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ABSTRACT

In the following discourse, I aim to give a fairly detailed overview of the spectrum of

the scalar laplacian on five-dimensional Sasaki-Einstein manifolds such as S5, T 1,1,

Lp,q,r, Y p,q, that arise in the context of AdS/CFT correspondence. The work begins

with a detailed treatment of S3, since the analysis on this space outlines clearly the gen-

eral methodology and sets up the general machinery for analysis of more complicated

spaces, also as we shall see later, the analysis of other spaces mentioned will sometimes

reduce to solving for S3. The first Einstein-Sasaki space treated is S5, due to its high

symmetry, group theory has been much exploited, then I move on to the harmonic anal-

ysis on the symmetric, homogenous space T 1,1 which I solve for completely, giving the

explicit form for the eigenvalues and eigenfunctions. The Lp,q,r space is treated next

in quite some detail, starting with the geometry of these spaces, then giving explicit

formulae for calculation of its various parameters, setting up and detailed analysis of its

eigenvalue equation and it’s solution in glorious detail. The last part of the work deals

with special limits of Lp,q,r spaces such as Y p,q which is also briefly reviewed and final

results presented, finally it is shown how T 1,1 and S5 spaces arise as special limits of

Lp,q,r space when the (p, q, r) parameters take restricted values.

KEYWORDS: AdS/CFT, Manifolds, Einstein-Sasaki, Einstein-Kähler, Toric

manifolds, ortho-toric co-ordinates, Toric principal orbits, Killing

Vectors, Surface gravity, Conical singularity, Kerr-deSitter, Fibra-

tion, BPS limit, Form
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CHAPTER 1

INTRODUCTION

1.1 Sasaki-Einstein Manifolds

A Sasaki-Einstein five-dimensional manifold X5 may be defined as an Einstein man-

ifold whose metric cone is Ricci-flat and Kähler. Such manifolds provide interesting

examples in AdS/CFT correspondence. In particular AdS5 ×X5 has great importance

and we shall be studying such typeS of manifolds. All of the spaces that I will be inves-

tigating will be of constant positive curvature. i.e. R > 0 where R is the Ricci scalar

curvature.

1.2 Study of the Rotation Group SO(n)

The n-dimensional Euclidean space, treated as a collection of points with a metric struc-

ture/measure of closeness, without any origin chosen, will be denoted by En. On the

other hand, when the above space is equipped with an origin, then the set of all dis-

placements form a vector space, denoted by Rn.

I shall denote the vectors of the n-dimensional Euclidean space En by

x=(x1,. . . , xn) and their length by ‖x‖. The unit sphere in En is denoted by Sn−1,

generically the unit vectors will be denoted by ξ and η. I shall start with a treatment of

the SO(n) group here, because as I will show later that the sphere Sn−1 on which we

want to carry out the harmonic analysis can be identified with the space of left cosets

of SO(n) with respect to the subgroup SO(n − 1). Further, the eigenfunctions on

Sn−1 which we are interested in, can be organised into irreducible representations of

the SO(n) group. I shall mainly be interested in the treatment of S5 and S3, and use

elements of analysis on S2 which is already well known.



SO(n) is the group of rotations of n-dimensional Euclidean space. There is a class

of special functions connected with this group called “Gegenbauer polynomials” which

are the ultra-spherical polynomials. Precisely speaking, these polynomials are the ir-

reducible representations of the SO(n) group. By “rotations” of the Euclidean space

En, I mean linear transformations g of this space, where g∈ SO(n), such that the ori-

entation of this space is not changed(i.e. no right handed to left handed co-ordinate

transformations or in other words no reflections, mathematically expressed by the con-

dition det g=1) and g should leave invariant the distance of points from the origin :

‖gx‖=‖x‖, since rotations are so defined that they preserve the norm of the vector or

are the isometries of the metric in En they naturally form a group called SO(n), in a

certain sense this group represents the symmetries of the metrized region, furthermore

SO(n) is a connected group, but not simply connected.

I shall now introduce the spherical co-ordinates θ1,. . . ,θn−1 in the space En, with

‖x‖=r=1. They are related to the Cartesian co-ordinates x1,. . . ,xn by the following

formulae:

x1 = sin θn−1 . . . sin θ2 sin θ1,

x2 = sin θn−1 . . . sin θ2 cos θ1,

xn−1 = sin θn−1 cos θn−2, (1.1)
...

xn = cos θn−1.

The above formulae are easily derived by repeatedly applying the constraint xixi = 1

The ranges of the parameters are :

0 < θ1 ≤ 2π, 0 < θk ≤ π (1.2)

where k 6= 1.

Now coming back to the point I raised earlier concerning the fact that the sphere Sn−1

can be identified with the left coset of the group SO(n) with respect to the subgroup

SO(k), the proof is as follows :

I choose an orthonormal basis ξ1,. . . ,ξn in the space En. Let SO(k) be the subgroup
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of SO(n), consisting of those rotations which leave the vectors ξk+1,...,ξn of this basis

invariant. We know that the only rotations that leave ξn invariant are those of the SO(n−

1) subgroup. In other words, this subgroup is the stationary subgroup of the point

ξn(0, 0, ..., 1) of the unit sphere. Since SO(n) is a transitive group of transformations

of Sn−1, it follows that Sn−1 can be identified with SO(n)/SO(n − 1), the dimension

of the coset, which is
(
n
2

)
−
(
n−1

2

)
, as can trivially be seen comes out to be ‘n−1’.

The form of the scalar Laplacian on arbitrary C∞ metrized manifolds is given by

∆ = 1√
g
∂i
(√

ggij∂j
)
, here g refers to det(gij), gij refer to the matrix inverse of the

metric gij , and the indices i and j run over the dimension of the manifold.

1.3 Spectral(eigenvalue) analysis on Sn

The eigenvalues of the scalar laplacian on any Sn, can be evaluated by observing that

the laplacian in any dimension can be broken down or written as a sum of radial and

angular parts as shown below :

(∆)n+1 =
1

rn
(∂rr

n∂r) +
1

r2
(∆)Sn . (1.3)

Now I use a fact(the justification for which will be given later) that the eigenfunctions

which belong to L2(Sn) scale as rk, and write a test function fk ≈ rk, with a certain

constant of proportionality when written with an equality, substituting fk in the eigen-

value equation with the above separated form of the laplacian we get

(∆)Snfk = −k(k + n− 1)fk (1.4)

Thus the eigenvalues λ of the scalar laplacian on Sn are λ = −k(k + n − 1) where

n ∈ Z>0 and k = 0, 1 , 2, . . . In quantum mechanical applications, the minus sign of

the eigenvalues is shifted to the laplacian to make it positive definite. The multiplicity

corresponding to a given k in a certain dimension n is given by
(
n+k
n

)
−
(
n+k−2
n

)
, for n=2

this reduces to (2k+1), which is well known from Quantum Mechanics. This multiplic-

ity given above equals the dimension of a fully symmetric, traceless rank-k tensor of the

group SO(n+ 1). The connection will be made logical later on in the treatment of S5,

3



when I will identify the spherical harmonics as the components of a tensor possessing

the above properties.

1.4 Harmonic Analysis on S3

I now give a detailed treatment of S3, in the beginning because many of the techniques

and results established here are generic and outline the main features and also because

when I will later investigate more complicated spaces, we will see that their metric will

possess the symmetry of S3, and the problem will reduce to solving S3.

1.4.1 Setting up of a co-ordinate system suitable for harmonic anal-

ysis on S3

In this section and in the rest of the thesis, I use the symbol ϕi for all parameters running

from [0, 2π) and giving an exponential periodic dependence and use symbol θi for the

rest of the parameters. For the eigenvalues the symbol mi will be reserved for those

corresponding to ϕi and ki for those corresponding to θi. The complete eigenfunctions

will be denoted by Ψ throughout.

A toroidal co-ordinate system will be chosen because a toroidal co-ordinate system

fills all of S3, nested tori fill all of S3 much like the layers of an onion and just as the

layers of an onion collapse to a line at the onion’s core, the nested tori collapse to two

circles, one at θ = 0, and the other at θ = π/2, which is what it should be.

4
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Let x, y, z, w be the usual Cartesian co-ordinates in R4, so that unit S3 is defined by

x2 + y2 + z2 + w2 = 1 . (1.5)

The co-ordinates θ, ϕ1, ϕ2 parameterize S3 as

x = cos θ cosϕ1,

y = cos θ sinϕ1,

z = sin θ cosϕ2, (1.6)

w = sin θ sinϕ2.

Here the parameters are bounded as follows

0 ≤ θ ≤ π/2,

0 ≤ ϕ1 ≤ 2π, (1.7)

0 ≤ ϕ2 ≤ 2π.

For each fixed value of θ ∈ (0, π/2), the ϕ1 and ϕ2 co-ordinates sweep out a torus.

Taken together these tori almost fill S3, except at the endpoints θ = 0 and θ = π/2,

where the stack of tori collapses to the circles x2+y2 = 1 and z2+w2 = 1, respectively.

