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Chapter 1

Introduction - The Large-N Limit

1.1 Why the large-N limit ?

Quantum Chromodynamics (QCD), a non-Abelian gauge theory based on gauge
group SU(3), is the most natural candidate for a model for the strong interac-
tions. Yet many of the features of Q)CD such as confinement, symmetry breaking
etc. are not well understood. Because of the complexity of phenomena which
this theory describes, an attempt to search for the exact solution of SU(8) gauge
theory is still a nightmare. This fact forces us to find some sort of approximation
scheme. Naturally we would be inclined to do a perturbative expansion approxi-
mation. But again a barrier appears across the passage — what possible expansion
parameter does QQCD possess?

The ordinary coupling constant g is not really a free parameter in QCD. (It
is absorbed in to defining scale of masses.) The quark bare masses (for up, down
and strange quarks) are very small (nearly zero) and so we cannot take these
also as expansion parameter. Thus we find that the SU(8) gauge theory with
negligibly small quark bare masses has no unique free parameter that could be
used as an expansion parameter. It almost behaves as a parameter free theory. It

was first pointed out by 't Hooft that many features of QCD can be understood



by analyzing a non-Abelian gauge theory based on the gauge group SU(N). That
is, @CD should be generalized from three colours to /V colours. It may be possible
to solve the theory in the large-N limit (that is N — oo) and the N = 3 theory
may be in good agreement in the large N limit. Also it may seem that SU(N)
has very little to do with QCD as N = oo is not close to N = 3. One might
naturally hesitate to allow N — oo as it would make the gauge group large and
thus complicate the analysis.! The striking feature ‘t Hooft discovered was that
SU(N) gauge theory simplifies a lot in the large-N limit?. One can take 1/N as a
true expansion parameter and the 1/N expansion is equivalent to a semi-classical

expansion for an effective theory of colour singlet mesons and baryons.

1.2 Feynman Diagrams for large-N

In the large-N limit, we can draw the Feynman diagrams in a special way to
reproduce the results very easily. In the 1/N expansion, one has a QCD with
N colours and an SU(N) gauge group. Since there are many colours for large-
N, many possible intermediate states in Feynman diagrams are possible. The
sums over intermediate states give rise to large combinatoric factors. The special
features of large- NV limit arise due to these combinatoric factors. We can represent
a gluon field by an N x N matrix AL]- which has N? components. (The matrix
must be traceless, and so has only N? — 1 components. But we can neglect the
difference between N? and N2 — 1 for large-N. That is, the tracelessness plays
no role for large N.) The quark and anti-quark fields ¢° and ¢' each have N

components. Thus we find, for large N, the gluon states (N?) are larger than

LE. Witten gives an argument to show that this objection is without force. In QED, % =
% & e = 0.30, where e is the coupling constant. This value of e is not very different from
1/3. Thus 1/N expansion for QCD cannot be rejected a priori.

2The large-N expansion for QCD was invented by ’t Hooft[22).



quark and anti quark states (N).
To see how one obtains the combinatoric factors, consider a low order Feynman
diagram given in Fig. 1.1. It represents the gluon contribution to the one-loop

gluon vacuum polarization.

Figure 1.1: The lowest order gluon vacuum polarization

Suppose, the colour quantum numbers of the initial and final states are spec-
ified. For the intermediate state gluons, there are still N possibilities for the
quantum numbers. Thus the diagram gets the combinatoric factor of N. There
is also a part due to coupling at each of the two interaction vertices. We must
choose the coupling constant to be g/v/N (where g is to be kept fixed as N be-
comes large), if we want the one-loop gluon vacuum polarization to have a smooth
limit for large-N. Thus the two vertex factors of g/ V/N combine with the combi-
natoric factor of N to give a smooth large-N behavior. That is (¢/v/N)?N = ¢?
, independent of N. The vanishing behaviour of coupling constant for large-N
cancels the divergence of the combinatoric factor, to produce a smooth large-IV
limit.

We can redraw Fig 1.1 in the double line notation. This enables us to un-
derstand why there is a combinatoric factor of N. Since the initial and final
states are specified, the colour index lines are fixed. Fig 1.2 shows the lowest

order gluon vacuum polarization in the double line language. At the center of



the figure, there is a closed colour line, contracted with itself. The value of the
colour index (here it is k) is unspecified and thus the sum over k gives a factor
of N. Thus we get a combinatoric factor of N.

i

J

Figure 1.2: The lowest order gluon vacuum polarization - double line notation

Fig 1.3 below shows how the single lines on the left are translated to the new
double line notation on the right. The figure shows the translations of quark and
gluon propagators, vertices and a vacuum-to-vacuum diagram in to their double
line versions.

A Feynman diagram must have combinatoric factors large enough to compen-
sate for the vertex factors, in order to survive as N — oo. Surprisingly, it turns
out that a certain class of Feynman diagrams, called planar diagrams, have
combinatoric factors large enough to just cancel the vertex factors. All other
diagrams vanish for large-N as they have smaller combinatoric factors. Thus
the large-N limit is dominated by the sum of planar diagrams. Let us see how
non-planar diagrams are suppressed in the large-N limit. Fig 1.4 shows two
types of such diagrams. Fig 1.4(a) is a one-quark-loop contribution to the gluon
propagator and 1.4(b) is a connected vacuum-to-vacuum graph with a quark loop

forming the boundary. Fig 1.4(a) has six interaction vertices, but only one large
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Figure 1.3: Translation from single line notation to double line notation

closed colour loop, giving a factor of N. This diagram is therefore of the order
of (1/V/N)!N = 1/N2. Tt vanishes like 1/N? for large-N. Tt is impossible to
draw this diagram on a sphere without crossings. Thus we can conclude that
non-planar Feynman diagrams vanish at least like 1/N? for large-N.

Fig 1.4(b) is of the order of 1/N. There are four vertices and one quark loop,
giving a factor of (1/v/N)*N = 1/N. Thus we conclude:



S ¥
i

Figure 1.4: Examples of non-planar diagrams

(i) The dominant connected vacuum-to-vacuum diagrams are planar diagrams
made up of only gluons (with order N?).

(1) The dominant connected vacuum-to-vacuum diagrams with quark lines are
planar diagrams with only one quark loop and the loop forms the boundary of the

diagram (with order N )[2].

