest as it can be written as the functions of conformally invariant cross-
ratios. We have considered four point function as a eigenfunction of Casimir
operator of Conformal group[2] and obtained the differential equation from
the corresponding eigenvalue equation by transforming the co-ordinate to the
homogeneous co-ordinate for general d-dimension. Since we are interested in
3-dimension, we tried to understand the solution of the differential equation
in 3-dimension as obtained in [4].

Universality of critical exponents suggests to generalize all the phase
transition phenomena into one model with N-component vector field in d-
dimension, known as O(N) universality class. N = 1 corresponds to uni-
versality class of the Ising Model. Critical points are the fixed points under
renormalization group with co-dimension one, that is with only one relevant
operator associated with it. The free O(N) theory known as Gaussian Model
has one fixed point at d > 4, known as Gaussian Fixed Point. For d < 4,
®* interaction becomes relevant and need to do renormalization perturbation
to obtain the fixed point for small € = 4 — d. Wilson introduced the idea of
this kind of expansion which is called the € expansion. Under renormaliza-
tion perturbation, the O(N) model in d < 4 flows towards a non-trivial fixed
point known as Wilson-Fisher fixed point.

The critical O(N) theory is obtained from N free scalars, ®, perturbed



by a potential of the form (® - ®)2. This perturbation makes the theory flow
from UV(Gaussian Fixed point) to the IR(Wilson-Fisher fixed point), a new
conformal field theory[9]. The UV theory has higher spin symmetry — it has
an infinite number of higher spin currents that are conserved in the large N
limit. But the IR CFT has spin symmetry broken by % effect for large V.
The free theory spectrum contains single trace currents which falls into the
short representation of Conformal algebra. The interacting theory includes
multi-trace operators that fall into long representation of Conformal Algebra
giving rise to % corrections to the conserved currents[10].

1.1 Organization of the thesis

In the second chapter we introduce the Conformal group and Conformal
algebra associated with it. Then we define the correlation functions and
obtained conditions for those imposing conformal symmetry. We identify
the four point function as the eigenfunction of Casimir operator of Conformal
group and obtain the differential equation satisfied by it from the eigenvalue
equation, study the solution of those differential equations in some lower
dimensions. Finally introduce the idea of three-dimensional Ising model.

The chapter three is dedicated to solve the O(N) symmetric model with-
out any interaction i.e free O(N) theory. First we have constructed the
Hamiltonian of the theory from the symmetry, applied mean field approx-
imation to it and seen how it breaks for physical systems. Then motivate
the idea of scaling hypothesis and Introduce Renormalization Group. As an
application to it, we have solved the simple Gaussian model using Renormal-
ization group.

The fourth chapter is sort of continuation of third chapter. Now we add
the interaction to the free theory known as ®* theory. Applied renormaliza-
tion group very rigorously to solve that. Here we are able to reach a fixed
point which determines criticality for dimension d < 4 after doing a second
order perturbation.

In the fifth chapter we get back the Conformal Group again but this time
we tried relate it to O(N) symmetric theory. We obtain the operator spec-
trum for O(N) theory for large N limit after imposing conformal symmetry
on it.

At the last chapter we have tried to conclude the work done so far and
get a direction to proceed further.



Chapter 2

Conformal Invariance

This chapter is a review of conformal group and conformal algebra. The
conformal condition i.e preservation of angle imposes several conditions [1]
on co-ordinate transformation. From these conditions we can extract the
form of transformations and corresponding generators. Then we look at
the form of correlation functions. As we can construct conformal invariants
using four point function, we tried to investigate little bit more about it. We
found out the differential equation satisfied by this four point function in
d-dimension and tried to identify the Hypergeometric function as a solution
to this differential equation in different dimensions.

2.1 Conformal Group

Conformal Group in d-dimension

Let us consider a flat space in d-dimension and transformations thereof which
locally preserve the angle between two lines. Such transformations are called
conformal transformations. Let g,, be the metric tensor in a space-time of
dimension d. By definition a conformal transformation of the coordinates is
an invertible mapping x — x’ which leaves the metric tensor invariant up to
a scale.

9y (2") = M) g () (2.1)

where the positive factor A(x) is called the scale factor.

The set of conformal transformation manifestly forms a group. When
Juw = NMuv, the Poincaré group is the subgroup of conformal transformations
since the Poincaré group corresponds to special case when A(x) = 1. For
x'* = p#+e(x), a infinitesimal change of co-ordinates corresponds to change



in tensor g,,:

,  Ox® 0a”
Yo = i o
= (0 — 04€*)(8]) — Du€”) gap
= G — (0,6, + Dpe,) + O(€%).

For simplicity we will consider flat space with a constant metric of the form
n =diag(—1,...,4+1,...). Considering terms up to first order in €

Nuw = M — (Ou€u + O€y)

For the transformation parametrized by € to be conformal, we need

8u€u + aueu = f($’) Nuv (22)

where f(z) is some function of x and can be determined by taking trace in
the both side of the equation with 7,,. We obtain

f() = 50pe) = 20 )

Thus the condition for conformality of the co-ordinate transformation can be
written as

2
(Ouey + Ov€) = 8(6 £ €) Nuw - (2.3)

By taking derivatives 0, of the above equation (Eq. (Z3])) and permuting
indices we obtain

2

0,06, + 0,0,€, = pi 0,(0 - €) Ny -
2

0y O0pey + 0u0,€, = d 0,(0 - €) Ny
2

0,0,€, + 0,0,€, = pi 0,(0-€) nyp -

Subtracting the first line from the sum of last two lines we have

p
20u0s¢p = (= 0p + 0pu0y + 10p0,) (0.€) (2.4)

Upon contracting with n** we obtain

2(2 — d)

282€p = g

0,(0,¢°) = (2 — d)d, f . (2.5)

4



Applying 0, on the both sides of this equation, we get
20,0%, = (2 —d)0,0,f . (2.6)
Applying 9% on Eq. ([2.2)
O*0,6, + 00,6, = O* f (2N -
Combining this with Eq. (2.6)), we obtain
20,0%, = 0% () 7)
Equating the right hand sides (RHS) of Eqs. (2.6) and (2.17), we find
O (@) = (2= d)0,0,f (2.5)
Upon contracting with 7,,,, we obtain
(d—1)0*f(x) =0 . (2.9)

This implies that for d > 1, f(z) is a harmonic function. We will consider

the case d > 3. For d > 3, Eqs. (2.7) and (2.8)) imply that

The solution of this differential equation is given by
fx) =A+ B,a" . (2.11)

Thus the function f(z) is linear in co-ordinates and as f(z) = 20,¢”, € can
be at most quadratic in co-ordinates. This motivates the following ansatz for
€

€, = ay, + by 2 + ¢y V2 (2.12)

where ¢, is symmetric in last two indices. We will now study various terms
of equation (2Z12) separately because the constraints for conformal invariance
have to be independent of position z*.

1st term: The constant term a,, is not constrained by equation(Z2). It describes
infinitesimal translation z* = x* + a*, and corresponding generator is
momentum operator, P, = —i0,,.

2nd term: Substituting the linear term in equation (2.2)

2
bl“/ + b’/ﬂ = Ebpﬁnl“/ .



3rd term:

We see that the traceless symmetric part of b,, vanishes and thus b,
is the sum of an antisymmetric part and a pure trace. We thus write
b = anu, +my,, where m,, = —m,,, is the antisymmetric part and
amy,, is the pure trace part. The pure trace part an,, corresponds to
infinitesimal scale transformation:

o = (1+a)zt (2.13)

with generator, D = —iz*0,. The antisymmetric part corresponds to
infinitesimal rotations (and boosts)

' = (6", + m*,)z" | (2.14)
with generator L, =i(x,0, — x,0,).

Substituting the quadratic term in equation (Z4) and using 0 - € =
W, + 2c 2?7, we have

Crvp = Mupby + Nyubp — Mpby (2.15)

where b, = éc"(m The resulting transformations are called Special

Conformal transformations (SCT) and have the form
=2t +2(0b-x) 2" — 2 b,
and the corresponding generators are given by

K,=—i(2z,2" 0, — (x-x) 0,) .

These transformations are infinitesimal conformal transformation. However
in order to determine conformal group, we will need finite conformal trans-
formations. The finite conformal transformations corresponding to the above

are

1.

2.

a# =zt + a*  (Translation)

2" = a z* (Dilation)

. a™ = M*+, ¥ (Rigid rotation)

/ H—bH g2

Cat = L%~ (Special conformal transformation)

1—2bz+b2x2



The special conformal transformation can be written as

7 i
T

x - x T-x

The above relation says that the special conformal transformation can be
understood as an inversion of z#, followed by a translation b* and again
followed by an inversion.

