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Chapter 1

Introduction

The origin of nonlinear dynamics goes back to the work of the renowned
French mathematician Henri—Poincare on celestial mechanics. Classical me-
chanics is, in general, nonlinear in its dependence on the co-ordinates of the
particles and the velocities. A simple example is given by the vibrations with
a nonlinear restoring force. The Navier-Stokes equations in fluid mechanics
are nonlinear which makes them difficult to handle. For almost four cen-
turies however, following the lead of Galileio, Newton, and most physicists
have focussed on predictable, effectively linear responses of classical systems.

Poincare was the first to understand the possibility of completely irregular
or chaotic behaviour of solutions of nonlinear differential equations that are

characterized by an eztreme sensitivity to initial conditions. Given slightly



different initial conditions, from errors in measurement for example, solutions
can grow exponentially apart with time, so that the evolution of the system
becomes effectively unpredictable or chaotic.

A variety of analytic and computational tools may be used in the study of
chaotic systems. Mappings have the advantage of being conceptually simple
and numerically efficient. In the following chapters, we are going to study the
logistic map, sinusoidal map, invariant density, functional dependence of the
value of control parameter a at which bifurcation occur and period doubling
bifurcations ratios a and 9, on the order of the critical point z in the iterated

map f(z) = a(l — |2z — 1]?) and the intermittency route to chaos.

1.1 Logistic map

Consider a discrete dynamical system defined by

Tnt1 = f(/“’LJ:E’n) (11)

Such a model is useful in many places including the area of population dy-
namics. It says that the population (x,1) next year is function of population
(x,) this year. One of the realistic forms of the functions f is given by the

quadratic map, (u > 0)

Tp41 = fu(«rn) = ,U/-rn(l - Jin) (1'2)



also known as the logistic map,where p represents the growth rate param-
eter.It is a deterministic map since x,; uniquely follows from z,. We can
view this map as a (discrete ) dynamical system if we think of the number
of iteration of the map as a time and sequence of point zy, z9, ......x, as the
motion. Thus our problem is to find the value of x, after a large number
of iterations for a given initial value x,. It is easily seen from equation(1.2)

that

e if o > 1 or xy < 0 then lim,,_,, x,, = —00, irrespective of the value of
L.
e When 0 < x5 < 1 then the motion depends on the value of u.
If0 < p < 1 (Figure 1), the only fixed point pont is x=0. As \f;(r)|$:0 =u<l,

it is stable.

If 4 > 1, At the fixed point z*, or attractor
fu(z®) = pa™ (1 — 2*) = 2~
That is
2r=1-1/n (1.3)

The origin x=0 becomes unstable since \f;(0)| = u > 1. The attractor is

stable privided the |f, (z*)| <1 or

!

f(@t) =l (1~ 2a%) (=] 2 - < 1

4
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Figure 1. Sequence z,, for p <1

This implies 1 < g < 3 a new stable fixed point at z* =1 — 1/pu (Figure 2).
However, if u exceeds the value 3, another bifurcation takes place and , since
|fl(37*| passes through -1, 2* becomes unstable, a period-two attractor being

generated.The period-2 attractors be located by solving
7 = Fulfu(a®) = a1 — w31 — pay(1 — 23)

1
xézﬂ(u+li\/u2—2u+3) (1.4)

Each z3 is a point of period-two and invariant under two iterations of the
map f,(x,).

A point z,, is defined as a periodic point of period-n for f, if f™(x) =
xo but fi(xg) # xo for 0 < i < n. For p = 1 + v/6,which derived from

fﬁ’ (r) = —1,each branch of fixed point bifurcates again,so that x3 = f4(z%).it



has a periode-4.The sequance of bifurcation continouse with ever long period
until we reach po = 3.5699456... . In the present case the x, never repeat.
The bands of fixed points z* begin forming a continuum (shown dark in Figure
3).This is where chaotic behaviour begin.

This increasing period doubling is the route to chaos for the logistic map.
This is characterized by a universal constant called a Figenbaum number. If
the first bifurcation occurs at p; = 3,the second at ps = 1 + \/6,...then the
ratio of spacing between the p, converges to ¢.