1.3 Survival of the Planar Diagrams

If we consider the parameter N of the gauge group SU(N) as a free parameter,
an expansion of the amplitudes at N — oo arranges the Feynman diagrams in
to sets which have exactly the topology of the quantized dual strings with quarks
at its ends [4]. Let us try to understand how the planar diagrams survive in
the large-N limit. First consider a gauge group U(/N). The vector (gauge) fields
are Hermitean matrices AZ]-, where both indices 7 and j run from 1 to N. In
order to keep track of the indices, we can split the fields Afu- in to complex fields

for ¢+ > j and real fields for ¢ = 5. We can then denote the upper index by

an incoming arrow, and the lower index by an outgoing arrow. This is same as



treating a gluon as a quark and anti-quark combination. ( This is just to keep
track of the colour quantum numbers.) We represent a quark or anti-quark in a
Feynman diagram as a single line with an arrow (direction of arrow is opposite
for quark and anti-quark). Thus we should represent the gluon as a double line
(with opposite directions - one for the quark and one for the anti-quark). Now
the gluon field A’ ; becomes:

Al = gigf (1.1)

where ¢’ is quark field and ¢’ is anti-quark field. The propagator is then denoted
by a double line.

We are interested in the topological properties of the surfaces formed by the
double line propagators in the index space. For simplicity, let us restrict ourselves
to vacuum-to-vacuum diagrams, diagrams with no external lines. Thus every
index must close to form an index loop. If we regard the index loop as the
perimeter of a polygon, the double line diagram looks like a set of well packed
polygons. We identify one edge of a polygon with one edge of another if they
both lie on the same double line. Thus we obtain a two dimensional oriented
surface. The double lines with arrows give an orientation to each polygon. This
orientation continues along a closed index line while the two halves of a double
line are oppositely directed. Thus we obtain oriented surfaces such as spheres,
tori etc.(but not Mdbius strips or Klein bottles)

An index can have N values and every where in a Feynman diagram where
an index line closes, we get a factor of N. This is the only way the dimension N
of the gauge group enters. According to 't Hooft [4], consider a general diagram
with V3 three point vertices, V; four point vertices, P propagators (internal lines)

and F' faces. F' = L+ I where L is the number of quark loops and I the number



of index loops. Now write V = V3 + V,. The diagram is associated with a factor
r=g"Bt?aN! (1.2)

Let us draw dots at both ends of the propagators, and by counting dots we see

that
2P=> nV, (1.3)

We have V = >V, , where V, is the number of n point vertices. Using this
2P =3V3+4Vy = V3 4+ 2V, + 2V. Thus

r = 92P—2VNF—L (14)

We define every index to be a facet and turn the diagram in to a polyhedron.
(We assume that there are no quark loops.) We have the Euler’s theorem for
polyhedra:

F-P+V =2-2H, (1.5)

with H, the genus, or the number of ‘holes’ in the polyhedron (a sphere has H
=0, a torus H = 1, etc.).
All three point vertices come with a factor g, and all four point vertices with a

factor g2, then the g and N dependence of the amplitude is seen to be
gVetVaNF — 2P=2V NF-L _ (g2 \\F+2H-2 \2-2H-L (1.6)
We redefine ¢ to be § = ¢ v/N. Thus
r= (QQN)F+2H_2N2_2H_L. (17)

Keeping g fixed, in the limit N — oo, we see that the N dependence of the
diagrams is N?>72#~L_ Thus diagrams without holes (H = 0) and L = 1 dominate.

(If the sources are coupled to quarks, then there must be at least one quark loop
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L > 1. Thus the dominating diagrams are planar diagrams with the quark line
at the edges. In terms of the Euler characteristic x, a topological invariant, we

find that the vacuum-to-vacuum diagram is proportional to:
NZ 2L — NxL (1.8)

Thus the leading connected vacuum-to-vacuum diagrams are proportional to N2,
and the associated surface has a spherical topology. We know that x = 2 for a
sphere, x = 0 for a torus etc. The result is very similar for other gauge groups
also. For SU(N), we need to subtract a U(1) component from the U(N), and
this is only a perturbative term in the large-N expansion and can be neglected.

For SO(N), we have to impose a reality constraint on the fields A:

Thus the arrows should be removed from the double line propagators. The sur-
faces of the planar diagrams are non-oriented (like M&bius strips and Klein bot-
tles). But they are also suppressed in the large-N as they have H > 0. Thus, the
dominating diagrams are essentially the same as the ones for U(N) and SU(N).
We can expand the gauge theories in terms of § or 1/N. The latter acts as a
genuine interaction parameter, describing the strength of the interactions among

mesons. The § expansion produces only planar diagrams [4].

1.4 The Master Field

In Chapters 2 and 3 we are dealing with master fields and its equations of motion
(Schwinger - Dyson equations) when we discuss about the matrix models. So
let us introduce the concept of master fields here. When we apply the limit of

h — 0, the Feynman path integral measure sharply peaks around the solutions to



the classical equations of motion. In limit of vanishing &, all quantities are given
by their values at the classical solution. We can apply a very similar statement
to the large-N limit (here 1/N? plays the role of /). There is a classical field
configuration, such that the large-/V limits of all gauge-invariant Green functions
are given by their values at that field configuration. We call this field configuration
as a master field. The master field would be a very nice way to encapsulate the
quantum dynamics of QC'D in terms of a single field configuration. Thus instead
of doing the path integral over all gauge field configurations, one only needs
to evaluate physical correlation functions on the master field configuration. In
principle this can then yield all the information we would like to have from QCD,
such as the spectrum of bound states etc.[9]

The master field (it is nothing but a classical field configuration), emerges as
one of the most promising ideas in the context of large-/N. In the large-N limit
functional integral measure must be concentrated on a single gauge orbit known
as the master orbit, represented as a set of gauge fields A,(x). It is expected
that one can find a point on this orbit where the gauge field is given by constant
spacetime independent matrices A,. This is the master field, and all correlation
functions are given by computing them in this single field configuration. The
master field is an co X co matrix and hence a lot of information can be encoded
in it [3]. The master field is a field for the large-IV limit of chromodynamics. It
is a gauge field for gauge group U(oco). Any gauge transform of a master field is

also a master field and so it is not unique.