The generators of above Conformal transformations are:

o P,=—1i0, (Translation)

e D= —iz'0, (Dilation)

o L,, =i(x,0, —x,0,) (rotation)
o K, =—i(2x,2"0, —2%9,) (SCT)

These obey following algebra:

[D, P,] = iP,
D, K,|] = —iK,
K, P,] = 2i(nuwD — L)
[Kps Lyw] = i(0pu Iy — 1o K, (2.16)
[Bp, Lyw| = i(npu P — Mo Pyu)
[Lyws Lpo) = i(up Lo + Mo Lo — MupLve — Mo Lyp)

We will now see that this algebra can be written in compact form. Let us
define J,, ,, with m,n = —1,0,...,d as follows:

1 1
Jﬂ,V:Lﬂ,V y Jfl,,tl,:é(P,u—i_Ku) y J,LO:Dand JO,ﬂI§<PH—KH) .

The J,,, satisfy the following commutation relation:

[Jmn7 Jrs] = Z(nmanr + nnrt]ms - nmrt]ns - nnstr) 9 (217>

where n_; 1 = —1 and 19 = 1. Thus for d-dimensional Euclidean space, the
d + 2 dimensional metric 7,,, used above is 7,,, = diag(—1,1,...,1) and the
commutation relation (ZI7) is the commutation relation of the Lie algebra
so(d +1,1). More generally, if the d-dimensional metric 7, has signature
(p, q), then the (d+2) dimensional metric 7,,, has signature (p+1, ¢+ 1) and
the commutation relations are identical to the Lie algebra so(p + 1,q + 1).



2.2 Conformal invariance

Let us consider conformally invariant functions I™)(x, ..., xx) of N points.
We shall now study the constraints on their forms due to conformal invari-
ance.

1. Translational invariance implies that I'™ (2, ..., zy)should be a func-
tion of differences of pairs of co-ordinates i.e, (v; —z;). We need N > 2
to create such pairs.

2. Rotational invariance implies that I™) (2, ..., 2y) should be a func-
tion of only the absolute value of pairwise co-ordinate differences i.e,
|IL‘Z‘ — l‘j|.

3. Scale invariance needs I'™)(z,...,zy) to a function to be of ratios

o .
such as H We need N > 3 to construct such ratios.
J

4. Under special conformal transformation, the distance between two points
transform as

|2: — ;)
(1 — 2b.a; + b22?)2 (1 — 2b.aj + b2a?)2

o} — | =

So the function T™)(x;) will be invariant under special conformal trans-
formation if it is a function of ratios involving at least four points i.e,
N > 4:

| — @]z — 2]

(2.18)

|z — 2|z — x|

In summary, it is impossible to construct conformally invariant functions
for N = 2,3 though there are scale-invariant functions appearing at N =
3. The simplest conformally invariant function involves four points and it
is necessarily a function of the combinations IE:ZHE;:ZI and }ii:ii”iz:i‘;}

These combinations are called anharmonic ratios or cross-ratios. For
N > 3, the number of independent cross-rations is N(N — 3)/2.

2.3 Constraints on two, three and four point
functions
A field theory is conformal invariant at classical level requires the action

should be conformal invariant. This symmetric could be broken by quantum
corrections as quantum field theories introduce dependence on scale. Thus



Conformal symmetry at classical level breaks in the quantum level except for
certain value of parameters. We will now study the restrictions on various
correlation functions due to conformal invariance.

Irreducible representations of the conformal algebra carry two sets of
labels: one arises from the rotation/boosts and is nothing but the spin of
the representation and the second arises from scaling and is called the scaling
dimension. In quantum field theory, we will consider operators that transform
in such irreducible representations. Such operators/fields are called quasi-
primary operators/fields. For simplicity, let us consider quasi-primary spin
zero fields ¢1(z1), w2(x2). A quasi primary field ¢;(z) of (scaling) dimension
A; transforms as follows under conformal transformations:

Ay /d

_ |2~ o) (2.19)

pj(r) = Or

under global conformal transformation  — z’. The N-point function of N
quasi-primary fields is defined as in any quantum field theory as the path-
integral

(pr(z1) - on(aN)) = ! /[d@] o1(z1) - on(ay) e (2.20)

Z
where [d®] is the path integral measure for the fields ® that define the quan-
tum field theory and Z is partition function. We will now study the con-
straints on two, three and four point functions of quasi-primary fields in a

CFT.

Two-point functions:

The quasi-primality of the two fields entering the two-point correlation func-
tion transforms as

Aq Agy
o ox' |t

it Lt O EAEA B C 1Y

(pr(z1)pa(r2)) = O

Let us now consider the scale transformation
T—=ANx.

Under this transformation equation (Z.21) becomes

4

(or(m)ea(m)) = (AT (AT (0 (a))pa()))
(pr(@)palza)) = A0 (a))pa(ah)) -

9



Now translational invariance requires (¢1(z1)p2(x2)) = f(z1 — x2). Next,

rotational invariance requires (¢1(x1)pa(z2)) = f(|z1 — x2|). Under scale
transformations f(z) = A®1+22f(\z). Thus f(r) has the form
C12

(e1(z1)pa(w2)) = f(lor — 22]) = or — B As

since there is no nontrivial conformally invariant function of two co-ordinates.
It remains to study what happens to the two-point function under special
conformal transformations:

P b x?
1 —2bx + 222
We find that one needs
A1+A
C12 1 ci(myp) 2

A VA8 |1y — gy [Arthe

where v; = (1 — 2b.z; + b%2?). For ¢35 # 0, this constraint is satisfied only
if Ay = A,. Thus we obtain that two-point functions in any conformally
invariant field theory must have the form:

o, A=Ay,
(p1(x1)p2(22)) :{ el (2.22)

0, if Ay £ Ay

Three-point functions:

Covariance under translation, rotation and dilation require three point func-
tions to be of the form

(pr(ar)palan)ipa(ws)) = ——2

9

a b .c
T12T23L13

where c193 is a constant and a + b+ ¢ = Ay + Ay + As and z;; = |z; — x5

. . ~i)a/2
Under special conformal transformations one has (x,l)a = (%Z«J“) . Thus
(%) (%)

C123 c123(1172) 2 (1273) Y2 (71v3) /2
(p1(x))pa(ah)p3(n3)) = -5 = - .
! ? ’ 3712372%3713 $12$83$13
Now,
837/ Ay/d afL‘l Ao /d al_/ Az/d
(p1(z1)pa(r2)p3(73)) = or s Oz s Oz - <901(55/1)902(f€/2)903($§)>
abc abe a c
sz:s) _ C(523) (’71’72) /2<’V2’73)b/2(7173) /2
ffcfﬂ%sﬁ:a ’Y1AI’YQA2’Y?,A3 57561357533‘75?3

10



= A =—-+ Apy=—+-, Nyg=-+

|
N o
| o
N o

C
9 )

NGRS

:>CLIA1—|—A2—A3, b:A2+A3—A1, C:A3—|—A1—A2.

So correlation function of three quasi-primary field has the form

C123
(o1(z1)2(22)03(23)) = —x78 A AeTa, A B TA By - (2.23)
Tyg Tog T3

Four-point functions:

For two and three-point functions, the non-existence of non-trivial confor-
mally invariant functions lead to fairly simple expressions involving constants
c12 and cjo3 and the scaling dimensions of the fields. However, this is no
longer true for four-point functions and we will see the appearance of an
undetermined function of cross-ratios defined in Eq. (ZI8)).

Correlation function of four scalar primaries ¢; of dimension A;, which is
fixed by conformal invariance have the form

(o1 (1) pa(2) 03 (23) pa(4)) = <x_§4) 341 <x—§4) 1a

L4 T3
g(u,v)
(55%2)%(A1+A2) ($§4)%(A3+A4)

. (2.24)

where z;; = (z; — z;), Ay = (A; — A;) and g(u, v) is a conformally invariant
function of the two independent cross-ratios

2 2 2 2
_ TioT3y _ TiyTog

23525, 23573,

We will now show that functions such as g(u, v) satisfy certain differential
equations whose solutions provide a basis for conformally invariant functions.
This is called the conformal partial wave expansion in analogy with the par-
tial wave expansion in scattering theory where spherical waves provide the

basis.

11



2.4 Conformal partial wave and differential
equation in d-dimension

The conformal group in d dimensional Euclidean space is isomorphic to the
group SO(d + 1,1) and can be realized as linear transformation in d + 2
dimensional projective space[2, [3]. The homogeneous co-ordinate n™ on the
projective null cone g,,,n"n" = n? = 0, with m,n € —1,0,1,2,...,d and the
d + 2 dimensional metric g,,, = diag(—1,1,1,...,1) .

Conformal transformations act on 7 linearly n™ ~ An™ and the corre-
sponding operators are

0 0

Jn = NMm—=——" — M =—— 2.25
T G~ (2.25)
The four-point correlation function of four spin-zero quasi-primaries in terms

of homogeneous coordinates is given by

1
(1(m)@2(n2)03(ns)pa(m)) = (7~ 1) SBT3 (5 - ) 3 Bat A0
1A 1A34
. 2 . 2
x <M) (M) Flu,v) (2.26)
T4 =13
where A;; = (A; — A;) as before and u,v are two conformally invariant
cross-ratios:
= L2 T T v — T T s
IR M7 N2 M

The conformal partial waves G(Al)(u,v), that we will define later provide a
basis for the conformal wave expansion

Flu,v) = an; GY (u,v) . (2.27)
Al

The G(Al) (u,v) is the contribution of an operator OX) with scale dimension A
and spin [ and its descendants that appear in the operator product expansion
of 19 or p3¢,. This provides constraints on the spectrum of quasi-primaries
in any CFT.