§ = lim Ko —fnt (1.5)

"0 Y1 — M
0 = 4.66920161...
From the bifurcation plot (Figure 3 ) we obtain

M2 —
M3 — M2

=5

as a first approximation to . The corresponding critical period-2n points z},

lead to another universal an dimensionless quantity.
d
dn+1

a = 2.5029...

_ . (1.6)

From the bifurcation plot Figure 4 we obtain § = 3.3 as a first approximation.
The Feigenbaum number ¢ is universal for the route to chaos via period
doubling for all maps with a quadratic maximam like the logistic map.It is

an example of order in chaos.



1.2 Chaotic Regime

e For i1 > ps the behaviour is chaotic for most values of y in [, 4]. First
the iterates of f"(x) do not cover densily the whole unit interval, but
fall chaotically in same sub intervals which later join each other by
bifurcations, until at y = 4 the itinerary generated by a generic x

become dense in [0, 1].

e There are periodic windows which are p intervals in which the be-
haviour is regular,with cascades of attractors of periods p, 2p...2"p, (p =

3,4,5...).
e there are also cascades of period triplings 3”"p and quadruplings 4"p.

e The order in which the periodic windows appears is also unversal. A
blow-up of the bifurcation diagram in the range where the period three
orbit occurs is shown in Figure 5. We see that the period three orbit is
born at u,3; undergoes a period 3x2" are successively produced;becomes

chaotic. The period occurs at p = 3.828427...

1.3 Sine map

Let us look at the bifurcation diagram for ,

Tpy1 = gsin(mxy,) (1.7)

7
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Figure 6. Bifurcation diagram for sine map.

The structure of the bifurcation diagram (Figure 6) is similar to that of
logistic equation with a period doubling path to chaos.In the logistic case
the bifurcation diagram was finite and ended at a parameter value beyond
which all orbits escaped to infinity.In the sinusoidal case, however,the map
continouse with an abrupt bumb in the chaotic regime. This region is punc-
tured with even-period windows;the most prominent being a four-cycle.The
chaotic regime widens and then terminates on a two-cycle, each side of which

bifurcates.



1.4 Invariant density

Typical initial condition for a map generates whose frequency of visits
to any given interval is described by a function p(z),is called the natural
invariant density . Imagine that we start off with an infinite number of initial
conditions sprinkled along the z-axis with a smooth density pg(z),such that
the fraction of those initial conditions in an interval [a,b] is [° po(x)dz.now
imagine applying the map f(x) to each initial condition.Thus a new density
p1(x) is generated.similarly, applying the map again, we obtain a density

p2(x), as so on. The relation evolving a density forward in time is

puna(2) = [ u(y)3la = F(y))dy (18)

where 0(x) is a delta function.
Equation 1.8 is called Frobenius-Perron equation.The invariant density

satisfies the equation by setting,
pnt1() = pu(z) = p()

p(@) = [ p(y)o(w — 1 (1)dy (1.9

1.4.1 Calculation of invariant density

1. Tent map

10



Consider the tent map(triangular map)

2x for z < 1/2
flx) = (1.10)
2(1—x) forx>1/2

ply) = [ drsty -~ f))olo)

1/2

= [ sty —20)pta) + [ datty 201~ a))ola)

= (%) + o0 - 2))

X

5)+0(l—3) (1.11)

o) = 50l .

Starting from an arbitary normalised distribution py(z)and operates on

it n times with equation 1.9 yield

1 T T
T) = = — 1— =
pi(r) = 5(po(5) + o1~ 3)
= Z(po(= -z 1-= -4z
pa(e) = 3P + ol = 3+l = D)+ s+ 5)
Generally,
PO S ik A SR B ) B TR T
(1) = — — - — )
P gn ia Po 271,71 gn Po 277,71 on
Which converges towards ,
p(x) = lim p,(z)
1 /1 1
=51 dzpo(a) + [ dwpo(a)
Jo Jo
p(z) =1 (1.13)

11



2. The logistic map

f(.Z‘) = Tp+1 = N:En(l - xn)

The maximum of f(x) occurs at x = 1/2 and is f(x) = f(1/2) = p/4.
Thus for 0 < p < 4 if x,, is in [0, 1], then pg is in 2,41, and the orbit

remains in [0, 1] for all subsequent time.