1.4.2 Laplacian in toroidal co-ordinates

The co-ordinate system of θ, ϕ1, ϕ2 defined by the equations above is globally orthog-

onal. Thus the metric on S3 is

(ds)2 = (dθ)2 + cos θ(dϕ1)2 + sin θ(dϕ2)2 (1.8)

This implies that the scale factors are hθ = 1, hϕ1 = cos θ, hϕ2 = sin θ and it should

be noted that ϕ1 and ϕ2 do not explicitly enter the scale factors. From the knowledge
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of scale factors the Laplacian comes out to be

∆ =
1

cos θ sin θ

(
∂

∂θ
cos θ sin θ

∂

∂θ
+

∂

∂ϕ1

sin θ

cos θ

∂

∂ϕ1

+
∂

∂ϕ2

cos θ

sin θ

∂

∂ϕ2

)
(1.9)

1.4.3 Eigenvalue equation/Helmholtz equation on S3

On S3, the eigenvalues are −k(k + 2), here k parameterizes the eigenmodes of the

laplacian on S3, the multiplicity is found from the above stated general formula with

n=3 and it gives (k + 1)2. Thus, the eigenvalue equation on S3 takes the form

∆Ψ = −k(k + 2)Ψ (1.10)

To solve this equation, I will apply the physicist’s favourite line of attack for solving

partial differential equations, which is the method of separation of variables. I will look

for solutions of the form

Ψ(θ, ϕ1, ϕ2) = Θ(θ)Φ1(ϕ1)Φ2(ϕ2) (1.11)

Obviously, all solutions of this equation won’t come out in this nice product form, but

the key point is that after we would have solved this equation we will see that the

number of independent solutions of this form will equal the dimension (k + 1)2 of the

eigenspace, thus any arbitrary L2 function can be expanded in this type of basis, thus

these special form of solutions completely span S3. Now, substituting the form of ∆

and Ψ in the eigenvalue equation yields

Φ1Φ2

cos θ sin θ

∂

∂θ
cos θ sin θ

∂Θ

∂θ
+

ΘΦ2

cos2 θ

∂2Φ1

∂ϕ2
1

+
ΘΦ1

sin2 θ

∂2Φ2

∂ϕ2
2

= −k(k+ 2)ΘΦ1Φ2 (1.12)

Multiplying throughout by cos2 θ sin2 θ
ΘΦ1Φ2

, this will isolate the terms containing the cyclic ϕ1

and ϕ2 co-ordinates, just as we want, yielding,

cos θ sin θ

Θ

d

dθ
cos θ sin θ

dΘ

dθ
+ sin2 θ

(
1

Φ1

d2Φ1

dϕ2
1

)
+ cos2 θ

(
1

Φ2

d2Φ2

dϕ2
2

)
=

− k(k + 2) cos2 θ sin2 θ (1.13)
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The terms in Φ1 and Φ2 must each be a constant for the equation to hold for all values

and furthermore they must be negative as we want a periodic solution, so conventionally

the circular harmonic equations comes out to be

1

Φ1

d2Φ1

dϕ2
1

= −m2
1 (1.14)

1

Φ2

d2Φ2

dϕ2
2

= −m2
2 (1.15)

The solutions of the above two equations are

Φ1m1
(ϕ1) = cos |m1|ϕ1 or sin |m1|ϕ1 (1.16)

Φ2m2
(ϕ2) = cos |m2|ϕ2 or sin |m2|ϕ2 (1.17)

By, convention positive m1 indicates cos |m1|ϕ1 and negative m1 indicates sin |m1|ϕ1

and similarly for m2. Substituting the above results for Φ1 and Φ2 into the separated

eigenvalue equation we get a linear ordinary second order differential equation in Θ,

given below

cos θ sin θ

Θ

d

dθ
cos θ sin θ

dΘ

dθ
−m2

1 sin2 θ−m2
2 cos2 θ = −k(k + 2) cos2 θ sin2 θ (1.18)

provided that the integers k, m1, m2 satisfy |m1| + |m2| ≤ |k|, under these conditions

the above differential equation for Θ turns out to be a form of Jacobi’s equation with

the following solution.

Θk,m1,m2(θ) = (cos θ)|m1|(sin θ)|m2|P (|m1|,|m2|)
q (cos 2θ) (1.19)

where P (|m1|,|m2|)
q (cos 2θ) is the Jacobi’s polynomial

P (|m1|,|m2|)
q (y) =

1

2q

q∑
i=0

(
|m2|+ q

i

)(
|m1 + q|
q − i

)
(y + 1)i(y − 1)q−i (1.20)

where

q =
k − (|m1|+ |m2|)

2

7



The complete yet unnormalized eigenfunctions on S3 in toroidal co-ordinates finally

take the following form

Ψk,m1,m2(θ, ϕ1, ϕ2) = (cos θ)|m1|(sin θ)|m2|P (|m1|,|m2|)
q (cos 2θ)×(cos |m1|ϕ1)×(cos |m2|ϕ2)

(1.21)

For positive m1 we use cos |m1|ϕ1 in the above equation as it has been done, and for

negative m1 we have to replace cos |m1|ϕ1 in the above equation and use sin |m1|ϕ1.

Similarly for m2.

1.4.4 Eigenfunctions of S3 in Cartesian co-ordinates

I will now try to re-express the above obtained toroidal eigenfunctions of S3 in terms

of Cartesian co-ordinates x, y, z, w, the reason for doing this is to make explicit by

means of an example the connection between the rank k of a symmetric and traceless

tensor of SO(n+1) group whose components are defined to be the spherical harmonics

and the degree of the symmetric and homogeneous polynomial, which is the form that

the eigenfunctions on Sn take when written in terms of Cartesian co-ordinates, as we

will see the degree of the polynomial equals the rank k of the tensor. Expanding the

Jacobi’s polynomial as a homogeneous polynomial of degree 2q in terms of x, y, z and

w, we get

P (|m1|,|m2|)
q (y) =

1

2q

q∑
i=0

(
|m2|+ q

i

)(
|m1|+ q

q − i

)
(cos 2θ + 1)i(cos 2θ − 1)q−i

P (|m1|,|m2|)
q (y) =

q∑
i=0

(
|m2|+ q

i

)(
|m1|+ q

q − i

)
(cos2 θ)i(− sin2 θ)q−i

P (|m1|,|m2|)
q (y) =

q∑
i=0

(
|m2|+ q

i

)(
|m1|+ q

q − i

)
(x2 + y2)i(−(z2 + w2))q−i (1.22)

8



Now, re-writing the other two periodic factors

(cos θ)|m1| cos |m1|ϕ1 = (cos θ)|m1|
∑

0≤i≤|m1|/2

(−1)i
(
|m1|
2i

)
(cosϕ1)|m1|−2i(sinϕ1)2i

=
∑

0≤i≤|m1|/2

(−1)i
(
|m1|
2i

)
(cos θ cosϕ1)|m1|−2i(cos θ sinϕ1)2i

=
∑

0≤i≤|m1|/2

(−1)i
(
|m1|
2i

)
x|m1|−2iy2i (1.23)

Thus, we see that the (cos θ)|m1| factor combines nicely with the cos |m1|ϕ1 or sin |m1|ϕ1,

to create a homogenous polynomial of degree |m1| in x and y. Similarly (sin θ)|m2|

combines with cos |m2|ϕ2 or sin |m2|ϕ2 to create a degree |m2| polynomial in z and w.

Multiplying all the Cartesian expansions above we see that the powers of each term

in x, y, z , w sum up to k. Thus, we see that the spherical harmonics on S3, form

a homogeneous degree k harmonic polynomial in x, y, z, w co-ordinates. Writing

the spherical harmomics in Cartesian/polynomial form instead of Toroidal form also

shows the fact that at θ = 0 and θ = π/2 circles, the eigenfunction Ψ remains smooth,

although the toroidal co-ordinate system collapses, showing manifestly that it is only a

co-ordinate singularity.

1.4.5 Proof of Ψ being Complete, Orthogonal and Linearly inde-

pendent

By completeness of a space I mean that any L2 function can be expanded in terms of

certain set of basis functions. We want to show that the product form for Ψ that we have

obtained above using separation of variables, form a basis of the S3 space. The line of

argument will be to show that for a given k, the Ψkm1m2 are linearly independent and

span the full eigenspace.

Proof of Linear Independence :

The inner product of two elements of the basis Ψkm1m2 and Ψkm′1m
′
2

is

9



〈Ψkm1m2 ,Ψkm′1m
′
2
〉

=

∫
S3

Ψkm1m2Ψkm′1m
′
2
dV

=

∫ π/2

θ=0

∫ 2π

ϕ1=0

∫ 2π

ϕ2=0

(Θkm1m2Φ1m1
Φ2m2

)(Θkm′1m
′
2
Φ1m′1

Φ2m′2
) cos θ sin θdθdϕ1dϕ2

=

(∫ π/2

θ=0

Θkm1m2Θkm′1m
′
2

cos θ sin θdθ

)(∫ 2π

ϕ1=0

Φ1m1
Φ1m′1

dϕ1

)(∫ 2π

ϕ2=0

Φ2m2
Φ2m′2

dϕ2

)
(1.24)

If m1 6= m′1 and m2 6= m′2, then exploiting the orthogonality of the circular harmonics

〈Φ1m1
,Φ1m′1

〉 = 0 and〈Φ2m2
,Φ2m′2

〉 = 0, means that automatically 〈Ψkm1m2 ,Ψkm′1m
′
2
〉 =

0, proving that the eigenfunctions are orthogonal. Now, because each of the Ψkm1m2 is

non-zero and pairwise orthogonal, it proves that they must be linearly independent.

Proof of Completeness :

To show that Ψkm1m2 span the full eiegenspace, we have to check whether the de-

generacy of Ψkm1m2 for a given k equals the dimension of the full eigenspace, which

is (k + 1)2 a result which was already established in a general form in the treatment

of the spectral analysis on Sn by identifying this degeneracy with the dimension of a

symmetric and traceless tensor of rank k of the SO(n + 1) group whose components

can be identified with the spherical harmonics. For k=0 Ψ0,0,0 has one element, for

k=1 there are 4 elements Ψ1,1,0,Ψ1,−1,0,Ψ1,0,1,Ψ1,0,−1, both of the above results match

with (k + 1)2 prediction. For k ≥ 2, we have to proceed by induction, assuming that

Ψk−2,m1,m2 contains ((k− 2) + 1)2=(k− 1)2 elements, but each element of Ψk−2,m1,m2

for different m1 and m2 has a corresponding element Ψk,m1,m2 , but the latter set also

contains the additional elements Ψk,0,±k,Ψk,±1,±(k−1), ...,Ψk,±(k−1),±1,Ψk,±k,0,, taking

into account these plus and minus signs gives 2+4+ ...+4+2 = 2+4(k−1)+2 = 4k

additional elements, adding this number to (k− 1)2 gives (k− 1)2 + 4k = (k + 1)2, as

required.

This proves that Ψkm1m2 form a complete, linearly independent, orthogonal albeit

not yet orthonormal basis for L2 space of eigenfunctions of S3. The basis set elements

will be normalized and made orthonormal below.