The operator OX) and also all its descendants are eigenvectors of Casimir
operators formed form the generator J,,,, = —Jp, of conformal group SO(d+

1,1) action on Og) and which obey the algebra
[Jmn7 Jrs] = Z(nmanr + nners - nmrJns - nnstr) )

12



with 7, = diag(—1,1,...,1).

2 (p1(m)pa(n2)e3(n3)ea(na)) = —Cau{pr(m)pa(n2)es(n3)ea(na))

where J? = %Jm”Jmn. The Casimir value —Ca; can be calculated from
group theoretical considerations.

1 1
T2 = 5" D = I T+ T T g T 4 T
with m,n € —1,0,1,2,3,4 and u,v € 1,2,3,4. Recall that
1 1
JMyV:LIMV 5 J—17M:§(PM+KM) y J_LQ:D y ‘]Ovﬂzé(PM_KM) .

Thus, we see that

1
J? = 57" T = D? — K,P" —idD .

The quadratic Casimir is determined in terms of the scaling dimension and
spin to be[4]
Car=AA-d)+Il(l+d—-2). (2.28)

The Casimir value for dimension d = 3 can be evaluated easily. In this
dimension the quadratic casimir looks like

1 ... )
J? = 57— D? — K;P"—i3D .

The term £.J%J;; is the quadratic Casimir of SU(2) with eigenvalue (I + 1),
where [ is the spin of the operator. If A be the scaling dimension, the highest
weight state of the operator is given by |/, A). Since P is the raising operator,
it gives zero acting on the highest weight state. So the quadratic Casimir in
d = 3 acting on the state |I, A) gives (Obtained explicitely in Appendix [Al)

JP|LA) = (I(1+1) 4+ A% = 3A) |1, A)
=AA=3)+I(l+1).
Now consider the four-point function in the limit where 1 — z5. Let J :=

J1+J5 denote the sum of the so(d+1, 1) generators acting on the co-ordinates
21 and x5. In this limit, one anticipates that

lim oy (z1)@(@2) ~ Y aay 21 — 22| [Oai(z2)] | (2.29)

T1—I2 Al
)

13



[O] denotes the quasi-primary field O and all its descendants. The sum
runs over all quasi-primaries that appear in the fusion of ¢; and @s. This is
usually called the operator product expansion or OPE in short. The essential
equation determining the conformal partial wave associated with [Oa ] is
given by the action of J? = (J;+.J5)? on the four-point function and isolating
the contribution of [Oa ], we get

%(Jl + J2)mn(J1 + J2)™" (01(m)p2(n2)P3(N3) a(n4))
= —Cay (p1(m)p2(n2)p3(n3)pa(ns)) (2.30)

Now using the expression for four point function in terms of homogeneous
co-ordinates from (2:26]), above equation becomes

1 1
§<J1 + J2)mn<J1 + JQ) ( ) A1+A2)(n3 . n4)%(A3+A4)
‘ %A A34
- <Zi : Zi) (Zl Zs) any GY (u,v) =
1
—Cay (71 - nQ)%(A1+A2)(773 . 774)%(A3+A4)

1 1A34
72 2 M- M4\? 0
X S an; GA(u,v) . (2.31)
(77 ) <771 -m) .

After a long calculation [4], the eigenvalue equation becomes

J2G(Al)(U, v)—(A12—Aszy) <(1 +u— U)<u82 + vaﬁv) —(1—u— U)aav) G(l)(u,v)

1
— §A12A34(1 +u— v)G(Al) = —CAJG(AI)(U/, v), (2.32)

where,

%JzG(u, v) = — ((1 —v)* —u(l+v)) %U%G( v)—(1— u+v)u%u§uG(u,v)

2
G(u,v) + duazu(}’(u,v) . (2.33)

+2(1 +u—v)uvauav

2.4.1 Solution in two and four dimensions

To determine the partial wave G(Al) [3] let us introduce new variables z, z such
that
u=zz, v=(1—-2)(1-2)

14



Manifestly all results are symmetric under x <+ z . Differentials with respect
to v and v can now be expressed in terms of derivative w.r.t x and z as

8_1—;1:0 1—2 0

%_Z—l‘%_z—l‘%

and

0w 0, = b
o z—x0xr z2—x0z

The eigenvalue equation (2.32]) then becomes
2D, = Ca, GV, (2.34)

where 2D, is a symmetric differential operator. In terms of new coordinate

2 2
2D, = ;1:2(1—:5)8—+z2(1—z)8—+c (:L’g + zg) —(a+b+1) (SL’QQ + zzﬁ)

Ox? 0z Ox 0z Ox 0z
xz 0 0
~ P l—a)— —(1—2)—), (2
ab(x + z) + e (( x)@x ( z)az), (2.35)
where the parameters a, b, ¢, £ takes the values
1 1 1
a 5212 b 5212 c=0, ¢ 2(d )
The equation (2.35) can be written as
xrz 0 0
DE—Dx+DZ+25x_Z ((l—x)%—(l—z)&), (2.36)
with
D,=zx x(l—x)d—2+(c—(a+b+1)x)i—ab
v dz? dx
and

d? d
Dz:z(z(l—z)ﬁ—i—(c—(a+b+1)z)%—ab) :

This D, and D, satisfy the eigenvalue equations
Doz F(A +a, M\ + 0,2\ +c;2) = M(AL +c— DM E(\ +a, \g +b,2)\ +¢; 2)

(2.37)

DM F(Ay +a, My +0,20 +¢;2) = Aa(Da + ¢ — 1)22F(\y + a, Ao + b, 2)\s + ¢; 2)
(2.38)
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where, F(a,b, c;z) is hypergeometric function [5].
When € = 0 (d = 2) the eigenvalue equation (2.30) is the sum of two hyper-
geometric operators. So the eigenfunction of Dy is then

MALR(N Ha, A 40,20 + ;) F( Ay +a, A +D,2)0 +¢; 2) + 7 > 2 (2.39)

with the eigenvalue A (A} +¢—1) + Aay(Ag +¢c—1).
For ¢ = 2(d = 4) the solution of equation (230]) can be obtained in terms
of the solution of Dy using the relation
xz xz

D = D —2). 24
-2 x—z< 0te—2) (2.40)

2.4.2 Solution in three dimension

To determine the Conformal Partial wave Ga ;(u,v) in dimension d = 3, we
will use the power series expansion of Ga ;(u,v) for general d [6]. But now
we will consider only the conformal blocks of four identical scalars, so that
A3 = Agy = 0. For scalar exchange [ = 0, conformal blocks have double
power series representation([2], Eq.(2.32)):

A w [(A/2)m(A/minl n
Gaolu,v) = u Z min!(A+1— %)m(A)2m+nu =)

m,n=0

where (), is the Pochhammer symbol. For exchange operators of non-
zero spin, the conformal partial waves can be computed by various recursion
relations. The recursion relations in transformed co-ordinates as obtained in
[4] involves taking derivatives of Ga ;(z, ), which is not very easy to perform
numerically. But along x = z line the terms involving derivatives drop out
and recursion relations becomes simple [6]:

(I+d—3)(2A +2 —d)Gay(2)
= (d—2)(+1—1)Gaya(2) + —=(2+ D — 4)(A — d +2)Gas1s1(2)

ARI+d—4)(A+2—-d)(A+3—d)(A—1—d+4)?
1A+ 1 —HA -2+ —A+d—5)(I—A+d—3)

GA+2,1—2(Z)-
(2.41)

Now, the conformal waves can be computed using this recursion relation in
terms of spin-0 and spin-1 partial waves. Again spin 0 and 1 partial waves
along x = z lines can be expressed in terms of generalized hypergeometric
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functions (Appendix B of [6] ):

52 A/2 A A A d A4l J e
Gao(z2) = ( ) 3Fh <§7§7§—<——1)§—,A—(——1);

1—=2 2 2 2
(2.42)
2—2z 22 B
Gaalz) = 2z (1—2)
A+1 A+1 A+1 d A d 22
3F2( 9 3 9 ; 9 _(5_1)’5+1’A_(§_1)74(1—Z)
(2.43)

For the = # =z line, instead of using partial wave at generic values of z,
we can Taylor-expand the conformal bootstrap condition around the point
r = z = 1/2 along both along and transverse to the z = z line. In [6] the
general recursion relation is obtained for small value of (z — z).

2.5 The three-dimensional Ising model

One of the most interesting phenomena in the physics of solid state is fer-
romagnetism. In some metals, a finite fraction of the atoms becomes spon-
taneously polarized in some direction, giving rise to a macroscopic magnetic
field below certain temperature known as Curie temperature. The Ising
Model is an attempt to simulates a ‘domain’in a ferromagnetic substance.

In 3d Ising Model the system considered is an array of fixed points called
lattice sites that form a 3-dimensional periodic lattice.The operator associ-
ated with each lattice site are, a spin variable ¢ and the product of two
neighboring spin of lattice e.