Consider the case pu = 4,
Tpi1 = 42, (1 — z,,) (1.14)

In this case, a change of variables transforms the logistic map into the

tent map
For x in the interval [0, 1], define y, also in [0, 1],by
s

v = SiﬂQ(Ty) (1.15)

= %(1 — cos(my))

Substitute in equation 1.14. Then we get
Ynt1 = £2y, + 25

where s is an integer.Whe s=0 for the positive sign above,

yn+1:2yn fOT 0<Un§1/2

12
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and when s = 1 and minus sign,

Yni1 = 2(1 —y,) forl/2<y, <1

This is just the tent map.

Let p(z) denote the natural invariant density for the logistic map with
p =4 and p(y) be the invarinant density for the tent map. According

to equation(1.13) p(y) =1 for 1 >y > 0.

The interval in y, [y, y + dy|, and the corresponding interval in z, [z, x +
dx], obtainted by applying the change of variables, must be visited by

typical orbits from their respective maps with the same frequency.Thus

13



p(x)ldz| = ply)|dy| (1.16)

From equation(1.15),
dy 1
dv 7 /x(1 - x)

Using equation(1.16) we get,

1
(2) = ——e (1.17)
g my/z(1 — x)

This density is graphed in figure 7. We can see that the singularities

at x=0 and x=1.

14



Chapter 2

A family of iterated maps

2.1 Functional dependence of the bifurcation
points.

Consider the iterated map
f(z) =a(l =2z — 1)) (2.1)

Figure 8 and Figure 9 shows the bifurcation diagram for z = 2 and z = 8
respectively. For z = 2 the map f(z) is just the logistic map.

We first study the functional dependence of the control parameter a, at
which the bifurcation occurs on the order of the critical point z in the iterated
map f(z) = a(1—|2x—1]*, Where z can be even, odd or fractional. The results

are tabulated in table 1 and plotted in figure 10.

15
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Figure 8. Bifurcation diagram for z = 2

Period-2, period-4 and period-8 are period doubling sequence. Period-3

and period-6 are period tripling sequence. Period-5 is a period -five window.

From the figure 10 we can see that period -5 is occuring before period-3.
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z period-2 | period-4 | period-8 | period-5 | period-3 | period-6

2.0 0.7491 0.8622 0.8860 0.9345 0.9572 0.9605

2.5 0.7814 0.9026 0.9233 0.9548 0.9717 0.9760

3.0 0.8032 0.9252 0.9424 0.9664 0.9796 0.9845

3.5 0.8190 0.9412 0.9574 0.9737 0.9843 0.9891

4.0 0.8322 0.9515 0.9663 0.9788 0.9876 0.9920

4.5 0.8422 0.9595 0.9726 0.9824 0.9895 0.9940

5.0 0.8510 0.9650 0.9772 0.9851 0.9913 0.9954

9.5 0.8585 0.9702 0.9807 0.9872 0.9926 0.9963

6.0 0.8652 0.9738 0.9834 0.9889 0.9936 0.9970

6.5 0.8708 0.9768 0.9856 0.9902 0.9943 0.9975

7.0 0.8762 0.9790 0.9873 0.9913 0.9950 0.9980

7.5 0.8806 0.9816 0.9888 0.9922 0.9955 0.9983

8.0 0.8850 0.9834 0.9900 0.9930 0.9960 0.9985

8.5 0.8887 0.9849 0.9910 0.9936 0.9963 0.9987

9.0 0.8924 0.9862 0.9819 0.9942 0.9966 0.9989

9.5 0.8956 0.9873 0.9825 0.9946 0.9969 0.9990

10.0 | 0.8992 0.9882 0.9925 0.9951 0.9971 0.9990

table 1

The functional dependence of the a; (value of control parameter a at

18
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which bifurcation occurs for each period-p) on z fitted to the polynomial

= > Cu(z—2) (2.2)

The results are tabulated in table 2 and plotted in fig 11.From figure 11

we can see that period-3 and period-6 has same functional functional form.
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Period-4,period-8 and period-5 are satisfying the following following condi-

tions

Ch period-2 period-4 period-8

x107° %1075 x107°
Co 122.466614 191.924332 139.074615
Ch 144.428711 | 9877.702148 | 9018.294922
Cy | -2550.675293 | -3409.168945 | -3303.504395
Cs 439.949066 633.285217 635.168213
Cy -39.063789 -58.337341 -59.910149
Cs 1.363590 2.083630 2.177140
C, period-3 period-6 period-5

x¥107° x107° x¥107°
Co 79.805244 28.297821 65.719200
Cyp | 3245.227051 | 3750.030273 | 4781.389648
Cy | -1228.295776 | -1597.008423 | -1779.068970
Cs 240.032471 341.395233 348.720428
C, -22.798210 -35.073948 -33.399239
Cs 0.830720 1.374190 1.227740