10



1.4.6 Normalization

The eigenfunctions on S3 are L2, so they have a well defined norm, which is

=

(∫ π/2

θ=0

Θ2
km1m2

cos θ sin θdθ

)(∫ 2π

ϕ1=0

Φ2
1m1

dϕ1

)(∫ 2π

ϕ2=0

Φ2
2m2

dϕ2

)
(1.25)

The Φ1 and Φ2 integrals give

∫ 2π

ϕ1=0

Φ2
1m1

dϕ1 = π (1.26)

∫ 2π

ϕ2=0

Φ2
2m2

dϕ2 = π (1.27)

the above result holds for m1 and m2 being non-zero, but when they take zero values

then the integrals are ∫ 2π

ϕ1=0

Φ2
10
dϕ1 = 2π (1.28)

∫ 2π

ϕ2=0

Φ2
20
dϕ2 = 2π (1.29)

The integral for the other function Θ comes out to be

∫ π/2

θ=0

Θ2
km1m2

cos θ sin θdθ (1.30)

=

∫ π/2

θ=0

[cos|m1| θ sin|m2| θP (|m1|,|m2|)
q (cos 2θ)]2 cos θ sin θdθ (1.31)

making a change of variable u = cos 2θ, brings the integral into the form

=
1

2|m1|+|m2|+2

∫ +1

u=−1

(1 + u)|m1|(1− u)|m2|[P (|m1|,|m2|)
q ]2du (1.32)

the above integral is the standard one for the normalization of the Jacobi’s polynomials

and it gives

=
(|m1|+ q)!(|m2|+ q)!

2(k + 1)q!(|m1|+ |m2|+ q)!
(1.33)

So the complete orthonormal, linearly independent basis for S3 reads as

Ψkm1m2 =
cos|m1| θ sin|m2| θP

(|m1|,|m1|)
q (cos 2θ)×(cos |m1|ϕ1or sin |m1|ϕ1)×(cos |m2|ϕ2or sin |m2|ϕ2)

√
2m̃1+m̃2

√
(|m1|+q)!(|m2|+q)!

2(k+1)q!(|m1|+|m1|+q)!

11



where for m1 = 0 and m1 = 0, m̃1 and m̃2 are equal to 1 and for m1 6= 0 and

m2 6= 0, m̃1 and m̃2 are equal to zero, this is done to take into account the two cases in

the normalization of circular harmonics Φ1 and Φ1.

This completes the treatment of Spherical Harmonics of S3, in all generality later

required. It should be noted that the Jacobi’s polynomials involved in the above expres-

sion differ from the ultra-spherical “Gegenbauer” polynomials by some factor only, as

they should, since they have have been obtained for a hyper-sphere.
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CHAPTER 2

Harmonic Analysis on S5

2.1 Scalar spherical harmonics on S5 embedded in E6

Much of the machinery required to get the scalar spherical harmonics(SSH) on S5 has

been established in the treatment of S3 in the previous chapter, I had showed in the

previous chapter that the SSH/eigenfunctions on S3 when written in terms of Cartesian

co-ordinates turn out to be homogenous polynomials of a certain degree in the Cartesian

co-ordinates in R4. Now as promised in the Cartesian treatment of S3, I will now

make the connection between the SSH and the components of a symmetric and traceless

tensor more rigorous, and thus obtain the generic form of the SSH on S5. The argument

goes as follows, I shall now assume two properties of SSH, the correctness of which will

be verified from the consequences that follow from the form of SSH. The assumptions

are

1. The scalar spherical harmonics form a complete basis on S5. That implies any
L2(S5) can be expanded in terms of SSH.

2. The set of scalar functions on S5 form a vector space which is an infinite dimen-
sional reducible representation of SO(6)

Now, a function on S5 can be regarded as a restriction of a function in R6, in which

S5 is embedded.Further, any square integrable function in R6 may be expanded in poly-

nomials in the Cartesian co-ordinates xi. From the discussion of S3, section(1.4.4), we

can choose these square integrable functions in R6 such that they are homogeneous in

xi with degree k. Now, we restrict these functions to S5 and show that their degree

reduces. Consider the function r2xi1xi2 . . . xik , this is a function of degree k+ 2, on re-

stricting it to unit S5, the function becomes xi1xi2 . . . xik which is of degree k. If at each

degree we wish to restrict ourselves to functions linearly independent of those of lower

degree, we must consider only functions Ci1...ikx
i1xi2 ...xik such that Ci1...ikδ

imin = 0

for 1 ≤ m,n ≤ k. Clearly, Ci1...ik is symmetric in i1 . . . ik.



Thus, we come to the conclusion that each independent component of a completely

symmetric, traceless tensor of rank k defines a spherical harmonic by Y = Ci1...ikx
i1xi2 ...xik .

In the eigenvalue spectrum of S5, the degeneracy of the SSH for a given k is given by(
5+k

5

)
-
(

5+k−2
5

)
which is the same as the (number of polynomials of degree k) - (number

of polynomials of degree k − 2).

2.2 S5 in ortho-toric co-ordinates

We can also attempt to treat S5 in ortho-toric co-ordinates, metric being given by

(ds)2 = (dψ − A)2 + (ds)2
CP 2 (2.1)

where A = (ξ + η)dθ1 + (1 + ξη)dθ2 here S5 is written first as a cone over CP 2 in

ortho-toric co-ordinates. Precisely speaking there is a U(1) fibration over CP 2. The

(ds)2
CP 2 part is given by

(ds)2
CP 2 = (ξ−η)

(
(dξ)2

F (ξ)
− (dη)2

G(η)

)
+

1

(ξ − η)

(
F (ξ)[dθ1 + ηdθ2]2 −G(η)[dθ2 + ξdθ1]2

)
(2.2)

where F (x) = G(x) = λx(1−x2). The angles θ1 and θ2 have periodicity 2π and angle

ψ has periodicity 4π. The variables ξ and η are restricted to take values in the interior of

a right-handed triangle with vertices (0, 0), (1, 0), (1, 1) in the ξη plane. The co-ordinate

transformations that takes one from the complex co-ordinates defined below

x1 + ıx2 = ρ1e
ıϕ1 ,

x3 + ıx4 = ρ2e
ıϕ2 , (2.3)

x5 + ıx6 = ρ3e
ıϕ3 .

Where ρ2
1 + ρ2

2 + ρ2
3 = 1.
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The ortho-toric co-ordinates are

R1 = ρ2
1 = ξ + η,

R2 = ρ2
2 = ξη,

ϕ1 = θ1 − θ2, (2.4)

ϕ2 = θ1 + θ2,

ϕ3 = θ1 − θ2 − ψ.

the cartesian expressions for the scalar spherical harmonics can easily be written in

terms of complex combinations defined above, in terms of the variablesR1, R2, ϕ1, ϕ2, ϕ3

which can further be tranformed into ortho-toric variables using the above stated trans-

formations.

However, writing of the SSH in terms of the ortho-toric co-ordinates does not show

any nice structure, and also a direct attack on the problem of solving the eigenvalue

equation for S5 in ortho-toric co-ordinates does not allow separation of variables in R1

and R2, and the only information we get is the trivial dependence of the angular part of

the laplacian on the angles θ1, θ2, ψ in an exponential periodic manner as was expected

by inspection only since they are cyclic co-ordinates and separate into three independent

terms in the laplacian after separation of variables. The failure of the method of separa-

tion of variables may be related to the fact that the ortho-toric co-ordinate system does

not respect the covering transformations of S5 although from doing a global analysis of

the ortho-toric co-ordinate system system we find that it fills all space without leaving

any holes. Due to all these reasons further analysis of S5 using ortho-toric system of

co-ordinates was not carried out.
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CHAPTER 3

Harmonic Analysis on T 1,1

3.1 Description of the space

A comment on notation : The angles θi and ϕi parameterize the two different SU(2)

groups, so to distinguish these parameters I have used φ for the U(1) fibration angle,

although this also runs from 0 to 2π and consequently I have also changed the quantum

number designation to n corresponding to this angle. This space is an example of a

compact five-dimensional Einstein space admitting a Killing spinor, so that makes it an

Einstein-Sasaki space, it is a homogeneous space. The metric on T 1,1 is of the form

(ds)2
T 1,1 =

1

9

(
dφ+

2∑
i=1

cos θidϕi

)2

+
1

6

2∑
i=1

(
(dθi)

2 + sin2 θi(dϕi)
2
)

(3.1)

where the (θi, ϕi) are the co-ordinates on the two SU(2)′s.

The above given metric has a SU(2) × SU(2) × U(1) isometry. The space T 1,1

is a coset or a quotient space, it is a Riemmanian space with a constant positive cur-

vature, its Ricci scalar curvature is 20. To construct this space we start with a space

having a S2 × S2 topology i.e. with SU(2) × SU(2) which is generated by two

Pauli matrices/operators namely iσk and iτk, where k runs from 1 to 3 and divide

out by the U(1) generated by ω = σ3 + τ3, now I write the generators for T 1,1 as

iσl, iτs, Z = iσ3 − iτ3, ω = iσ3 + iτ3, where l and s run over 1,2. One point to keep

in mind is that the (1, 1) in T 1,1, denotes the Hopf fibration numbers(in some sense the

winding numbers), one for the fibration over the first sphere S2 and the other for the

other S2.