It is convenient to consider the continuum limit of the lattice and o, €
are the local operators of lowest dimension associated with the theory. At
T = T., the theory has scale invariance and each operator is characterized
by its scaling dimension A and spin [ [6]. We will assume that the 3d Ising
critical point is invariant under full Conformal group. Conformal invariance
has been used in studies of critical O(/N) models in large N-limit. Though
Ising Model is the N =1 case of O(N) symmetric universality class, we will
study the operator spectrum and correlation function of an O(N) model as
it has higher spin symmetry for large N and hence they are easy to calculate.

The operators o and € in 3d Ising model can be identified as the operators
® and @ - ¢ of O(N) model respectively.
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Chapter 3

The O(N) symmetric
universality class

The study of phase transition is related to finding of the origin of various
singularities in the free energy and its descendants and characterizing them
[8]. Depending on the order of phase transition, different order derivative
of free energy shows discontinuity near the critical point. The singular be-
haviour in the vicinity of a critical point is characterized by a set of critical
exponents. These exponents describe the non-analyticity of various thermo-
dynamic functions. Experimental observations indicate that these exponents
are quite universal i.e independent of the material under investigation and
nature of phase transition. To explain this universality behaviour we con-
sider a system with order parameter ®(x) which has N-components living
in a d-dimensional space. We construct the Hamiltonian, obtain the exact
solution in d > 4 . For d < 4, fluctuations become important and we need
to add ®* term perturbatively to the Gaussian model and use the renormal-
ization procedure to obtain a non-trivial fixed point known as Wilson-Fisher
fixed point.

3.1 The O(N) model

3.1.1 Construction of Hamiltonian

Let ®(x) = (¢1,¢9,...,0n)T € RY be the order parameter of a system un-
dergoing phase transition. The order parameter is a thermodynamic function
which has a non-zero expectation value below the critical temperature and
zero above that. It has N-components in a d-dimensional space with coordi-
nates X = (z1, %9, ...,74) € RY. The Hamiltonian describing the model can
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be constructed from the principles of locality ,uniformity and symmetry. Let
the Hamiltonian is

BH = /ddx H[P(x), x], (3.1)
where H is the Hamiltonian density.

e Uniformity in space implies that we can get rid of the explicit x
dependence of H. We generalize Eq. ([B.1]) by including the gradient of
fields as

BH = /ddx H[D(x), V(x), V2D (x),...] . (3.2)

e Symmetry: The Hamiltonian must be invariant under O(N) trans-
formations.

HIR - ®(x)] = H[D(x)] .

where R € O(N). Linear terms in ¢ are not consistent with symme-
tries. Then the full Hamiltonian consistent with the symmetry is of the
form

6H:/ddx [%(@-‘P)+u(@-@)2+§(V¢-V©)+...—h-<b},
(3.3)

where the term —h - ® is the interaction with the external field.

The Hamiltonian (3.3) is known as Landau-Ginzburg Hamiltonian.
The O(N) symmetric Hamiltonian i.e Hamiltonian of Gaussian model
keeps only quadratic term of expansion and is given by

ﬁH:/ddx E(@-@)Jru(q>.q>)2+§(vq>.vq>)—h.q>]. (3.4)

e Stability requires the coefficient of ®* which is u here should be pos-
itive to ensure that the probability is not divergent for infinitely large
value of .

3.1.2 Mean field approximation:

Various thermodynamic quantities can now be obtained from the partition
function

Zz/ﬂ@mrﬁﬂﬂﬂ

:/D[cb]exp—/ddx [L(@-®)+u (P-9)+5 (VP -VP)—h- D] .
(3.5)
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The free energy is defined by F' = —IHTZ. The mean field approximation or

saddle point approximation is given by the condition
SF[P(x)]

o) |,

o
The extrema occur for constant (independent of x) ®. We choose ® = ¢yé;,
where é; is a unit vector (parallel to the external field i) in N-dimensional
parameter space. This leads to the following mean field equation for the
value of ¢q.
ta + dugs —h =0 (3.6)

For a magnetic system we can identify ¢ as the reduced temperature i.e
t = a(T — T.), where a is some constant and h is the external magnetic
field. Now we can quantify the singular behaviour predicted by saddle point
approximation of free energy.

FON[%(®~®)+u(®-®)2—h~®}’¢¢A (3.7)

=poé1

1. For no external interaction i.e h = 0, we obtain from (3.0)

td + dugy =0

t
Po = i (3.8)
. 1
b { VRT-DE i1 <0
0 ift>0
Again,
1
oo~ (T.—T) =|B=5)|.
Along the critical isotherm(t = 0;h # 0), the mean field equation
becomes
dugy —h =0
B\ /3
— (= ~ h1/0
=)
0=3 (3.9)

2. From the equation(3.6), we obtained

L 0
oh

—t+12u¢0—{ ot ift<0h—0 10

Xt~ Aglt] T = e =1 = +1

X

h=0
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3. Heat capacity at zero external field:

OPF 0?
C(h = O) = _TW =~ _Tcﬁ(kBTCBF) ~ Vk?BCLQTCQX{

0 ift>0;
& ift<0.

¢t —[a=0)

3.1.3 Continuous symmetry breaking and Goldstone
mode

The Hamiltonian density of our model is given by
t
H = (VD) + 5<1>2 + ud*

For stability, u must be positive. Let us assume ¢ is negative(T'— 7T, < 0) and
t = —2au. Ground state can be obtained by minimizing the potential,V =
ud? — 2a?u®?. For V to be minimum

V' = 4ud® — 4a’ud =0

=0 —a’>=0 = ¢=lale?’™

If we choose any one of the above minima, the symmetry has spontaneously
broken. So order phase(T" < T.) corresponds to the spontaneously broken
continuous symmetry. The fluctuations added to 0 leads to massless excita-
tions(i.e does not cost any energy), known as Goldstone mode.

3.1.4 Effect of fluctuations

Now we shall examine the effect of fluctuations to the mean field configuration
for zero external field.

O(x) = [¢o + A(X)]er + ) Gralx)a, (3.11)

where, ¢; and ¢, refer to longitudinal and transverse fluctuations respectively.

(VO)? = (Vén)” + (V¢r)”
0% = @2 + 2000y + O} + &7
O = ¢ + 451 + 60507 + 20507 + O(¢1, 67
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Now the Hamiltonian is given by

BH = V(363 +us))

3 2
+ [ {g(v@)z g Aot Bl | T2 200 <z>?}

2
v [ x| Ewon+ E3 ] <ot 12

where, V' is the volume of the system. For no external interaction we have
the mean field equation t@g + 4ug3 = 0. Therefore

BH = BH,, + / { (V) + ”12“%}

—i—/ddx
ift>0;

t
EHH“%:{ 2t ift<0.

K tift>0;
g =t 12ud = {Oift<0.

Here we have used equation(3.10) for the 1st case and equation (3.8]) for the
2nd. & and &; are the longitudinal and transverse correlation length.

t+ 4udd

5 ¢7| (3.13)

a 2
5 (V)" +
Let us define

l

1 K K
ot = ity + 5 [ % | (700 + et
K K

Now each Gaussian kernel is diagonalized by the Fourier Transform

- dd )
o(q) = \/—eXp( iq - x)p(x) ,

with eigenvalues
K(q) = K(¢"+£7) .

So partition function is

Z = e PHor[det K(q)] 2 . (3.15)
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Now,

Indet K = Zan(q)

q

ddq 2 -2
:V/WID[K(C] +£77)] .

The free energy is given by

InZ 1 d?
Bf - _DT = F’sp+ 5/ (QW()ldln[K(qz +€f2)]

+N2_ 1 / (;lw?dln[K(q%f;?)]- (3.16)

Using the dependence of the correlation length on reduced temperature, the
singular part of heat capacity is obtained as

d .
82(/8f> — { 0 + % f (gﬂ—():ld (Kq21+t)2 lf t > Oa

Csingular X — 2 1 dé 1 :
ot & 12 il —(%‘){i e if t <0.

So correction term to the heat capacity is

o L/ d’q 1
TUR @@ e

This integral has dimension, (length)*~¢. Now we use the fact that for d > 4,
the integral diverges at large ¢ and is dominated by upper cutoff A ~ %; where
a is the lattice spacing. For d < 4, the integral converges in both limits. It
can be made dimensionless by rescaling ¢ by £~ and hence proportional to
§4—d.

For dimension d > 4, the fluctuation correction to the heat capacity added
a constant term in background but for d < 4, the fluctuation correction leads
to divergence of C'r. So mean field approximation is no longer reliable below
the dimension d = 4, which is called upper critical dimension.

Although we obtained this dimension by looking at the fluctuations cor-
rections to the heat capacity, we would have reached the same conclusion in
examining the singular part of any other quantity.