1.5 Organization of the Thesis

In Chapter two we discuss about the one-matrix model (Hermitian case), which

can easily be solved in the large-/N limit. In section 2.1, we define the vacuum
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to vacuum amplitude Z with a given quartic polynomial potential V (M). The
integration measure is expressed in terms of the eigenvalues of M and the unitary
measure is integrated out (to obtain a g independent normalizing factor). For
N = oo, we apply the saddle point equation and (from discrete eigenvalues)
switch on to a continuous problem to obtain the density of eigenvalues, u(A). We
identify this as the generalized form of the Wigner’s semi-circle law. Later we
realize that the master field exists for zero-dimensional chromodynamics and u(\)
provides an algorithm to construct it. In the large-N limit, the zero-dimensional
field theory enables us to solve the counting problems for the Feynman diagrams.
For zero-dimension the large-N limit may be described by a simple ¢*-theory.
Here we get rid of the double lines and come back to single lines (with a planarity
constraint). We establish the counting rules for the lowest orders for the vacuum
amplitude E°(g) in the planar limit by drawing Feynman diagrams. Using a
perturbative expansion in the large-/NV limit, we end up with the same counting
rules. We show that there is one more way to get the counting factors by invoking
the so called Schwinger-Dyson equations of motion. The resolvent (loop-function)
is introduced in section 2.4 and we show that the Schwinger-Dyson equations are
nothing but loop equations. We derive the loop equation for the one-matrix model
in this section. We face the first nontrivial case in the matrix models, namely
the two-matriz model, in Chapter 3. Here we cannot integrate out the unitary
measure so easily (due to the coupling of the matrices) and we end up with
the angle problem. We go through the method of diffusion equation by M. L.
Mehta[10] to integrate out the unitary group and finally we obtain the famous
Itzykson-Zuber integral[8]. In section 3.3, we derive the loop equation for the two-
matrix model. Setting the coupling equal to zero, we rediscover the loop equation

for the one-matrix case. A closed set of Schwinger-Dyson equations is derived
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and these yield a fourth order algebraic equation for the resolvent. In chapter
4, we discuss the further developments in the large-N gauge theory. Section
4.1 describes the case when the higher order corrections are not neglected. The
next higher order term, 1/N? expansion, (over a torus) leads to the quantum
corrections to the master field. In section 4.2, we give a short review on master
fields for QCD. Section 4.3 briefly describes the AdS-CFT correspondence from

the large- N perspective.
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Chapter 2

The One-Matrix Model

2.1 Introduction
We choose a Lagrangian of the form
L =tr (8,M3,M") + tr (MM') + % tr (MMTMM?) (2.1)

Here, the global invariance group is, respectively SO(N), SU(N) and SU(N) x
SU(N) [6]. The matrix field M can belong to any of the following three sets,

characterized by an integer « taking the values 1, 2 or 4
(i) @ =1 real symmetric matrices
(ii) o = 2 complex Hermitian matrices
(iii) o = 4 complex matrices

In the limit N — oo, for fixed g, only planar diagrams contribute in correlation
functions (see Chapter 1). The propagators for the M — fields can be represented
by double lines, each one corresponding to the separate propagation of its two
indices. These lines carry separate colours and have same orientation for a = 4.
For a = 2, the lines must be oriented in opposite directions. o = 1 does not

require any orientation. In this thesis, we shall study a simple model involving

13



finitely many degrees of freedom, each one represented by a Hermitian N x N
matrix M (that is when o = 2). In general, the n-matrix model consists of
n independent Hermitian matrices, where the vacuum to vacuum amplitude is

defined as

Z:/ﬁ dM; exp|—NtrV;(M;)], (2.2)

i=1

where V;(M;) is an arbitrary polynomial function, a potential term, of M;. This

will be typically of the form,

1
V(M) =5 M? + % M3, (2.3)

inducing a quartic anharmonic term with strength g/N. Here, we have assumed
that there is no coupling between the matrices (they are taken as independent of

each other) and dM; is a U(N) invariant measure.

2.2 One-Matrix Model

The case of n =1 is the one-matrix model, which is easily solved for N = co. By
allowing a finite number of space-time points (zero dimension) and letting N —
o0, we can generate Feynman diagrams in a series expansion in g. Rescaling M
in to v/ NM, we can look upon (2.2) as an integral involving an action multiplied
by the large number N, which calls for the saddle point method of evaluation. If
the total number of degrees of freedom is vanishingly small as compared to the
large parameter, the saddle point method is useful and will be the starting point
of a systematic expansion. In the case of a single matrix, the space of invariants
is N-dimensional and hence much smaller than the original space of dimension
NZ2. But in general the situation is not as good. For example, the order of the
set of invariants for two matrices is comparable to the size of the original space.

The unitary invariant measure, dM on Hermitian N x N matrices is

14



N
dM = ] dM; || d(ReMy;) d(Imbds). (2.4)

i=1 i<j
It is convenient to express this measure in terms of the eigenvalues values \; of

M and of the unitary matrix U which diagonalizes the matrix M. We have
M = UAU', A =diag (A, Ag, .., Aw)- (2.5)

The result is

dM =[] dx ANV, (2.6)

with the Vandermonde determinant
A =TT (=), (27)
i<j
and dU is the invariant Haar measure on U(N). Since the integrand (2.2) depends
only on the eigenvalues ); this allows us to integrate over U and, up to a g —
independent normalizing factor[8]. For N — oo, we can apply the saddle point
equation,

1, S
3V (i) = zj: i)’ (2.8)

in which the primed sum runs over ¢ # j. Thus

1 g 3 , 1
“\i 273 = S 2.9
g T AN ; v =) (29)

This is an eigenvalue equation in \; and may be solved in the large-/N limit by
converting the discrete index ¢ to a continuous variable z. Let us introduce a non

decreasing function A(x) such that
Az) = VNA(i/N). (2.10)

Then the large-N limit may be explicitly performed and the equation (2.8) is

replaced by



in which P[- - -] stands for the principal part of the integral. The condition (2.10)

on A(z) suggests to introduce the density of eigenvalues u(A) defined as

dz

o= u(V). (2.12)

The function u(\) should be non-negative, even and normalized to
+2a
/ D)) = 1 (2.13)
—2a

The condition (2.11) becomes an equation for u(\)

1 +2a U(,LL)

“A+2gN° =P dp——= A<2 2.14

o =p | [ Cap ] <o (214
and u(u) should vanish outside some interval (—2a, +2a), otherwise the equation

is inconsistent for large value of A\. The solution is easily obtained by introducing

an analytic function

F(\) = /_: adu;”(_“L (2.15)

defined for complex A outside the real interval (—2a, +2a). F(A) has the following

properties
(i) it is analytic in the complex A-plane cut along the interval (—2a, +2a)
(i) it behaves as + when |A| goes to infinity, as a consequence of (2.12)
(iii) it is real for A real outside (—2a, +2a)
(iv) when X approaches the interval (—2a,+2a),

1
F(\+ig) = A+ 293 F imu(N). (2.16)

There is a unique function which satisfies these requirements which is

1 1
F(\) = 5/\ + 29\ — (5 + 4ga® + 29/\2> VA2 — 4q2 (2.17)

16



with the normalization condition,
12ga* +a®>—-1=0 (2.18)

The square root is defined in the cut A-plane and is chosen to be positive for A

real larger than 2a. The odd function F'(\) has an even discontinuity

1/1
u(A) = = (5 + 4ga® + Qg)\Q) Vda? — X2, [N <2a (2.19)
T
with a given by (2.18). This solution for u()\) generalizes Wigner’s semi-circle
law for the spacing of eigenvalues of Hermitian random matrices with Gaussian
distributions which corresponds to the simple case g = 0. For the case when

g =0in (2.18) and (2.19), we have a®> = 1 and

w(\) = — VA= (2.20)

2T

which is Wigner’s semi-circle law. For g not equal to zero, u(A) may be interpreted
as the distribution of eigenvalues of a non-Gaussian random set of Hermitian
matrices [6]. Thus in the one-matrix model, the master matrix can be considered
as an 0o X oo matrix with eigenvalues );, where the ); are determined by the

solution of (2.11), that is u(\) [5].