3.2 Metric tensor and the Laplacian

Writing the metric as a matrix,

gµν =



1
9

cos θ1
9

cos θ2
9

0 0

cos θ1
9

sin2 θ1
6

+ cos2 θ1
9

cos θ1 cos θ2
9

0 0

cos θ2
9

cos θ1 cos θ2
9

sin2 θ2
6

+ cos2 θ2
9

0 0

0 0 0 1
6

0

0 0 0 0 1
6



The inverse matrix is

gµν =



11664 csc2 θ1 csc2 θ2Y −6 cot θ1 csc θ1 −6 cot θ2 csc θ2 0 0

−6 cot θ1 csc θ1 6 csc2 θ1 0 0 0

−6 cot θ2 csc θ2 0 6 csc2 θ2 0 0

0 0 0 6 0

0 0 0 0 6


Here Y is defined to be =

(
cos2 θ2 sin2 θ1

1944
+ cos2 θ1 sin2 θ2

1944
+ sin2 θ1 sin2 θ2

1296

)
The determinant of the metric tensor is det(gµν) = sin θ1 sin θ2

108

The Laplacian calculated from the general formula

∆ =
1
√
g
∂µ (ggµν∂ν) ≡

1

det(g)

5∑
µ=1

5∑
ν=1

∂µ[gµν(det(g))∂νF (φ, ϕ1, ϕ2, θ1, θ2, )] (3.2)

and yields

∆F = 6 cot θ2
∂F

∂θ2

+ 6
∂2F

∂θ2
2

+ 6 cot θ1
∂F

∂θ1

+ 6
∂2F

∂θ2
1

+ 6 csc2 θ2
∂2F

∂ϕ2
2

+ 6 csc2 θ1
∂2F

∂ϕ2
1

− 12 cot θ2 csc θ2
∂2F

∂φ∂ϕ2

− 12 cot θ1 csc θ1
∂2F

∂φ∂ϕ1

+ 9
∂2F

∂φ2
+ 6 cot2 θ1

∂2F

∂φ2

+ 6 cot2 θ2
∂2F

∂φ2
(3.3)

17



From the above considerations it is clear that ϕ1, ϕ2 and φ are cyclic co-ordinates and

hence their functions form three separate terms in the laplacian, hence beforehand we

can say that their functions will have a periodic exponential dependence on their argu-

ments, hence we put in an ansatz and simplify the equation as follows

∆F =
e−im1ϕ1−im2ϕ2−inφ

det(g)

5∑
µ=1

5∑
ν=1

∂µ[gµν(det(g))∂νF (θ1, θ2)(eim1ϕ1+im2ϕ2+inφ)]

(3.4)

The simplified laplacian obtained after the calculation is

∆F = −3F (θ1, θ2)[n2(3 + 2 cot2 θ1 + 2 cot2 θ2)− 4m1n cot θ1 csc θ1 + 2m2
1 csc2 θ1

− 4m2n cot θ2 csc θ2 + 2m2
2 csc2 θ2] + 6

[
cot θ2

∂F (θ1, θ2)

∂θ2

+
∂2F (θ1, θ2)

∂θ2
2

+ cot θ1
∂F (θ1, θ2)

∂θ1

+
∂2F (θ1, θ2)

∂θ2
1

]
(3.5)

3.3 Eigenvalue equation and its solution

The scalar laplacian has eigenfunctions in the representation (k
2
, k

2
) of the two SU(2)

′s

with eigenvalue 3[k(k + 2)− k2

4
]. The eigenvalue equation reads as

− 3F (θ1, θ2)[n2(3 + 2 cot2 θ1 + 2 cot2 θ2)− 4m1n cot θ1 csc θ1 + 2m2
1 csc2 θ1−

4m2n cot θ2 csc θ2 + 2m2
2 csc2 θ2] + 6

[
cot θ2

∂F (θ1, θ2)

∂θ2

+
∂2F (θ1, θ2)

∂θ2
2

+

cot θ1
∂F (θ1, θ2)

∂θ1

+
∂2F (θ1, θ2)

∂θ2
1

]
= 3
[
k(k + 2)− k2

4

]
F (θ1, θ2) (3.6)

Separation of variables can be applied further in the variables θ1 and θ2 to give the

following equation

6F2(θ2)
[d2F1(θ1)

dθ2
1

+cot θ1
dF1(θ1)

dθ1

]
+6F2(θ2)[−n2 cot2 θ1−m2

1 csc2 θ1+2m1n cot θ1 csc θ1]+

6F1(θ1)
[d2F2(θ2)

dθ2
2

+cot θ2
dF2(θ2)

dθ2

]
+6F1(θ1)[−n2 cot2 θ2−m2

2 csc2 θ2+2m2n cot θ2 csc θ2]

= 3
[
k(k + 2)− k2

4

]
F (θ1)F (θ2) (3.7)
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Dividing throughout by F1(θ1)F2(θ2), we see that the equation separates beautifully

into two parts, one depending only on θ1 and the other depending only on θ2, for the

equation to hold always each of these terms(which are themselves sum of terms) must be

a constant, thus we now get two linear second order ordinary differential equations in θ1

and θ2, given below in another form obtained after re-writing each term and completing

the squares

[ 1

sin θ1

∂

∂θ1

sin θ1
∂

∂θ1

− (n cot θ1 −m1 csc θ1)2
]
F1(θ1) = −E1F1(θ1) (3.8)

[ 1

sin θ2

∂

∂θ2

sin θ2
∂

∂θ2

− (n cot θ2 −m2 csc θ2)2
]
F2(θ2) = −E2F2(θ2) (3.9)

Now we use the fact that any linear ordinary second order differential equation with

three regular singular points can by a suitable transformation be brought into the Gauss

Hypergeometric equation whose solutions are well known. In our case this is effected

by the transformation z = cos2(θ1/2) and w = cos2(θ2/2) respectively for the two

equations.

The transformed equations in the z and w variables are

z(1− z)
d2F1

dz2
− (2z − 1)

dF1

dz
− 1

4z(1− z)
[n(2z − 1)−m1]2F1 = −E1F1 (3.10)

w(1−w)
d2F2

dw2
− (2w− 1)

dF2

dw
− 1

4w(1− w)
[n(2w− 1)−m2]2F2 = −E2F2 (3.11)

The above two equations are close relatives of the one for S3 in hypergeometric form.

Thus the values for E1 and E2 are identically chosen to be λS3∈T 1,1 = −k(3k+8)
16

. So the

above two equations become

z(1−z)
d2F1

dz2
−(2z−1)

dF1

dz
− 1

4z(1− z)
[n(2z−1)−m1]2F1 =

−k(3k + 8)

16
F1 (3.12)

w(1− w)
d2F2

dw2
− (2w − 1)

dF2

dw
− 1

4w(1− w)
[n(2w − 1)−m1]2F2 =

−k(3k + 8)

16
F2

(3.13)
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The only admissible/regular solution of the above two equations in terms of the Gauss

Hypergeometric function is

F1[z] = (−1 + z)
m1−n

2 z
m1+n

2 2F1

[1

2
+m1 −

1

4

√
4 + k(3k + 8) + 16n2,

1

2
+

m1 +
1

4

√
4 + k(3k + 8) + 16n2, 1 +m1 + n, z

]
F2[w] = (−1 + w)

m2−n
2 w

m2+n
2 2F1

[1

2
+m2 −

1

4

√
4 + k(3k + 8) + 16n2,

1

2
+

m2 +
1

4

√
4 + k(3k + 8) + 16n2, 1 +m2 + n,w

]
(3.14)

Thus, the complete eigenfunctions of the T 1,1 Laplacian are

Ψkm1m2n = F1

(
cos2 θ1

2

)
F2

(
cos2 θ2

2

)
eim1ϕ1+im2ϕ2+inφ (3.15)
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CHAPTER 4

Harmonic Analysis on Lp,q,r toric Sasaki-Einstein

manifolds

4.1 Geometry of Lp,q,r spaces

In 2005, a whole new infinite class of five-dimensional Einstein-Sasaki metrics on com-

plete and non-singular manifolds was constructed. They can be obtained by first Eu-

clideanisation and then taking the BPS limits of the rotating Kerr-deSitter black hole

metrics. The resulting new five-dimensional Einstein-Sasaki spaces called as Lp,q,r,

have cohomogeneity 2 and possess a U(1)×U(1)×U(1) isometry group. Topologically

they are S2 × S3 spaces. I shall now revisit the arguments leading to the construction

of these metrics and the corresponding spaces. As is essentially given in the paper by

Cvetic, Lü, Pope [6], this procedure will also make clear the various restrictions that

should be imposed on the parameters p, q, r, arising primarily out of the requirement of

smoothness of the manifold on which the metrics are given.

The way to go about it is to first obtain a family of five-dimensional local Einstein-

Sasaki metrics with two non-trivial continuous parameters, then the next step is to show

that if these are appropriately restricted to be rational, the metrics extend smoothly

onto complete and non-singular manifolds, which are Lp,q,r, where p, q, r are three co-

prime positive integers with 0 < p ≤ q, 0 < r < p + q, and with p and q each

coprime to r and to s = p + q − r. These metrics have U(1)3 isometry group which

enlarges to SU(2) × U(1) × U(1) in the special case p + q = 2r which reduces to the

Y p,q = Lp−q,p+q,p space, which we shall investigate later.

The local Einstein-Sasaki metrics that will be constructed are obtained from the

rotating AdS black hole metrics in D=5 dimensions derived in a paper by Hawking and

others [4]. Our principal focus will be on the Euclidean signature case with positive

Ricci scalar curvature, but it is instructively helpful to first think of the metrics in the



Lorentzian regime with negative cosmological constant λ = −g2. It is shown in [5] that

the energy and angular momenta of the D = 2n+ 1 dimensional Kerr-AdS black holes

are given by

E =
mAD−2

4π(
∏

j Ξj)

(
n∑
i=1

1

Ξi

− 1

2

)
, Ji =

maiAD−2

4πΞi(
∏

j Ξj)
(4.1)

where AD−2 is the volume of the unit D − 2 dimensional sphere, Ξi = 1− g2a2
i and ai

are the n independent rotation parameters.