Table 2

fp(z=05) =1.5222 % f,(z = 3)

20




8) = 2.8712 « f,(z = 3)

4) = 3.4121  f,(z = 3)

2.2 A spectrum of universality classes in pe-

riod doubling

Using equation (1.5) and equation (1.6) we can calculate the o and ¢ for

various values of z. The results are tabulated in table3 and plotted in figure

12 and figure 13.

Table 3

7 1 1.5 1.7 2 2.5 3 4 ) 7 10
a | oo | 3.6618 | 3.0381 | 2.5030 | 2.1667 | 1.9329 | 1.7061 | 1.6156 | 1.4468 | 1.2912

z |1 2 2.5 3 3.5 4 4.5 ) 9.5

0 | 21]4.6693 | 5.6807 | 7.1765 | 7.4164 | 8.0743 | 8.9542 | 9.3442 | 10.6381

7 6 6.5 7 7.5 8 8.5 9

0 | 12.0455 | 12.3205 | 12.3205 | 14.9090 | 15.7705 | 16.5140 | 11.2979

The least-square polynomial fits for a(z) and §(z) give

2.8379 2.7816 1.8492 0.4286 0.0047
a(z) = 1.0262 + o1 o1y + Co1)F (1) + 1)

6(2) = 3.4966 + 5.99237 — 1.14192% + 0.09132* + 0.00252" — 0.00042°

21
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Chapter 3

Intermittencies

When a signal alternates randomly between long regular or laminar phases
(the so called-intermissions)and relatively short irregular bursts, it is said
that the motion is intermittent or that there is intermittency. In general,
when a control parameter changes, the number of chaotic bursts varies. To
be more precise, below a certain threshold the motion is regular, but as
the parameter separates from this critical value, chaotic bursts appear ,the
length of the regular phases decreasing, so that eventually regular motion
disappears.

Intermittencies appears in the logistic map. A period-3 window opens at
te = 1++/8.In figure 14 ,we can see the iterates of the logistic map near this
critical value.In figure 14a pu = p. — .002 while in figure 14b p = p. + .002.1t

is clear that in the first case the behaviour is regular,while in the second case

23
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Figure 14a. Iterates of logistic map at u = pu. — .002.

it is intermittent.

In the intermittency transition one has a simple orbit which is replaced by
chaos as control parameter (say T) passes through critical transition value
T.. This necessarily implies that the stable attracting periodic orbit either
becomes unstable or is destroy as 7" increases through 7.

Furthermore, when this happens, the orbit is not replaced by another
nearby stable periodic orbit,as occurs,for example,in the forward period dou-
bling bifurcation. This is implied by the fact that during the bursts the
orbit goes far from the vicinity of the original periodic orbit .Three kinds
of generic bifurcations which meet these requirements are the saddle-node
bifurcation (in which stable and unstable orbits coalesce and obliterate each

other), the inverse period doubling bifurcation (in which an unstable periodic

24
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orbit collapses onto a stable periodic orbit of one half its periodic and the
two are replaced by an unstable periodic orbit of the lower period), and the

subcritical Hopf bifurcation of a periodic orbit.

3.1 Power laws in intermittencies

There are three types of intermittency transitions corresponding to the three
types of generic bifurcations mentioned above:

Type I : Saddle node,

Type II : Hopf,

Type III : Inverse period doubling.