2.3 Counting Rules - Zero Dimensional Field
Theory

The large-N limit, when applied to a zero dimensional field theory (in which
every propagator is set equal to unity) enables us to solve the counting problems.
The counting rules for the lowest orders of the vacuum amplitude E©(g), in
the planar limit, can be obtained in many ways: (i) a simple ¢*-theory, (ii) a

perturbative expansion in g and (iii) Schwinger-Dyson equations approach.

17



2.3.1 EO(g) - from a Simple ¢*-Theory

For one-matrix model, in zero dimensions, the large-N limit may be described in
terms of a ¢*-theory. Here we do not need the double line notation. However we

have extra constraints while drawing the Feynman diagrams. They are
(i) The lines should not cross each other.
(ii) The diagrams should be drawn on a plane.

The remaining diagrams are all which can be drawn on a plane from rigid vertices
and fixed lines. For the time being, we are concentrating on the vacuum diagrams
only. If E{Y (g) represents the sum of the connected vacuum diagrams for any of
the theories (o = 1, 2 or 4) with the Lagrangian (2.1), in d dimensions and if

E@(g) is the same sum for the planar ¢*-theory then in any dimension
im 2 p@ (@
lim —E.%(g) = E'Y(g). (2.21)

Fig 2.1 shows the counting rules for the lowest orders for the vacuum amplitude

E©)(g), in the planar limit.

2.3.2 EO(g) - from a Perturbative Expansion

Equation (2.21) implies that it is sufficient to study the simpler Hermitian case
(a=2).
For a zero dimensional field theory, in which the space-time is reduced to one or

to a finite number of of points, we have

eV EO(9) _ i dMe (3trM>+§ trM*) (2.22)
N—oo

As before, we are expressing the integration measure, in terms of the eigenvalues

to get equation (2.6). After integrating over U, apart from a g-independent

18



OO |0

29 2¢° 16g° 9

OO0

6443 128¢° 2043

Figure 2.1: Counting rules for the vacuum amplitude E(*)(g), in the planar limit.

normalizing factor, we get

e_NzE(o) — lim /Hd)‘ )\ )2 e_(%z)\?+%2>\;‘)_ (2.23)
1<J

N—ox

To compute (2.23), in the large-N limit, the method of steepest descent can be

used. The factor [] — A;)? in the measure shows that the eigenvalues repel

z<](

each other and spread evenly around zero. To the leading order,

~N2EO(g) _ i L o2 95y _ Y

£
In the large-N limit, equation (2.24) becomes

E<°>(g):/01deA2( + g\ () } //dmdyln M) - AW)| (2.25)

This is correct up to a constant g-independent term. We can transform this

equation in to

E<0>(g):/2 dA u()\)[ M+ X*} // dMdp u(N) u(p) In|X\ — pf. (2.26)

—2a

Now, integrating (2.14) with respect to A we replace this expression by
2a 1
E9(g) — E©(0) = / d\ u(N) (5)\2 + g\ —2In \) — (g = 0). (2.27)
0

19



That is
1 1
EO(g) = BO(0) = 5 (* = 1)(9 — a?) = 51n o (2:28)

From equation (2.18)

1
o’ =1+ 48¢)s — 1] = 1 — 129 — 2(129) — 5(129)* + ... (2.29)
g

So the first perturbative terms for the equation (2.28) give

E9(g) — E©(0) = 2g — 18¢° + 2884 — 6048¢* + O(g°) (2.30)

This is in agreement with the Fig 2.1. The formula (2.28), supplemented with

(2.29), count the connected planar vacuum diagrams of the ¢*-theory.

2.3.3 EO)(g) - from the Schwinger-Dyson Equations

There is one more way to solve the independent matrix model. We can use the

1

Schwinger-Dyson equations of motion'. This method is a simple one and gives

the equations of motion for the master fields [5] [7].

The SD equation of motion is
0
Z/dM_ [e—NtrV(M) f(M)zg} =0 (2.31)

where f(M) is an arbitrary (polynomial) function of M. Consider the correlation

function
1 Lo ikm
up = dMNtr(e ) exp(=NtrV(M)), k=0,£1,£2,... (2.32)
where f(M) = e*M. We write

<€ZkM> — E/dM N eZkM e—NtI‘V(M) (233)

! The Schwinger-Dyson equation is based on the observation that the integral of a derivative
is zero: [ Dq&% = 0. See M. Kaku Quantum Field Theory: A Modern Introduction, Oxford
University Press (1993) 288.
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Equation (2.32) gives

0 ; N , e i
/dM Z [aMij (e kM)z’y} e = /dM ZNtr(V (M))e™ NV D (),
i ij
(2.34)

That is
(S v @,) = (Va0 @) (3

Using the formula,

o L (1
oMo (e™),; = “‘“/0 dt (™M), (HOOM),; (2.36)
We have
1
U = <Ntr e’kM> (2.37)
Then
d 1 .
% = i<Ntr eZkMM> (2.38)
and
3
1 .
% - —i<Ntr e’kMM3> (2.39)

Thus we have

1 ikM 3 . d?’uk duk
<Ntr e (M + 4gM )> =1 <4g FTENT

(2.40)

The important property of the large-N limit is that the expectation value of a

product of invariant observables factorizes [5]. Thus we have
. 1 . .
<Ntr e*M(M + 4gM3)> = zk/ dt<tr eZktM><tr e’k(l_t)M> (2.41)
0
That is

1, LV 1
<Ntr e*M(M + 4gM3)> = ik/o dt<Ntr e’ktM><Ntr e’k(l’t)M> (2.42)
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This can be rewritten in terms of u; as

. d3uk duk> . /1
1 (49— — —— | =1tk dt Uk Ur(1_p)- 2.43
(1950 = S ) =i [t s (2.43)

That is
1
—4g(—i/\3uk) + (z/\uk) + k‘/ dt ug Ug(1—t) = 0. (2.44)
0
Taking the Fourier transform,