3.2 Scaling hypothesis

The power law behaviour near the critical point suggests that, if a critical
system is blown by a factor A\, apart from a multiplicative factor A\?, the
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resulting system remains statistically similar to the original one.[§]

fOx) = XN f(x)

where, p is called the scale dimension of the quantity f(z). The scaling
hypothesis results a number of exponent identities. These are

a+284+v=2 Rushbrooke’s identity
B+~ =50 Widom’sidentity
2—a=dv Josephson’s identity

The Landau-Ginzburg probability was constructed on the basis of local sym-
metries such as rotation invariance. If we could add to the constraints arises
due to dilation symmetry, the resulting probability would describe the criti-
cal point.

Unfortunately, it is not possible to directly see how such a requirement con-
straints the effective Hamiltonian. We shall follow a less direct route of fol-
lowing the effects of the dilation operation on effective energy: The renor-
malization procedure.

3.3 Renormalization Group

Renormalization procedure is a three step procedure([§]). They are the fol-
lowing;:

1. Coarse grain: In the 1st step we increase the minimum length scale
by a factor b (b > 1) such that

D, (x) = bld/ddx'q)i(x') .

2. Rescale: Then we decrease all the length scale by the same factor b

by setting
Xold
Xnew = % .

3. Renormalize: In the last step we renormalize the system by dividing
it by a factor ¢

1
(I)new<xnew> = @ /ddxlq)(x/) .
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After renormalization process, the renormalization parameters are the func-
tions of original parameters. If there is any point in the parameter space,
which remains invariant under renormalization, known as fixed point.

K ST = S, where S* is the fixed point.

Now we can study the stability of fixed point by applying the RG in the
neighbourhood of the fixed point S*. Under Renormalization Group, a point
S* 4+ 0S5 is transformed as

S+ 08l =St 4+ (BF)6Ss+ ...,

N __ 08!
where, (ZF)2 = a5 |
S

Let O; are the eigenvectors of matrix (ZL)? and \;(b) are the correspond-
ing eigenvalues. From the closure property of group, we can write

REREO; = \i(DN(V)O; = B, 05 = Xi(bY)O; . (3.17)
Renormalization group should also satisfy the condition
A1) =1 (3.18)
Equation (317) and (B.I8) imply, \;(b) = b¥ .

The eigenvectors O; are called scaling direction associate with the fixed
point S* and y; are the corresponding anomalous dimensions. Any point in
the neighbourhood of the fixed point can be written as

S=5"+) g0;.
Under RG, the point becomes

Depending on the value of y;, we can classify the eigenoperators as following:
o If y; > 0; g; increases under scaling, and O; is called relevant operator.
e Ify; < 0; g; decreases under scaling, and Q; is called irrelevant operator.

o If y; = 0; g; remains invariant under scaling, and O; is called marginal
operator.

For the fixed point to be the critical point of a system, it must be associated
with only one relevant operator i.e it should have co-dimension one.
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3.4 Solution of Gaussian model using RG

The Gaussian model Hamiltonian can be obtained by keeping only the quadratic
term in Landau-Ginzburg Hamiltonian(3.3) and is given by

K t
BH = /ddx [5(%)2 + éqﬂ —h- (I)} ,
and corresponding partition function is

Z = /D[(b] exp—/ddx {%(v@f + %@2 —h- @] : (3.19)

This model is well defined only for t > 0, which ensure that the partition
function function remains finite for infinite large value of order parameter.The
renormalization of Gaussian model is performed in terms of Fourier modes.
The Fourier modes can be achieved by setting

d(q) = /ddxeiq'xq)(x) ;

d(x) = / (CQl;)(deiq-x(I)(q) .

The largest q are limited by the lattice spacing and confined to a Brillouin
Zone. We approximate the Brillouin Zone as a hypersphere of radius A. The
Hamiltonian interms of Fourier modes is given by

ori = | (fo;

and corresponding partition function

(3.20)

S ] eGP et =0).

A d'q 1 2 2
Z= [ D[® — —(K t)|® h-®(0) . 3.21
[Plen— [ it +oe@E < h- 00 B21)
Now we will follow the three steps of Renormalization Group to evaluate the
above partition function (3.21))

1. Coarse Grain: In the 1st step we increase the minimum length scale
by a factor b. That means we eliminate all the fluctuations in the length
scale a < x < ba which is equivalent to remove the fluctuations with

A

5 < ¢ < A in momentum space. We thus break up the set of order

parameters into two subsets.

_ [ ji(a) for § <g <A
q)<q)_{7ﬁ(q) for 0 < ¢ < 2.
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The partition function can now be written as

2z~ [ Dlit@) [ Dl(a)e 1

X exp 5

NV A
——V/ d In(kq® +t)
% T

The p integral in line 2 is just the Gaussian integral and can be eval-
uated using the formulae for Gaussian integral(Section 3.5 of [8]) and
contributes just a phase factor. Let us denote it by e~ V%%®)  where
§fp(t) =% fi\ éldT‘)’d In(kq* +t).The partition function is now almost the
same as that we have begin with except the phase factor and the limit
of the integral. Now we go to the 2nd step to make it similar.

2. Rescale: Rescaling in real space x' = x/b is equivalant to rescale
q = bq in momentum space. Now the rescaled partition function is
given by

Z — Vo) /D[Tﬁ(q’)] exp {— /OA éjg;%d(l(b”qa +t)|m(d)]*+h - m(())} .

3. Renormalize: In the last step we renormalize the Fourier modes ac-

cording to m/(q’') = %q,). Then the partition function becomes

A ddq/ b—d
2= [ oo |- [* GLEE 200 1 o @)P + sheni(0)].

which is statistically self similar to the original partition function with the
renormalized parameters

t=b"% (3.23)
h' = zh , (3.24)
K =22b"°K . (3.25)
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From the above relations, it can be seen that the singular point t = h = 0
is mapped to itself as expected. To make fluctuations scale invariant at this
point we must ensure that the remaining Hamiltonian stays fixed. This can

be achieved by the choice of z = b'+% which set K’ = K.
Away from criticality, the two relevant directions now scale as

t = bt =y =2

d
W o=bteh = =1+7.

The fixed point Hamiltonian in real space is given by

BH* = %/ddx(vé)Q :

If a general power of ®, added a small perturbation to SH*, the scaling
direction to that Perturbation can be written as(see section 4.7 in[q])

yn:n—d<g—1> .

The first tow term can be identified as the scaling direction corresponding to
h and t respectively as obtained from the Gaussian model calculation

Y1 = 2_yh7

Yo=2=1; .

The next most important operator in the system consistant with the sym-
metry is y, = 4 — d, which is irrelevant for d > 4 but relevant for d < 4.
ys = 6 — 2d is relevant only for d < 3. Majority of operators becomes
irrelevant at Gaussian fixed point for d > 2.
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Chapter 4

Renormalization perturbation
to solve ®* model

In the previous section, we have solved the Gaussian model using renormal-
ization group and arrived at the fixed point known as Gaussian fixed point
which explains the critical exponents well above the upper critical dimen-
sion, d > 4.But this is no longer valid for for d < 4 where most of the terms
remains irrelevant but the u®* term now becomes relevant. Let us add this
term perturbatively to the Gaussian Model. The normal perturbation leads
the series to be divergent (Section 5.4 of [§]) close to critical point and hence
cannot determine the critical exponents at d < 4.

K.G. Wilson showed that it is possible to combine perturbative and renor-
malization group approaches into systematic method for calculating critical
exponents.

4.1 Perturbative expansion of ®* term in the
power of u

Gaussian Hamiltonian for zero external interaction is given by

BHy = /ddx {%(v@f - %@2} : (4.1)

Perturbation added to this is
BHiy = u/ddx <I>4(x) )
The total Hamiltonian is

BH = /ddx {%(v@f - %qﬂ + uq>4(x)} : (4.2)
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As in case of Gaussian model here also we work in terms of Fourier modes. In
terms of Fourier Modes the Hamiltonian can be obtained using the Fourier
Transform formula(3.20) as

o1 = [ G5 (K + ()

d?qyd%q,d?qsd® 4
wu [t [ CACRCAT (), (40) 04 (0205 )0 (1)

- [ Sy ol

dey: A%qo A% 0 ¢ !

- [ Gzt + Dl

diq,d%qyd?
[ TR (1) )50t o — )

The partition function can now be written as

= [a@ien |- [ S0 oot -uial]. (3

Where,

Aoy A eyn A eya Jd 4
U[B(a)] = u [ TR oy <_Z qi) (1) (@2)5 ()6 (t1)

Now let us apply the Renormalization procedure to the above partition func-
tion (£.3).

1. Coarse grain: In the first step we eliminate the small wavelength
fluctuations by suddividing the order parameter into to subsets as we
did in Gaussian model

_ [ ji(q) for § < g <A
q)<q>_{r?L(q) for 0 < g < 2.
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The partition function can now be written as

:/D~ /Dﬁb e~ BHI

- [ it /Dm exp[ ; : )(Im(q)l2+|u(q)|2)]
q

_» — A qd
J Dlji(a)le ¥ exp |~ [ & L(q? + 1) ()

fD a)lexp |- f?(dd) LK+ )lu(@)l?]