The five-dimensional rotating AdS black hole solution/metric with two parameters given

in [4] is

(ds)2 = −∆

ρ2

(
dt− a sin2 θ

Ξa

dφ− b cos2 θ

Ξb

dψ

)2

+
∆θ sin2 θ

ρ2

(
adt− (r2 + a2)

Ξa

dφ

)2

+
∆θ cos2 θ

ρ2

(
bdt− (r2 + b2)

Ξb

dψ

)2

+
ρ2

∆
(dr)2 +

ρ2

∆θ

(dθ)2 (4.2)

+
1 + r2l2

r2ρ2

(
abdt− b(r2 + a2) sin2 θ

Ξa

dφ− a(r2 + b2) cos2 θ

Ξb

dψ

)

Here

∆ =
1

r2
(r2 + a2)(r2 + b2)(1 + r2l2)− 2M

∆θ = (1− a2l2 cos2 θ − b2l2 sin2θ)

ρ2 = (r2 + a2 cos2 θ + b2 sin2 θ) (4.3)

Ξa = (1− a2l2)

Ξb = (1− b2l2)

Now, to obtain the new Einstein-Sasaki metrics, we Euclideanise the above stated metric

by making the analytic continuations t → i
√
λτ, ` → i

√
λ, a → ia, b → ib. Next, we
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implement the BPS scaling limit, by setting

a = λ−
1
2 (1− 1

2
αε),

b = λ−
1
2 (1− 1

2
βε),

r2 = λ−1(1− xε), (4.4)

M =
1

2
λ−1µε3,

and then taking ε→ 0. So, the metric now becomes

λ(ds)2
5 = (dτ + σ)2 + (ds)2

4, (4.5)

where

(ds)2
4 =

ρ2

4∆x

(dx)2 +
ρ2

∆θ

(dθ)2 +
∆x

ρ2

(
sin2 θ

α
dφ+

cos2 θ

β
dψ

)2

+
∆θ sin2 θ cos2 θ

ρ2

(
α− x
α

dφ− β − x
β

dψ

)2

(4.6)

with

σ =
(α− x)

α
sin2 θdφ− (β − x)

β
cos2 θdψ,

∆x = x(α− x)(β − x)− µ = (x− x1)(x− x2)(x− x3),

∆θ = α cos2 θ + β sin2 θ, (4.7)

ρ2 = ∆θ − x,

Now, since we have obtained the new Einstein-Sasaki metric (4.5) in its final form, with

its terms explicitly given by (4.6) and (4.7), it should be noted that the four dimensional

base spaces given by the (ds)2
4 part of the metric in eq. (4.5) are themselves singular,

even though the Einstein-Sasaki spaces Lp,q,r are not singular, only in the special cases

when the Lp,q,r metric reduces to T 1,1 or S5 do these base spaces also become regular, I

shall show how these spaces arise as special cases of Lp,q,r in the next section. We now

switch our discussion to the extremely important problem of determining the nature

and bounds on the various parameters and variables entering in the expression of the
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metric. These will be determined by demanding conditions of smoothness. Manifestly

we see that there are three parameters in the metric namely α, β, µ, we can set any

one of these to any non-zero constant by rescaling the other two and x. Hence, in ef-

fect the metric depends only on two non-trivial parameters, which I shall take to be β, µ.

The five-dimensional metric (4.4) can be viewed as aU(1) bundle over a four-dimensional

Einstein-Kähler metric with Kähler 2-form given by J = 1
2
dσ. One can verify that J

gives an almost complex structure tensor and that it is covariantly constant. This clearly

demonstrates that the D = 4 metric is Einstein-Kähler and hence the D = 5 metric is

Einstein-Sasaki, with Rµν = 4λgµν .

Having obtained the local form of the five-dimensional Einstein-Sasaki metric, I

shall give a review of its global structure, in the form as essentially given in [6], the

Lp,q,r metrics are in general of cohomogeneity of 2, with toric principal orbits U(1) ×

U(1) × U(1), the orbits degenerate at θ = 0 and θ = 1
2
π, and at the roots of the cu-

bic function ∆x given in (4.6). In order to obtain metrics on complete non-singular

manifolds, one must impose appropriate conditions to ensure that the collapsing or-

bits extend smoothly, without conical singularities, onto the degenerate surfaces, this is

achieved by constraining the value of x and θ to x1 ≤ x ≤ x2, where x1 and x2 are

two adjacent real roots of ∆x and 0 ≤ θ ≤ 1
2
π. Since, ∆x is negative for large negative

x and positive for large positive x, and since we must now also have ∆x > 0 in the

interval x1 < x < x2, hence it follows that x1 and x2 are the two smallest roots of ∆x.

The easiest way to analyze the behaviour at each collapsing orbit is to examine the

associated Killing vector `, whose length vanishes at the degeneration surface. By nor-

malizing the Killing vector so that it’s surface gravity κ equals unity, we obtain the

translation generator ∂/∂χ where χ is a local coordinate near the degeneration surface,

and the metric extends smoothly onto the surface if χ has period 2π. The surface gravity

is

κ2 =
gµν(∂µ`

2)(∂ν`
2)

4`2
(4.8)

in the limit that the degeneration surface is reached.

The normalized Killing vectors that vanish at the degeneration surfaces θ = 0 and

θ = 1
2
π are simply given by ∂/∂φ and ∂/∂ψ respectively. At the degeneration surfaces

24



x = x1 and x = x2 the normalized Killing vectors `1 and `2 are given by

`i = ci
∂

∂τ
+ ai

∂

∂φ
+ bi

∂

∂ψ
(4.9)

where the constants ci, ai, bi are given by

ci =
(α− xi)(β − xi)

2(α + β)xi − αβ − 3x2
i

ai =
αci

xi − α
(4.10)

bi =
βci

xi − β

Now, we see that we have a total of four Killing vectors ∂/∂φ, ∂/∂ψ, `1, `2, that span a

three dimensional space, so that implies that there should exist a linear relation amongst

them. Since, they all generate translations with a 2π period, it follows that unless the

coefficients in the linear relation are rationally related, then by taking integer combina-

tions of translations around the 2π circles, one could generate a translation implying an

identification of arbitrarily nearby points in the manifold. Thus, to satisfy the require-

ment of non-singular manifolds,the linear relation between the four Killing vectors must

be expressible as

p`1 + q`2 + r
∂

∂φ
+ s

∂

∂ψ
= 0 (4.11)

for integer coefficients (p, q, r, s) which may be assumed to be coprime. All subsets of

three of the four integers must be coprime too, since if any three had a common divisor

k, then dividing (4.10) by k would show that the direction associated with the Killing

vector whose coefficient was not divisible by k would be identified with period 2π/k,

thus leading to a conical singularity. Furthermore, p and q must each be coprime to each

of r and s, since otherwise at the surfaces where θ = 0 or θ = 1
2
π and x = x1 or x = x2

on which one of ∂/∂φ or ∂/∂ψ and simultaneously one of `1 or `2 vanish, there would

be conical singularities.
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From (4.8) and (4.10), we have

pa1 + qa2 + r = 0

pb1 + qb2 + s = 0 (4.12)

pc1 + qc2 = 0

From this it follows that all ratios between the four quantities

a1c2 − a2c1, b1c2 − b2c1, c1, c2 (4.13)

must be rational. Thus to obtain a metric that extends smoothly onto a complete and

non-singular manifold, we must choose the parameters in (4.6) so that the rationality of

the ratios is achieved. It furthermore follows from (4.9) that

1 + ai + bi + 3ci = 0 (4.14)

for all roots xi, and using this it can be shown that there are only two independent ratio-

nality conditions following from the requirement of rational ratios for the four quantities

in (4.12). From (4.13) it also follows that

p+ q − r = s (4.15)

so the further requirement that all triples among the (p, q, r, s) also be coprime is auto-

matically satisfied.

Equations (4.11) and (4.13) allow one to solve for β, µ and the roots x1, x2 given the

set of coprime positive integer triplets (p, q, r). The explicit formulae will be given later.

The requirements for obtaining complete and non-singular Einstein-Sasaki spaces Lp,q,r

mentioned in the beginning of the section can also be written in terms of the parameters

α and β and the roots of the cubic ∆x as 0 ≤ x1 ≤ x2 ≤ x3, and α, β ≥ x2, by

the converse argument we see that these conditions restrict the integers (p, q, r) to the

domain 0 < p ≤ q and 0 < r < p + q. All such coprime triplets with p and q each

coprime to r and s yield complete and non-singular Einstein-Sasaki spaces Lp,q,r, and

so we get infinitely many new examples belonging to this class.
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Since, Lp,q,r are compact spaces we can ask for their volume, which with λ = 1 in

(4.4) is given by

VLp,q,r =
π2(x2 − x1)(α + β − x1 − x2)∆τ

2kαβ
, (4.16)

where ∆τ = 2πk|c1|
q

is the period of the co-ordinate τ , and k=gcd(p,q).

4.2 Quasi-Regular and Irregular Lp,q,r spaces

Any Einstein-Sasaki space is called Quasi-regular if ∂/∂τ (the Killing vector field tan-

gent to the orbit) has closed orbits, which will occur if c1 is rational. Conversely also

if c1 is irrational the orbits of ∂/∂τ never close and the Einstein-Sasaki space is called

Irregular. In a vague sense, we can make the analogy to the problem of two 1 − D

harmonic oscillators whose combined phase space is U(1) × U(1) or in other words

an ordinary 2-torus, if the ratio of frequencies of the two harmonic oscillators is ratio-

nal we will have closed orbits on the torus, otherwise if the ratio is irrational we will

have ergodic behaviour, such that within an infinite time the entire torus will be filled

uniformly and densely, since in this case there are no closed orbits.

4.2.1 Examples of Quasi-Regular spaces

These 5-d Einstein-Sasaki spaces can be obtained if the parameters describing the space

i.e. (p, q, r) are chosen such that

q − p
p+ q

=
2(v − u)(1 + uv)

4− (1 + u2)(1 + v2)
,

r − s
p+ q

=
2(v + u)(1− uv)

4− (1 + u2)(1 + v2)
(4.17)

where v and u are any rational numbers satisfying

0 < v < 1, −v < u < v . (4.18)

These conditions further ensure that α, β and the roots xi are all rational. α, β, µ

parameterize the Lp,q,r metric and so also the Local solutions of Heun’s Equations, but
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there is an inherent redundancy in the α, β, µ parametrization of solutions, which is

removed by choosing x3 = 1, then we have rational expressions for all of the following

parameters in terms of u and v.