1 2a .
Uk = 5 N dX e u(N), (2.45)

the above equation becomes

200\ . 20 g\ d\ NN
. et A dt ikt(A =) ik _ .
Z/_Za 2T (49X"+ Au / / 2 27 u()ul )/0 ¢ ¢ 0
(2.46)

After performing the ¢ integration,
2a d\ 2a d\ d/\ )\ ik

/ (49/\3 + /\ Zk)\ / / U’ ( )

_9q 2T 0 2 21 (N =X

2a ik
d/\ d/\ u(A (/\) !
=0 247

Applying the Kramers Kronig Relations, this equation simplifies to

/2“ ;i/\(4 X+ A (/\)eikA+2/2a dA [p /2a d_)‘,(;\f(i’))\)u(/\)}ezm =0. (2.48)

—2a 7T —2a 27T —2a 271'
1.e.
2 g\ - 20 g\ u(\)
- EA (4903 2P — 7 | =0. 2.49
/_m%u(»e (4927 +3) + / o ) (2.49)
This implies
u(A) =0 (2.50)
or
1 2 g\ u(\)
2003 + =)\) = 2P - 2.51
X +gn =2p [ T (251)
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with the normalization condition

/ LN (2.52)

—2a 2m
This is in agreement with (2.13) if we rescale 5-u(A) to u()). Equation (2.51) is
a singular integral equation for the density of eigenvalues of the matrix M. This

can be solved as given in section 2.2 of this Chapter, to obtain the result (2.19).

2.4 Loop Equation for the One-Matrix Model

For a one-matrix model, we have
7= / dM exp[—N 2V (M)], (2.53)
where the polynomial potential V(M) is defined as (after rescaling M — M+/N)
Lo 4
V(M) = S M* 4 gM". (2.54)

In this model, we have the simplest invariant

R, = %/dM tr M"exp[—N trV(M)] = %(trM”) (2.55)

It is useful to introduce the resolvent (the generating functional of the moments

of the matrix M) or the loop function

R(z) = %<trz _1M> - i %. (2.56)

The resolvent provides a diagrammatic expansion on a surface with one boundary
or loop (a disc if genus zero) and this is why it is called loop function. The
Schwinger-Dyson equations give recursion relations for the moments of M that
can be used to solve the resolvent. Thus Schwinger-Dyson equations are nothing

but loop equations. Applying

[y

B
Il

0

o = o
;aMijMab: (MF),, (M™ 50, (2.57)
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on equation (2.31), and the factorization theorem for N = oo, we obtain for
f(M) = M",

<% tr [V(M)' M“} )= Z (% ter><% trM™ I, (2.58)

For the polynomial potential (2.54), we obtain

n—1
1 3 n 1 ] 1 n—j—1
(& tr[(M +gM?) M7]) = ]Z_;<N teM7)( < teM" ) (2.59)
Now
1 =1 1
- 3 n-1\ _ L i\ * n—j—1 9
N<tr (M +4gM3) M > > N<trM>N<trM > (2.60)
This gives
n—2
Ry + 49Ryi2 =Y R Ry o (2.61)
§=0
This implies, using (2.56), the equation
R*(2) — (492° + 2)R(2) +4g(2> + Riz+ Ry) +1 =10 (2.62)

This equation is called the loop equation. Solving this we obtain

1 1
R(z) = |(57+207°) = 5v/(492° +2)? = 169(2 + Riz + Ry) —4 |.|  (263)

The choice of the root is dictated by the requirement that R(z) — 1 + ... for
large 2. After evaluating the constants?® R; and Ry, it is identical to F'()\) given
in (2.17), as expected.

The vanishing of R; is easy to see. The chosen potential has the symmetry
M — —M. Hence (tr M™) = 0, for odd n and R(—z) = —R(z). Thus we see

that R(z) is an odd function of z.

2 After performing the integration, we obtain: Ry = ff;a ddu(A) =1, Ry = &(tr M) =
ff;a dXAu(X) =0and Ry = +(tr M?) = ff;a dX\ A% u()\) = a*+16ga®, with the normalization
condition 12ga* +a?> —1=0.
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Chapter 3

The Two-Matrix Model

3.1 Introduction

We applied the method of steepest descent successfully to the one-matrix model
and we easily integrated out the angle variables while transforming it in to the
the corresponding eigenvalue problem. But this method doesn’t work in general.
In the first nontrivial instance, the two-matrix case, the integral Z involves two
matrices!. Let us investigate how can we integrate over the angular variables

corresponding to the unitary transformations.

3.2 Integration over the Unitary Group: Two-
Matrix Model

We investigate the simplest integral over two N x N Hermitian matrices M; and
M,
Z(g,¢) = / My dMexp[—N e[V (M, My)]. (3.1)

The potential V' (M;, Ms) is chosen to be

1

!The two-matrix model was first introduced as a model for two-dimensional gravity.
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For simplicity let us denote the two matrices as A and B. We write the integral
Z(g,c) = / dA dBe Nr(G(A*+B)+iy (A1 +BY)—cAB)| (3.3)

To express this integral in terms of the eigenvalues we can use the method of

diffusion equation [10]. Consider the diffusion equation

ac 1 9%¢

where the diffusion constants D; may be different for different directions. Impos-

ing the initial condition, {(X;0) = n(X), we have a unique solution

dXﬁ%=/dYKMUKﬂmY) (3.5)

where the kernel K is given as

% %

K(X,Y;t) = H(QWDit)_l/zexp <— Z(xi —;)? /(2Dit)) . (3.6)

Consider two hermitian matrices A and B. Then
Cit) = [ dBEK (A, Bitn(B), (3.7)

where

2 1
K(A, B;t) = (27t) ™ ?exp (_Q_ttr(A — B)2>

= (27rt)_"2/26xp( — 2% [Z(A“ — Biz’)2 +2 Z(ReAz‘j - ReBz‘j)2

i i<j

+23 (ImAy, — ImBij)2]> (3.8)

1<j
/ dB = / / [[4B: ][ d(ReBy;)d(ImB;)). (3.9)
- i 1<j
C(A;t) satisfies the equation

¢ 2
o% _ 2 1
55 = 5Vl (3.10)
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where

0? 0?
— A1
Z gaz " Z (G(ReA,J) * 8(ImAZ-j)2)’ (3:.11)
1<j
with the initial condition

((4;0) =n(A). (3.12)