A d
Z/D[m(q)] exp [—/0 g;;ld%(KqQHﬂm(q)P]
A gd
X exp —g /2 gﬁ‘;‘d In(kq? + t) | (e Ul

The Coarse grained Hamiltonian is given by

A
v diq 1 _ula
S(Kq® + t)[m(q)]* — In(e 4P, (4.4)

BH =V§f +/O 2n)2

This can be evaluated perturbatively as

Ine ), = Ut (U~ U+
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4.2 First order perturbation:

1st order perturbation term is

L d'qd’qxd’qsd’q -
. i) = [ AT oyt (Y
=1

((m(an) +fi(an))- (M (de) +/i(qz)) (m(q3)+ﬁ(q3))-(ﬁ(q4)+ﬁ(q4))>€4-5>

To evaluate this integral, we use the Wick’s Theorem which says

!
0 for [ odd;
<11 mi) = { sum over all pairwise contractions for [ even.
For example:

(mamgmgmy) = (mamyg) (mymg) + (magma) (myma) + (mamg) (mgme)

Diagramatic representation:

To calculate the [-point expectation value at the p-th order in u, the
rules are the following:

(a) l-external points are labeled by (g¢;, «;) corresponding to the re-
quired correlation function, as shown ind.Il Then p vertices with
four leg each, labeled by external momenta and indices , e.g.
(ky,1), (ko, 1), (ks, j), (kg,j) are drawn. since four legs are not
equivalent, the four point vertex is indicated by two solid branches
joined by a dotted line.

ky,i ks, j

- - °
(gi, i)

ky, J

ka, f

Figure 4.1: Elements of the diagrammatic representation of perturbation
theory
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(b) Algebraic values of graphs:

i. A line joining a pair of points represents a two point average
and corresponding algebraic value is

dad((h + q2)

Oaan (27) L Ee)

((]1 s (ll) ((12, ﬂ'z:‘

Figure 4.2: Diagrammatic representation of Two point function

ii. A vertex as shown in has algebraic value

u(2m)%0%(ky + ko + k3 + ky)

klul', 2%

oy, ki, j

Figure 4.3: Diagrammatic representation of a vertex

(¢) While calculating cumulants, only fully connected diagrams with-
out any adjoint pieces need to be included.

The perturbation 1st order in w is

Lo d?qd’qed?qsdiq .
Upm, fil),, = u/ - (2;)4013 4(27T)d5d Zqi

X (i) +fi(an))- (171(d2) +/i(a2)) (W%Hﬁ(qg))_'(ﬂ(q4)+ﬁ(q4))>u :

There are total 16 terms that contribute to the expansion of the above
product. Since expectation value is taken over short wavelength fluc-
tuations i.e fi(q), only contractions with p will appear.
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(a) The quantity (m(qi) - m(qs) m(qs) - m(qq)) can be represented
diagrammatically as[4.4. Number of such term is one and algebric
value due to such representation is

ad
(2m) —

<

Figure 4.4: Diagrammatic representation of (mi(qy) - 7i(qz2) m(qs) - m(qs))

— U] .

(b) The terms like (fi(q1) - m(q2) m(qs) - mi(qs)) has diagrammatic
representation as shown in figure 4.5 Number of such terms is
four. Since there is odd number of pu(q), average is zero (from
Wick’s theorem). So algebraic value of these terms is zero.

q,t

Figure 4.5: Diagrammatic representation of (fi(qy) - m(q2) m(qs) - 7i(qq))

(c) The quantity of the form (ji(q;) - fi(q2) m(qs) - mi(qq)) can be
diagrammatically represented by [4.6l Number of such terms are
2. These terms have one contraction and evaluates to

diq;d?qad?qsd’qy dod - 5ii(27>d5d<q1 +q2) .
_9 92 . .
U/ (2rr)4d (2m)% ;:1 q i+ K¢ m(qs) - m(qs)
bl A gk
q 2
= —2N —
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where the dummy variables q3 and q; are replaced by q and k
respectively.

44,

3,7

Figure 4.6: Diagrammatic representation of (ji(qi) - fi(qz2) m(qs) - m(qq))

(d) The number of terms of type (fi(qi) - m(qa) fi(qs) - m(qq)) is four.
Diagrammatically it can be represented as following 4.7l These
terms also have one contractions but as d;; term does not appear,
The algebraic value is given by

‘4“/0 2n)’

q.1 &

'l
- /

Figure 4.7: Diagrammatic representation of (ji(qy) - 7i(qa) f(qs) - mi(qq))

A gk 1
A (2m)dt + KK2
b

=l

Q,

S

Neo)

3
2
S

—

0 .
Oorye U3+
2

4,7

(e) The terms (fi(qy1)-fi(d2) fi(qs)-m(q4)) corresponds to the algebraic
value zero as there are odd number p in the expression. Number
of such terms are four. Diagrammatic representation is given by
4.5

(f) The terms (fi(q1) - fi(qz) fi(qs) - fi(qs)) are diagrammatically rep-
resented by L9, Number of such term is one. Since these various

contractions of four p’s are completely independent of m-values,
we denote the sum of these terms by, uVéf;.
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(%)
.1

Figure 4.8: Diagrammatic representation of (fi(qi) - fi(qz) fi(qs) - m(q4))

q1,t q3.J

44, ]

q®

Figure 4.9: Diagrammatic representation of (fi(qi) - fi(qz) fi(qs) - fi(qs))

Collecting all the terms, the coarse grained Hamiltonian is now given

by
v diq |1 Mgt 1
H=V(fy, +df, / ~(t+ Kq¢®) + (AN / S 2
’ A O o (2m)? 1 ) (AN ) a (2m)dt + Kk? ()l
% ddq ddq ddq - . . B
- u/ #m(ql)m(%)m(%)m(—% — g2 —q3)
0 (2m)
v dig 1
0 1 q rs 2 2
= — L _(i+ K
V(o] +5fb>+/0 3+ K m(a)
% ddq ddq ddq - . . B
- u/ #m(ql)m(%)m(%)m(—% — g2 —g3),
0 (2m)
(4.6)
where,

A d
5 d'x 1
t:t+4u(N+2)/% R

2. Rescale: We rescale the coarse grained Hamiltonian by setting q =
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b='q’. Then the rescaled Hamiltonian becomes

A gd
S dq" 41 - _
BHU)] = VS + 35 + [ G 50+ K1) ()
AN gd 1 3d 0 d
A dayd s, g o o
+U/O —1(27T)§d 2073 () ) m (ah)mi (ah)m(—a) — ) — o) -

(4.7)

3. Renormalize: Now renormalization can be done by setting, m = zm/.
The renormalized Hamiltonian is
2 —dl g -2 12 11|12
2 (4 Kb ) (o)

A dd /
BH' ()] = V(510 +61) + / G

A gd 1 gd o gd
d*q}d*qLdqy , S S S S
+ U/O Wl) S (o )i () )m(gh)m(—d) — db — gb)
(4.8)
The renormalized parameters are ,

t=b"92%

K/ — b*d7222K

u = b3 (4.9)

Fixed point is given by, ¢t* = u* = 0 similar to the Gaussian Model. To make
rest of the Hamiltonian invariant at the fixed point, we set z = b3 such
that K’ = K. The recursion relations for ¢ and u in the vicinity of the fixed
point are given by

A gd
d’k 1
t+4u(N+2)/% 2nii T KR

u = b

t/:bQ

Y

(4.10)

4.3 [-functions at first order

Let us convert these recursion relations into continuous differential flow equa-
tion. Let b = e' ~ (1 + 4l) for an infinitesimal §l. Then

t'=tb) =t(15l) =t + 5& +O(51?)
dl
0 (4.11)
u' = u(b) = u(lsl) = u + ol + O(81%).
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Expanding equation(4.I1]) to the order of §l, we have

it Se 1 a0\
o+ 8l = (1+200) <t+4u(N+2)<27r)dt+KA2A 5z) :

(4.12)
du
u—i—éla =1+ -d)d)u.
where S; = total solid angle in d-dimension. So we obtain S-functions as:
4u(N + 2) K \?
B, = dt _ 9 u(N + 2)Ky ’
d(Inb) t+ KA?
T (4.13)
L = =4-du,
b = Jampy — WD

where Ky = (QST"Z)d. The recursion relations can be linearized in the vicinity of
the trivial fixed point, t* = u* = 0 by setting, t = t* + dt and v = u* + du

d [ ot 9 AN+2)KATT2 ot

- — K

()= (0 Tt )(6)
Eigenvalues of this matrix is given by

Y =2 ;
Yo=4—d .

These give us the anomalous dimension corresponding to the directions of ¢
and u respectively. These results are identical with those of Gaussian model
with only difference is that this time dimension ¥, = 4 — d is associated with
the direction

4<N —+ Q)KdAd_Q

t=—
u K s

instead of t = 0.

For d > 4, the Gaussian fixed point is associated with only one relevant
operator and hence can correctly describe phase transition.

For d < 4, there are two relevant directions. So for d < 4 we need to find
another non-trivial fixed point with co-dimension one which can describe the
phase transitions.