α = 1− 1

4
(1 + u)(1 + v), β = 1− 1

4
(1− u)(1− v), µ =

1

16
(1− u2)(1− v2)

x1 =
1

4
(1 + u)(1− v), x2 =

1

4
(1− u)(1 + v), x3 = 1 (4.19)

In turn, from these we obtain the expressions for the following quantities

c1 = − 2(1− u)(1 + v)

(v − u)[4− (1 + u)(1− v)]
c2 =

2(1 + u)(1− v)

(v − u)[4− (1− u)(1 + v)]

a1 =
(1 + v)(3− u− v − uv)

(v − u)[4− (1 + u)(1− v)]
a2 = − (1 + u)(3− u− v − uv)

(v − u)[4− (1− u)(1 + v)]
(4.20)

b1 =
(1− u)(3 + u+ v − uv)

(v − u)[4− (1 + u)(1− v)]
b2 = − (1− v)(3 + u+ v − uv)

(v − u)[4− (1− u)(1 + v)]

An attempt was made to calculate all the above parameters, by first choosing a set of

values of (p, q, r) consistent with the co-prime condition and others, see section (4.3).

However, except for the special choice leading to r = s i.e.T 1,1 space, there were no

simple expressions in terms of surds for u and v and subsequently for other parameters

which are consistent with the condition (4.18), the expressions obtained for u and v for

r 6= s using MATHEMATICA, turned out to be indeed very complicated with no hope

of further simplification without numerics.

4.3 Calculation of parameters−A numerical example

Since there exists no closed form expression for the parameter µ in the metric, it would

be instructive to solve for the Lp,q,r space by choosing some values of (p, q, r) right

from the beginning, and then calculate the numerical values of the various parameters

entering the metric, namely β, µ, x1, x2, as well as geometric quantities like volume.

It has already been mentioned previously that we have freedom in setting one of the

parameters out of α, β, µ to any non-zero constant. We shall see later on that choos-

ing α = 1 will greatly simplify matters, so we shall adhere to this value throughout
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the treatment without exception. The route to calculating these parameters is outlined

below.

1. Choose a coprime triplet (p, q, r) of positive integers satisfying the following con-
ditions: a.) 0 < p ≤ q, b.) 0 < r < p + q, c.) p and q each co-prime with each
r and s d.) s = p + q − r such that r 6= s, e.) Each sub-triplet of (p, q, r, s) is
co-prime.

2. Calculate β as the root of a quartic equation, out of the four roots choose the real
root satisfying α, β > x2. Of course for doing so we need to calculate x2 by
substituting the values of β in the expression for x2, only then can 3 of the 4 roots
of the quartic equation be discarded.

3. Calculate the values of x1 and x2 by substituting the values of (p, q, r, s) and β.
Then discard the values of β not satisfying β > x2.

4. Calculating the value of µ from the equation ∆x = 0 by substituting the values
of α, β and x1 or x2.

So let us proceed with the computation

Step 1 :

I shall choose the following values of (p, q, r, s); p = 2, q = 2, r = 1, s = 3, it can

easily be verified that this set satisfies all the requirements mentioned in 1.

Step 2 :

The quartic equation for β is as follows

sr3β4 + r2(2p2 + 3pq+ 2q2− 5(p+ q)r+ 3r2)αβ3 + 2sr(pq− 2(p+ q)r+ 2r2)α2β2−

s2((q − 3r)r + p(p+ r))α3β + s3rα4 = 0.

Substituting the values of (p, q, r, s) and α = 1 we get the following equation

3β4 + 11β3 − 12β2 − 45β + 27 = 0.

On solving the equation, we find that all 4 roots are real, 2 being negative and 2 positive,

the negative roots should be discarded since α, β > x2 together with 0 ≤ x1 ≤ x2 ≤ x3

imply β > 0, thus the positive roots are

β1 = 1
6
(7−

√
13) β2 = 1

6
(7 +

√
13)

which one of these roots will be discarded will be decided by the condition β > x2, for

this we need to compute x1 and x2 for both β1 and β2.

Step 3 :

The expressions for x1 and x2 are given below

x1 =
−rsα2 + p(s− r)αβ + srβ2 + (α− β)

√
δ

(p− 3r)sα + (3s− p)rβ
, (4.21)
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x2 =
−rsα2 + q(s− r)αβ + srβ2 + (β − α)

√
δ

(q − 3r)sα + (3s− q)rβ
, (4.22)

with δ given by

δ = sr(r(q − r)(α2 − αβ + β2) + p(rα2 − (q + r)αβ + rβ2)). (4.23)

Substituting the values α = 1, β1 = 1
6
(7−
√

13), (2, 2, 1, 3) in the above expressions for

x1 and x2 we get x1 = x2 = 1
6
(5−

√
13). Thus, we see clearly that (α = 1, β = 1

6
(7−

√
13)) > (x2 = 1

6
(5 −

√
13)), so we can accept this value of β and the corresponding

values of x1 and x2. Now let us evaluate the values of x1 and x2 corresponding to β2.

Substituting α = 1, β2 = 1
6
(7 +

√
13), (2, 2, 1, 3) in the above expressions for x1 and

x2 we get x1 = x2 = 1
6
(5 +

√
13) the above value of x2 obtained from β2 violates the

required condition of (α = 1) > (x2 = 1
6
(5 +

√
13). So we shall discard β2

Step 4 :

To evaluate µ, we shall use the equation ∆x1 = 0, explicitly it reads as

µ = x1(α− x1)(β − x1) (4.24)

substituting the required values we get µ = 1
27

(−2 +
√

13). Now, solving the equation

∆x = 0, since we know already α, β, µ, we get the third root x3 as x3 = 1
6
(3 +

√
13)

Thus, we conclude that the acceptable values of the parameters entering the Lp,q,r metric

corresponding to p = 2, q = 2, r = 1, s = 3 are

α = 1,

β =
1

6
(7−

√
13),

µ =
1

27
(−2 +

√
13). (4.25)

The roots x1, x2 and x3 are

x1 = x2 =
1

6
(5−

√
13), x3 =

1

6
(3 +

√
13). (4.26)
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4.4 Scalar Laplacian and Heun’s Differential equations

Now, after reviewing the geometry of Lp,q,r spaces, in this section, we turn our attention

towards the study of the scalar laplacian for the Lp,q,r metric. We shall see later, that

the eigenvalue equation can be separated into ordinary differential equations for each of

the variables x, y, φ, ψ, τ . The differential equations for the angle variables φ, ψ, τ can

be solved in a trivial manner. For the x and y variables, these are Fuchsian type and are

shown to be Heun’s differential equations.

4.4.1 Scalar Laplacian

We have already constructed the Lp,q,r metric in the previous section and it is given by

(ds)2 = (dτ + σ)2 +
ρ2

4∆x

(dx)2 +
ρ2

∆θ

(dθ)2 +
∆x

ρ2

(
sin2 θ

α
dφ+

cos2 θ

β
dψ

)2

+
∆θ sin2 θ cos2 θ

ρ2

(
α− x
α

dφ− β − x
β

dψ

)2

(4.27)

where

σ =
(α− x)

α
sin2 θdφ− (β − x)

β
cos2 θdψ

∆x = x(α− x)(β − x)− µ = (x− x1)(x− x2)(x− x3)

∆θ = α cos2 θ + β sin2 θ

ρ2 = ∆θ − x (4.28)

The three real roots of ∆x are chosen such that 0 < x1 < x2 < x3(Note:-This is

a strict inequality, although in paper [6] by Cvetic, reviewed in the previous section,

the requirement of complete non-singular manifolds imposes a much weaker condition,

allowing the ≤ sign also, but as we shall see allowing for equality sign lands us up in

trouble while doing scale transformations in Heun’s Equations, so we shall impose strict

inequality of the three roots of ∆x). Also it is convenient to change the co-ordinate θ

to y by setting y = cos 2θ, the co-ordinates x and y have the ranges x1 ≤ x ≤ x2 and

−1 ≤ y ≤ 1.
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The scalar laplacian for the Lp,q,r metric is given by

�(5) =
4

ρ2

∂

∂x

(
∆x

∂

∂x

)
+

4

ρ2

∂

∂y

(
∆y

∂

∂y

)
+

∂2

∂τ 2

+
α2β2

ρ2∆x

(
(β − x)

β

∂

∂φ
+

(α− x)

α

∂

∂ψ
− (α− x)(β − x)

αβ

∂

∂τ

)2

+
α2β2

ρ2∆y

(
(1 + y)

β

∂

∂φ
− (1− y)

α

∂

∂ψ
− (α− β)(1− y2)

2αβ

∂

∂τ

)2

(4.29)

Here ∆y = (1− y2)∆θ = 1
2
(1− y2)(α + β + (α− β)y) = (y − y1)(y − y2)(y − y3)

The roots of the above equation ∆y = 0, turn out to be y1 = −1, y2 = +1 and y3 = β+α
β−α ,

using these roots symbolically for both equations ∆x = 0 and ∆y = 0 we get the scalar

laplacian in the following form

�(5) =
∂2

∂τ 2
+

4

ρ2

∂

∂x

(
∆x

∂

∂x

)
+

∆x

ρ2

(
1

x− x1

υ1 +
1

x− x2

υ3 +
1

x− x3

υ5

)2

+
4

ρ2

∂

∂y

(
∆y

∂

∂y

)
+

∆y

ρ2

(
1

y − y1

υ2 +
1

y − y2

υ4 +
1

y − y3

υ6

)2

(4.30)

where, the Killing vector fields are as follows

υ1 = −`1, υ3 = −`2, υ5 = −`3 (4.31)

υ2 =
∂

∂φ
, υ4 =

∂

∂ψ
, υ6 =

∂

∂τ
− ∂

∂φ
− ∂

∂ψ
(4.32)

Here

`i = ci
∂

∂τ
+ ai

∂

∂φ
+ bi

∂

∂ψ
(4.33)

ai =
αci

xi − α
, bi =

βci
xi − β

, ci =
(α− xi)(β − xi)

2(α + β)xi − αβ − 3x2
i

(4.34)

4.4.2 Heun’s Differential Equations

The eigenfunctions of the scalar laplacian obtained as a solution of the following eigen-

value equation �(5)Ψ = −EΨ, have the form

Ψ = eiNτ τ+iNφφ+iNψψF (x)G(y) (4.35)
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Here, Nτ , Nφ, Nψ are constants arising out of the symmetry of the problem under peri-

odic changes of these co-ordinates by 2π, in other words they are the invariants of the

representation of the U(1) symmetry group corresponding to each of the angles τ, φ, ψ.