We choose unitary matrices U4 and Up sucg that
A=U,'XU,, B=Ug'YUs, (3.13)

where X and Y are diagonal matrices with eigenvalues z; and y; (corresponding
to the matrices A and B respectively).
Changing the variables from matrix elements to n eigenvalues and n(n — 1)

angle parameters on which U, and Up depend, we obtain [10]

dB = N*(Y)dYdQp, dY = | [ dy:. (3.14)

=1

Thus we have
C(A;t) = ((X,Qq;31)

_ (27rt)_n2/2exp[— %(u[x — UTYU]2>] n(Y, Qp)A2(Y)dY DQp,  (3.15)

where
U=UgUl. (3.16)
Here we observe that if n(B) is independent of Q(B), then ((A;t) is also inde-

pendent of Q4. We change the variables from Qg to Q2 (depending on U),

¢(X;t) = const. t_”z/Q/exp[— %(tr[X - UTYU]QH n(Y)A*(Y)dY DX.
(3.17)

Separating the Laplacian in to parts depending on X and on Uy,

1 d 9 )
= mzi: 8:cz~A (X)axi (3.18)
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we find that ((X;t) satisfies the diffusion equation

o 1 2 0
e 2A2 ZaA )05, alzgi (3.19)
with the initial condition {(X;0) = n(X).
Set
F(X;t) = A(X)((X;t). (3.20)
We have
Za? Z (602¢ + 2(8;A)(9,C) + CO2A)
— (A2 )
— A(X) [A?(X) ;az(A (X)az)]. (3.21)
Thus F(X;t) satisfies the diffusion equation
OF 1 0°F
with the initial value
F(X;0) = AX)((X;0) = AX)n(X). (3.23)
Therefore F'(X;t) is given by
> 1
1) — —n®/2 S A
F(X;t) = const. ¢ /exp( = Z:;(x vi) )A(Y)n(Y)dY. (3.24)
We choose
n(B) = exp(V(B) — ctrB?) = exp (V(Y) — cny), (3.25)

where the potential V(M) depends only on the eigenvalues of M. Setting ¢ = 5
in Egs. (3.7)-(3.9), (3.20) and (3.24) we obtain

A(X) / dB exp(V(B) —ctrB? +c tr(A— B)Q)
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= (%)n(n—l)/Q/dYeXp(V(Y) - czyz? + CZ(% _ yz-)Q)A(Y). (3.26)

Here we obtained the constant by choosing V(B) = ctrB? and performing the

Gaussian integrals on both sides. Therefore
/ exp(V(A)V(B) — ¢ tr AB) dA dB
= const. /dXdQAAQ(X)eXp [V(X) — chﬂ

— const. / dXdY A(X)A(Y )exp [V(X) FV(Y) - chiyi]. (3.27)

The constant can be fixed by considering V(A) = trA? = ", z7. Performing the

Gaussian integration [10] the constant is

n(n—1 n -1
(=1 (2¢)= "5 (Hz') . (3.28)
=1

Thus we finally obtain

Z(g,¢) = an_n(zc)—%(ﬁu) - / HdwidyiA(X)A(Y)

i=1

exp[Z(IL‘Z2 + 7)) + % Z(ﬂcf +y;) — c;xzyz] (3.29)

7 %

This is called the Itzykson-Zuber integral [8][10].

3.3 Loop Equation for the Two-Matrix Model

In the previous section, we computed the partition function of the two-matrix
model. However we will be interested in computing correlation functions in this
model. The methods in that section do not work here. We show that Schwinger-
Dyson equations are powerful enough to obtain this.

For the two-matrix integral
7 = /dMldMQ eXp[—Ntr V(Ml, Mg)] (330)
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where M; and M, are Hermitian in the large-N limit. The potential V (M;, My)

is defined as

1
V(Mi, My) = 5 (M7 + M3) + %(M{l + M2 + M M, (3.31)
In addition to equation (2.55), we introduce
(2) 1 masn
and the auxiliary functions
1 1
Ry(2) = <tr A M2> (3.33)

We can write down the recursion relations between the coefficients (2.55) and
(3.32) and use them to find the loop equation for the two-matrix model. The

recursion for R, is (n > 1)

n—2
Ry +4gRus+cRY | =Y RiR, j» (3.34)
=0
After summing up
R*(2) — (492° + 2)R(2) +4g(2* + Riz+ Ro) + 1 —cRy(2) =0 (3.35)

This is the one-loop equation for the two-matrix model. For ¢ = 0, this reduces
to the loop equation for the one-matrix case (See Eqn (2.62)). Further, R; = 0,
based on symmetry arguments?. In the two-matrix case, the equation does not

close and we need to consider also three more further recursion relations:

n—2

R,nf)l + 4g R,ELQ_')_Q,]_ + CR'EZQEI,Z - Z RjRSLQfoj,l’ (336)
7=0
n—1

RY) +4g R + R, =Y RRY, (3.37)
7=0

2The chosen potential has the symmetry under M; — —M; and M, — —M,. This implies
R, =0 when m + n is odd. Then R;(—z) = (=)I+'R;(z), with Ro(z) = R(2).
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and

n—2
2 2 2 2
sz)Q +4g szj)LQ,z + Csz—)1,3 = Z R]'R1(1227j,2 (3.38)
=0

which are valid for n > 1, n > 0 and n > 1, respectively®. Eqns. (3.36), (3.37)

and (3.38) are summed up to give
Ri(2)[z +4¢2° — R(2)] — [492° R, + 4ngfi + 4gR§? + Ri] + cRy(2) = 0, (3.39)

[R(2))? — 2R1(2) — 492R3(2) — cz’R(2) + c2 =0 (3.40)

and
Ry(2)[z +492° — R(2)] + ¢ R3(2) — [492° Ry + 4ng§?% + 4gR§2 + Ry =0 (3.41)

Now Egs. (3.35), (3.39), (3.40) and (3.41) constitute a closed set of expressions for
the unknown functions R(z), R1(z), Ra(z) and R3(z). We express Rﬁ, Ré?, R%
and Rgzg

1
Ryl = —[1 = B, — dgRi]

’

1
RY) = E[2R1 — Ry —4gRs] =0

1
R = 3R+ (1—129)R; — 8gRy R, + 89 R + 16¢°R;] = 0

)

R% = —[1-3Ry + (1 —129) Ry — 12gR, Ry — 4gRy R, + 89 R + 169° Rs]

Q| =

Thus we deduce an algebraic equation for the resolvent:

492R*(2)—1292(492°+2) R?(2)— (32(c—z)—12gz(4gz3+z)2—4gz[4g(z2+R2)+1]}RQ(z)—
— [(4gz3 + z)z(02 +4g(4g92° + 2)? + 8g[4g(2* + Ry) + 1]) —4gc2ag — 0422] R(z)+

+ [c2z(4g[z2+R2]+1)—|—4gcQZ(4g,22R2+a3+R2) —4gc2’ag(492°+2)+4g2(4g92°+2)?