Unfortunately, in the 1st order there is no other fixed point. But we
can go to next order of the perturbation series. We can anticipate that the
recursion relations to the next order are modified to

dt Ju(N+2) KA

a_, A 414
a -ttt T T RA Ut (4.14)
d

d—? — (4—d)u— Bu? (4.15)
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where A, B are positive. For a systematic perturbation theory we need to
keep the parameter u small. From the above expressions we can see that
there is now a new fixed point at u* = % for d < 4. This new fixed point
can be explored systematically only for small e = 4 — d.

4.4 Second order perturbation theory

The Hamiltonian, 2nd order in u, after coarse-graining can be written as

&
Bl = Vafi+ [ G (K mla) P ), (), — DO
To calculate ((U?), — (U)?%) we need to consider all possible decompositions

of two U’s into m and fi. In the previous section we have seen that ¢ into

six type of terms. So in 2nd order in U, we should have 6 x 6 = 36 type of
terms. But most of them vanish due to several factors like conservation of
momentum, parity etc. The terms which are non-zero are the following:

1. The term as shown in figure [£.10] leads to the algebraic value
8 % u2 /'/1: ddqlddqudqudq4 /A ddklddkgddkllddké
2 Jo (2m)4d A (2m)4d

5, (27)%6% (ky + K,
x (2m)204 (K, + Ky 4+ g3 + qu) -2
17" B2 T Hs T t+ KK?

(27)d5d((h +q2 + ki + ko)

% 9550 (2m) 0% (ko + ki)
t+ Kk%

e T O O T . .
= 4Nu / 4 2; BT or)dse <qu> q2) 11(qs) - 17(q4)

A gik
X /A (2m)d (t + Kk2)(t + K(q1 +qo —k)?)

Number of such terms is 8.

m(au) - 7(qz) 7i(q Q)

2. The 1-loop term as shown in figure [L.11] leads to algebraic value:

diq,d?qudqsdiq 4 . B ) )
_/ 1 2721_ 1d 3 4 7r)d5d Zqi m(ql) . m(qz) m(q3) . m(q4)
i=1

A gik 1
- / (2m)d (t + Kk2)(t + K(aq1 +q2 — k)?)

Number of such terms is 32.

39



a4
q1

Figure 4.10: Number of terms = 8

-

1]

Q2 a4

T q3

Figure 4.11: Number of terms = 32

3. The diagram given in leads to
u qlddq2ddQBd CI4 d d - N
Xy / 2n) . Zqz (@) mi(as) - 7 ()

/ ddk 1
s Lt + Kk2)(t+ K(q + g2 — k)?)

kl?j 'ZCSJZ,
42 .\m/

| |
| |

a4

. q3
q1 /fQ, kév Z/

Figure 4.12: Number of terms=32

4. There are another non-zero terms at the order of u? which contain
contractions of all x’s, and hence independent of m. We denote such a

term by, u?V 4 f2.

5. At this order some terms appear which contain two loop integrations
and we shall denote net effect of such terms by A.
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6. Some of the terms also become proportional to m?, m®. This indicates

that the parameter space is not closed at this order . But we will ignore
such terms at this order.

. A gl
Now the integral, f% (gwl)‘d (HKkQ)(HKl(qlJrqu)g) can be expanded as

k1 [ _ 2Kk (a+ @) — Kl +aa)’

A
f(Q1+Q2) :/% (27T)d (t+Kk32)2 t+Kk32

Collecting all the terms, the coarse grained Hamiltonian at the order of u?
can be written as

v t+ K¢
o = Vs + o8 +072) + [ @ |5 2 )
A dtk 1 u? )
’ / o g 2 )]

A
b

d%q d?qediqs S - .
+/ Wm(ch) -m(qz) m(qs) - M(—d1 — q2 — q3)
0

u? Atk 1 )
X [u— 7(8N+64)/% ) (T KR + O(u’q )]

+O0W?,m®, ¢ ...)+O®?®). (4.16)

4.5 The Wilson-Fisher fixed point:

Ignoring all other parameters those have appeared in the process of renormal-
ization group, we can express the parameters of the coarse-grained Hamilto-
nian as

- S S )
b

K=K —u?A(0), (4.17)

u? A qik 1
U=u—— (8N +64
u u 9 (8 + )/% (27T)d (t+Kk‘2)2 )

where A(0) and A’(0) are the 1st two terms in the expansion of A(t, K, q).
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Rescale and Renormalize:

Now we rescale the Hamiltonian by, q = b~!'q’ and renormalize it by m =
zm/. The renormalized parameters are given by

K =b 22K ;
=021 ;

u = b3

(4.18)

As we did before, here also we choose the renormalization parameter z such
that K’ = K. That can be obtained by setting

2 b*t? d+2 2
2 = ——y = V(L + O(w))
1 - K

The value of z depends on the position of fixed point u*. But as u* is of the

order of €, value of z does not change .

2 biTE
A gd
) ek 1
=0 = b [t + 4(N +2 / — W2A(0
AN+ 2u s o)t KR OF 5 (419
S S

"= =u—4(N +38 2/ — .
u t=u—4N+8)u s GOTT KR

To calculate the g-functions at this order, let us 1st convert the above equa-
tions (AI9) into continuous differential flow equation by setting b = e! and

expanding upto the order of §l

b=¢e ~1+4dl,
dt Sq A? 2| .
du Sq A? '
— = (1+(4~- —4(N 2
B = (14 (= ) [ = AV + 9

Comparing the coefficient of 4/ from both sides in the above equation (4.20),

we obtain the S-functions as

dt Ju(N + 2)Kgh° .
- =9 —A
b=y =2t T i R QL o
b= M g gy - AN |
© T ) G+ KAz "
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where K; = (QST"Z)d

At the fixed point, % = 0; ‘2—7 = 0. Imposing these conditions we obtain
a new fixed point

L (B + KA?)?
TN + 8) KA (422
o 2N+ 2) K 4\? '
t*+ KA2 7

where ¢ = 4 — d. Solving above equation pair(d.22) at the order of €, the
fixed point becomes

2

* 2\ .
S Ik, O
(N + 2) K, A* K? ,
S 4.23
t K “antgme o) 42)
N +2
= TE g )
XN T8 e+ O(€”)

Linearizing the recursion relation(€.21)) in the vicinity of the fixed point as,
t =t*+ 6t and u = u* + du, we have

()- ( S S ()

@ ou B(N+8)K4A?  «2 6 8(N+8) K A? Su
(t+KA?)3 (t+KA2)2
9 _ AN+2)K4AT K2
— ( T THKA)?  A(N+R)Ka =y )
N 2 S(N+8)KyA? K2 :
O(<”) ~ @ RADT (N 8)Ks

(4.24)
The recursion relations are expressed in terms of €(= 4 —d) up to 1st order in
it([@24)). Since the off-diagonal matrix elements are of the order of €2, can be
considered zero at the order of ¢ and the diagonal elements can be considered
as the eigenvalues

N +2 ,

=2 ; 4.2
h=2- e+ 0 (1.25)
Yo =—€=—(4—d) . (4.26)

For d < 4, y, < 0. Thus the new fixed point has only one relevant operator
corresponding to the mass term and hence has co-dimension one and can be
used to describe the critical exponents at this point.

This new fixed point is known as Wilson-Fisher fixed point.
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Chapter 5

The spectrum of the O(N)
model

In the previous chapters we have come across various fixed points associated
with the O(N) model. Now we want to impose the bound to the opera-
tors at critical points. An operator at critical point is labeled by its scaling
dimension A and spin s. We will see various restrictions imposed by Con-
formal symmetry on these labels and relations among them at various fixed
points. First we want to know the spectrum of the Conformal group in
d = 3. Character of representation of a group contains all the information
about the spectrum. So we first go on calculating the Character of Unitary
representation of Conformal group for different spin.

5.1 Character of unitary representation of d =
3 conformal group:

Unitary representations of the conformal group are labeled by the spin s and
scaling dimension A of their primary states. Character of such representation
is given by

G(x,p) = Tra®p’s . (5.1)

The SU(2) character of spin s is given by
Xs(p) = Tep” ="y
j=-—s

Let us consider the state |6, ), which is eigenstate of the operator z2u”* with
eigenvalue z°47. the whole set of multiplate is obtained by acting the raising
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operators P3, P, for each level. Tracing out the whole spectrum we obtained
the character of the representation as

Gas=2Xs() (1 +a+22 + .. )1 +pz+ 222+ )1+ p e+ p 2 + .

20 xs(1)
=21 —pa)(1— )

Characters x(z, p) of short representation of the conformal algebra are ob-
tained by evaluating the character and then subtracting out the character of
the null states.

Null states can be obtained either by method given in [I0] or by finding
out the smallest element of the inner product matrix constructed by acting
raising operators on the state |9, j). This also gives the conditions between
scaling dimension A and spin s for the representation to be short. We have
used the second method and obtained the null state at first level. According
to [I0] there is no other null in this representation.

e For s > 1, Condition for unitarity is 6 > j+1 and Null state corresponds
tod=s5+2, j=s—1.

e For s = %, Condition for unitarity is 6 > 1 and Null state corresponds
tod =2, j=3.

e For s = 0, Condition for unitarity is d > % and it has a level 2 Null
state corresponds to, § = g, 7 =0.