Here, Nφ , Nψ ∈ Z, while Nτ ∈ R.

The differential equations for F and G can be written as

d2F

dx2
+

(
1

x− x1

+
1

x− x2

+
1

x− x3

)
dF

dx
+QxF = 0 (4.36)

d2F

dy2
+

(
1

y − y1

+
1

y − y2

+
1

y − y3

)
dF

dy
+QyF = 0 (4.37)

where

Qx =
1

∆x

(
µx −

1

4
Ex−

3∑
i=1

α2
i∆
′
x(xi)

x− xi

)
, Qy =

1

Hy

(
µy −

1

4
Ey −

3∑
i=1

β2
iH

′
(yi)

y − yi

)
(4.38)

Here,

αi = −1

2
(aiNφ + biNψ + ciNτ ) (4.39)

β1 =
1

2
Nφ, β2 =

1

2
Nψ, β3 =

1

2
(Nτ −Nφ −Nψ) (4.40)

Hy =
2∆y

β − α
= (y − y1)(y − y2)(y − y3) (4.41)

µx =
1

4
C − 1

2
Nτ (αNφ + βNψ) +

1

4
(α + β)N2

τ (4.42)

µy =
1

2(β − α)

(
−C +

(
α + β

2

)
E + 2(αNφ + βNψ)Nτ − (α + β)N2

τ

)
(4.43)

and C is a constant. These differential equations for F and G obtained above are of

the Fuchsian type with four regular singularities at x1, x2, x3,∞ and y1, y2, y3,∞,

respectively. Therefore, they are equivalent to Heun’s differential equations.

For the first Heun’s equation, the Fuchsian exponents are ±αi at x = xi (i = 1, 2, 3)

and−λ and λ+2 at x =∞. For the second the exponents are±βi at y = yi (i = 1, 2, 3)

and −λ and λ+ 2 at y =∞.

Here we put,

E = 4λ(λ+ 2) (4.44)
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The above derived Heun’s differential equations, can be converted into the standard

forms by the co-ordinate transformations.(For detailed study of transformations of Heun’s

equation see [10])

x̃ =
x− x1

x2 − x1

, ỹ =
y − y1

y2 − y1

(4.45)

with the rescaling of the functions F and G also,

F (x) = x̃α1(1− x̃)α2(ax − x̃)α3f(x̃)

F (y) = ỹβ1(1− ỹ)β2(ay − ỹ)β3f(ỹ) (4.46)

with

ax =
x3 − x1

x2 − x1

, ay =
y3 − y1

y2 − y1

(4.47)

The resulting pair of Heun’s equations come out in their standard form

d2f

dx̃2
+

(
γx
x̃

+
δx

x̃− 1
+

εx
x̃− ax

)
df

dx̃
+

α̂β̂x̃− kx
x̃(x̃− 1)(x̃− ax)

f = 0

d2g

dỹ2
+

(
γy
ỹ

+
δy

ỹ − 1
+

εy
ỹ − ay

)
dg

dỹ
+

α̂β̂ỹ − ky
ỹ(ỹ − 1)(ỹ − ay)

g = 0 (4.48)

All the seven parameters entering the above Heun’s equations are not on the same foot-

ing. The parameter a locates the third finite singularity and can be called the singularity

parameter, while α, β, γ, δ, ε determine the Fuchsian exponents at the four singularities

and can be called the exponential parameters and finally k is called the auxiliary or the

accessory parameter. In some applications, like ours, k plays the role of a spectral or

eigen parameter. In all there are six irreducible parameters in the sense that this number

cannot be decreased by any re-writing.

α̂ = −λ+
1

2
Nτ , β̂ = 2 + λ+

1

2
Nτ

γx = 2α1 + 1, δx = 2α2 + 1, εx = 2α3 + 1

γy = 2β1 + 1, δy = 2β2 + 1, εy = 2β3 + 1 (4.49)
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and the accessory parameters are given by

kx = (α1 + α3)(α1 + α3 + 1)− α2
2 + ax[(α1 + α2)(α1 + α2 + 1)− α2

3]− µ̃x

ky = (β1 + β3)(β1 + β3 + 1)− β2
2 + ay[(β1 + β2)(β1 + β2 + 1)− β2

3 ]− µ̃y (4.50)

Here,

µ̃x =
1

x2 − x1

(
µx −

1

4
Ex1

)
, µ̃y =

1

y2 − y1

(
µy −

1

4
Ey1

)
(4.51)

The parameters α̃ and β̃ are the same for both Heun’s differential equations.

With some further manipulations the accessory parameters are given in the form below

kx =
1

x2 − x1

(C̃ − α̂β̂x1), ky =
1

β − α
(C̃ − α̂β̂α) (4.52)

Here,

C̃ =
1

2
(α + β)Nτ −

1

2
(αNφ + βNψ)− 1

4
C (4.53)

In the subsequent treatment C̃ will be treated as an undetermined constant.

4.4.3 Local solution of Heun’s equation

In this section, I shall aim to solve the Heun’s differential equation by the Frobenius

method, and thereby obtain symbolically the local solution called the canonical local

Heun’s Function H`. Since each singularity is regular, so in the neighbourhood of

any one singularity there exist two linearly independent solutions, one corresponding

to each of the Fuchsian exponents there. These solutions, in the general case are valid

only in a circle which excludes the nearest other singularity, and hence called local. So

in all there are 8 solutions. But by suitable allowed transformations of independent and

dependent variables and functions respectively we have a total of 192 solutions(see [10]

for details). I briefly mention the fact that we have a family of 2n−1n! local solutions,

which split into 2n sets of 2n−2(n − 1)! equivalent expressions, each set defining one

of the two Frobenius solutions in the neighbourhood of a singular point, the n! factor

comes from permuting the n singular points, and the 2n−1 factor from negating expo-
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nent differences(for details see [9]). I shall now solve the generic equation without the

subscripts x and y.

First, we multiply the Heun’s equation in standard form by x(x − 1)(x − a) to get the

equation in the following form

x(x−1)(x−a)
d2y

dx2
+[γ(x−1)(x−a)+δx(x−a)+εx(x−1)]

dy

dx
+[αβx−k]y = 0 (4.54)

Expanding about the singularity x = 0 and hence substituting the following power

series expansion for y.(ζ is the indicial parameter)

y =
∞∑
n=0

anx
ζ+n

y
′
=
∞∑
n=0

an(ζ + n)xζ+n−1 (4.55)

y
′′

=
∞∑
n=0

an(ζ + n)(ζ + n− 1)xζ+n−2

Substituting the above expressions for y, y′ and y′′ in eq.(4.54) and collecting all the

terms of like powers we get

∞∑
n=0

an[a(ζ + n)(ζ + n− 1) + γa(ζ + n)]xζ+n−1+

∞∑
n=0

an[−(a+ 1)(ζ + n)(ζ + n− 1)− (γa+ γ + δa+ ε)(ζ + n)− k]xζ+n+

∞∑
n=0

an[(ζ + n)(ζ + n− 1) + (γ + δ + ε)(ζ + n) + αβ]xζ+n+1 = 0 (4.56)

To obtain the indicial equation we put n = 0, that gives from (4.56) the following

equation

a0[aζ(ζ − 1) + γaζ] = 0

ζa[ζ − 1 + γ] = 0

⇒ ζ = 0 or ζ = 1− γ (4.57)
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Similarly, we can expand about the other 3 regular singularities and get the correspond-

ing Fuchsian exponents, they are given below for all the four regular singularities.

x = 0 −→ ζ = 0, 1− γ

x = 1 −→ ζ = 0, 1− δ

x = a −→ ζ = 0, 1− ε

x =∞ −→ ζ = α, β (4.58)

According to the general theory of Fuchsian equations the sum of the Fuchsian expo-

nents should take the value 2, from that we get the following relation

γ + δ + ε = α + β + 1 (4.59)

To obtain the recursion formula, we shift the indices in eqn.(4.56) and get

∞∑
n=−1

an+1[a(ζ + n+ 1)(ζ + n) + γa(ζ + n+ 1)]xζ+n−

∞∑
n=0

an[(a+ 1)(ζ + n)(ζ + n− 1) + (γa+ γ + δa+ ε)(ζ + n) + k]xζ+n+

∞∑
n=1

an−1[(ζ + n− 1)(ζ + n− 2) + (γ + δ + ε)(ζ + n− 1) + αβ]xζ+n = 0 (4.60)

Equating the sum of the coefficients in the above expansion to 0 we get,

an+1 =an[(a+ 1)(ζ + n)(ζ + n− 1) + (γa+ γ + δa+ ε)(ζ + n) + k]−
an−1[(ζ + n− 1)(ζ + n− 2) + (γ + δ + ε)(ζ + n− 1) + αβ]

a(ζ + n+ 1)(ζ + n) + γa(ζ + n+ 1)
(4.61)

The coefficients of the first three terms for the local solution y(x) about the regular

singularity x = 0 for each of the Fuchsian exponents is given below.
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For ζ = 0,

a0 = Non-Zero Constant,

a1 =

[
k

aγ

]
a0,

a2 =
[γ(a+ 1) + δa+ ε+ k]a1 − [αβ]a0

2a(γ + 1)
, (4.62)

a3 =
[2(a+ 1) + 2(γ(a+ 1) + δa+ ε) + k]a2 − [(γ + δ + ε) + αβ]a1

3a(2 + γ)
.

and so on. For ζ = 1− γ,

a0 = Non-Zero Constant

a1 = −
[
k−(γ−1)(δa+ε)

a(γ−2)