(4g[2* + Ro] + 1) — c4z] =0 (3.42)

3We choose f(M) to be M, MMy, M} and M~' M3 to obtain Eqns. (3.34), (3.36),
(3.37) and (3.38) respectively.
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It was found for a cubic polynomial potential in [11]. The constants® R;, Ry,
ao, a1, az and agz are fixed by requiring that R(z) possess only one cut.

We solve this for two special cases - (i) ¢ = 0 and ¢ # 0 and (ii) g # 0 and
c=0.

When the quartic coupling is set to zero, we find that Eqns. (3.35) and (3.40)

alone are enough to determine R(z). We obtain a quadratic equation
(z—c)R*(2) + 22( = 1)R(2) + 2(1 = ¢*) = 0

with a solution

1
2(z—¢)

R(z) = [z2(1 N o Y § =) PRy o ) Py (3.43)

We can now solve for R;(z) as well. We get from (3.35)

1 2 3 2 2
Ri(2) = m[?z(l—c 21— ) — (2+22)(z - )]+

+22A[(2 — ¢) — 2(1 — )] + 4(z — 0)2] (3.44)

where A = /z(1 — ¢®)[23(1 — ¢?) — 4(z — ¢)]. Similarly we can solve for Ry(z)
and R3(z).
When the coupling between the matrices (c) is set to zero, and g # 0, the

fourth order equation for the two-matrix model (3.42) reduces to
R*(z) — 3AR?(2) + (3A% + B)R*(2) — (A* + 2AB)R(2) + A2B =0, (3.45)

where A = (4g2°+2) and B = 4¢(2°+R,)+1. Also we have R?(2)—AR(z)+B =0
after setting ¢ = 0 in Eqn.(3.35).

We find that Eqn (3.45) factorises as

(R*(z) — 2AR(2) + A?)(R*(2) — AR(2) + B) = 0. (3.46)

4We have Ry = 0, ap = %4(1 — Ry —4gR4),a1 = (2R, — Rs —4gR5) = 0,ar = %4 (—3R; +
(1 - 12g)R3 —8gR1Rs + 8gRs + 1692R7) =0 and as = i—g(l — 3Ry + (1 - 12g)R4 —4gRsR> +
8gRs + 16g°Rg).
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Thus, this provides a simple but non-trivial check on the recursion relations that
we have derived.

The case when both ¢ and ¢ are non-vanishing needs us to solve a quartic
equation, which can be “solved” by elementary algebraic methods. The various

limits enable us to fix the root relevant to our problem.
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Chapter 4

Conclusion

4.1 Quantum Corrections to the Master Field

In section 1.2 we saw that planar diagrams have a smooth large-N limit. We
have a unique formula for the order of the diagrams[21]:

L ) (4.1)

genus — h diagram = (m

Thus, the expansion in 1/N rearranges perturbation-theory diagrams according
to their topology. For this reason, it referred to as the topological expansion or
the genus expansion. For genus = 0 case, we have spherical topology and planar
diagrams. The next higher order is the genus = 1 expansion and this gives
diagrams over a torus. Thus for large N these type of diagrams act as correction
terms.

The factorization theorem states that in the large-N limit the expectation

value of a product of invariant observables factorizes':

a4 B) & o (4) (B) +0( ) (4.2)

(’)(ﬁ) terms are nothing but diagrams over a torus or higher genus surfaces.

These corrections give fluctuations to the gauge invariant observables. Then the

! The factorization theorem is not a theorem, it was never proven for two-matrix model. But
there are a good number of reasons to believe that it holds.[5][12]
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functional integral does not concentrate on a single gauge orbit (master orbit).
The vector potentials? A, (z) contain correction terms as well. Thus we have to

impose 1/N? corrections (also known as quantum corrections) to the master field.

4.2 Master Fields in QCD

The master field exists for zero-dimensional QCD. Eqn (2.14) enables us to
construct the master matrix for the one matrix model. Here the master matrix
is an oo X oo matrix with eigenvalues )\; and are determined by the solution
of Eqn (2.14), that is u(A). For an n-matrix model (without coupling between
the matrices), the master matrices are independent of each other. These master
matrices are useful enough to calculate the observables like (M). It has been
proven the existence of master field for 2-D QCD. [5] gives two methods to
construct master field for 2-D QQC D. One is based on a master loop field and the
other is to construct from a gauge field.

The master field corresponding to the four dimensional (QC'D has not been
found till now. It is still an unsolved problem to find the appropriate generaliza-

tion of Eqn (2.14) to four dimensions.

4.3 AdS-CFT Correspondence from the Large-
N Perspective

String theory was introduced in an attempt to describe the large number of
mesons and hadrons that were experimentally discovered in the 1960’s. Here we
identify these particles as different oscillatory modes of a string. It was later
discovered that hadrons and mesons are actually made of quarks and that they

are described by QCD.

2Master orbit is represented by these vector potentials.
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As mentioned in Chapter 1, QCD simplifies a lot in the large-N limit and
one could do an expansion in 1/N = 1/3. The diagrammatic expansion of the
field theory suggests that the large-N theory is a free string theory and that the
string coupling constant is 1/N. The large-N limit is a tool to connect gauge
theories with string theories. There is a correspondence between string theories
and the large- N limit of field theories[13]. It is shown that the strings arising in
the large-N limit of field theories are the same as the strings describing quantum
gravity.

We can incorporate quantum gravity in a consistent quantum theory by dis-
carding the notion that particles are point-like and assuming that the funda-
mental objects in the theory are one-dimensional extended objects called strings.
These strings can oscillate, and there is a spectrum of energies, or masses, for
these oscillating strings. To a low energy observer, the oscillating strings look
like localized, particle-like excitations. So, a single oscillating string can effec-
tively give rise to many types of particles, depending on its state of oscillation.
All string theories include a particle with zero mass and spin two (graviton).
Therefore any string theory must contain gravity.

The relation between string theories and gauge theories in the large- N limit is
a very general argument and is valid for basically any gauge theory. In particular
we could consider a gauge theory where the coupling is not a function of the energy
scale. Then, we obtain a conformally invariant theory. The Lagrangian of such
theories is completely determined by symmetry considerations. In four dimen-
sions, we have the conformal group SO(4,2). The symmetries such as Poincaré
transformations, scale transformations and special conformal transformations of
the field theory should be reflected in the dual string theory. It is known that

five-dimensional Anti-de Sitter space (AdSs) is locally the unique space whose
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isometry group is SO(4,2). Anti-de Sitter space is the maximally symmetric
solution of Einstein’s field equations with a negative cosmological constant. In
this supersymmetric case we expect the strings to also be supersymmetric. Su-
perstrings however move in ten dimensions. We add five more dimensions to get
to a ten dimensional space. The symmetry requirements forces the extra five
dimensional space to be a five-sphere, S°. So, we conclude that N' = 4 U(N)
Yang-Mills theory could be the same as ten dimensional superstring theory on
AdSs x S°. This is the so called AdS-CFT correspondence.