When the equality conditions of the ‘Conditions of Unitarity’ satisfies, the
representation is known as ‘short representation’ of conformal algebra. Now
the Characters of short representations of conformal algebra can be written
as

e Fors>1
Xs—f—l,s(xa M) = G8+1,S(x7 :u) - G8+2,S—1(x7 lu) ; (52)

e Lor s = %
X1, p) =Gy, p) — Gy, p) (5.3)

e For s =0
X10(®, 1) = G oz, 1) — Gs o, 1) - (5.4)
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5.2 Primary operators of O(N) Theory

In the O(N) vector model there exists a set of traceless totally symmetric
tensor currents j° constructed from the bilinear field operators.They are con-
served for free theory in UV whereas in the IR fixed point theory, the currents
are conserved only to leading order in 1/N. The single trace operators satisfy
the condition, A = s + 1.

The bilinear operator ® - ® has scaling dimension 1 in free theory where
as it becomes 2 in IR. Spin s current should content exactly s number of
derivatives and s derivatives can give rise to at most s free traceless vector
indices. So an operator constructed with s number of derivatives and one
bilinear field operator has spin= s and scaling dimension s+ 1 in free theory
and A > s+ 1 for IR fixed point,which allows multi trace operators and
hence 1/N corrections to come into the picture. The currents generally have
the form[I1]

& e
Jji = Z a;® 0% J¥Fd — traces, (5.5)
k=0

where, E ) (4 -1),
=50 ( ;) (5 = Dlz = Dai

And (a), = F(F“(Jg)") is the Pochhammer symbol. All the odd spin currents
vanish due to symmetrization and even spin currents survive. To make the
operator totally symmetric and traceless , we can define a ‘current polyno-

mial’as

S

Pyl = aid(y- D)y

k=0

%
- 0)**® — traces. (5.6)

The current operator can be reobtained by differentiation with respect to y

7° = (9,)°5°ly] - (5.7)

As obtained in [11], subtraction of traces for a symmetric tensor of type
+(t.y)* can be obtained from the formula

1 tPolyl* a1ty
—(t-y)* — traces = —————C7 — |, (5.8)
st 2:(5 — 1) 2]yl

where C2 are the Gegenbauer polynomials. Few expressions of Gegenbauer
polynomials relevant for our calculation has been listed in Appendix [B.2l
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Now let us write equation (5.6]) as

Z algrgl ™ — traces,
where, g1 =y - 0 and go =y - J. The sum is given by (as obtained in [I1])

: r(d—1) 4 o d

k (s—k) d_ o913 —24s 1—4d 52—35 go — G
Eagg =(-1)z27"———(gq1tg 9192) 1P ( )
2 k9192 (—1) 5 ( 2) (—9192) 225 \ gy + g1

(5.9)
where P () is the associated Legendre polynomial. We have listed out some

expressions required for our calculation in [B.JIl We have obtained j%[y| and
hence j° for d = 3 and spin s =0, 1,2, 3, 4.

1
e s =0,d = 3: Using form of P2, from appendix [B.I] we obtain the

_1
2

Zazgf P = (1) (5.10)

DO | —

Ignoring the factor (—1)_5, from equation (5.6)), the current polynomial
can be written as

, 1
Sl = (@0,
Hence the spin zero current, from equation(G.7) is j° = (@ - ®).

1
e s = 1,d = 3: Using the expression PZ(z) = \/gz(l — 2%)71, the
2
quantity of (5.9]) can be obtained as

IS

~ ok (s—k 1T 1.1
> apgigl ™ = (-1)7 5 (—9192) (g1 + g2)2 PY
k=0

1l
= (1) 45(0— 1)
From equation (5.6]), the current polynomial can be written as
. 1 = <
iVl = 5%y 0 —y- 0)0
and hence the spin zero current, from equation(5.7) is
1 <

So the spin one current for real field is zero as expected. Similarly all
spin odd current will become zero due to symmetrization.
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e s =2.d=3: The quantity of (5.9) in this case is

S S—k‘ _1 1
> aighes ™ = (1) 15195 + 91 — 69190 -
k=0

Current polynomial for spin-2 current is then given by

g @ (7 02T T b

Spin-2 current is then give by

1
-8 {1[33,+5.5,-47.5,-45,3)

%
Whereaj::g-g, 82::%-%and<87::<5~5).

e s =4,d=3: In this case,

o— 1
Z argtgs ™ = (=1)75(2g1 + 293 + 359793 — 69193 — 697g0].

Current polynomial for spin-4 current is then given by

<_

) = {2y 9) 420y 9) +35(y- )y D) —6(y- 9)(3.9)

= = 6 < = =\ o %
—6(y- 0)(y- 9)°+ 7[2~y202(y~8)2+2(y-8)2y282

= ey, = =, =
+ 3552 R (5 0)(y- B) — 65292y D)y 9) — 6420y 0)(y- 9)]
_ %[Qy%’y 254 4 9 T 4 351 R — 6y B

PR
—6y*0 32]} .

(5.13)
The spin four current can be obtained by differentiation it four times

w.r.t y. The full expression is not reproduced here as it is a fairly long
one.
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Conclusion and way to further
research

We aimed at determining the spectrum and correlation functions of 3d ising
model. In order to do that, we considered O(N) symmetric model whose
N =1 case corresponds to the Ising model. We have identified the 3d Ising
critical point as the Wilson-Fisher fixed point in IR CFT of the O(/N) model.
In dimension d = 3 we have obtained the unitarity bound on spin and scaling
dimension imposed by Conformal symmetry and observe that free theory
contents only single trace operators and fall into the short representation
of the theory. The interacting theory mixes up the single trace and multi
trace operators and gives rise to anomalous dimension. We have obtain
the expression for current polynomial [I1] for d-dimension of a free O(N)
theory of real fields and from that explicitly calculated the currents for few
lower spins for d = 3. These currents are all symmetric traceless and hence
constitute a higher spin symmetry.

Our idea is to now consider the interaction term which will leads to
slightly broken higher spin symmetry by a factor 1/N, for large N and then
derive the spin-s current for such theory which will contain single trace as well
as double trace operator. What we are aiming to do next are the following:

e Obtain the currents for ®* theory with broken symmetry
e Obtain the four point function with 1/N correction

e Modify the theory with large N symmetry to match with our case of
N=1
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Appendix A

Labeling the eigenstates of
Conformal Group

The generators of the Conformal algebra can be split into three sub-algebras:
H, E,, E_. H is the Cartan subalgebra, E, consists of generalized raising
operators and E_ consists of generalized lowering operators. In our case
(conformal theory in d = 3) elements of such sets are the following:

o H = {Js, D}, where J; is the z-component of angular momentum and
D is the dilation operator.

e F£.={J., P}, where J, is the raising operator of angular momentum
algebra and P; is the translation operator which raise the scaling di-
mension by unity.

o [ ={J_, K;}, where J_ is the lowering operator of angular momentum
algebra and K; is the special conformal transformation operator which
lower the scaling dimension by unity.

A highest weight state is annihilated by operators in £, . This state is labeled
by corresponding eigenvalues of Cartan generators. We have J; and D as the
elements of Cartan subalgebra and hence the highest weight state is labeled
by their eigenvalues [ and A respectively. So the highest weight state is |A, )
satisfies the following conditions:

J3| A1) = 1A )
DIA, ) = —iA|A, 1),

Now any Casimir operator can be written as the combinations of its Cartan
and raising, lowering segments. Any raising operator acting on it gives zero
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and the commutator of raising and lowering operators again an element of
Cartan and hence eigenvalue of Casimir operator can be written in terms of
the Cartan eigenvalues, in this case A and s. For the 3d conformal algebra,
the quadratic Casimir in terms of Cartan and raising and lowering operators
is

1 1 . 4
CQ - §[J+J, + chLr] + J?? + §[PZKZ + KZPZ] - D2
1 1.
= 5[J+J_ + J_Jy )+ JF + 50" [PK; + K;P;] — D? (A1)

And hence the eigenvalue can be obtained as

1 1.
Cy |Al) = (§[J+J + J_Jy )+ JF + 55”[3[(]» + K;Pj] — D2) |A D)

1 1.
(§[J+, J]+ J5 + 55” [P, K] — D2) AL

(Js+ J5 — 3iD — D?) |A, 1)
(I+1=3A+ A% A, (A.2)

We thus obtain

cwmo:Qa+D+MA_@)m@.
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Appendix B

Polynomials

B.1 Associated Legendre polynomial

Here we will give few expressions of Associated Legendre polynomial for
different fractional parameter values:

=

—~
—_
|
I\
[\v)
N~—
I
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(B.1)
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B.2 Gegenbauer polynomial

Here we will give few explicit expressions of Gegenbauer polynomial for dif-
ferent parameter values:

Ci(x) =1 (B.6)
C’lé(:c) =z

chw =221 (B5)
Clay =2 % B.9)
Ci(z) = 358x4 . 154”32 +g (B.10)
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