Each of the three types of intermittency transition displays distinct charecter-

25



istic behavior near T,..For example,the scaling of the average length between

bursts is given by

(
I —T,) "% for type I
( y

()=9 (T —T,)"' for typeII (3.1)

L (T —T,)~' for type ITI

Cosider the map ,

f(z) = a(l — 22 — 1)

We are going to study the map at which the period tripling is occurs. We
tabulated the value of a(a*) at which the period tripling occurs in table 1.
The average length((l)) between the burst is tabulated in table 4 for different

values of €(a* — a) for z=2,2=3,z =5 and z = 10.

z | e(x107%) 2| 25 3135 4 5 6 71 10| 12| 16| 20

2 400 | 358 | 327 | 303 | 282 | 249 | 225 | 205 | 174 | 156 | 135 | 120

3 1) 441 | 380 | 335 | 300 | 276 | 240 | 216 | 195 | 159 | 144 | 120 | 108

5 315 | 258 | 228 | 207 | 186 | 162 | 147 | 132 | 105 | 96 | 81 | 72

10 | e(x1077) 1|15 2| 3| 4| 6| 8| 10| 15| 21| 31| 51

(1) 600 | 480 | 408 | 327 | 300 | 237 | 207 | 186 | 152 | 129 | 105 | 81
Table 4
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Figure 15.

The least-square fits for log({l))(¢) gives
log((1))(z=2) = —0.48327log(e) — 0.41095
log((1)) (s—3) = —0.48500 log() — 0.52096
log({1)) (-—3) = —0.50142log(e) — 1.10620

1og((I)) (z=10) = —0.50175 log(e) — 1.71129

The above four equations implies that(see figure 15)

(1) e '/? (3.2)

From equation 3.2 we can conclude that power law in intermittencies is
independent of the critical exponent z in the iterated map f(z) = a(1— |22 —
1/7).
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The scaling of the characteristic transient lifetime (I) with T'— T, is found
that

() =(r="T1.)" (3.3)

for T just passes T..

As a simple, almost trivial, example of the equation(3.3), consider the
logistic map, f(z, ) = pax(l — x). The basin of attraction of tshe attractor
for finite x is the interval [0, 1], and the basin for the attractor r = —oo
is its complement. The point z = 0 is an unstable (u > 1) fixed point
on the basin boundary. We know that the chaotic attractor is destroyed
as p increases through p = 4 (for ;4 > 4 the only attractor is x = —00).
Furthermore, we see that the size of the chaotic attractors increases with
i colliding with the fixed point, x = 0, at 4 = 4. For u > 4, the chaotic
attractor is replaced by a chaotic transient. To estimate (I) for p just slightly
greater than 4, we note that f(z, ) > 1 for a small range of x-value about
the maximum point x = % and that this range has a width of order (;—4)'/?
(this square root dependence of the width is a general consequence of the
maximum of the map function being quadratic). An orbit which falls in this
narrow range about r = % is mapped on one iterate to x > 1, on the next
to x < 0, and on subsequent iterates to increasing negative x—values. Thus,

this interval represents a loss region through which orbits initially in [0, 1]

can ‘leak’ out. For p just slightly grater than 4 the orbits in [0, 1] will be
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similar to those for g = 4 (until they fall in the loss region ). For y = 4 the
probability per iterate of an orbit falling in the small region of length € about
x = 3, namely [(1 —€)/2, (1 + €)/2], is simply proportional to €, the length
of the interval. This is because the natural measure varies smoothly through
x = 5. Identifying the loss rate 1/(l) with the probability per iterate of
falling in the loss region whose length is of the order of (u —4)'/2?, we obtain

1) o (u — 4)~1/2. That is, the critical exponent 7 in equation(3.3) is
1

'Y:E

This result is general for crisis of one-dimensional maps with qudratic max-
ima and minima. Therfore our numerical result, equation (3.2) is a good

aggrement with the theory.
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Chapter 4

Conclusion

In chapter one, we have plotted the bifurcation diagram of logistic and
sinusoidal maps. We found that there is universal period doubling route to
chaos for these maps. We calculated the invariant densities of tent map and
logistic map.We realised that for tent map the invariant density is constant
and equal to one, but for logistic map it is not constant, it has singularities
at x = 0 and x = 1. In chapter two, we have performed a rather extensive
computation of the dependence of control parameter, at which bifuration
occurs, on the order of the critical point. We have also studied the depen-
dence of the universal bifurcation ratios on the order of the critical point.
By extrapolation, there exists a continouse spectrum of universality classes

corresponding to all possible value of z. In chapter three, we have studied the
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intermittency route to chaos. We have found that for one dimensional maps
with quadratic maxima and minima has same scaling relations associated

with intermittencies.
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