The relationship we described between gauge theories and string theory on
Anti-de-Sitter spaces was motivated by studies of D-branes and black holes in
strings theory (D-branes are solitons in string theory). In fact, the tension of
all D-branes is proportional to 1/gs, where g, is the string coupling constant.
D-branes are defined in string perturbation theory in a very simple way: they
are surfaces where open strings can end. If we have N coincident branes the
open strings can start and end on different branes, so they carry two indices
that run from 1 to N. This in turn implies that the low energy dynamics is
described by a U(N) gauge theory. We have a flat space before we put in any
D-branes. If we now add D-branes, they generate a flux of the corresponding
field strength, and this flux in turn contributes to the stress energy tensor so the
geometry becomes curved. If we consider a set of N coincident D 3-branes® the
near horizon geometry turns out to be AdSs x S°. One would conjecture that
Yang-Mills theory at strong coupling is describing the near horizon region of the
black brane!, whose geometry is AdSs x S°.

Thus strings appearing from gauge theories are very much like the ordinary

superstrings. But they are moving on a curved geometry (anti-de Sitter space)

3Branes with three spatial dimensions.
4A black brane is an extended version of black hole.
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which has a boundary at spatial infinity. The boundary is at an infinite spatial
distance. The radius of curvature of Anti-de Sitter space depends on N so that
large-N corresponds to a large radius of curvature. Thus, by taking N to be
large we can make the curvature as small as we like. The theory in AdS includes
gravity, since any string theory includes gravity. Thus we see that there is an
equivalence between a gravitational theory and a field theory.

One motivation to study string theory as a theory for the strong interactions
was to understand various string-like aspects of the strong interactions, such as
confinement. It was later realized that QCD (SU(3) gauge theory) is another
description of the strong interactions, which is consistent with all experimental
data. The gauge theory description is very useful for studying the high-energy
behavior of the strong interactions (due to weak coupling we have perturbative
QCD). It is very difficult to use it to study low-energy issues such as confinement
and chiral symmetry breaking.

One interesting phenomenon generally known as “duality” says that, a sin-
gle theory has (at least) two different versions, such that when one version is
weakly coupled the other is strongly coupled and vice versa. Can we apply a
similar phenomenon in the theory of the strong interactions? Of course, a “dual”
description of QCD exists which would be more appropriate for studying the
low-energy regime where the gauge theory description is strongly coupled. There
are strong indications to suspect that this “dual” description could be a string
theory. In the large- N limit we redraw the Feynman diagrams in the double line
language, to obtain planar diagrams. Here we replace a gluon propagator as a
strip - which is formed when a string sweeps through. This is a simple picture to
illustrate the idea that strings are already embedded in QC'D in the nonpertur-

bative regime. Thus QCD has in it string-like objects (fluz tubes). If we try to
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separate a quark from an anti-quark, a flux tube forms between them (condensed
gluons). In many ways these flux tubes behave like strings. The most direct
indication from the gauge theory that it could be described in terms of a string
theory comes from the 't Hooft large-N limit.

It is still an open problem to find the string theory for QC'D. Some attempts

are given in [20][23].

39



Bibliography

[1] E. Witten, Baryons in the 1/N Ezpansion , Nucl. Phys. B160 (1979) 57.

[2] S. Coleman, Chapter on 1/N in Aspects of Symmetry, Cambridge University
Press (1985) 351.

[3] A. V. Manohar, Large-N QCD, hep-ph/9802419.
[4] G.’t Hooft, large-N, hep-th/0204069.

[5] R. Gopakumar and D. Gross, Mastering the Master Field, Nuc. Phys. B451
(1995) 379, hep-th/9411021.

[6] E. Brezin, C. Itzykson, G. Parisi and J. Zuber, Planar Diagrams, Comm.
Math. Phys. 59, (1978) 35.

[7] S. R. Wadia, Phys. Rev. D 24 (1981) 970.

[8] Ttzykson, C., Zuber, J. B., The Planar Approximation (II), J. Math. Phys.
21, (1980) 411.

9] R. Gopakumar, Private communication.

[10] M. L. Mehta, A Method of Integration over Matriz Variables, Comm. Math
Phys.79 (1981) 327.

40



[11] M. Staudacher, Combinatorial Solution of the two-matriz Model, Phys. Lett.

B305, (1993) 332, hep-th/9301038.

[12] B. Eynard, Large N Ezpansion of the Two-Matriz Model, Jour. High. Ener.
Phys. 0301, (2003) 051, hep-th/0210047.

[13] J. Maldacena, et al., Large N Field Theories, String Theory and Gravity,
Phys. Rept. 323,(2000) 183, hep-th/9905111.

[14] B. Eynard, Eigenvalue Distribution of Large Random Matrices, from One-
Matriz to Several Coupled Matrices, Nucl. Phys. B506, (1997) 633, cond-
mat/9707005.

[15] B. Eynard, Master Loop FEquations, Free Energy and Correlations for
the Chain of Matrices, Jour. High. Ener. Phys. 0311,(2003) 018, hep-
th,/0309036.

[16] M. R. Douglas, Stochastic Master Fields, Phys. Lett. B344, (1995) 117,
hep-th/9411025.

[17] M. R. Douglas, Free Variables and the Two-Matriz Model, Phys. Lett. B348,
(1995) 360, hep-th/9412203.

[18] M. R. Douglas, M. Staudacher and K. Li, Generalized Two-Dimensional
QCD, Nucl. Phys. B420, (1994) 118, hep-th/9401062.

[19] P. Horava, Topological Rigid String Theory and Two Dimensional QCD,
Nucl. Phys. B463, (1996) 238, hep-th/9507060.

[20] A. M. Polyakov, Fine Structure of Strings, Nucl. Phys. B268,(1986) 406.
[21] Y. M. Makeenko, Introduction to Gauge Theory, 79, ITEP-TH-11/96.

41



[22] G. 't Hooft, A Planar Diagram Theory for Strong Interactions Nucl. Phys.
B72, (1974) 461.

[23] A. M. Polyakov, String Theory and Quark Confinement, Nucl. Phys. Proc.
Suppl. 68 (1998) 001, hep-th/9711002.

42