]
a0

a2 = [(2− γ)((a+ 1)(1− γ) + (γa+ γ + δa+ ε)) + k] a1 −

[(1− γ)(δ + ε) + αβ] a0

/
2a(3− γ)

We already begin to see the complication creeping in, and hence the difficulty in writing

the power series in closed form. We can similarly write the coefficients of the first few

terms of the power series solution about the other 3 singularities for each of the Fuchsian

exponents about each singularity. In all these cases the three-term recursion formula is

incredibly complicated, with a lot of parameters, there exists no closed form for writing

the local power series solution of y(x) about any singularit for any of the Fuchsian

exponents. The power series solutions are symbolically denoted by H`(x). There are 8

solutions about the four singularities(2 about each singularity corresponding to each of

the Fuchsian exponents about each singularity). They are given below, for details see

[9],

About x = 0,

for ζ = 0;

H`(a, k; α, β, γ, δ; x)

for ζ = 1− γ;

x1−γH`(a, k − (γ − 1)(δa+ α + β − γ − δ + 1); β − γ + 1, α− γ + 1, 2− γ, δ;x)

(4.63)
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About x = 1,

for ζ = 0;

H`(1− a, −k + βα; α, β, δ, γ; 1− x)

for ζ = 1− δ;

(x− 1)1−δH`(1− a,−k + (δ − 1)γa+ (β − δ + 1)(α− δ + 1); β − δ + 1,

α− δ + 1, 2− δ, γ; 1− x) (4.64)

About x = a,

for ζ = 0;(x
a

)−α
H`(1− a,−k − α[(α− γ − δ + 1)a− α− β + γ + δ − 1];α, α− γ + 1,

α + β − γ − δ + 1, α− β + 1;

(
x− a
x

)
)

for ζ = 1− ε;(x
a

)β−γ−δ
(x− a)−α−β+γ+δH`(1− a,−k − (β − 1)(β − γ − δ)a+

(β − γ − δ)(α + β − δ − 1) + γa;−β + δ + 1,−β + γ + δ,

− α− β + γ + δ + 1, α− β + 1;

(
x− a
x

)
) (4.65)

About x =∞

for ζ = α;

x−αH`(
1

a
,
k + α[(α− γ − δ + 1)a− β + δ]

a
;α, α− γ + 1, α− β + 1, δ;

1

x
)

for ζ = β;

x−βH`(
1

a
,
k + β[(β − γ − δ + 1)a− α + δ]

a
; β − γ + 1, β,−α + β + 1, δ;

1

x
)

(4.66)

4.4.4 Polynomial Solutions of Heun’s Equation

Attention must be given to the fact that the Local Heun’s Function obtained in the previ-

ous section in the form of an infinite power series, are only valid in the neighbourhood
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of the singularity about which the series is expanded i.e. region excluding the next

nearest singularity and if we try to analytically continue these solutions to the point of

the next neighbouring singularity, they do not match with the series solution obtained

about that neighbouring singularity, so there must be some type of smoothing transi-

tion that must be done so that the series solutions about the neighbouring singularities

go smoothly into each other, and we can obtain a global solution valid over the whole

domain of interest, however this problem is highly non-trivial I do not attempt to treat

it.

But, if the parameters in the Heun′s equation are restricted to some special values,

the problem is simplified greatly and most astonishingly a global solution becomes pos-

sible, for these restricted values of parameters, the solutions are simultaneously Frobe-

nius solutions about the three finite singularities, and hence are analytic in a domain

containing these singularities, except for some special points in the domain. Now, it

turns out that for such solutions to exist it is necessary but not quite sufficient, for one

of the quantities α, γ-α, δ − α, ε − α or β, γ-β, δ − β, ε − β to be an integer and fur-

thermore, the spectral parameter q should have one of a finite number of characteristic

values.

Let us consider the case when α is a negative integer i.e. α = −n, the series

terminates and we have solutions which are polynomials of degree n. In the other cases

powers of z − 1 and z − a occur, so that only in the first case of α = −n can the

solutions can truly be called as polynomials. But for our treatment whenever there exist

finite-form solutions they will be called Heun’ Polynomials and denoted by Hp.

It is shown in [10], that if a Heun’s Polynomial exists, i.e. a solution which is

simultaneously a Frobenius solution about the three regular finite singularities, then it

must also be a Frobenius solution about the fourth singularity, and is thus analytic in

the whole finite x-domain, with the exception of some isolated points.

Let us now investigate the case of α = −n and find out if global solutions exist

or not. Equating the expression for α̂ in eqn (4.49) to −n where n ∈ Z≥0, that gives

λ = n + 1
2
Nτ and β̂ = n + Nτ + 2. The condition for the existence of non-trivial

solutions are given in [3] and they are satisfied for our purposes. Let us examine the
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ground state i.e. n = 0, we are at freedom to set C̃ = 0. Then from eqn (4.52) and

(4.53) we have kx = ky = 0 and we have on substituting the value of λ given above in

eqn. (4.44) we get E = Nτ (Nτ+4), the constant solutions obtained in this case are the

trivial ones to the Heun’s differential equations, however it must be remembered that

we are looking for solutions to the equations (4.36) and (4.37) which are not scaled,

so these trivial solutions to eqns (4.48) correspond to non-trivial eigenfunctions to eqns

(4.36) and (4.37).

Now, we come to the n = 1(first excited state), the polynomial existence condition (4.5)

given in [3] for this case is

kx(kx +Q
(x)
1 )− axγxP1 = 0 ky(ky +Q

(y)
1 )− ayγyP1 = 0 (4.67)

yielding the following algebraic equation for C̃

C̃2 + 2νC̃ + αβ(Nτ + 3)(Nτ −Nφ −Nψ + 1) = 0, (4.68)

where

ν =
1

2
α(Nτ + 2−Nφ) +

1

2
β(Nτ + 2−Nψ) (4.69)

Hence, if

C̃ = −ν ±
√
ν2 − αβ(Nτ + 3)(Nτ −Nφ −Nψ + 1) (4.70)

then there exist polynomial solutions of degree one in both x and y systems. The energy

states are given by

E = (Nτ + 2)(Nτ + 6) (4.71)

Now, for n ≥ 2 there exist no polynomial solution, to show that, I shall follow the proof

as given in [3].

For n = 2 we have

(x1− x2)3 det(M (2)
x − kx)− (α− β)3 det(M (2)

y − ky) = 4µ(Nτ + 4)(Nτ + 5) (4.72)

from the above equation we see that det(M
(2)
x − kx) and det(M

(2)
y − ky) cannot vanish

simultaneously, so in this case, the polynomial solutions to x and y systems are not

allowed.
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For n = 3 also, it can be shown explicitly, see [3] that no polynomial solution exists,

although in this case there is considerably more freedom to make the RHS of the corre-

sponding equation of (4.72) for the n = 3, equal to zero because of the appearance of

the term C̃ in the RHS, but as shown in [3] the expression for C̃ that makes RHS vanish

is not simultaneously a solution of eqns det(M
(2)
x − kx) = 0 or det(M

(2)
y − ky) = 0.

So, in all there is no simultaneous polynomial solution of the x and y system. In gen-

eral, for any n ≥ 2 the polynomial existence conditions det(M
(2)
x − kx) = 0 and

det(M
(2)
y − ky) = 0, give two different equations for one C̃, and do not have any com-

mon solutions, and hence there is no simultaneous polynomial solution of degree n for

both the x and y systems, and we again have to look for complicated non-polynomial

solutions.

4.5 Y p,q as limiting case of Lp,q,r

The Y p,q metric is obtained from the La,b,c metric given in eqn.(4.5) by taking the limit

α = β, then the resulting Y p,q metric, characterized by two positive integers p, q with

p > q is as given by eqn.(1) of [11], this space has a higher symmetry than Lp,q,r but

lower than T 1,1, its metric has the isometry group SU(2)×U(1)×U(1), we can then go

on and find the corresponding scalar Laplacian and hence solve the eigenvalue equation,

thereby obtaining the spectrum of the Laplacian. But, instead of proceeding abinitio we

can directly proceed from eqn. (4.37) for the y system and take the limit y3 →∞, this

limit is obtained by taking α = β in the expression for y3
β+α
β−α . On taking this limit and

substituting y1 = −1 and y2 = +1 we get the following equation,

d2G

dy2
+

(
1

y − 1
+

1

y + 1

)
dG

dy
+

2∑
i=1

(
− β2

i

(y − yi)2
+

Q
(1)
i

y − yi

)
G = 0 (4.73)

where

Q
(1)
1 =

1

8

(
1

α
C − E +N2

τ − 2NφNψ

)
(4.74)

The differential equation (4.73) has in all three regular singularities, 2 finite and one at

∞, the Fuchsian exponents at y1 = −1 and y2 = +1 are β1 and β2 respectively, and the

exponent at ∞ is J(J + 1), the notation J has been chosen because here it is exactly
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the SU(2) spin J , see [11] for detailed proof. J is defined by the following expression,

J(J + 1) = β2
1 + β2

2 − 2Q
(1)
1 =

1

4

(
E − 1

α
C − (Nτ −Nφ −Nψ)(Nτ +Nφ +Nψ)

)
(4.75)

The solution to the above y system of equation in terms of the Gauss Hypergeometric

function is

G(y) = (y−y1)β1(y−y2)β2F
(
β1 +β2−J, β1 +β2 +J+1, 1+2β1;

1

2
(1−y)

)
(4.76)

when β1 + β2 − J = −n where n ∈ Zn>0, the Hypergeometric series terminates and

we get the Jacobi’s polynomials, which have already been treated in some detail in the

Introduction.

4.6 T 1,1 and S5 as special cases of Lp,q,r

If we take the set of parameters to be p = q = r = 1, then obviously p+q = 2r or r = s,

also the roots x1 and x2 coincide and α = β, then the symmetry of the metric increases

by 2 SU(2)
′ and the metric becomes that of a T 1,1 space which is a homogeneous space,

it’s four-dimensional base space is S2 × S2, the base space is non-singular.

If we set µ = 0 in eqn (4.6) we obtain the metric on S5 with CP 2 as the base space.

Here also the base space is non-singular.
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